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❖♥ ♠✐♠✲s♣❛❝❡s

❱✐❦t♦r✐②❛ ❇r②❞✉♥✱ ❆❧❡❦s❛♥❞r ❙❛✈❝❤❡♥❦♦✱ ▼②❦❤❛✐❧♦ ❩❛r✐❝❤✲

♥②✐

❆❜str❛❝t ❚❤❡ ♥♦t✐♦♥ ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ ✐s ❛ ❝♦✉♥t❡r♣❛rt ♦❢ t❤❛t ♦❢

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ✐♥ t❤❡ ✐❞❡♠♣♦t❡♥t ♠❛t❤❡♠❛t✐❝s✳ ■♥ t❤✐s ♥♦t❡✱ ✇❡ ❝♦♥s✐❞❡r

❛ ♠❡tr✐❝ ♦♥ t❤❡ s❡t ♦❢ ❝♦♠♣❛❝t✱ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ s♣❛❝❡s ✭♠✐♠✲s♣❛❝❡s✮ ❛♥❞

♣r♦✈❡ t❤❛t t❤✐s s♣❛❝❡ ✐s s❡♣❛r❛❜❧❡ ❛♥❞ ♥♦♥✲❝♦♠♣❧❡t❡✳

❑❡②✇♦r❞s ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡✱ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✱ ♠♠✲s♣❛❝❡

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✶✵✮ ✺✹❈✸✺✱ ✺✹❊✸✺✱ ✻✵❇✵✺

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♥♦t✐♦♥ ♦❢ ♠❡tr✐❝ ♠❡❛s✉r❡ s♣❛❝❡ ✭✐✳❡✳✱ ❛ s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♠❡❛s✉r❡❀

❜r✐❡✢②✱ ♠♠✲s♣❛❝❡✮ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ♠❛t❤❡♠❛t✐❝s✳

❚❤✐s ♥♦t✐♦♥ ❛❧s♦ ❤❛s ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

✐♥ ❝♦♠♣✉t❡r ✈✐s✐♦♥✳

❚❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❤❛s ✐ts ❝♦✉♥t❡r♣❛rt ✐♥ t❤❡ ✐❞❡♠♣♦t❡♥t

♠❛t❤❡♠❛t✐❝s❀ t❤❡ ❧❛tt❡r ✐s ❛ ♣❛rt ♦❢ ♠❛t❤❡♠❛t✐❝s ✐♥ ✇❤✐❝❤ t❤❡ ✉s✉❛❧ ❛r✐t❤♠❡t✐❝

♦♣❡r❛t✐♦♥s ❛r❡ r❡♣❧❛❝❡❞ ❜② ✐❞❡♠♣♦t❡♥t ♦♥❡s ✭❡✳❣✳✱ max✮✳ ◆❛♠❡❧②✱ ✐♥ ❬✸❪ t❤❡r❡

✇❡r❡ ❞❡✜♥❡❞ t❤❡ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s ✭❝❛❧❧❡❞ ❛❧s♦ ▼❛s❧♦✈ ♠❡❛s✉r❡s✮✳

■♥ t❤✐s ♥♦t❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♠❡tr✐❝✱ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ s♣❛❝❡

✭❜r✐❡✢②✱ ♠✐♠✲s♣❛❝❡✮✳ ❘❡❝❡♥t❧②✱ t❤❡r❡ ✇❡r❡ ❞❡✜♥❡❞ t❤❡ s♦✲❝❛❧❧❡❞ ✐❞❡♠♣♦t❡♥t ❢r❛❝✲

t❛❧s ❛s ✭✉❧tr❛♠❡tr✐❝✮ s♣❛❝❡s ❡♥❞♦✇❡❞ ✇✐t❤ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s ❬✹❪❀ t❤❡② ❝❛♥ ❜❡

❝♦♥s✐❞❡r❡❞ ❛s ♥❛t✉r❛❧ ❡①❛♠♣❧❡s ♦❢ ♠✐♠✲s♣❛❝❡s✳

❲❡ ❞❡✜♥❡ ❛ ♠❡tr✐❝ ♦♥ t❤❡ s❡t ♦❢ ❛❧❧ ❝♦♠♣❛❝t ♠✐♠✲s♣❛❝❡s ❛♥❞ ♣r♦✈❡ t❤❛t t❤❡

♦❜t❛✐♥❡❞ s♣❛❝❡ ♦❢ ♠✐♠✲s♣❛❝❡s ✐s ❛ s❡♣❛r❛❜❧❡ ♥♦♥❝♦♠♣❧❡t❡ s♣❛❝❡✳
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❖♥ ♠✐♠✲s♣❛❝❡s ✷✼

