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Hanpsam pyxonucy cnpsamosanuii Ha yOOCKOHANIEHHS Mamema-
muunoi moodeni nagpmosudodymxy 6 HeoOHopioHoMYy cepedosuwii i3
3aCMOCYBAHHAM MENTI06020 PEHCUMY BUMICHEHHS 3 YPAXYBAHHAM Oii
Kaninspnozo egpexmy. Po3pobaeno anzopumm 4ucno6020 po3s’szam-
1 610Nn0610H0T Heninilinoi Kpaiiosoi 3adaui 6azamoaznoi Pinvmpauii,
seisuwu PynKuilo Keasinomenyiany ¢ ma 6i0noeiony cnpsiceny 0o Hei
Qynxuyiro meuii . lipuromy, Keaszinomenyian npedcmasaeno y 6uzanoi
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mezito po3uwienyieHHs AI20pumMmy pPo36 I3aHHs 6UXioOHoi 3adadi.

3asoaxu anzopummy, aKuil 6a3yemvCa Ha ideax Memoois KeasiKomn-
@dopmnozo idoopasicenns ma noemannoi Qixcauii napamempie, 30iic-
HeHO PO3PAXYHKU 2i0pOOUHAMIMHOT CImKU, NOJII6 WeudKoCcmell, memne-
pamypu, HacuueHoCmi npu 6PAxy6aHHi 6NIUSY KANIIAPHO20 edexmy
ma npu tiozo 3nexmyeanni. 30kpema, Ha padiKax nonie HacureHocmi
NOMIMHO Pi3HUUIO CNIBEIOHOWEHHS 8IOCOMK06020 6MICMY BUMICHSIO-
4020 Pr0idy 0o 15 % npu memnepamypi euwe 80 °C, wio nosichroe dito
xaninsprux cun. Hamomicmo npu memnepamypi 6io 50 °C do 70 °C piz-
HUUs He nomimna, xoua exice npu 50 °C i Hudicue pe3yavmamu 3a600HeH-
HA Hecymmeeo GiopizHsomovcs (00 5 %) 6 zipuy cmopony peanvozo
sidobpasicenns npouecy. Ilpu uyvomy ssasxcacmocs, wjo OuHamiuni 6’13-
Kocmi (paz 3minioomocs 3i 3IMIHOI0 meMnepamypu, pyx piouHu noeins-
Huil ma e6id0yeacmovcs 0e3 (azoeux nepexodie, a Qynxuii 6ioHOCHUX
Qazosux nponuxrHocmeil i KANLAAPHO20 MUCKY € 6i00MUMU MA 00HO-
3HAUHUMU QYHKUIAMU HACUMEHOCM.

Hasedeno uucenvni pospaxymxu 6azamodasznoi neizomepmiunoi
Qinompauii 6 enemenmi cumempii n’amu-moux060i cucmemu 3a600HeH-
ua. Ilpu yvomy ecmanosneno, wo 6paxy6anns KaniiapHozo egexmy
00360J151€ He MiNbKU Nepedda Uumu po3mauy6anHs 3ACMIUHUX 30H, ajle
1 0ibW MOUHO OUTHUMU MAC NPOPUBY BUMICHSIOU020 PeazeHmy 6 eKC-
nayamayiini c6epono6unu 015 eheKxmueHozo nposedeHHs 6i0n06ioHUx
60001301AUTUHUX POGTM
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1. Introduction

The development of oil fields is accompanied by a series
of factors that affect the efficiency of extraction. Complexity
of the oil production process necessitates the development
of new and the modification of existing methods that fore-
cast the impact of different procedures at their intensifi-
cation. This applies to both the geological characteristics
of an oil-bearing bed and its technical parameters [1]. In
particular, flooded layers in which the temperature regime
is disrupted demonstrate the so-called hydrodynamic and
capillary effects. It is known [2] that a decrease in the
temperature of oil-bearing beds increases the viscosity of
a fluid. This, in turn, leads to the saturation of collectors,
which cause additional resistance to fluid flow in a porous
medium. Over the past decades, extensive experience has
been gained in using such intensive systems to develop de-
posits as rock hydraulic fracturing (RHF) [3—6]. The result
is that the cracks formed expand the area of influence at
operating wells, creating a relationship with zones of high
permeability. In the case of heavy oil, for example, bitumen,

effect of the hydraulic fracturing technique is strengthened
by feeding different working reagents to an oil-bearing bed
under pressure: hot water, steam, a mixture of different sur-
face-active substances.

