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1. Introduction

Nowadays sensors based on micro-electromechanical 
systems (MEMS sensors) are widely used in the areas of 

navigation and motion control. Among these applications, 
autopilots of unmanned aerial vehicles (UAVs) and rockets 
designed for launching small satellites into orbit should be 
mentioned. These applications are characterized by the high 
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Отримано теоретичну та експериментальну оцiнки точ-
ностi неортогональних конфiгурацiй МЕМС-датчикiв на основi 
як одноосних датчикiв, так i триосних вимiрювальних блокiв. 
Актуальнiсть дослiдження зумовлено можливiстю використан-
ня таких конфiгурацiй в навiгацiї безпiлотних рухомих об’єктiв. 
Результати було отримано на основi методiв iнерцiальної навiга-
цiї, аналiтичної механiки, математичної статистики та напiв-
натурного моделювання. Пiд час дослiджень було проаналiзовано 
неортогональнi конфiгурацiї одноосних МЕМС-датчикiв, вклю-
чаючи матрицi напрямних косинусiв. Представлено неортого-
нальнi конфiгурацiї на основi iнерцiальних триосних пристроїв 
MPU-6050 та конструктивних елементiв у виглядi трикутної та 
чотирикутної пiрамiд. Отримано вiдповiднi матрицi напрямних 
косинусiв. На вiдмiну вiд вiдомих неортогональних конфiгурацiй, 
враховуються вимiрювання усiх датчикiв, що входять до скла-
ду триосних пристроїв. Надано опис взаємного розташування 
вимiрювальних осей окремих датчикiв в запропонованих конфiгу-
рацiях. Отримано теоретичну оцiнку неортогональних конфiгу-
рацiй МЕМС-датчикiв на основi одноосних та триосних вимiрю-
вачiв кутової швидкостi з використанням кореляцiйних матриць 
похибок вимiрювань. Визначено експериментальну оцiнку точнос-
тi вищезгаданих конфiгурацiй на пiдставi динамiчного аналiзу з 
використанням триступеневого динамiчного стенду просторових 
перемiщень. При цьому надано графiчнi залежностi абсолютних 
похибок вимiрювань та наведено розрахунковi значення вiдносної 
похибки вимiрювання кутової швидкостi. Отриманi результа-
ти є корисними, оскiльки вони призначенi для забезпечення висо-
коточних та надiйних вимiрювань, що важливо для безпiлотних 
лiтальних апаратiв, якi наразi широко застосовуються в Українi. 
Результати дослiджень можуть також бути застосованi для 
управлiння ракетами, що здiйснюють запуск малих штучних 
супутникiв на орбiту
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requirements to accuracy and reliability of measurements. 
Satisfying these requirements in the case of MEMS sensors 
usage requires additional research.

Improvement of reliability and accuracy of measure-
ments can be achieved by means of redundancy. It is known 
that there are possibilities to reserve both the sensors of ki-
nematic parameters (of angular rates, accelerations) and the 
measuring reference frames. In the first case, the traditional 
triaxial orthogonal reference frame is used and sensors are 
located along each of the axis. Under such approach, failure 
of two sensors can lead to failure of a navigation system as a 
whole. In the second case, reservation of measuring reference 
frames is based on the orientation of sensor measuring axes 
along axes of some geometrical figure.

Applying nonorthogonal redundant configurations for 
the improvement of reliability and accuracy of measure-
ments has some history [1]. The works [2, 3] contain the 
detailed description of such configurations [2, 3]. Usage of 
nonorthogonal redundant configurations of navigational 
information measuring instruments based on MEMS sen-
sors is characterized by some advantages. In the first place, 
such configurations provide a decrease of bias. It should be 
noted that the presence of bias is one of the most important 
problems of operation of modern MEMS sensors. So, using 
nonorthogonal redundant configurations improves the accu-
racy of navigation information measurements. In the second 
place, the reliability of navigation information is greatly 
increased due to redundancy. In the third place, such config-
urations provide the possibility to locate a larger number of 
sensors in the same dimensions of a constructive unit. This 
advantage is useful even taking into account miniaturization 
of modern inertial sensors. The additional advantage is the 
possibility to increase fault-tolerance of navigation systems.

The topicality of the research in the above-mentioned 
areas is caused by the necessity to provide the high accuracy 
and reliability of navigation measurements in motion control 
systems of unmanned vehicles.

2. Literature review and problem statement

Nowadays the significant attention is paid to the appli-
cation of nonorthogonal configurations of inertial sensors by 
reason of development of unmanned aviation. It is marked in 
modern scientific periodicals that application of redundant 
fault-tolerant inertial measuring units leads to significant 
improvement of accuracy and reliability of navigation mea-
surements [4]. Respectively, such configurations can be used 
for development of inertial navigation systems as shown in 
[5]. It is expedient to use inertial measuring units based 
on nonorthogonal configurations in unmanned aviation as 
grounded in [6]. Nonorthogonal redundant configurations 
of uniaxial inertial sensors are represented in [7]. The theo-
retical assessment of accuracy and appropriate comparative 
analysis of different nonorthogonal configurations is given 
in [8]. In the above-mentioned papers, nonorthogonal con-
figurations are based on uniaxial sensors [4–6] or on inertial 
measuring units with the same orientation [7, 8]. Nonorthog-
onal configurations based on triaxial inertial measuring units 
with full usage of measuring redundancy require the further 
research. The problem of navigation accuracy improvement 
is especially important for control of unmanned vehicles, 
for example, UAVs, as grounded in [9]. The possibilities to 
use redundant configurations in fault-tolerance navigation 