✷ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ♥♦t✐♦♥ ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ ❛♥❞ s♣❛❝❡ ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛✲

s✉r❡s ✭s❡❡ ❬✻❪ ❢♦r ❞❡t❛✐❧s✮✳

▲❡t (M,d) ❜❡ ❛ ❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡✳ ❆s ✉s✉❛❧✱ ❜② C(M) ✇❡ ❞❡♥♦t❡ t❤❡

❇❛♥❛❝❤ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ♦♥ M ✭✇✐t❤ t❤❡ sup✲♥♦r♠✮✳ ●✐✈❡♥ λ ∈

R✱ ❜② λM ✇❡ ❞❡♥♦t❡ t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥ ✐♥ C(M) ❡q✉❛❧ t♦ λ✳ ❈♦♥s✐❞❡r t❤❡

❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✿

⊙ : R× C(M) → C(M) : (λ, ϕ) 7→ λM + ϕ;

⊕ : C(M)× C(M) → C(M) : (ψ,ϕ) 7→ max{ψ, ϕ}.

❆ ❢✉♥❝t✐♦♥❛❧ µ : C(M) 7→ R ✐s ❝❛❧❧❡❞ ❛♥ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ ✐❢ ✐t s❛t✐s✜❡s t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ µ(cM ) = c❀

✷✳ µ(c⊙ ϕ) = c⊙ µ(ϕ)❀

✸✳ µ(ψ ⊕ ϕ) = µ(ψ)⊕ µ(ϕ)✳

❈♦♥s✐❞❡r s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s✳ ❋♦r ❛♥② x ∈M ✱ ✇❡ ❞❡♥♦t❡

❜② δx t❤❡ ❉✐r❛❝ ♠❡❛s✉r❡ ❝♦♥❝❡♥tr❛t❡❞ ❛t x✱ ✐✳❡✳ δx(ϕ) = ϕ(x)✱ ϕ ∈ C(M)✳ ❈❧❡❛r❧②✱

δx ∈ I(M)✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❣✐✈❡♥ x1, . . . , xn ∈ M ❛♥❞ λ1, . . . , λn ∈ R s✉❝❤ t❤❛t

max{λ1, . . . , λn} = 0✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ µ = ⊕n
i=1λi ⊙ δxi

∈ I(M)✳

❉❡♥♦t❡ ❜② I(M) t❤❡ s❡t ♦❢ ❛❧❧ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡s ♦♥ M. ❲❡ ❝♦♥s✐❞❡r t❤❡

✇❡❛❦✯✲t♦♣♦❧♦❣② ♦♥ I(M)❀ t❤❡ ❜❛s❡ ♦❢ t❤✐s t♦♣♦❧♦❣② ❝♦♥s✐sts ♦❢ t❤❡ s❡ts

〈µ;ϕ1, . . . , ϕn; ε〉 = {ν ∈ I(M) | |µ(ϕi)− ν(ϕi)| < ε, i = 1, . . . , n},

✇❤❡r❡ µ ∈ I(M)✱ ϕi ∈ C(M)✱ i = 1, . . . , n✱ ε > 0✳

▲❡t µ ∈ I(M)✳ ❚❤❡ s✉♣♣♦rt ♦❢ µ ✐s ❛ ♠✐♥✐♠❛❧ ✭✇✐t❤ r❡s♣❡❝t t♦ ✐♥❝❧✉s✐♦♥✮

❝❧♦s❡❞ s❡t A ✐♥M s✉❝❤ t❤❛t µ(ϕ) = µ(ψ) ✇❤❡♥❡✈❡r ϕ, ψ ∈M(X) ❛♥❞ ϕ|A = ψ|A✳

❲❡ ❞❡♥♦t❡ t❤❡ s✉♣♣♦rt ♦❢ µ ❜② supp(µ′)✳

●✐✈❡♥ ❛ ♠❛♣ f : M → M ′ ♦❢ ❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡s✱ ✇❡ ❞❡✜♥❡ ❛ ♠❛♣

I(f) : I(M) → I(M ′) ❜② t❤❡ ❢♦r♠✉❧❛ I(f)(µ)(ϕ) = µ(ϕf)✱ µ ∈ I(M)✱ ϕ ∈

C(M ′)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ µ = ⊕n
i=1λi ⊙ δxi

∈ I(M)✱ t❤❡♥

I(f)(µ) = ⊕n
i=1λi ⊙ δf(xi) ∈ I(M ′).