The combination of the described factors that influence
an oil-bearing bed makes it possible to reduce the areas of an
immovable fluid, the so-called stagnation zones, and increase
output from operating wells. It is relevant, while difficult, to
account for each of them in order to build a mathematical
model that is adapted to modern problematic oil fields. As
well as, consequently, an appropriate mathematical appara-
tus to solve boundary value problems with the subsequent
optimization of their parameters.

2. Literature review and problem statement

Paper [7] gives an analytical solution to the boundary
value problem in which cracks are represented in the form of
a section of zero thickness and finite conductivity. However,
such a model does not reflect the actual filtration properties



of the displacement process. One of the first studies whose
author investigated the process of filtering through an ellip-
tical crack is reported in [8]. Such a model takes into consid-
eration only the perfect process of hydraulic fracturing. It
is known that crack formation is affected by a non-uniform
environment around the well, as well as the existing cracks
from hydraulic fracturing. Specifically, work [9] proposed a
study into the mutual influence on the displacement process
exerted by the arrangement of multiple cracks from RHF at
a single operating well. In this case, the authors calculated
filtration flow rate at oil-extracting well, but the issue that
remains to be solved is finding a saturation field that would
predict the flooding rate of operating wells. That would also
make it possible to define patterns in the operation of any
deposit under the condition of the projected location of wells
and RHF cracks in them.

Great interest has been paid to the process of a two-
phase filtration, for example, in work [10]. However, ac-
counting for overflows between fluids has remained an
unresolved issue until now. Studying the interaction among
several fluids and extracted oil raises a question regarding
the impact of capillary forces on the bottom-hole zone of
wells. In particular, paper [11] attempted to form a basis for
the further study into the flow of a fluid in the process of
thermal displacement. In addition, article [12] has in more
detail investigated the three-phase non-isothermal oil fil-
tering for the case of vapor-gravity drainage. As regards the
functions of capillary pressure pog, and pg,, which depend on
the saturation and temperature of respective phases (steam,
condensed water, and oil), they are considered to be known.
Authors of work [13] take into consideration the pore sizes of
the environment where filtering is performed. It was found
that the adverse ratio of hydrodynamic to capillary forces
leads to forming stagnant zones not covered by flooding.
However, the unresolved issue is the distribution of an
oil-bearing bed saturation and a velocity field. It is useful to
consider a change in the viscosity of oil when increasing the
share of water at different stages of oil fields development,
as explored in paper [14]. Thus, there is a need to solve the
wider classes of problems in order to account for a capillary
effect at non-isothermal multi-phase filtering in the inho-
mogeneous oil-bearing beds. In this case, it is necessary to
calculate a hydrodynamic grid in order to find the fields of
velocities, distribution of temperature and saturation at any
node of the grid. As well as the coordinates for critical points
and values for a filtration flow rate in an element of symme-
try, for example a five-point system of flooding.

3. The aim and objectives of the study

The aim of this study is to model mathematically the pro-
cesses of fluids displacement in oil-bearing beds considering
the capillary effect and influence of cracks from hydraulic
fracturing by using numerical methods of quasiconformal
mappings.

To accomplish the aim, the following tasks have been set:

— to adapt a mathematical model of the process of oil dis-
placement from porous inhomogeneous sedimentary rocks
for the case of non-isothermal multiphase filtering consider-
ing a capillary effect;

—to advance a procedure and to build the appropriate
numerical algorithm for solving respective boundary value
problems;

— to perform numeric calculations and analyze the re-
sults obtained.

4. Modeling the impact of a capillary effect on the
displacement process in oil-bearing beds

Consider the process of non-isothermal displacement
of oil by a heat-carrier (such as water) in a horizontal bed,
induced by the difference in pressure at injection and oper-
ating wells. Fig. 1 shows the element of a bed whose outer
contour L is impenetrable oris a feed path. This bed contains
o=1,n forcing (¢) and B=1,n" operational (o) wells whose
contours are, respectively, L,. Pumping and operating wells
along with an external contour define the area G, of fluids
filtering.

