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Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✹ ✼✭✸✮ ✶✹✕✷✵ dω

●❡♦♠❡tr✐❝❛❧ s❤❛♣❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t ❛♥❞
✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ✐♥ ❛ r♦✉♥❞ t✉❜❡❦

❱✐❦t♦r ❱♦❧❦♦✈

❆❜str❛❝t ❙t❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧② ❢♦r t❤❡ ♣❧❛♥❡ ❞❡t♦♥❛t✐♦♥

✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛ r♦✉♥❞ t✉❜❡✳ ●❡♦♠❡tr✐❝❛❧ s❤❛♣❡ ✭❝❡❧❧ str✉❝t✉r❡✮ ♦❢ t❤❡

❞❡t♦♥❛t✐♦♥ ❢r♦♥t✱ ✇❤✐❝❤ ✐s ❛ r❡s✉❧t ♦❢ ✐♥st❛❜✐❧✐t② ❞❡✈❡❧♦♣♠❡♥t✱ ✐s s✉❜st❛♥t✐❛t❡❞

♠❛t❤❡♠❛t✐❝❛❧❧②✳

❑❡②✇♦r❞s ❞❡t♦♥❛t✐♦♥✱ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t✱ ✐♥st❛❜✐❧✐t② ♦❢ ❞❡t♦♥❛t✐♦♥✱ ❝❡❧❧ str✉❝t✉r❡

♦❢ ❞❡t♦♥❛t✐♦♥✱ s♣✐♥ ❞❡t♦♥❛t✐♦♥✳

Ó➘✃ ✺✸✷✳✺ ✰ ✺✸✻✳✹✻✹

■t✬s ❦♥♦✇♥ ❢r♦♠ ❝❧❛ss✐❝❛❧ ❡①♣❡r✐♠❡♥ts t❤❛t t❤❡ ❞❡t♦♥❛t✐♦♥ ✇❛✈❡s ✐♥ ❡①♣❧♦✲

s✐✈❡ ❣❛s❡s ♦r❣❛♥✐③❡ t❤❡♠s❡❧✈❡s ✐♥ ❛♥ ✉♥st❡❛❞② s♣❛t✐❛❧ str✉❝t✉r❡ ✭❋✐❣✳✶✳✮ ❛s ❛

r❡s✉❧t ♦❢ ✐♥st❛❜✐❧✐t② ❞❡✈❡❧♦♣♠❡♥t✳ ❚❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ r❡❣✐♠❡s ❛r❡ t❤❡ ✏s♣✐♥✑

✭❋✐❣✳✷✮ ❛♥❞ ✏❣❛❧❧♦♣✑✱ ✇❤✐❝❤ ❛r❡ t②♣✐❝❛❧ ❢♦r ❞❡t♦♥❛t✐♦♥s ♦❢ s♦♠❡ ❦✐♥❞s ♦❢ ♠✐①t✉r❡s

✐♥ ❝②❧✐♥❞r✐❝❛❧ t✉❜❡s✳ ❚❤♦s❡ r❡❣✐♠❡s ❛r✐s❡ ♣r♦❜❛❜❧② ✐♥ ♠✐①t✉r❡s ❢♦r♠✐♥❣ ✉♥s❛❢❡

s✐t✉❛t✐♦♥s ✐♥ ✐♥❞✉str✐❛❧ ❡♥t❡r♣r✐s❡s✳ ❆❧t❤♦✉❣❤ t❤❡ ♣r♦❝❡ss❡s ♦❢ t❤❡ ❝❡❧❧ ❢♦r♠✐♥❣

❢♦r t❤❡ ♠✉❧t✐❢r♦♥t ❞❡t♦♥❛t✐♦♥s ❛♥❞ ♥❡❛r✲❝r✐t✐❝❛❧ r❡❣✐♠❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ t❤♦r✲

♦✉❣❤❧② ✐♥ ❝♦♣✐♦✉s ❡①♣❡r✐♠❡♥ts ❛♥❞ ❞❡s❝r✐❜❡❞ ✐♥ ❧✐t❡r❛t✉r❡ r❡♣❡❛t❡❞❧②✱ t❤❡ ❢✉❧❧

❝♦♥s✐st❡♥t t❤❡♦r② ❢♦r t❤♦s❡ ♣❤❡♥♦♠❡♥❛ ✐s ♥♦t ❜✉✐❧t ②❡t✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ ♣r❡s❡♥t

✇♦r❦ ✐s t♦ ❛♥❛❧②③❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝r✐t✐❝❛❧ r❡❣✐♠❡s ♦❢ ❣❛s❡♦✉s ❞❡t♦♥❛t✐♦♥ ❢r♦♠

t❤❡ st❛♥❞♣♦✐♥t ♦❢ t❤❡ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳
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●❡♦♠❡tr✐❝❛❧ s❤❛♣❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t ✶✺