❲❡ t❤✉s ♦❜t❛✐♥ ❛ ❢✉♥❝t♦r I ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❝♦♠♣❛❝t ♠❡tr✐③❛❜❧❡ s♣❛❝❡s ❛♥❞

❝♦♥t✐♥✉♦✉s ♠❛♣s ❬✻❪✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ♣r♦✈❡❞ ✐♥ ❬✶❪✳
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❱✳ ❇r②❞✉♥✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

Pr♦♣♦s✐t✐♦♥ ✶ ■❢ f : X 7→ Y ✐s ❛ ♥♦♥✲❡①♣❛♥❞✐♥❣ ♠❛♣✱ t❤❡♥ I(f) : I(X) 7→ I(Y )

✐s ❛❧s♦ ❛ ♥♦♥✲❡①♣❛♥❞✐♥❣ ♠❛♣✳

❇② expX ✇❡ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♥♦♥❡♠♣t② ❝♦♠♣❛❝t s✉❜s❡ts ✐♥ ❛ ♠❡tr✐❝ s♣❛❝❡

(X, d) ✭t❤❡ ❤②♣❡rs♣❛❝❡ ♦❢ X✮✳ ❚❤❡ ❍❛✉s❞♦r✛ ♠❡tr✐❝ dH ♦♥ expX ✐s ❞❡✜♥❡❞ ❜②

t❤❡ ❢♦r♠✉❧❛✿

dH(A,B) = inf{ε > 0 | A ⊂ Oε(B), B ⊂ Oε(A)}, A,B ∈ expX.

❚❤❡ ●r♦♠♦✈✲❍❛✉s❞♦r✛ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡s X1 ❛♥❞ X2

✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

dGH(X1, X2) = inf{dH(f1(X1), f2(X2)) | fi : Xi → Z, i = 1, 2,

✐s ❛♥ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣ ✐♥t♦ ❛ ♠❡tr✐❝ s♣❛❝❡ Z}

✭s❡❡✱ ❡✳❣✳✱ ❬✷❪✮✳

✸ ♠✐♠✲s♣❛❝❡s

❍❡r❡ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♠✐♠✲s♣❛❝❡✳

❉❡✜♥✐t✐♦♥ ✶ ❆ ♠✐♠✲s♣❛❝❡ ✐s ❛ tr✐♣❧❡ (M,d, µ)✱ ✇❤❡r❡

✶✳ (M,d) ✐s ❛ ♠❡tr✐❝ s♣❛❝❡❀

✷✳ µ ✐s ❛♥ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ ♦♥ M ❀

✸✳ supp(µ) =M ✳

❲❡ s❛② t❤❛t ♠✐♠✲s♣❛❝❡s (M,d, µ) ❛r❡ (M ′, d′, µ′) ✐s♦♠♦r♣❤✐❝✱ ✐❢ t❤❡r❡ ❡①✐sts

❛♥ ✐s♦♠❡tr② f : M0 7→M ′

0 s✉❝❤ t❤❛t

ψ ∗ µ = µ′.

❇② [(M,d, µ)] ✇❡ ❞❡♥♦t❡ t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ♠✐♠✲s♣❛❝❡s ✐s♦♠♦r♣❤✐❝ t♦ (M,d, µ)

♠✐♠✲s♣❛❝❡s✳ ❉❡♥♦t❡ M = {[(M,d, µ)] | (M,d, µ) ✐s ❛♥ ♠✐♠✲s♣❛❝❡}✳

■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥ ✇❡ ✇✐❧❧ ✐❞❡♥t✐❢② ❡✈❡r② ♠✐♠✲s♣❛❝❡ (M,d, µ) ❛♥❞

t❤❡ ❝❧❛ss [(M,d, µ)]✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ✐♥t❡r♣r❡t M ❛s ❛ s❡t✳

▲❡t ✉s ❞❡✜♥❡ ❛ ♠❡tr✐❝ ♦♥ M✳ ❋✐rst✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ ♦♥

M(X) ✭s❡❡ ❬✶❪✮✳ ❆ ❢✉♥❝t✐♦♥ ϕ : M 7→ R ✐s ❝❛❧❧❡❞ n✲▲✐♣s❝❤✐t③✱ ✐❢

|ϕ(x)− ϕ(y)| ≤ nd(x, y), x, y ∈ X.