systems are researched in [10]. Using redundancy of inertial 
measuring instruments (accelerometers), it is possible even 
to provide the determination of spatial orientation of a vehi-
cle without application of rate gyroscopes as shown in [11]. 
It should be noted that sometimes the redundant measuring 
information arises due to the principle of operation of the 
navigation measuring instrument. Such a situation takes 
place in the Coriolis vibratory gyroscope [12]. But usually, 
it is necessary to form redundant configurations of inertial 
sensors. The papers [9, 11, 12] confirm the fact of relevance 
to use redundancy of navigation measurements in motion 
control systems of unmanned vehicles. The nonorthogonal 
redundant configuration consisting of triaxial MEMS sen-
sors based on the triangular pyramid is represented in [13]. 
Approaches to forming such configurations based on both 
triangular and tetragonal pyramids are given in [14]. So, the 
research of problems that deal with the assessment of the 
possibility to use nonorthogonal redundant configurations 
for navigation applications and to develop more reliable 
and precise instruments of primary navigation information 
measurement can be considered promising. Improvement of 
accuracy of inertial measuring units has both scientific and 
practical significance due to their wide application in navi-
gation systems of unmanned vehicles.

3. The aim and objectives of the study

The aim of the study is the assessment of accuracy of 
nonorthogonal redundant configurations based on both 
single MEMS sensors and triaxial inertial measuring units 
using triangular and tetragonal pyramids as constructive 
elements.

To achieve this aim, it is necessary to accomplish the 
following objectives:

– to analyze configurations of MEMS sensor arrays 
based on uniaxial inertial measuring instruments;

– to present the results of research of nonorthogonal 
configurations of MEMS sensor arrays based on triaxial 
inertial measuring units with the usage of triangular and 
tetragonal pyramids as construction elements and to de-
termine the tables of directional cosines for the developed 
nonorthogonal configurations of MEMS sensor arrays;

– to characterize the features of dynamic analysis of a 
vehicle’s angular motion measurement accuracy by means 
of nonorthogonal redundant inertial measuring instruments 
from the point of view of the testing equipment and method-
ical provision;

– to implement theoretical and experimental assess-
ments of nonorthogonal configurations of MEMS sensors 
arrays, including graphical representation.

4. Analysis of configurations of MEMS sensor arrays 
based on uniaxial gyroscopes

There are some ways of creation of nonorthogonal con-
figurations based on redundant measuring reference frames 
[2, 3]:

1) use of the cone as a figure of symmetry and orientation 
of measuring axes of MEMS sensors along the cone’s gener-
atrices as shown in Fig. 1, a;

2) use of the cone as a figure of symmetry and ori-
entation of measuring axes of MEMS sensors along the 
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cone’s generatrices and the axis of symmetry as shown in  
Fig. 1, b;

3) orientation of sensor measuring axes perpendicu-
larly to facets of regular polyhedrons in accordance with 
Fig. 1, c, d.

 
 
 
 
 
 
 
 
 
 

a                              b 
 
 
 
 
 
 
 
 
 
 
 

c                               d 
 

Fig. 1. Nonorthogonal configurations of uniaxial MEMS 
sensors: a – along the cone’s generatrices; b – along the 

cone’s symmetry axis and generatrices; c – perpendicularly 
to tetrahedron facets; d – perpendicularly to dodecahedron 

facets

One of the basic characteristics of nonorthogonal redun-
dant arrays of inertial sensors is a matrix of directional co-
sines. Projections of an angular rate of a moving vehicle onto 
the navigation reference frame can be denoted as ,xω  ,yω  

.zω  The number of projections of an angular rate onto axes 
of the measuring reference frame depends on the number of 
sensors in the configuration. For example, for the configura-
tion consisting of six sensors projections can be denoted as 

1d ,  2d ,  3d ,  4d ,  5d ,  .6d
Matrices of directional cosines are necessary for trans-

formations of navigation information during the processes 
of the vehicle’s attitude determination. Therefore, the anal-
ysis of different configurations of nonorthogonal redundant 
MEMS sensors arrays must include determination of matri-
ces of directional cosines.

Directional cosines of nonorthogonal redundant arrays 
of uniaxial MEMS sensors in the case of the orientation of 
measuring axes of five and six sensors along the cone’s gener-
atrices, respectively, are represented in Tables 1, 2. Measur-
ing axes of sensors are tilted relative to the cone’s symmetry 
axis at an angle ϑ  [2].

If four and five sensors are located along the cone’s gener-
atrices and one – along the cone’s symmetry axis, directional 
cosines can be described by Tables 3, 4 [2].

The matrix of directional cosines of the dodecahedron is 
represented in Table 5. The angle γ  between the measuring 
axes of the sensors is equal to 31o43' [3].