❋✐❣✳✶✳ ❆ s❛♠♣❧❡ ♦❢ t❤❡ ❝❡❧❧✉❧❛r ❞❡t♦♥❛t✐♦♥ s✉r❢❛❝❡ ✭♣❤♦t♦❣r❛♣❤ ♦❢ t❤❡ ✐♠♣r✐♥ts

♦♥ t❤❡ s♦♦t② t✉❜❡ ❜✉tt✲❡♥❞❀ ❞❡t♦♥❛t✐♦♥ ♦❢ ♠✐①t✉r❡ 2H2 +O2 ✉♥❞❡r ✐♥✐t✐❛❧

♣r❡ss✉r❡ ✸✵✵ ♠♠ Hg✮

❋✐❣✳✷✳ P❤♦t♦❣r❛♣❤ ♦❢ t❤❡ s✐♥❣❧❡✲❤❡❛❞ ✭✏s♣✐♥✑✮ ❞❡t♦♥❛t✐♦♥ ✐♥ ❣❛s ♠✐①t✉r❡✳

P❤♦t♦❣r❛♣❤✐♥❣ ✇❛s ❞♦♥❡ t❤r♦✉❣❤ ❛ s❧♦t✱ ✇❤✐❝❤ ✇❛s ♣❛r❛❧❧❡❧ t♦ t❤❡ t✉❜❡ ❛①✐s

❚❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t ♥♦♥✉♥✐❢♦r♠✐t✐❡s ✐s t❤❡

❞❡✈❡❧♦♣✐♥❣ ♦❢ ✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① ✏s❤♦❝❦ ✇❛✈❡ ✕ ❝❤❡♠✐❝❛❧

r❡❛❝t✐♦♥ ③♦♥❡ ✑✱ ❡①♣❧♦r❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✱ ❛♥❛❧②t✐❝❛❧❧② ❛♥❞ ♥✉♠❡r✐❝❛❧❧②✳ ❆s ❛ r❡s✉❧t

♦♥ t❤❡ ♥♦♥✲❧✐♥❡❛r st❛❣❡ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t s✉r❢❛❝❡ ✐s ❝♦✈❡r❡❞ ❜② ❝❡❧❧s ♦❢ ❛

❝❤❛r❛❝t❡r✐st✐❝ s✐③❡ ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✐♥✐t✐❛❧ ♣r❡ss✉r❡ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢

t❤❡ ❡①♣❧♦s✐✈❡ ❣❛s ♠✐①t✉r❡✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❞ ❛♥❛❧②t✐❝❛❧ ❡st✐♠❛t❡s ❢♦r t❤❡ ♠❡❛♥

s✐③❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t ♥♦♥✉♥✐❢♦r♠✐t✐❡s ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❛ st❛❜✐❧✐t②

♣r♦❜❧❡♠ ♦❢ ❛ ❞♦✉❜❧❡✲❢r♦♥t s❤♦❝❦✲❞❡t♦♥❛t✐♦♥ ❝♦♠♣❧❡①✳ ❚❤✉s✱ ❞✐st♦rt✐♦♥ ♦❢ t❤❡

❞❡t♦♥❛t✐♦♥ ❢r♦♥t ❛♥❞ t❤❡ ♦r✐❣✐♥ ♦❢ ❢r❛❝t✉r❡s ♦♥ ✐t ✭tr✐♣❧❡ ♣♦✐♥t ❝♦♥✜❣✉r❛t✐♦♥s✮ ✇❛s

❛ttr✐❜✉t❡❞ t♦ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐♥st❛❜✐❧✐t② ❛♥❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❢❛st❡st

❣r♦✇✐♥❣ ♣❡rt✉r❜❛t✐♦♥s✳ ❚❤❡ ♠❡t❤♦❞ ♦❢ ✐♥st❛❜✐❧✐t② ❛♥❛❧②s✐s ❛s ✇❡❧❧ ❛s t❤❡ ❛♥❛❧②s✐s
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❱✳ ❱♦❧❦♦✈

♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ str✉❝t✉r❡ ❤❛s ❛❧❧♦✇❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❝♦♥t✐♥✉♦✉s

✈❛r✐❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝♦✉rs❡ ♦❢ ❡♥❡r❣② ❞❡♣♦s✐t✐♦♥

❜❡❤✐♥❞ ❛ s❤♦❝❦ ❢r♦♥t✳ ▼♦r❡♦✈❡r✱ t❤✐s ♠❡t❤♦❞ ❤❛s ❛❧❧♦✇❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ ♣♦ss✐❜❧❡

st❛❜✐❧✐t② ♦❢ ❞❡t♦♥❛t✐♦♥ ✐♥ ❝♦♥❞❡♥s❡❞ ❡①♣❧♦s✐✈❡s✳ ❍♦✇❡✈❡r✱ t❤✐s st❛❜✐❧✐t② t❤❡♦r②

❞♦❡s ♥♦t ❛❝❝♦✉♥t t❤❡ ❡✛❡❝t ♦❢ ❝♦♥✜♥❡♠❡♥t✱ ✇❤❡r❡❛s ✐♥ r❡❛❧✐t② t❤❡ ❞❡t♦♥❛t✐♦♥

♣r♦❝❡ss❡s ♦❝❝✉r ♦♥❧② ✐♥ ❝♦♥✜♥❡❞ ✈♦❧✉♠❡s✳ ❚❤❡ st✉❞② ♦❢ st❛❜✐❧✐t② ❛♥❞ str✉❝t✉r❡

♦❢ t❤❡ s❡❧❢✲s✉st❛✐♥✐♥❣ ❞❡t♦♥❛t✐♦♥ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛ ❝②❧✐♥❞r✐❝❛❧ t✉❜❡ ✐s ❞♦♥❡