▲❡t n ∈ N✳ ■t ✐s ❦♥♦✇♥ ✭s❡❡ ❬✶❪✮ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ d̂n : I(M) × I(M) → R

❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

d̂n(µ, ν) = sup{|µ(ϕ)− ν(ϕ) || ϕ ✐s ♥✲▲✐♣s❝❤✐t③}
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❖♥ ♠✐♠✲s♣❛❝❡s ✷✾

✐s ❛ ❝♦♥t✐♥✉♦✉s ♣s❡✉❞♦♠❡tr✐❝ ♦♥ t❤❡ s♣❛❝❡ I(M)✳

❚❤❡ ♠❡tr✐❝ d̃ ♦♥ M ✐s ❞❡✜♥❡❞ ❜②

d̃(µ, ν) =
∞
∑

n=1

d̂n(µ, ν)

n2n
, µ, ν ∈ I(M).

▲❡t

Iω(M) = {⊕n
i=1λi⊙δxi

| λ1, . . . , λn ∈ R, max{λ1, . . . , λn} = 0, x1, . . . , xn ∈M, n ∈ N}.

■♥ ♦t❤❡r ✇♦r❞s✱ Iω(M) ❝♦♥s✐sts ♦❢ ❡❧❡♠❡♥ts ♦❢ ✜♥✐t❡ s✉♣♣♦rt ✐♥ I(M)✳ ■t ✐s ❦♥♦✇♥

✭s❡❡ ❬✻❪✮ t❤❛t t❤❡ s❡t Iω(M) ✐s ❞❡♥s❡ ✐♥ t❤❡ s♣❛❝❡ I(M)✳

✹ ▼❡tr✐❝ ♦♥ t❤❡ s❡t ♦❢ ♠✐♠✲s♣❛❝❡s

▲❡t (Mi, di, µi), i = 1, 2✱ ❜❡ ♠✐♠✲s♣❛❝❡s✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

D((M1, d1, µ1)(M2, d2, µ2)) = inf
{

d̂(I(f1)(µ1), I(f2)(µ2)) |

fi : Mi → Z ✐s ❛♥ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣}

♦♥ t❤❡ s❡t M✳

❲❡ ✜rst r❡♠❛r❦ t❤❛t D ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❢✉♥❝t✐♦♥ ♦♥ M × M✳ ❚♦ t❤✐s ❡♥❞✱

✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡ s❡t ❢r♦♠ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❢♦r♠✉❧❛ ❞❡✜♥✐♥❣ D ✐s

♥♦♥❡♠♣t②✳

■♥❞❡❡❞✱ ❧❡t M =M1 ×M2 ❛♥❞ d ❜❡ t❤❡ ♠❡tr✐❝ ♦♥ M ❞❡✜♥❡❞ ❜② t❤❡ ❢♦r♠✉❧❛

d((x1, x2), (y1, y2)) = d1(x1, y1)+ d2(x2, y2)✳ ▲❡t m
0
i ∈Mi✱ i = 1, 2✳ ❉❡✜♥❡ ♠❛♣s

fi : Mi → M ✱ i = 1, 2✱ ❜② t❤❡ ❢♦r♠✉❧❛ f1(x) = (x,m0
2)✱ f2(y) = (m0

1, y)✳ ❈❧❡❛r❧②✱

f1, f2 ❛r❡ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣s✳

❚❤❡♦r❡♠ ✶ ❚❤❡ ❢✉♥❝t✐♦♥ D ✐s ❛ ♠❡tr✐❝ ♦♥ M✳

Pr♦♦❢ ◆♦♥♥❡❣❛t✐✈✐t② ❛♥❞ s②♠♠❡tr② ♦❢ D ❛r❡ ♦❜✈✐♦✉s✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ ♥♦♥❞❡❣❡♥❡r❛❝② ♦❢ D✳ ❙✉♣♣♦s❡ t❤❛t