Table 1

Location of five sensors along the cone’s generatrices

Projection x y z

1d sinϑ cos− ϑ 0

2d cos2 / 5 sin− π ϑ cos− ϑ sin2 / 5sinπ ϑ

3d cos / 5 sin− π ϑ cos− ϑ sin2 / 5sinπ ϑ

4d cos / 5 sin− π ϑ cos− ϑ sin2 / 5sin− π ϑ

5d cos2 / 5 sinπ ϑ cos− ϑ sin2 / 5sin− π ϑ

Table 2

Location of six sensors along the cone’s generatrices

Projection x y z

1d sinϑ cos− ϑ 0

2d cos / 3 sinπ ϑ cos− ϑ sin / 3sinπ ϑ

3d cos / 3sin− π ϑ cos− ϑ sin / 3sinπ ϑ

4d sinϑ cos− ϑ 0

5d cos / 3 sinπ ϑ cos− ϑ sin / 3sin− π ϑ

6d cos / 3sin− π ϑ cos− ϑ sin / 3sin− π ϑ

Table 3

Location of five sensors

Projection x y z

1d cos / 4sin− π ϑ cos− ϑ cos / 4sinπ ϑ

2d cos / 4sin− π ϑ cos− ϑ cos / 4sin− π ϑ

3d cos / 4sinπ ϑ cos− ϑ cos / 4sin− π ϑ

4d cos / 4sinπ ϑ cos− ϑ cos / 4sinπ ϑ

5d 0 1− 0

Table 4

Location of six sensors

Projection x y z

1d sinϑ cos− ϑ 0

2d cos2 / 5 sinπ ϑ cos− ϑ sin2 / 5 sinπ ϑ

3d cos / 5 sin− π ϑ cos− ϑ sin / 5 sinπ ϑ

4d cos / 5 sin− π ϑ cos− ϑ sin / 5 sin− π ϑ

5d cos2 / 5 sinπ ϑ cos− ϑ sin2 / 5 sin− π ϑ

6d 0 1− 0

Table 5

Location of six sensors along dodecahedron facets 

Projection x y z

1d cosγ sin− γ 0

2d cosγ sinγ 0

3d 0 cosγ sin− γ

4d 0 cosγ sinγ

5d sin− γ 0 cosγ

6d sinγ 0 cosγ

Tables 1–5 can be used for the determination of moving 
vehicles attitude. Their usage is necessary for navigation 
information processing.
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5. Features of configurations of MEMS sensor arrays 
based on inertial measuring units

Nowadays inertial measuring units, which consist of 
three MEMS gyroscopes and/or three accelerometers, are 
widespread in practical applications. Taking this factor into 
consideration, it is important to create new sensors of orien-
tation and motion based on inertial measuring units rather 
than single inertial sensors.

Measuring instruments of the considered type are based 
on sensors with measuring axes oriented perpendicularly to 
facets of regular polyhedrons [2, 3]. In this case, it is possible 
to choose such geometrical figure as the tetrahedron (tri-
angular pyramid) and octahedron. From the point of view 
of construction implementation and dimension restrictions, 
it is convenient to use half of the octahedron (tetragonal 
pyramid).

Motion tracking devices MPU-6050 can be used as 
sensors of primary information in nonorthogonal redundant 
configurations based on MEMS sensors. The device MPU-
6050 (Fig. 2, a) has six degrees of freedom and consists of 
a triaxial gyroscope, triaxial accelerometer, temperature 
sensor, and also digital motion processor. These units are 
united in a small package [15]. MPU-6050 includes three 
16-bit analog-to-digital converters for digitizing the gyro-
scope scope outputs and three 16-bit appropriate convert-
ers for digitizing the accelerometer outputs. For precision 
tracking of both fast and slow motions, it is possible to use 
a user-programmable gyroscope in the measuring range of 
±250 o/s, ±500 o/s, ±1,000 o/s,  ±2,000 o/s, and also a user 
programmable accelerometer in the measuring range ±2 g, 
±4 g, ±8 g, ±16 g [15].

The device MPU-6050 and nonorthogonal redundant 
configuration of MEMS sensors located on facets of the 
tetragonal pyramid are shown in Fig. 2. Two constructions 
of the nonorthogonal inertial measuring instruments have 
been considered. The triangular and tetragonal pyramids 
are used as constructive elements in these devices. Fig. 2, 
b shows the tetragonal pyramid with inertial measuring 
units (MPU-6050), which are located on facets, and the 
microcontroller ATMEGA168, which provides obtaining 
and processing of navigation information. The measuring 
instrument is mounted at the test bench.

 
Fig. 2. The nonorthogonal configuration of MEMS sensors: 
a – the device MPU-6050; b – the inertial measuring unit 

with the usage of the tetragonal pyramid as a constructive 
element

The represented configuration of MEMS sensor arrays 
can be used in systems that provide navigation of unmanned 
vehicles, for example, unmanned aerial vehicles or rockets for 
launching small low-cost satellites into orbit.

6. Matrices of directional cosines of nonorthogonal 
redundant configurations of MEMS sensor arrays

To obtain navigation information using nonorthogonal 
inertial measuring instruments, it is necessary to deter-
mine the navigation reference frame xyz and appropriate 
measuring reference frames. Usually, axes of the navigation 
reference frame connected with an aircraft are determined 
in the following way: the longitudinal (x), normal (y) and 
lateral (z) axes, respectively. The axis y is up-directed along 
the pyramid symmetry axis. Axes x, z of the navigation ref-
erence frame coincide with appropriate axes of the inertial 
measuring unit located at the pyramid base.

Directions of measuring axes are opposite to increase 
the reliability of navigation information. Directions of axes 
are chosen to make angles between them as large as pos-
sible. This leads to decreasing bias influence during the 
determination of angular rate projections onto axes of the 
navigation reference frame. Mutual location of axes of mea-
suring reference frames of separate inertial measuring units 
for such constructive element as the triangular pyramid is 
represented in Fig. 3.