❜② ✉s ✐♥ ❬✶❪✳ ❚❤❡ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ❛♥❞ ❝❤❡♠✐❝❛❧ ♣❛r❛♠❡t❡rs ✐♥

t❤❡ r❡❛❝t✐♦♥ ③♦♥❡ ❜❡❤✐♥❞ t❤❡ s❤♦❝❦ ❢r♦♥t ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❡ss❡♥t✐❛❧

r❡str✐❝t✐♦♥s ❛r❡ ♥♦t ✐♠♣♦s❡❞ ❡✐t❤❡r ❜② t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ♦r ❜②

t❤❡r♠❛❧ ❡q✉❛t✐♦♥ ♦❢ st❛t❡ ❜♦t❤ ❢♦r ❞❡t♦♥❛t✐♥❣ s✉❜st❛♥❝❡ ❛♥❞ ❢♦r t❤❡ ❞❡t♦♥❛t✐♦♥

♣r♦❞✉❝ts✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❛ ❞❡t♦♥❛t✐♦♥ ✐s ❝♦♥s✐❞❡r❡❞✳ ❆❧♦♥❣ ❛

z✲❛①✐s✱ ❛t z < 0 t❤❡ ✐♥✈✐s❝✐❞ ❣❛s ♠♦✈❡s ❛t ❛ st❛t✐♦♥❛r② s✉♣❡rs♦♥✐❝ ✈❡❧♦❝✐t②✳

P❧❛♥❡ z = 0 ❝♦rr❡s♣♦♥❞s t♦ ❛ s❤♦❝❦ ✇❛✈❡✳ ■♥ t❤❡ ③♦♥❡ 0 ≤ z ≤ L ❝❤❡♠✐❝❛❧

tr❛♥s❢♦r♠❛t✐♦♥s ♦❝❝✉r ✇❤✐❧❡ ③♦♥❡ z > L ✐s ♦❝❝✉♣✐❡❞ ❜② t❤❡ ❞❡t♦♥❛t✐♦♥ ♣r♦❞✉❝ts✳

P❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ ❡①♣❧♦s✐✈❡ ♠✐①t✉r❡✱ ❣❛s ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥

③♦♥❡ ❛♥❞ ❞❡t♦♥❛t✐♦♥ ♣r♦❞✉❝ts ❛r❡ r❡❧❛t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s

♦❢ ♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❛♥❞ ❡♥❡r❣②✳ ❈❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❣♦✈❡r♥❡❞

❜② ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✱ ✉♥❜✉r♥t ♠❛ss ❢r❛❝t✐♦♥ ♦r ♣r♦❣r❡ss ✈❛r✐❛❜❧❡✱ β✳ ❆t t❤❡ s❤♦❝❦

❢r♦♥t✱ β = 1✳ ❆t t❡r♠✐♥❛t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥✱ ✐✳❡✳✱ ❛t z = L✱ β = β2 (0 ≤

β2 < 1)✳ ❆t β = β2 t❤❡ ✢♦✇ ✈❡❧♦❝✐t② ✐s ❡q✉❛❧ t♦ t❤❡ ❧♦❝❛❧ s♣❡❡❞ ♦❢ s♦✉♥❞

✭❈❤❛♣♠❛♥✲❏♦✉❣❡t ❝♦♥❞✐t✐♦♥✮✳

❆t z > 0 t❤❡ ✢♦✇ ✜❡❧❞ ✐s ❣♦✈❡r♥❡❞ ❜② ❛ s❡t ♦❢ ❣❛s❞②♥❛♠✐❝ ❡q✉❛t✐♦♥s ❛♥❞

❡q✉❛t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s✿





dρ
dt

+ ρdiv−→u = 0,

ρd−→u
dt

+
−−→
gradp = 0,

∂
∂t

(
pE + ρu2

2

)
+ div

[
−→u

(
ρE + p+ ρu2

2

)]
= 0,

dβ
dt

= f(β, p, ρ),

✭✶✮

✇❤❡r❡ −→u ✐s t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r✱ u2 = −→u 2✱ ρ ✐s t❤❡ ❞❡♥s✐t②✱ ✐s t❤❡ ♣r❡ss✉r❡✱ ✐s

t❤❡ s♣❡❝✐✜❝ ✐♥t❡r♥❛❧ ❡♥❡r❣②✱ ❛♥❞

E = e+ βQ, ✭✷✮

Q ✐s t❤❡ ❝❤❡♠✐❝❛❧ ❡♥❡r❣② s♦✉r❝❡ ♣❡r ✉♥✐t ♠❛ss ♦❢ ❣❛s ❛♥❞ e = e(p, ρ)✳ ❋♦r t❤❡

t❤❡r♠❛❧❧② ♣❡r❢❡❝t ❣❛s✿

e =
1

γ − 1

p

ρ
+ const, ✭✸✮
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●❡♦♠❡tr✐❝❛❧ s❤❛♣❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t ✶✼