D((M1, d1, µ1)(M2, d2, µ2)) = 0✳ ❚❤❡♥ ❢♦r ❡✈❡r② ♥❛t✉r❛❧ n t❤❡r❡ ❡①✐sts ❛

❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡ (Zn, ̺n) ❛♥❞ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣s gn : M1 → Zn✱

hn : M2 → Zn s✉❝❤ t❤❛t

lim
n→∞

ˆ̺n(I(gn)(µ1), I(hn)(µ2)) = 0.

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t Zn = M ⊔M ′

n ❛♥❞ gn ✐s

t❤❡ ✐♥❝❧✉s✐♦♥ ♠❛♣✳ ❆❧s♦✱ ✇❡ ❛ss✉♠❡ t❤❛t M ′

i ∩M
′

j = ∅ ✇❤❡♥❡✈❡r i 6= j✳ ❉❡✜♥❡

H = ∪∞

n=1Zn✳



✸✵

❉❖■✿ ❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✷✴✷✵✶✺✳✺✶✺✼✹

❱✳ ❇r②❞✉♥✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

❉❡✜♥❡ ̺ : H ×H → R ❛s ❢♦❧❧♦✇s✿

̺(x, y) =







̺i(x, y), ✐❢ x, y ∈ Zi,

inf{̺i(x, a) + ̺i(a, y) | a ∈ Z}, ✐❢ x ∈ Zi, y ∈ Zj , i 6= j.

■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❤♦✇ t❤❛t ̺ ✐s ❛ ♠❡tr✐❝ ♦♥ H ❛♥❞ Zn ✐s ❛ s✉❜s♣❛❝❡ ♦❢ Z ❢♦r

❡✈❡r② n✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t Zn → Z ✐♥ t❤❡ ❤②♣❡rs♣❛❝❡ expH✳ ❙✉♣♣♦s❡ t❤❡

❝♦♥tr❛r②✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ε > 0

❛♥❞ ❛ ♥♦♥❡♠♣t② ♦♣❡♥ s✉❜s❡t U ♦❢ M2 s✉❝❤ t❤❛t hn(U) ❧✐❡s ✐♥ t❤❡ ❝♦♠♣❧❡♠❡♥t

♦❢ t❤❡ ε✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Z ✐♥ H✳ ❙✐♥❝❡ supp(µ2) = M2✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥

ϕ ∈ C(M2) s✉❝❤ t❤❛t supp(ϕ) ⊂ U ❛♥❞ µ2(ϕ) = c 6= 0✳

❉❡✜♥❡ ψ : H → R ❛s ❢♦❧❧♦✇s✿ ψ(x) = ϕh−1
n (x) ✐❢ x ∈ Zn ❛♥❞ ψ(x) = 0

♦t❤❡r✇✐s❡✳ ❚❤❡♥ I(hn)(µ2)(ψ) = c✱ ❢♦r ❡✈❡r② n✱ ❛♥❞ µ1(ψ) = 0✳ ❲❡ t❤❡r❡❢♦r❡

♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✉s✱ Zn → Z ✐♥ t❤❡ ❤②♣❡rs♣❛❝❡ expH ❛♥❞ t❤❡r❡❢♦r❡ H ✐s ❝♦♠♣❛❝t✳ ▲❡t

{xi | i ∈ N} ❜❡ ❛ ❞❡♥s❡ s❡t ✐♥ M2✳ ❇② ✐♥❞✉❝t✐♦♥✱ ✇❡ ❝♦♥str✉❝t ♠♦♥♦t♦♥✐❝❛❧❧②

✐♥❝r❡❛s✐♥❣ s✉❜s❡q✉❡♥❝❡s S1 ⊃ S2 ⊃ . . . s✉❝❤ t❤❛t t❤❡ s❡q✉❡♥❝❡ (hn(xi))n∈Si

✐s ❝♦♥✈❡r❣❡♥t✳ ❉❡♥♦t❡ ✐ts ❧✐♠✐t ❜② yi✳ ❈❧❡❛r❧②✱ t❤❡ ♠❛♣ xi 7→ yi✱ i ∈ N✱ ✐s ❛♥

✐s♦♠❡tr②✳ ■t ❤❛s ❛ ✉♥✐q✉❡ ❡①t❡♥s✐♦♥ u : M2 →M1✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❛♥ ✐s♦♠❡tr② s✉❝❤

t❤❛t I(u)(µ2) = µ1✳

▲❡t ✉s ♣r♦✈❡ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✳ ❙✉♣♣♦s❡ t❤❛t (Xi, di, µi)✱ i = 1, 2, 3✱ ❛r❡