 
 
 
 
 
 
 

a                             b                            c  
 
 
 
 
 
 
 
 

d                             e                             f 

Fig. 3. Location of axes of measuring reference frames on 
facets of the triangular pyramid: a – the frontal view of the 

axes x0, x1, x2, x3; b – the frontal view of the axes y0, y1, y2, 
y3; c – the frontal view of the axes z0, z1, z2, z3; d – the top 
view of the axes x0, x1, x2, x3; e – the top view of the axes 

y0, y1, y2, y3; f – the top view of the axes z0, z1, z2, z3

There are two ways to determine matrices of directional 
cosines. The first way is obtaining projections of the unit 
vector using geometrical transformations. The second way 
is determination of directional cosines between the navi-
gation reference frame and measuring reference frames by 
means of successive turns at some definite angles. The first 
approach requires fewer transformations and calculations, 
respectively. The advantage of the second way is clearness. 
An additional complication of calculations of the second 
approach can be compensated by the possibility to automate 
calculations by means of MatLab.

Using the basic laws of the analytic mechanics [16], the 
expressions for determination of directional cosines of the 
nonorthogonal configuration based on such a construction 
unit as the triangular pyramid can be represented in the 
following form

  

 a b
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1 ;x=D A  

2 1 ;y z y=D A A A  

3 2 ;y y= zD A A A  

4 3 ,y z y=D A A A 	 (1)

where 1 ,D  2 ,D  3 ,D  4D  are block matrices of directional 
cosines between axes of the navigation reference frame 
and reference frames of the inertial measuring units. The 
matrix xA  defines axes of the inertial measuring unit 
based on the triangular pyramid. The matrix yA  char-
acterizes a slope of measuring axes of inertial measuring 
units based on the pyramid facets relative to the horizontal 
plane. Matrices 1y ,A  2y ,A  3yA  define the location of axes 
of inertial measuring units relative to the previous axes. 
The matrix zA  defines axes of inertial measuring units 
located on lateral facets along their medians at the angle 
120o. For the triangular pyramid, the angle between the 
base and the lateral facet is equal to 70.5o. Matrices that 
are components of the expression (1) can be represented in 
the following form

1 0 0

0 cos sin ;

0 sin cos
x

 
 = γ γ 
 − γ γ 

A  

0 0

0 0

cos 0 sin

0 1 0 ;

sin 0 cos
y

ψ − ψ 
 =  
 ψ ψ 

A

cos 0 sin

0 1 0 ;

sin 0 cos
i

i i

y

i i

ψ − ψ 
 =  
 ψ ψ 

A  

cos sin 0

sin cos 0 ,

0 0 1
z

ϑ − ϑ 
 = ϑ ϑ 
  

A

	

(2)

where i=1,2,3; γ=180o; ψ0=120o; ψ1=0o; ψ2=120o; ψ3=240o; 
o70,5 ;ϑ =  γ is determined for the base of the pyramid; ψi de-

termine angles of turn of lateral facets; ψ0 determines a turn 
relative to axes that are normal to the facets; ϑ  is the angle 
of the facet slope.

Substituting matrices (2) in the expression (1), it is 
possible to determine the mutual location of navigation 
and measuring reference frames. Finally, the table of di-
rectional cosines between the navigation reference frame 
and measuring reference frames of inertial units located 
on facets of the triangular pyramid is represented in  
Table 6.

Location of axes of measuring reference frames of sepa-
rate inertial measuring units for such a constructive unit as 
a tetragonal pyramid is represented in Fig. 4.

Directional cosines of the nonorthogonal redundant 
configuration based on the tetragonal pyramid can be 
determined in a similar way taking into consideration a 
slope between the base and the side facet, which is equal 
to 54.74o.

Table 6

Table of directional cosines for the configuration using the 
triangular pyramid as a constructive unit

Projec-
tion

x y z

1
1 xd = ω 1 0 0

1
2 yd = ω 0 cos γ sin− γ

1
3 zd = ω 0 sin γ cos γ

2
4 xd = ω 0 1

0 1

sin sin

cos cos cos

− ψ ψ +
ψ ψ ϑ 1sin cos− ϑ ψ 0 1

1 0

sin cos cos

sin cos

ψ ψ ϑ +
ψ ψ

2
5 yd = ω 0sin cosϑ ψ cos ϑ 0sin sinψ ϑ

2
6 zd = ω 0 1

1 0

sin cos

sin cos cos

− ψ ψ −
ψ ψ ϑ

sin− γ 0 1

0 1

sin sin cos

cos cos

− ψ ψ ϑ +
ψ ψ

3
7 xd = ω 0 2

0 2

sin sin

cos cos cos

− ψ ψ +
ψ ψ ϑ

cos γ 0 2

2 0

sin cos cos

sin cos

ψ ψ ϑ +
ψ ψ

3
8 yd = ω 0sin cosϑ ψ cos ϑ 0sin sinψ ϑ

3
9 zd = ω 0 2

2 0

sin cos

sin cos cos

− ψ ψ −
ψ ψ ϑ 2sin sinψ ϑ 0 2

0 2

sin sin cos

cos cos

− ψ ψ ϑ +
ψ ψ

 

4
10 xd = ω 0 3

0 3

sin sin

cos cos cos

− ψ ψ +
ψ ψ ϑ 3sin cos− ϑ ψ 0 3

3 0

sin cos cos

sin cos

ψ ψ ϑ +
ψ ψ

4
11 yd = ω 0sin cosϑ ψ cos ϑ 0sin sinψ ϑ

4
12 zd = ω 0 3

3 0

sin cos

sin cos cos

− ψ ψ −
ψ ψ ϑ 3sin sinψ ϑ 0 3

0 3

sin sin cos

cos cos

− ψ ψ ϑ +
ψ ψ

 
 