An oil-bearing bed is considered to be non-uniform,
which in turn makes it possible to take into consideration the
existence of cracks from rock hydraulic fracturing (RHF).
In addition, it is taken into consideration that the dynamic
viscosity of phases changes with a change in temperature. In
the process of displacement, the fluid movement is slow and
proceeds without phase transitions. The functions of relative
phase permeabilities and capillary pressure are known and
represent unambiguous saturation functions.

Fig. 1. Schematic representation of the bed with 7, +n’
wells; some of them are penetrated with cracks from
hydraulic fracturing

Taking into consideration the capillary forces, law of
filtration [15] for two phases is recorded in the form of con-
tinuity equation

M+div(nl)=0, (lzo,w) (1
ot
and motion equation
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where p; is the pressure in phases, p/(T) is the dynamic
viscosity, T'is temperature, 9, is the filtration rate of the /-th
phase, s; is the saturation of bed with the /-th phase; 6, k=k(x, y)
are the coefficients of porosity and absolute permeability
of soil; ke =kw(s), ko =k, (s) are the relative phase perme-
ability (s=s,). Indexes “@” and “0” denote the magnitudes
that characterize water and oil. The difference of pressure
in phases is considered to be equal to the capillary pressure:
Po—Dw=Pe, Where p_ =y cos0y/c/kJ(s), xis the coefficient of
surface tension, 0 is the boundary wetting angle, J(s) is the
dimensionless Leverett function. Hence, considering the to-
tal velocity v=71, +79, of the filtration flow, we have:

v, =—k(x,y)

divv =0,



=k(x,y,5,T) grad(o), 3)

0%-# O-gradf (s, T)+ div(B(x, y,s,T)grad(p, )) =0, (4)

where p=¢(x ,y ,?) is the filtering rate quasi-potential,
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To determine pressure p, via ¢, perform the following
transformations:
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hence, we obtain
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We consider that constant pressures are maintained
at pumping and operating wells (their corresponding qua-
si-potentials are denoted via @« and ¢*). Other areas of the
region’s border G, can be both the lines of flow (the outer
contour is impermeable) and the equipotential lines (the
outer contour is the power supply contour). Along these
lines, equalities

99 o
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L={z/(x, y)=0}.

For the case of accounting for the cracks from hydraulic
fracturing, similar to [16, 17], we shall require that the con-
dition for the continuity of flow and pressure should be sat-
isfied at their border. The respective coefficients of absolute
permeability of soil are represented in the form
k ,(X, !/) € Da’

o
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where D, is some area of the bed, which corresponds to a
crack with index a. Initial distributions of water saturation
in a bed and its value for pumping wells is denoted, respec-
tively, via s, (x,,0)=5,(x,y) and s,|, =s,., a=1n.

To describe the process of redistribution of heat between
the phases and the skeleton, we accept a single-temperature
model, according to which there is an instantaneous transfer
of heat from a fluid to the skeleton and in the opposite direc-
tion. Thus, to calculate a thermal field, we use the following

equation [2]:

aC(s)T

+dio| (c,p, 5, +¢,p,9,)T =0, (5)

where
C(5)=0p,Co(1—8)+t0p4CeSt(1—0)pece

is the volumetric heat capacity of a porous medium, c¢,,
Cws Cer Por Pu» Pe are specific heat capacity and density for
oil, water, and a bed’s skeleton, respectively. By using the
formulae for determining the velocities of movement of oil
and water [18, 19]:

Y, =(1-f(s.7))-, B, =/(sT)-D

and ratio (3), equation (5) shall be recorded in the form:

oagiish vgradf (s, T)=0, (6)

f(S’T) = (df(s’ T) + Copa)T’
& = pmcw - poco’
B = paco + (071 _1) pece'

To determine a temperature field, we shall accept that
its distribution at initial moment T(x, y, 0)=T"(x,y), as well
as the value for temperature at the region’s contours, are
assigned.