♠✐♠✲s♣❛❝❡s✱

D((X1, d1, µ1), (X2, d2, µ2)) = a, D((X2, d2, µ2), (X3, d3, µ3)) = b.

●✐✈❡♥ ε > 0✱ ✜♥❞ ♠❡tr✐❝ s♣❛❝❡s (Y1, ̺1)✱ (Y2, ̺2) ❛♥❞ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣s

f1 : X1 → Y1, f2 : X2 → Y1, f3 : X2 → Y2, f4 : X3 → Y2

s✉❝❤ t❤❛t

ˆ̺(I(f1)(µ1), I(f2)(µ2)) < a+ ε, ˆ̺(I(f3)(µ2), I(f4)(µ3)) < b+ ε.

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t

Y1 = f1(X1) ⊔ f2(X2), Y2 = f3(X2) ⊔ f4(X3).

❉❡✜♥❡ Y = (Y1 ⊔ Y2)/ ∼✱ ✇❤❡r❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ∼ ✐s ❞❡✜♥❡❞ ❜② t❤❡

❝♦♥❞✐t✐♦♥✿ Y1 ∋ y ∼ f3(f
−1
2 (y)) ∈ Y2✳ ▲❡t q : Y1 ⊔ Y2 → Y ❜❡ t❤❡ q✉♦t✐❡♥t ♠❛♣✳
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❖♥ ♠✐♠✲s♣❛❝❡s ✸✶

▲❡t ❛ ♠❡tr✐❝ d ♦♥ Y ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥s✿

d(y, z) =



















di(y, z), ✐❢ y, z ∈ q(fi(Xi)), i = 1, 2,

inf{d1(y, a) + d2(a, z) | a ∈ q(Y1) ∩ q(Y2)}, ✐❢ y ∈ q(Y1) \ q(Y2),

z ∈ q(Y2) \ q(Y1).

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t d ✐s ❛ ♠❡tr✐❝ ♦♥ Y ✳ ❚❤❡♥

D((X1, d1, µ1), (X3, d3, µ3)) ≤ d̂(I(qf1)(µ1), I(qf3)(µ3))

≤ d̂(I(qf1)(µ1), I(qf2)(µ2)) + d̂(I(qf2)(µ2), I(qf4)(µ3))

= d̂(I(qf1)(µ1), I(qf2)(µ2)) + d̂(I(qf3)(µ2), I(qf4)(µ3))

= ̺1(I(f1)(µ1), I(f2)(µ2)) + ̺2(I(f3)(µ3), I(f4)(µ3))

< a+ b+ 2ε

✭❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❢✉♥❝t♦r I ♣r❡s❡r✈❡s ✐s♦♠❡tr✐❡s❀ t❤✐s ❡❛s✐❧② ❢♦❧❧♦✇s

❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✮✳ ▲❡tt✐♥❣ ε→ 0✱ ✇❡ ❛r❡ ❞♦♥❡✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶ ▲❡t X1, X2 ❜❡ ❝❧♦s❡❞ s✉❜s♣❛❝❡s ♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ (Y, d)✳ ■❢

µ1, µ2 ∈ I(Y )✱ t❤❡♥

D((supp(µ1), µ1, d|(supp(µ1)× supp(µ1)), (supp(µ2), µ2, d|(supp(µ2)× supp(µ2))))

≤ d̃(µ1, µ2).