 
 
 
 

a                               b                               c 
 
 
 
 
 
 
 
 

d                                e                                f 
 

Fig. 4. Location of axes of measuring reference frames on 
facets of the tetragonal pyramid: a – the frontal view of the 

axes x0, x1, x2, x3, x4; b – the frontal view of the axes y0, y1, 
y2, y3, y4; c – the frontal view of the axes z0, z1, z2, z3, z4; 
d – the top view of the axes x0, x1, x2, x3, x4; e – the top 
view of the axes y0, y1, y2, y3, y4;   f – the top view of the 

axes z0, z1, z2, z3, z4

Directional cosines of the nonorthogonal redundant con-
figuration based on such a constructive unit as tetragonal 
pyramid can be represented in the following form
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1 ;x=D A  2 1 ;y z y=D A A A  3 2 ;y z y=D A A A

4 3 ;y y= zD A A A  5 4 .y z y=D A A A

The matrix xA  defines the orientation of axes of the in-
ertial measuring units located on the base of the tetragonal 
pyramid. The angle ϑ  is equal to 54.74o. It determines the 
slope of the lateral facet to the base of the tetragonal pyra-
mid. Angles iψ  define the orientation of axes of measuring 
frames of units located on the lateral facets. They are equal 
to 0o, 90o, 180o, 270o, respectively.

The table of directional cosines (numerical data) for the 
nonorthogonal redundant configuration, which uses the 
tetragonal pyramid as a constructive element, is represented 
in Table 7.

Table 7

Table of directional cosines (tetragonal pyramid)

Projection x y z

1
1 xd = ω 1 0 0

1
2 yd = ω 0 1− 0

1
3 zd = ω 0 0 1−

2
4 xd = ω –0.28868 –0.81650 –0.50000

2
5 yd = ω –0.40825 0.57735 –0.70711

2
6 zd = ω 0.86603 0 0.5

3
7 xd = ω 0.86603 0 0.5

3
8 yd = ω –0.40825 0.57735 –0.70711

3
9 zd = ω 0.28868 0.81650 0.5

4
10 xd = ω 0.86603 0 0.5

4
11 yd = ω –0.40825 0.57735 –0.70711

4
12 zd = ω 0.28868 0.81650 0.5

5
13 xd = ω –0.86603 0 0.5

5
14 yd = ω –0.40825 0.57735 –0.70711

5
15 zd = ω –0.28868 –0.81650 -0.5

It should be noted that expressions for direction cosines 
determination are simpler in comparison with the configu-
ration using the constructive unit based on the triangular 
pyramid.

7. Features of dynamic analysis of accuracy of inertial 
measuring units

In contrast to the static analysis, the dynamic analysis 
allows estimating the accuracy of the inertial measuring 
instrument in conditions of spatial angular motions by 
means of the three-degree-of-freedom test bench, which is 
represented in Fig. 5.

The principle of operation of the test bench is as follows. 
The testing inertial measuring instrument is mounted on 
the test bench platform in a position, which corresponds to 
the location of the inertial measuring instrument during the 
operation of the inertial measuring instrument on a vehicle. 
Simulation of the tested instrument dynamics is implement-
ed by means of software. The software provides the simula-

tion of angular motion around axes of the reference frame of 
the test bench. Axes of the test bench reference frame coin-
cide with axes of the navigation reference frame.

Fig. 5. The three-degree-of-freedom dynamic test bench 

The dynamic three-degree-of-freedom bench consists of 
the power plant, computer, control unit, three step-motors, 
three angle sensors, and platform, which is mounted in 
gimbals. The structural scheme of the dynamic test bench 
is shown in Fig. 6, a. Readings of motion tracking devices 
MPU-6050 are taken by means of the microcontroller AT-
MEGA168. The scheme of connection of the motion track-
ing device and the microcontroller is represented in Fig. 6, b.

 
 
 
 
 
 
 
 
 
a  
 
 
 
 
 
 
 
 

b
 

 

Fig. 6. Facilities of dynamic analysis (PC – personal 
computer): a – structural scheme of the dynamic bench;  

b – scheme of connection of the inertial measuring unit and 
the microcontroller

Recording and processing of navigation information are 
implemented by specially developed software. The software 
provides a synchronous reading of information about angu-
lar rates, which enters from separate MEMS gyroscopes. 
The software consists of the console utility installed in the 
computer, and the microcontroller ATMEGA168 software. 
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The information exchange is implemented by means of the 
serial interface UART. The arithmetic and logic unit of the 
microcontroller ATMEGA168 does not support floating 
point operations. Moreover, accuracy and processing power 
of these operations in the compatibility mode are very low. 
Therefore, it is convenient to carry out basic calculations by 
means of the computer.

The efficiency of angular motion simulation can be in-
creased by simulation of errors caused by random external 
disturbances. In the general case, the dynamic test bench 
gives the wide possibilities for simulation of deterministic 
and stochastic angular motion. Control of the dynamic test 
bench is automated. The change of simulated motion param-
eters is implemented by means of interface windows, which 
appear on the computer display.