Algorithm to solve the problem. We shall employ the pro-
cedure, proposed in [19], for solving the nonlinear problems
on two-phase filtering in oil-bearing beds. The region of the
displacement process is multi-connected. In this case, it is
necessary to use the method of numerical quasiconformal
mapping and basic concepts from a procedure for the stage-
wise registration of characteristics of the environment and



the process. The goal is a transition from a direct problem to
inverse, namely from the physical domain to the simply con-
nected region of complex quasi-potential. Thus, we introduce
the series of conditional sections of region G, along the flow
lines that pass through the critical points.

Upon such a transform of region G, and following the
construction of a respective region of the complex quasi-po-
tential, it is necessary to rewrite the problem on non-iso-
thermal multiphase filtering relative to the new estimated
region — G,,. By applying transition formulae derived in [21],
we obtain:
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Equations (7) to (10), depending on the chosen config-
uration of the filtration region, shall be supplemented with
appropriate boundary and initial conditions [21].

The algorithm for solving the corresponding boundary
value problem shall be represented in the form of the follow-
ing sequence of steps:

1) calculate the field of velocity potential based on the
current fields of saturation and temperature, considering
the geometry of filtration region, initial and boundary con-
ditions;

2) solve the problem on quasiconformal mapping: build
a hydrodynamic grid, characteristic lines of the flow sepa-
ration, find quasi-potential ¢, flow rate and other unknown
filtering parameters;

3) find a redistribution of saturation (based on the estab-
lished filtering characteristics, according to (9));

4) find a redistribution of temperature (based on the es-
tablished filtering characteristics and the recalculated field
of saturation, according to (10));

5) check the conditions for terminating the algorithm
operation, whose violation leads to the repeated clarifi-
cation of step 1 of this algorithm. One of such conditions
for termination could be the condition of exceeding the
permissible share of a displacing liquid in the output from
an operational well.

The difference analog of the problem and its solving al-
gorithm are constructed similarly to the procedure from [5].
By introducing to the field of the complex quasi-potential
of the uniform orthogonal grid with nodes at points (¢;, ;)
(i=1,n, j=1,m), relative to which the approximation of
equations (7) to (10) is performed, for example:
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v,; is the velocity (found similarly to work [5]). By conse-
quently selecting a time-dependent step, the parameters for
splitting the field of complex quasi-potential (position of the
grid’s nodes (¢;, y;)), the initial approximations of coordinates
for the boundary and inner nodes at a hydrodynamic grid, we
derive values for the quasiconformal invariants. Next, we re-
fine the coordinates for internal nodes at a hydrodynamic grid
by solving the respective (8) difference analogs. After this,
we adjust the boundary nodes under the conditions for fixing
the surrounding boundary and near-boundary conditions,
applying the orthogonality conditions, and derive the approx-
imation of flow rate magnitudes (well production rates). The
conditions for finalizing the algorithm for constructing a hy-
drodynamic grid (finding the unknown filtration parameters,
in particular a velocity field) at a given iterative stage include:
the stabilization of flow rates, the stabilization of boundary



nodes, etc. By employing the constructed velocity speed v;,
the fields of saturation s;; and temperature f ; from the pre-
ceding iterative step (taking into consideration the boundary
conditions), we find the distribution of saturation s, ; in a bed
at a given point in time. According to (11) and using (12), we
calculate a temperature field f: i and recalculate then the
field of velocity and potential.

5. Numerical calculation of the model problem

We consider a problem on the non-isothermal two-phase
filtration in the symmetry element of a five-point flooding
system, for the following model’s parameters:

¢+=0, 9 =1, 6=0.2, p,=800, ¢,=1880,
p»=1000, ¢,=4200, p,=2200, ¢,=1800, s+=1,
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(A=) JO)=15

T.=90, T(x,y)=30, 1=10"

Fig. 2 shows the hydrodynamic grid in region G., where
a single operating well is exposed to the action from 4 pump-
ing wells.
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Fig. 2. Hydrodynamic grid at time =4.2

Fig. 3 shows the respective field of velocities for the sym-
metry element of field G, at time ¢ =4.2.

i

Fig. 3. Velocity field

The field of temperatures when oil is displaced with wa-
ter for the case of non-isothermal filtering process is shown
in Fig. 4.