✇❤❡r❡ γ ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡r♠❛❧ s♣❡❝✐✜❝ ❤❡❛ts✳

❋✉♥❝t✐♦♥ f ✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝❤❡♠✐❝❛❧ ❦✐♥❡t✐❝s ✐s ❛ss✉♠❡❞ t♦ ❜❡ s✉✣❝✐❡♥t❧②

s♠♦♦t❤ ✭❛s ✇❡❧❧ ❛s ❢✉♥❝t✐♦♥ e (p, ρ)✱ ❡①♣r❡ss✐♥❣ t❤❡ t❤❡r♠❛❧ ❡q✉❛t✐♦♥ ♦❢ st❛t❡✮✳

❚❤❡ ❡①♣❧♦s✐✈❡ ❣❛s ✢♦✇s ✐♥ ❛ r♦✉♥❞ ❝②❧✐♥❞r✐❝❛❧ t✉❜❡ ♦❢ r❛❞✐✉s r0✱ t❤❡r❡❢♦r❡ ❊qs✳

✭✶✮ s❤♦✉❧❞ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ❝②❧✐♥❞r✐❝❛❧ ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡✳

▲❡t ✉s ✐♥✈❡st✐❣❛t❡ t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❜❛s✐❝ s♦❧✉t✐♦♥ ♦❢ ❊qs✳ ✭✶✮ ✐♥ r❡❧❛t✐♦♥ t♦

s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥s u
′

jr✱ u
′

jϕ✱ u
′

jz✱ ρ
′

j ✱ p
′

j ✱ β
′

j ❝♦rr❡s♣♦♥❞✐♥❣ t♦ r❛❞✐❛❧✱ t❛♥❣❡♥t✐❛❧

❛♥❞ ❛①✐❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ✈❡❧♦❝✐t② ✈❡❝t♦r✱ ♣r❡ss✉r❡✱ ❞❡♥s✐t② ❛♥❞ ♣r♦❣r❡ss ✈❛r✐✲

❛❜❧❡✱ ✐♥ t❤❡ r❡❛❝t✐♦♥ ③♦♥❡ (j = 1) ♦r ✐♥ t❤❡ ❞❡t♦♥❛t✐♦♥ ♣r♦❞✉❝ts (j = 2)✱ ❛ss✉♠✐♥❣

t❤❛t β
′

2 = 0✳ ❆s ❛ r❡s✉❧t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r✐③❡❞ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠

❊qs✳ ✭✶✮✿




∂ρ
′

j

∂t
+ ∂

∂z

(
ρu

′

jz + ujρ
′

j

)
+

ρj

r

[
∂(ru

′

jr)

∂r
+

∂u
′

jϕ

∂ϕ

]
= 0,

∂u
′

jr

∂t
+ uj

∂u
′

jr

∂z
+ 1

ρj

∂p
′

j

∂r
= 0,

∂u
′

jϕ

∂t
+ uj

∂u
′

jϕ

∂z
+ 1

ρjr

∂pj

∂ϕ
= 0,

∂u
′

jz

∂t
+ ∂

∂z

(
uju

′

jz

)
+ 1

ρj

∂p
′

j

∂z
− 1

ρ2

j

dpj

dz
ρ

′

j = 0,

ρj

(
∂β

′

∂t
+ uj

∂β
′

∂z

)
+ uj

dβ
dz
ρ

′

j +
∂p

′

j

∂t
+ 1

Q(γj−1)

∂p
′

j

∂t
+

uj

Q(γj−1)

∂p
′

j

∂z
+

+
jj

Q(γj−1)
duj

dz
p

′

j −
jjpj

ρQ(γj−1)

(
∂ρ

′

j

∂t
+ uj

∂ρ
′

j

∂z
+

duj

dz
ρ

′

j

)
= 0,

∂β
′

∂t
+ uj

∂β
′

∂z
+ dβ

dz
u

′

jz − uj
dβ
dz

(
∂f
∂β

β
′

j +
∂f
∂pj

p
′

j +
∂f
∂ρj

ρ
′

j

)
= 0,

✭✹✮

✇❤❡r❡

γj = 1 +

[(
∂ej
∂pj

)

ρj

ρj

]
. ✭✺✮

■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡r♠❛❧❧② ♣❡r❢❡❝t ❣❛s✱ γj ✐s t❤❡ r❛t✐♦ ♦❢ s♣❡❝✐✜❝ ❤❡❛ts✳

❚❤❡ s♦❧✉t✐♦♥s ♦❢ ❊qs✳ ✭✹✮ s❤♦✉❧❞ ♦❜❡② t♦ t❤❡ ❝♦♥❞✐t✐♦♥✿

u
′

jr |r=r0= 0, ✭✻✮

❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ r❡❣✉❧❛r✐t② ❛t r → 0✳ ■♥ ✈✐❡✇ ♦❢ ✐t✱ t❤❡ s♦❧✉t✐♦♥ ✐s t❛❦❡♥ ✐♥

t❤❡ ❢♦r♠
u
′

jz

u2

= y1j(z)F (r, ϕ, t);
u
′

jr

u2

= y2j(z)r0ξ
−1
nk

d
dr
lnJn

(
ξnkrr

−1
0

)
F (r, ϕ, t);

u
′

jϕ

u2

= y3j(z)rr
−1
0 ξ−1

nk nF (r, ϕ, t);
p
′

j

p2

= y4j(z)F (r, ϕ, t);