The nonorthogonal inertial measuring instrument is 
located on the platform of the three-degree-of-freedom test 
bench. The platform of the test bench is mounted in gimbals. 
This provides the possibility of simulation of arbitrary angu-
lar motions relative to three axes, which correspond to axes 
of the navigation reference frame. Simulation of motions rel-
ative to each of the navigation reference frame axis is carried 
out by means of testing signals, which represent harmonic 
signals with different periods. These signals can be repre-
sented in the following form

( ) 5sin( / 6 );x t t= π ⋅  

( ) 5sin( /12 );y t t= π ⋅  ( ) 5sin( / 4 ).z t t= π ⋅  	 (3)

It is known that MEMS gyroscopes are characterized 
by errors due to zero bias caused by the influence of tem-
perature and initial bias. Compensation of the above-listed 
factors can be implemented in the following way. In the first 
place, the nonorthogonal inertial measuring instrument 
must function in the mode of no-load operation during 
15…20 min. This is carried out for temperature stabilization 
of MEMS sensors and compensation of the zero drift. The 
platform is immovable in this mode. In the second place, the 
residual bias is estimated during 1 min. This allows deter-
mining the systematic error .t∆  After these procedures, the 
angular motion of the test bench is given in the program way. 
Angular motions (3) act during 5 min after temperature 
stabilization. This process coincides with the beginning of 
measuring information recording. The experiment is ac-
companied by a synchronous recording of both information 
about the angular position of the test bench and information 
measured by MEMS sensors with the frequency of 100 Hz.

8. Discussion of results of theoretical and experimental 
assessments of nonorthogonal redundant configurations 

based on MEMS sensor arrays

Theoretical assessment. Using the nonorthogonal redun-
dant MEMS sensor arrays requires conversion of measuring 
information, which is determined in the nonorthogonal ref-
erence frame, into information in the orthogonal (body-axis) 
reference frame. Such a conversion can be described by the 
matrix of the directional cosines H.

The least square method can be used for processing of 
redundant information [2, 3]. The minimum trace of the cor-
relation matrix of errors can be chosen as the optimization 
criterion for this method. In this case, the statistic charac-

teristics of the measuring parameter are believed to be inde-
pendent and the mathematical expectation – equal to zero. 
If these assumptions are satisfied, the correlation matrix of 
errors can be determined by the expression [3]

T 1[ ] .−=D H H  	 (4)

The matrix trace D is the sum of the diagonal elements, 
which are variances of measuring errors [3]

1

( ) ,
n

ii
i

tr d
=

= ∑D 	  (5)

where dii are the diagonal elements of the matrix D; n is the 
number of sensors.

Comparative analysis of accuracy of different types of 
nonorthogonal redundant configurations of inertial mea-
suring units can be done on the basis of the expressions (4), 
(5) in correspondence with [2, 3]. For example, if the nonor-
thogonal configuration consists of six sensors located on the 
cone’s generatrices, the matrix H  is described in Table 2. In 
this case, the correlation matrix of errors can be determined 
in the following way

T 1

0.5 0 0

tr[ ] tr 0 0.5 0 1.5.

0 0 0.5

−

 
 = = 
  

H H

The results of the comparative analysis of accuracy for 
different nonorthogonal configurations of uniaxial sensors 
according to the formulas (5), (6) are represented in Table 8. 
This table includes data about values of traces of the correla-
tion matrices of errors for different nonorthogonal redun-
dant configurations in different situations of sensor failures.

Table 8

Results of comparative analysis of nonorthogonal 
configurations of uniaxial inertial sensors

Type of configuration

Trace of correlation matrix  
of errors

Without 
failures

Failures of  
2 sensors

Failures of  
3 sensors

5 sensors along the cone’s 
generatrices

2.21 3.20 3.92

6 sensors along the cone’s 
generatrices

1.79 2.13 4.50

4 sensors along the cone’s 
generatrices and 1 along 
the symmetry axis

1.93 3.15 5.00

5 sensors along the cone’s 
generatrices and 1 along 
the symmetry axis

1.70 2.18 3.35

6 sensors perpendicular to 
facets of the dodecahedron

1.50 2.00 3.00

Comparative analysis of accuracy of nonorthogonal mea-
suring instruments based on inertial measuring units is 
represented in Table 9.

The results represented in Table 9 prove advantages on 
the accuracy of the nonorthogonal redundant configuration 
using the tetragonal pyramid.
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Table 9

Results of comparative analysis of nonorthogonal 
configurations based on inertial measuring units

Type of configuration
Trace of correla-

tion matrix of 
errors

Orthogonal configuration 1.0

Configuration using the triangular pyramid 0.75

Configuration using the tetragonal pyramid 0.6

Experimental assessment. Recorded information includes 
data about the vector of the space attitude of the platform

[ ]T
,φ = ψ ϑ γ 				    (6)

where angles ,ψ  ,ϑ  γ  correspond to the rotation of the 
platform in the horizontal, vertical, and lateral planes, re-
spectively. The vector of the measured angular rate of the 
platform on projections onto axes of the navigation reference 
frame is determined in the following way

T1 2 3 2 1... ,n n n
x y z x y z

− − = ω ω ω ω ω ω Ω 	  (7)

where n is the number of MEMS sensors (3×4 for the non-
orthogonal measuring instrument based on the constructive 
unit in the form of the triangular pyramid and 3×5 – for 
the tetragonal pyramid, respectively). The vector of the 
measured angular rate of the test bench in projections of the 
navigation reference frame based on the expressions (6) and 
(7) can be determined in the following way

T T .φ ψ ϑ γ = ω ω ω =  Hω Ω  	 (8)

Further averaging of the measured angular rate (8) is 
carried out

1

1
,

i

m

av
imφ φ
=

ω = ω∑  , , ,φ = ψ ϑ γ  	 (9)

where m is the number of measurements.
The assessment of accuracy of the inertial measur-

ing instrument can be determined by comparison of the 
measured angular rate (9) and the given angular rate 
of the test bench (6). It is necessary also to take into 
consideration the systematic temperature error

/ ,av tφ φ φε = ω − φ − ∆  , , ,φ = ψ ϑ γ  	 (10)

where φε  is the measuring error of the inertial mea-
suring unit, /φ  is the derivative of the given angular 
position of the test bench.