The respective saturation field considering the impact of
capillary effect is shown in Fig. 5.
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Fig. 4. Temperature field
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Fig. 5. Distribution of saturation considering the impact of
capillary effect

Fig. 6 shows the distribution of saturation for case p.=0,
that is in the absence of influence from capillary effect.
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Fig. 6. Distribution of saturation when ignoring capillary forces

It is also worth noting that this distribution complete-
ly coincides with the results obtained from the algorithm



proposed in paper [6] for the selected element of symmetry
under respective conditions.

6. Discussion of results of studying the processes of
displacement in oil-bearing beds in the elements of areal
flooding

The mathematical model (1) to (5), constructed in the
current study, in a combination with the built algorithm
solve the problem on establishing the field of velocity, sat-
uration, and temperature (Fig. 3—6) under the respective
operating conditions at wells. The model and the algorithm
imply a possibility to account for the capillary effect, dif-
ferent kinds of inhomogeneous inclusions, such as RHF
cracks and overflows between wells. This is the basis for es-
tablishing the optimal location of wells and for conducting
hydraulic fracturing at them.

When carrying out numerical experiments in the
symmetry element of a five-point flooding system it was
found that the front of displacement in case of not taking
into consideration the capillary effect propagates by 20 %
faster than when accounting for it. This, in turn, would
lead to an increase in the actual time of water breaking
through to the operating well, which would not make
it possible to timely perform appropriate waterproofing
operations.

The qualitative pattern of filtration flow, the region of
low velocities, and the redistribution of flows are demon-
strated by the hydrodynamic grid (Fig. 2), which is com-
puted at each point in time. In addition, the grid shows
the influence of wells on one another, and on the process of
flooding in particular.

Construction of a hydrodynamic grid by using other
existing methods, such as finite elements or differences,
would require significantly larger computation efforts.
In a given case, it is a key element of the built algo-
rithm and is an integral part of the solution to the set
problem.

It is also worth noting that the method for solving
the problems on multiphase non-isothermal filtering, pro-
posed in the current paper, is to be used for the case when
it is possible to introduce a quasi-potential function ¢ and
the corresponding conjugated thereto flow function .
Introducing them is not always possible and requires ad-
ditional research. However, when it becomes possible, this
greatly simplifies the calculation of fields of saturation
and temperature. In this case, the spatial dimensionality
of the respective subproblems reduces; solutions to them
are found along the lines of the flow and it is one of the
advantages of the method.

Representation of the quasi-potential in the form

s,

w d <
o=-p,+[ /(5 T)—p;lés) ds

and the application of concepts from the method of quasi-
conformal mappings, as well as the staged registration of
characteristics of the environment and the process, have
significantly simplified the overall strategy for splitting the
algorithm to solve the original problem.

Such an approach, in contrast to conventional methods,
of finite differences and finite elements, does not require a
separate recalculation of the field of velocities and employ-
ing the interpolating and gradient methods to construct the
equipotential lines and the lines of the flow.

It is also worth noting that the devised model does not
take into consideration the possibility of inter-phase transi-
tion of a fluid during the displacement process. Therefore,
the temperature of an environment and a fluid should not ex-
ceed its critical value at which inter-phase transitions occur.

In the future, there is an obvious prospect to advance
both the mathematical model taking into consideration the
inter-phase transitions of a fluid and the procedure for solv-
ing respective boundary value problems.

7. Conclusions

1. We have improved a mathematical model of oil dis-
placement from porous sedimentary rocks in the presence
of cracks from hydraulic fracturing. The model accounts
for the reverse effect of process characteristics on the initial
characteristics of an environment susceptible to deformation
in a horizontal oil-bearing bed, constrained by the lines of
the flow and the equipotential lines.

2. We have advanced a procedure for solving the respec-
tive boundary value problems provided the capillary effect is
considered. Specifically, a formula has been proposed for the
introduction of quasi-potential, using which helped reduce
the spatial dimensionality of subproblems, to derive the
fields of saturation and temperature. Their solution has been
obtained along the lines of the flow.

3. We have constructed a numerical algorithm for solv-
ing respective boundary value problems. It was established
in the process of numerical calculations that the front of
displacement in case the capillary effect is not taken into
consideration propagates 1.2 times faster than that when it
is accounted for. This, in turn, could lead to an increase in
the actual time of water breaking through to the operating
well, which would not make it possible to timely conduct
appropriate waterproofing operations.
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