ρ
′

j

ρ2

= y5j(z)F (r, ϕ, t);

β
′

= y6j(z)F (r, ϕ, t),

✭✼✮
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❱✳ ❱♦❧❦♦✈

✇❤❡r❡

F (r, ϕ, t) = exp

(
ωr−1

0 u2t+ inϕ

)
Jn

(
ξnkrr

−1
0

)
, ✭✽✮

❛♥❞ ω ✖ ❛ ❝♦♠♣❧❡① ✈❛❧✉❡ ✭❞✐♠❡♥s✐♦♥❧❡ss ❡✐❣❡♥✈❛❧✉❡✮✱ n ✐s t❤❡ ❛③✐♠✉t❤❛❧ ✇❛✈❡

♥✉♠❜❡r (n = 0, 1, 2, . . .)✱ Jn(ξ) ✐s t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ 1✲st ❦✐♥❞ ♦❢

♦r❞❡r n✱ ξnk ✐s t❤❡ k t❤ r♦♦t ♦❢ t❤❡ ❡q✉❛t✐♦♥ dJn(ξ)/dξ = 0✱ yjk (k = 1, ..., 5) ✖

❞✐♠❡♥s✐♦♥❧❡ss ❢✉♥❝t✐♦♥ ♦❢ z✳

❋♦r t❤❡ ❈❤❛♣♠❛♥✲❏♦✉❣❡t ❞❡t♦♥❛t✐♦♥ ✭u2 = a2✱ ✐✳❡✳ M2 = 1✱ ✇❤❡r❡ M2 = u2

a2

✐s t❤❡ ▼❛❝❤ ♥✉♠❜❡r✱ 2 ✐s t❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞ ✐♥ t❤❡ ❞❡t♦♥❛t✐♦♥ ♣r♦❞✉❝ts✮ t❤❡

❢✉♥❝t✐♦♥s y2k(k = 1, ..., 4) ❛r❡ ❞❡t❡r♠✐♥❡❞ t♦ ❜❡ t❤❡ s♦❧✉t✐♦♥s ♦❢ s②st❡♠ ♦❢ t❤❡

❧✐♥❡❛r ❤♦♠♦❣❡♥❡♦✉s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥st❛♥t ❝♦❡✣❝✐❡♥ts ❛♥❞ ❝♦♥t❛✐♥

t❤r❡❡ ✉♥❝❡rt❛✐♥ ❝♦♥st❛♥ts A2l(1, 2, 3)✳

❚❤❡ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ♣❡rt✉r❜❡❞ s❤♦❝❦ ❢r♦♥t ❛♥❞ t❤❡ s✉r❢❛❝❡ ♦❢ ❝❤❡♠✐❝❛❧ r❡✲

❛❝t✐♦♥ t❡r♠✐♥❛t✐♦♥ ❛r❡ s❡t ❛s

z = ε1(r, ϕ, t), z = L+ ε2(r, ϕ, t), ✭✾✮

✇❤❡r❡

εj = A0jr0F (, ϕ, t). ✭✶✵✮

■♥ t❤❡ ❧✐♥❡❛r ❛♣♣r♦①✐♠❛t✐♦♥✱ t❤❡ ❧❛✇s ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♠❛ss✱ ♠♦♠❡♥t✉♠✱ ❡♥❡r❣②

❛♥❞ ✉♥❜✉r♥t ♠❛ss ❢r❛❝t✐♦♥ ❛t t❤❡ s❤♦❝❦ ❢r♦♥t (z = 0) ❛r❡ ❣✐✈❡♥ ❜②

u1ρ
′

1 + ρ1u
′

1z =
(
ρ1 − ρ0

)
∂ε1
∂t

,

u
′

1r =
(
u0 − u1

)
∂ε1
∂r

,

u
′

1ϕ = 1
r

(
u0 − u1

)
∂ε1
∂ϕ

,

p
′

1 + u2
1ρ

′

1 + 2ρ1u1u
′

1z = 0,[
(γ1 − 1)ρ1 − (γ0 + 1)ρ0

]
p

′

1 +
[
(γ1 − 1)p1 + (γ0 + 1)p0

]
+

+⌊ρ
′

1 + 2(γ1 − 1)Q2
ρ1
β

′

⌋ = 0,

β
′

+ ε1
dβ
dz

= 0,

✭✶✶✮

✇❤❡r❡ ✐♥❞❡① 0 ❞❡♥♦t❡s ♣❛r❛♠❡t❡rs ♦❢ ❛ ✉♥♣❡rt✉r❜❡❞ str❡❛♠ ❛t z < 0✳

❆s t❤❡ ♣❡rt✉r❜❛t✐♦♥s ❜❡❤✐♥❞ s❤♦❝❦ ❢r♦♥t ❛r❡ ❝♦♥t✐♥✉♦✉s ❡✈❡r②✇❤❡r❡ ❛❧♦♥❣ t❤❡

t✉❜❡✱ t❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ ❛ ❝♦♥t✐♥✉✐t② ♦❢ ❛❧❧ ♣❛r❛♠❡t❡rs ❛t t❤❡ ♣❡rt✉r❜❡❞ s✉r❢❛❝❡