It is known that the root mean square (RMS) is 
the most widespread representation of the measuring 
error. Respectively, the relationship for determination 
of the variance taking into consideration the expres-
sion (10) becomes

2

1

1
( ) ,

1

m

i
imφ φ φ
=

σ = ε − ε
− ∑  , , ;φ = ψ ϑ γ  1, ..., .i m=

The dynamic analysis has been carried out using the 
three-degree-of-freedom test bench and the above-stated 

technique of the RMS error determination. It should be 
noted that during the experiment the estimated angular rate 
has been given in one direction only.

At first, the assessment of accuracy of the single motion 
tracking device MPU-6050 was carried out. The results of 
this experiment are represented in Fig. 7, which shows pro-
jections of the measured angular rate onto axes of the navi-
gational reference frame. Such an approach has been chosen 
for the possibility to compare errors of measurements of the 
single measuring unit and redundant navigation measuring 
instruments using such constructive units as triangular and 
tetragonal pyramids.

Fig. 7. Graphical dependences of angular rates

The results of the dynamic analysis of nonorthogonal 
redundant inertial measuring instruments based on such 
constructive elements as triangular and tetragonal pyra-
mids are represented in Fig. 8. These data are averaging of 
the readings of angular rates measured in correspondence 
with the above-represented technique. The obtained re-
sults of measurements were converted into projections of 
angular rates onto axes of the navigation reference frame 
according to matrices of directional cosines represented in 
Tables 6, 7.

Comparison of measuring the accuracy of different 
nonorthogonal redundant measuring instruments shows 
that the usage of measuring instruments on the basis of the 
tetragonal pyramid is more effective from the point of view 
of accuracy improvement.

 

 

 

 

 

 

 

 

 a                                                          b 
 

Fig. 8. The absolute error of determination of the vehicle angular 
rate by means of the nonorthogonal redundant inertial measuring 
instrument: a – on the basis of the triangular pyramid; b – on the 

basis of the tetragonal pyramid
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Histograms of distribution of absolute errors of mea-
surement of angular rates relative to axes of the navigation 
reference frame are represented in Fig. 9. Analysis of these 
histograms shows that random errors of determination of 
motion parameters are distributed by the normal law. The 
experimental assessment of accuracy (Table 10) has been 
carried out on the basis of a ratio of the normalized value 
of the RMS error of the nonorthogonal inertial measuring 
instrument to the RMS error of the single MEMS sensor.

Table 10

Results of the experimental assessment of RMS errors of 
measurement of angular rate projections

Type of con-
structive unit

0/rel i iσ = σ σ

х y z

Triangular 
pyramid

0.6651 0.5094 0.4845

Tetragonal 
pyramid

0.5481 0.4163 0.4460

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b  

Fig. 9. Histograms of distribution of errors for the 
nonorthogonal redundant measuring instrument  

(SS – single sensor, IU – inertial unit): a – on the basis of 
the triangular pyramid; b – on the basis of the tetragonal 

pyramid

Table 10 includes information about normalized values 
of RMS errors of measured projections of the moving base 
(test bench) angular rates projections in the navigation ref-
erence frame by means of different types of nonorthogonal 
redundant inertial measuring instruments. Normalization 
is carried relative to the RMS of the orthogonal triaxial 
inertial sensor. In accordance with Table 10, the nonor-
thogonal redundant measuring instrument based on such 
a constructive unit as the tetragonal pyramid provides the 
higher accuracy in comparison with the measuring instru-
ment based on the triangular pyramid for all axes of the 
navigation reference frame.

The advantage of the research is the creation of nonor-
thogonal configurations based on triaxial inertial measuring 
units. This has practical significance as inertial MEMS sen-
sors of this type are used in the modern applied navigation. 
At the following stages, tests of the researched nonorthogonal 
redundant measuring instrument as a part of UAV autopilot 
should be carried out. The results of the research will be useful 
for the area of navigation using measuring instruments based 
on MEMS sensors. It is expedient to use these instruments in 
motion control systems of unmanned vehicles. Direct prac-
tical use of the developed configurations of nonorthogonal 
measuring instruments is bounded due to two factors. In the 
first place, there are rather significant errors during manufac-
turing of prototypes. In the second place, zero drift of single 
MEMS sensors during the change of operating temperature 
conditions worsens accuracy. The presented result is only part 
of the research, which covers a number of problems connected 
with the design of nonorthogonal configurations of triaxial 
MEMS sensors. Development of calibration technique of the 
nonorthogonal configuration based on the learning algorithm 
is planned in the future.

9. Conclusions

1. Analysis of nonorthogonal configurations based on 
uniaxial MEMS sensors is carried out. The appropriate 
matrices of directional cosines obtained on the basis of 
relationships of analytical mechanics are represented. Also 
matrices of directional cosines, which provide conversion of 
measuring information into navigation one are given. These 
matrices were developed for nonorthogonal configurations 
with maximum usage of redundancy due to different ori-
entation of inertial triaxial sensors located on facets of the 
triangular and tetragonal pyramids.