❲❡ s❛② t❤❛t ❛♥ ✐❞❡♠♣♦t❡♥t ♠❡❛s✉r❡ µ = ⊕k
i=1αi ⊙ δxi

✐s r❛t✐♦♥❛❧ ✐❢ αi ∈ Q✱

❢♦r ❡✈❡r② i = 1, . . . , k✳

Pr♦♣♦s✐t✐♦♥ ✷ ❚❤❡ s♣❛❝❡ X ♦❢ ❛❧❧ ♠✐♠✲s♣❛❝❡s ✐s s❡♣❛r❛❜❧❡✳

Pr♦♦❢ ❲❡ ❧❡t

Y = {(X,µ, d) | X ✐s ✜♥✐t❡, d(X ×X) ⊂ Q, µ ✐s r❛t✐♦♥❛❧}.

▲❡t X = {x1, . . . , xk✮ ❛♥❞ ❧❡t d ❜❡ ❛ ♠❡tr✐❝ ♦♥ X✳ ❋♦r ❛♥② ε > 0✱ ♦♥❡ ❝❛♥ ✜♥❞

❛ ♠❡tr✐❝ s♣❛❝❡ Y = {y1, . . . , yk} ✭✇❡ ✇✐❧❧ ❞❡♥♦t❡ ✐ts ♠❡tr✐❝ ❜② ̺✮ ✇✐t❤ r❛t✐♦♥❛❧

❞✐st❛♥❝❡s ❛♥❞ s✉❝❤ t❤❛t dGH(X,Y ) < ε✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛②

❛ss✉♠❡ t❤❛t X ❛♥❞ Y ❛r❡ s✉❜s♣❛❝❡s ♦❢ ❛ ❝♦♠♠♦♥ ♠❡tr✐❝ s♣❛❝❡ ✭✇❡ ✇✐❧❧ ❞❡♥♦t❡

✐ts ♠❡tr✐❝ ❜② D✮ s✉❝❤ t❤❛t D(xi, yi) < ε✱ ❢♦r ❡✈❡r② i = 1, . . . , k✳

●✐✈❡♥ ❛ r❛t✐♦♥❛❧ µ = ⊕k
i=1αi ⊙ δxi

✱ ❞❡✜♥❡ ν = ⊕k
i=1αi ⊙ δyi

✳ ▲❡t ϕn ❜❡ ❛♥

n✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥ ♦♥ Z✳ ❚❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t |µ(ϕn) − ν(ϕn)| ≤ nε✳

❚❤❡r❡❢♦r❡✱ d(µ, ν) ≤
∑

∞

n=1
nε
n2n = ε✳
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❱✳ ❇r②❞✉♥✱ ❆✳ ❙❛✈❝❤❡♥❦♦✱ ▼✳ ❩❛r✐❝❤♥②✐

Pr♦♣♦s✐t✐♦♥ ✸ ❚❤❡ s♣❛❝❡ X ✐s ♥♦t ❝♦♠♣❧❡t❡✳

Pr♦♦❢ ❈♦♥s✐❞❡r ❛ s❡q✉❡♥❝❡ ♦❢ ♠✐♠✲s♣❛❝❡s ((Xi, di, µi))
∞

i=1✱ ✇❤❡r❡✿

✶✳ Xi = {0, 1, . . . , i} ⊂ R❀

✷✳ t❤❡ ♠❡tr✐❝ di ♦♥ Xi ✐s ✐♥❤❡r✐t❡❞ ❢r♦♠ R❀

✸✳ µi = ⊕i
k=0αi ⊕ δi✱ ✇❤❡r❡ α0 = 0 ❛♥❞ αi ∈ (−∞, 0] ✐s s✉❝❤ t❤❛t d̂(µi−1, µi) ≤

2−i❀ ♠♦r❡♦✈❡r✱ α0 ≥ α1 ≥ . . . ✳

■♥ ♦r❞❡r t♦ ❝❤♦♦s❡ αi✱ i > 0✱ ❜② ✐♥❞✉❝t✐♦♥ s♦ t❤❛t ✭✸✮ ✐s s❛t✐s✜❡❞ ♥♦t❡ t❤❛t

limk→∞ µi−1 ⊕ (k⊙ δi) = µi−1✳ ◆♦t❡ ❛❧s♦ t❤❛t ✭✸✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶ ✐♠♣❧② t❤❛t

D((Xi−1, di−1, µi−1), (Xi, di, µi)) ≤ d̂(µi−1, µi) ≤ 2−i.