♦❢ t❤❡ ❝❤❡♠✐❝❛❧ r❡❛❝t✐♦♥ t❡r♠✐♥❛t✐♦♥ s❤♦✉❧❞ ❜❡ ✉s❡❞✳

❆❢t❡r s✐♠♣❧❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦♥❡ ❛rr✐✈❡s ❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ✈❛❧✉❡

♣r♦❜❧❡♠✿
−→
R (0) =

−→
R 0,

−→
R (1) =

−→
Rm,

d
−→

R
dz̃

= G(z̃)
−→
R,

✭✶✷✮
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●❡♦♠❡tr✐❝❛❧ s❤❛♣❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ❢r♦♥t ✶✾

✇✐t❤
−→
R (0) = A10

(
−→
R

(1)
0 + ω

−→
R

(2)
0

)
, ✭✶✸✮

−→
R (m) = Σ3

R=0A2l
−→
R (l)

m , ✭✶✹✮

G(z̃) = G(1)(z̃) + ωG(2)(z̃), ✭✶✺✮

z̃ =
z

L
, ✭✶✻✮

−→
R =

(
y11

y12

y13

y14

y15

)
, ✭✶✼✮

✇❤❡r❡ G ✐s t❤❡ 5× 5 ♠❛tr✐①✳

■t ✐s r❛t❤❡r ❞✐✣❝✉❧t t♦ ✜♥❞ ❛ ♣r❡❝✐s❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ♦❢ ♦r❞✐♥❛r② ❧✐♥✲

❡❛r ❤♦♠♦❣❡♥❡♦✉s ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ ✈❛r✐❛❜❧❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡r❡❢♦r❡✱ t❤❡

❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✶✸✮ ✐s s♦❧✈❡❞ ❛♣♣r♦①✐♠❛t❡❧② ❬✶❪ ❜② t❤❡ ❊✉❧❡r ♠❡t❤♦❞✳

❆s ❛ r❡s✉❧t✱ ♦♥❡ ❛rr✐✈❡s ❛t t❤❡ ❡q✉❛t✐♦♥ ❢♦r ❞❡✜♥✐t✐♦♥ ♦❢ ❡✐❣❡♥✈❛❧✉❡s

F (ω) = 0, ✭✶✽✮

✇❤❡r❡ ❢✉♥❝t✐♦♥ F (ω) r❡♣r❡s❡♥ts ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢m+5 ♦r❞❡r✱ ✇❤❡r❡m t❤❡ ♥✉♠❜❡r

♦❢ ✐♥t❡r✈❛❧s ✐♥ ❊✉❧❡r ♠❡t❤♦❞✳ ■❢ t❤✐s ❡q✉❛t✐♦♥ ❤❛s ❛ s♦❧✉t✐♦♥ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ r❡❛❧

♣❛rt✱ ✐t ✐s ❡✈✐❞❡♥❝❡ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ✇❛✈❡ ✐♥st❛❜✐❧✐t②✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ω ✐s✱ ✐♥

❣❡♥❡r❛❧✱ t❤❡ ❝♦♠♣❧❡① ❢✉♥❝t✐♦♥ ♦❢ ♣❛r❛♠❡t❡r ξnk✳

❈❛❧❝✉❧❛t✐♥❣ ♦❢ t❤❡ ♣✉❧s❛t✐♦♥ str✉❝t✉r❡ ♦❢ ❞❡t♦♥❛t✐♦♥ ✇❛✈❡s ✐s ❜❛s❡❞ ♦♥ t❤❡

❞✐s❝r❡t❡ s♣❡❝tr✉♠ ♦❢ ✈❛❧✉❡s ξnk s❛t✐s❢②✐♥❣ ❛ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✻✮✱ ✐t ✐s ♣♦ss✐❜❧❡

t♦ ❝❤♦♦s❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ω (ξnk)✱ ♣r♦✈✐❞✐♥❣ t❤❡ ❢❛st❡st ❣r♦✇t❤ r❛t❡ ♦❢ ♣❡rt✉r✲

❜❛t✐♦♥ ❛♠♣❧✐t✉❞❡✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❛①✐♠❛❧ ❞✐st♦rt✐♦♥ ♦❢ t❤❡ ❢r♦♥t✳ ξnl ✈❛❧✉❡

❝♦rr❡s♣♦♥❞s t❤❡s❡ ❡✐❣❡♥✈❛❧✉❡s ❛❧♠♦st ❛❧✇❛②s✳ ❚❤✉s ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡

♠❡❛♥ s✐③❡ ♦❢ ♥♦♥✉♥✐❢♦r♠✐t✐❡s ✭❝❡❧❧s✮ ✐♥ t❤❡ ❞❡t♦♥❛t✐♦♥ ✇❛✈❡ ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❛♥ ❡①✲

♣❧♦s✐✈❡ ❣❛s✳ P❛rt✐❝✉❧❛r ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r ♠✐①t✉r❡s 2H2+O2+7Ar