2. The procedure of the dynamic analysis of accuracy of 
nonorthogonal redundant inertial instruments of vehicle an-
gular rate measurement is proposed. Features of the proce-
dure are the simulation of the vehicle angular motion in the 
inertial space by means of the three-dimensional dynamic 
test bench and determination of assessments of random mea-
suring errors based on the experimental data.

3. Experimental samples of nonorthogonal configura-
tions based on triaxial inertial device MPU-60 and con-
struction elements in the form of triangular and tetragonal 
pyramids are developed and researched.

4. Comparative theoretical assessment of accuracy of 
nonorthogonal configurations based on uniaxial and triaxial 
MEMS sensors with the usage of correlation matrices of 
errors had shown advantages of the proposed measuring in-
struments. For example, configurations based on the tetrag-
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onal pyramid for uniaxial sensors and triaxial inertial units 
for measurement of angular rates are characterized by the 
error based on the trace of the correlation matrix 1.93 and 
0.6, respectively, for the case without failures. This result is 
also proved by the presented graphical dependences based 
on the experimental data. The results of dynamic analysis 

have been shown advantages of the construction based on 
the tetragonal pyramid. In this case, normalized values of 
measuring RMS error along all measuring axes are less 
than appropriate errors for the configuration based on the 
triangular pyramid (0.55; 0.42; 0.43 and 0.67; 0.51; 0.49, 
respectively).

References

1.	 Pejsa A. J. Optimum Skewed Redundant Inertial Navigators // AIAA Journal. 1974. Vol. 12, Issue 7. P. 899–902. doi: 10.2514/3.49378 

2.	 Epifanov A. D. Nadezhnost’ sistem upravleniya. Moscow: Mashinostroenie, 1975. 144 p.

3.	 Epifanov A. D. Izbytochnye sistemy upravleniya letatel’nymi apparatami. Moscow: Mashinostroenie, 1978. 178 p.

4.	 Dai X., Zhao L., Shi Z. Fault Tolerant Control in Redundant Inertial Navigation System // Mathematical Problems in Engineering. 

2013. Vol. 2013. P. 1–11. doi: 10.1155/2013/782617 

5.	 Redundant MEMS-Based Inertial Navigation Using Nonlinear Observers / Rogne R. H., Bryne T. H., Fossen T. I., Johansen T. A. // 

Journal of Dynamic Systems, Measurement, and Control. 2018. Vol. 140, Issue 7. P. 071001. doi: 10.1115/1.4038647 

6.	 Song J. W., Park C. G. Optimal Configuration of Redundant Inertial Sensors Considering Lever Arm Effect // IEEE Sensors Jour-

nal. 2016. Vol. 16, Issue 9. P. 3171–3180. doi: 10.1109/jsen.2015.2510545 

7.	 Jafari M. Optimal redundant sensor configuration for accuracy increasing in space inertial navigation system // Aerospace Science 

and Technology. 2015. Vol. 47. P. 467–472. doi: 10.1016/j.ast.2015.09.017 

8.	 Jafari M., Roshanian J. Optimal Redundant Sensor Configuration for Accuracy and Reliability Increasing in Space Inertial Naviga-

tion Systems // Journal of Navigation. 2012. Vol. 66, Issue 02. P. 199–208. doi: 10.1017/s0373463312000434 

9.	 Sushchenko O. A., Golitsyn V. O. Data processing system for altitude navigation sensor // 2016 4th International Conference on 

Methods and Systems of Navigation and Motion Control (MSNMC). 2016. doi: 10.1109/msnmc.2016.7783112 

10.	 Larin V. B., Tunik A. A. Fault-tolerant strap-down inertial navigation systems with external corrections // Applied and Computa-

tional Mathematics. 2015. Vol. 14, Issue 1. P. 23–37.

11.	 Larin V. B., Tunik A. A. On Inertial-Navigation System without Angular-Rate Sensors // International Applied Mechanics. 2013. 

Vol. 49, Issue 4. P. 488–499. doi: 10.1007/s10778-013-0582-x 

12.	 Chikovani V., Sushchenko O., Tsiruk H. Redunda nt information processing techniques comparison for differential vibratory 

gyroscope // Eastern-European Journal of Enterprise Technologies. 2016. Vol. 4, Issue 7 (82). P. 45–52. doi: 10.15587/1729-

4061.2016.75206

13.	 Parshin A. P., Nemshilov Y. A. Development of measurement UAV attitude control unit with non-orthogonal arrangement of sensing 

elements // Modern technics and technologies. 2016. Issue 3. URL: http://technology.snauka.ru/2016/03/9697

14.	 Sushchenko O. A., Bezkorovainyi Y. N., Novytska N. D. Nonorthogonal redundant configurations of inertial sensors // 2017 IEEE 

4th International Conference Actual Problems of Unmanned Aerial Vehicles Developments (APUAVD). 2017. doi: 10.1109/apua-

vd.2017.8308780 

15.	 MPU-6000 and MPU-6050 Product Specification. URL: https://store.invensense.com/datasheets/invensense/MPU-6050_Data-

Sheet_.pdf

16.	 Lurie A. I. Analytical mechanics. Springer, 2002. 864 p. doi: 10.1007/978-3-540-45677-3 