◆♦✇ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t t❤❡ s❡q✉❡♥❝❡ ((Xi, di, µi))
∞

i=1 ✐s ♥♦t ❝♦♥✈❡r✲

❣❡♥t✳ ❙✉♣♣♦s❡ t❤❡ ❝♦♥tr❛r② ❛♥❞ ❞❡♥♦t❡ t❤❡ ❧✐♠✐t ❜② (X, d, µ)✳ ▲❡t C ❜❡ ❛♥ ✐♥t❡❣❡r

♥✉♠❜❡r ✇✐t❤ C ≥ diam(X)✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t X ∪ (
⋃

∞

i=1Xi⊂ Y ✱ ❢♦r s♦♠❡

♠❡tr✐❝ s♣❛❝❡ (Y, ̺)✱ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ s❛t✐s✜❡❞✿

✶✳ t❤❡ ♠❡tr✐❝ di ♦♥ Xi ✐s ✐♥❤❡r✐t❡❞ ❢r♦♠ Y ❀

✷✳ limi→∞ µi = µ ✭✐♥ t❤❡ s❡♥s❡ t❤❛t limi→∞ ˆ̺(µi, µ) = 0✮✳

▲❡t U ❞❡♥♦t❡ t❤❡ ❝❧♦s❡❞ 1✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ X ✐♥ Y ✳ ❈❧❡❛r❧②✱ t❤❡ ❢✉♥❝t✐♦♥

ψn : Y → R✱ ψn(y) = ̺(y,X) ✐s ❛♥ n✲▲✐♣s❝❤✐t③ ❢✉♥❝t✐♦♥✳ ❋♦r ❡✈❡r② i ≥ C+3 ✜♥❞

j(i) ≤ C + 3 s✉❝❤ t❤❛t xj(i) ∈ Xi \U ✳ ▲❡t n > −αC+3 + 1 ❜❡ ❛ ♥❛t✉r❛❧ ♥✉♠❜❡r✳

❚❤❡♥ µi(ψn) ≥ n+ αj(i) ❛♥❞✱ s✐♥❝❡ µ(ψn) = 0✱ ✇❡ s❡❡ t❤❛t

ˆ̺(µi, µ) ≥ |µ(ψn)| ≥

∣

∣

∣

∣

n+ αj(i)

n2n

∣

∣

∣

∣

≥

∣

∣

∣

∣

n+ αC+3

n2n

∣

∣

∣

∣

≥
1

n2n
.

❚❤✐s ❝♦♥tr❛❞✐❝ts t♦ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t limi→∞ µi = µ✳

❘❡♠❛r❦s

❖♥❡ ❝❛♥ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ♠❡tr✐❝ ♦♥ t❤❡ s♣❛❝❡ I(M)✱ ❢♦r ❛ ❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡

(M,d)✳ ◆❛♠❡❧②✱

ď(µ, ν) = ⊕∞

n=1

d̂n(µ, ν)

n2n
, µ, ν ∈ I(M).

❖♥❡ ❝❛♥ s✐♠✐❧❛r❧② ♣r♦✈❡ t❤❛t ❝♦✉♥t❡r♣❛rts ♦❢ t❤❡ ❛❜♦✈❡ r❡s✉❧ts ❛r❡ ❛❧s♦ ✈❛❧✐❞ ❢♦r

t❤✐s ♠❡tr✐❝✳

■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ s♣❛❝❡ ♦❢ ♠♠✲s♣❛❝❡s ✐s ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛❜❧❡ ✭s❡❡✱ ❡✳❣✳✱

❬✺❪✮✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇✱ ❤♦✇❡✈❡r✱ ✇❤❛t ✐s ❛ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧ ❢♦r t❤✐s s♣❛❝❡✳ ❚❤❡

s❛♠❡ q✉❡st✐♦♥ ✐s ♦♣❡♥ ❛❧s♦ ❢♦r t❤❡ ✭❝♦♠♣❧❡t❡❞✮ s♣❛❝❡ ♦❢ ♠✐♠✲s♣❛❝❡s✳

❆♥♦t❤❡r ♦♣❡♥ ♣r♦❜❧❡♠ ✐s t❤❛t ♦❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❝♦♠♣❧❡t✐♦♥

♦❢ t❤❡ s♣❛❝❡ M✳
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