❛♥❞ 2H2 + O2 + 7✳ ❍❡ ✇✐t❤ t❤❡ ❦✐♥❡t✐❝s ♦❢ ❬✷❪ ❛♥❞ ❛r❡ ❝♦♠♣❛r❡❞ t♦ r❡s✉❧ts ♦❢

❡①♣❡r✐♠❡♥ts ❬✸❪ ✲ ❬✺❪ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❬✷❪✱ ❬✻❪✳ ❚❤❡ ❛❣r❡❡♠❡♥ts ❜❡t✇❡❡♥ t❤❡

♣r❡s❡♥t ❛♥❛❧②s✐s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s s❛t✐s❢❛❝t♦r②✳

❋♦r t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ str✉❝t✉r❡✱ ♣❛r❛♠❡t❡r

δ = Lr−1
0 , ✭✶✾✮

✇❤✐❝❤ s❤♦✇s t❤❡ r❛t✐♦ ♦❢ t❤❡ r❡❛❝t✐♦♥ ③♦♥❡ ✇✐❞t❤ t♦ t❤❡ t✉❜❡ r❛❞✐✉s ✐s t❤❡ ♠♦st

✐♠♣♦rt❛♥t ♦♥❡✳ ■♥❝r❡❛s❡ ♦❢ t❤❡ t✉❜❡ r❛❞✐✉s r0 ♦r ❞❡❝r❡❛s❡ ♦❢ t❤❡ r❡❛❝t✐♦♥ ③♦♥❡



✷✵

❉❖■ ✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✸✴✷✵✶✹✳✹✵✷✷✼

❱✳ ❱♦❧❦♦✈

✇✐❞t❤ L ✭t❤❛t ✐s ♣♦ss✐❜❧❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✇❤❡♥ t❤❡ ❡①♣❧♦s✐✈❡ ❣❛s ♣r❡ss✉r❡ 0 ✐♥❝r❡❛s❡s

♦r t❤❡ ✐♥❡rt ❛❞❞✐t✐♦♥s✮ ❧❡❛❞s t♦ ❞❡❝r❡❛s❡ ♦❢ δ✳

❋♦r t❤❡ t❤❡r♠❛❧❧② ♣❡r❢❡❝t ❣❛s ✇✐t❤ t❤❡ ♠♦❞❡❧ ❦✐♥❡t✐❝s ❬✷❪ ✐❢ δ ≥ 0.5 t❤❡

✐♥st❛❜✐❧✐t② t❛❦❡s ♣❧❛❝❡ ♦♥❧② ❢♦r n = 0✳ ❇✉t ✐♥ t❤✐s ❝❛s❡ ξ01 = 0✱ ❛♥❞ ✐t ❝♦♥tr❛✲

❞✐❝ts ✭✼✮✱ ❛♥❞ t❤❡ ❝❛s❡✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ξ02 = 3.83 ✐s r❡❛❧✐s❡❞✳ ❆❜s❡♥❝❡ ♦❢ t❤❡

❞❡♣❡♥❞❛♥❝❡ ♦❢ ♣❡rt✉r❜❛t✐♦♥s ❢r♦♠ ϕ ♠❡❛♥s✱ t❤❛t ❣❛s ♣r♦❞✉❝❡s r❛❞✐❛❧ ❛❝♦✉st✐❝

♦s❝✐❧❧❛t✐♦♥s✳ ❇✉t ✉♥❞❡r n = 0✱ ξ01 = 0 ✐t ✐s ♥❡❝❡ss❛r② t♦ ❣♦ ♦✈❡r t♦ ❛♥♦t❤❡r ✭♦♥❡✲

❞✐♠❡♥s✐♦♥❛❧✮ st❛❜✐❧✐t② ♣r♦❜❧❡♠✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② ✉s ❜❡❢♦r❡ ❬✶❪ ❛♥❞ t❤❡

✐♥st❛❜✐❧✐t② ♦❢ t❤❡ ❣❛s❡♦✉s ❞❡t♦♥❛t✐♦♥s t♦ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥s ✐s

♣r♦✈❡❞✳ ❉❡✈❡❧♦♣✐♥❣ ♦❢ s✉❝❤ ✐♥st❛❜✐❧✐t② ♠❛② ❜❡ ❛❝❝❡♣t❡❞ ❢♦r t❤❡♦r❡t✐❝❛❧ ❡①♣❧❛♥❛✲

t✐♦♥ ♦❢ t❤❡ ❣❛❧❧♦♣✐♥❣ ❞❡t♦♥❛t✐♦♥ r❡❣✐♠❡ ❬✺❪✳ ❆t t❤❡ ♥♦♥✲❧✐♥❡❛r st❛❣❡ ♦❢ ❞❡✈❡❧♦♣✐♥❣

♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✭❛①✐❛❧✮ ❛♥❞ r❛❞✐❛❧ ♣❡rt✉r❜❛t✐♦♥s ✇✐❧❧ ✐♥t❡r❛❝t✳ ❚❤❡ r❡s✉❧t ♦❢ s✉❝❤

✐♥t❡r❛❝t✐♦♥ ✐s ♥♦♥✲♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❤❛r❛❝t❡r ♦❢ t❤❡ ❞❡t♦♥❛t✐♦♥ ✏❣❛❧❧♦♣✑✱ t❤❛t ✐s

♦❜s❡r✈❡❞ ✐♥ ❡①♣❡r✐♠❡♥ts ❬✺❪✳

■❢ 0.3 ≤ δ ≤ 0.5 ✐♥st❛❜✐❧✐t② ❞❡✈❡❧♦♣s ✉♥❞❡r n = 1✱ ξ11 = 1.84✱ ✇❤✐❝❤ ❝♦rr❡✲

s♣♦♥❞s t♦ t❤❡ s✐♥❣❧❡✲❤❡❛❞ s♣✐♥♥✐♥❣ ❞❡t♦♥❛t✐♦♥ ✭❋✐❣✳✷✮ ❬✹❪✱ ❬✺❪✳ ■❢ 0.1 ≤ δ ≤ 0.3

✐♥st❛❜✐❧✐t② ❞❡✈❡❧♦♣s ✉♥❞❡r n = 2✱ ξ21 = 3.05✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞♦✉❜❧❡✲

❤❡❛❞ s♣✐♥♥✐♥❣ ❞❡t♦♥❛t✐♦♥ ❬✹❪✱ ❬✺❪✳ ❆♥❞ s♦ ♦♥✱ ❛s δ ❞❡❝r❡❛s❡s✱ n ✐♥❝r❡❛s❡s✱ t❤❛t

♠❡❛♥s ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♠✉❧t✐✲❤❡❛❞ s♣✐♥✱ ✐✳❡✳ ❝❡❧❧ str✉❝t✉r❡ ♦❢ ❞❡t♦♥❛t✐♦♥ ✭❋✐❣✳✶✮✳

❘❡❢❡r❡♥❝❡s

✶✳ ❙✳ ❑✳ ❆s❧❛♥♦✈✱ ❱✳ ❊✳ ❱♦❧❦♦✈✳ ■♥st❛❜✐❧✐t② ❛♥❞ ❙tr✉❝t✉r❡ ♦❢ ❉❡t♦♥❛t✐♦♥ ✐♥ ❛ ▼♦❞❡❧ ❈♦♠✲
❜✉st♦r ✴✴ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❉❡t♦♥❛t✐♦♥ t♦ Pr♦♣✉❧s✐♦♥✱ ▼♦s❝♦✇✱ ❚❖❘❯❙ P❘❊❙❙✱ ✭✷✵✵✹✮✱
P✳✶✼✳

✷✳ ❙✳ ❚❛❦✐✱ ❚✳ ❋✉❥✐✇❛r❛✳ ◆✉♠❡r✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ❚✇♦✲❞✐♠❡♥s✐♦♥❛❧ ◆♦♥st❡❛❞② ❉❡t♦♥❛t✐♦♥ ✴✴
❆■■❆ ❏♦✉r♥❛❧✱ ✭✶✾✼✽✮✱ ❱♦❧✳ ✶✻✱ ➑✶✱ Ð✳ ✼✸✲✼✼✳

✸✳ ❱✳ ❘✳ ❲✐t❡✳ ❚✉r❜✉❧❡♥t ❙tr✉❝t✉r❡ ♦❢ ●❛s❡♦✉s ❉❡t♦♥❛t✐♦♥ ✴✴ P❤②s✐❝s ♦❢ ❋❧✉✐❞s✱ ✭✶✾✻✶✮✱
❱♦❧✳✹✱ ➑✹✱ P✳ ✹✻✺✲✹✽✵✳

✹✳ ❘✳ ❆✳ ❙tr❡❧♦✇✱ ❆✳ ❆✳ ❆❞❛♠❝③②❦✱ ❘✳ ❏✳ ❙t✐❧❡s✳ ❚r❛♥s✐❡♥t ❙t✉❞✐❡s ♦❢ ❉❡t♦♥❛t✐♦♥ ❲❛✈❡s ✴✴
❆str♦♥❛✉t✐❝❛ ❆❝t❛✱ ✭✶✾✼✷✮✱ ❱✳✶✼✱ ➑✶✵✱ P✳ ✺✵✾✳

✺✳ ❆✳ ❆✳ ❱❛s✐❧✬❡✈✳ ❖✉tst❛♥❞✐♥❣ Pr♦❜❧❡♠s ✐♥ ●❛s❡♦✉s ❉❡t♦♥❛t✐♦♥s ✴✴ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❉❡t♦♥❛✲
t✐♦♥ t♦ Pr♦♣✉❧s✐♦♥✳ ✕ ▼♦s❝♦✇✿ ❚❖❘❯❙ P❘❊❙❙✱ ✭✷✵✵✹✮✱ P✳ ✸✲✶✵✳

✻✳ ❆✳ ❆✳ ❱❛s✐❧✬❡✈✱ ❨✉✳ ❆✳ ◆✐❦♦❧❛❡✈✳ ❈❧♦s❡❞ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❞❡t♦♥❛t✐♦♥ ❝❡❧❧ ✴✴ ❆❝t❛
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