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➹åîìåòðè÷åñêèå âåëè÷èíû íà ïëîñêîñòè
❐îáà÷åâñêîãî

❮àäåæäà ➹ðèãîðüåâíà ✃îíîâåíêî

❤tt♣✿✴✴♦r❝✐❞✳♦r❣✴✵✵✵✵✲✵✵✵✷✲✽✻✸✶✲✵✻✽✽

➚ííîòàöèÿ ➶ ýòîé ðàáîòå îïèñûâàþòñÿ ëîêàëüíûå ñòðóêòóðû ãåîìåòðè✲

÷åñêèõ âåëè÷èí íà ïëîñêîñòè ❐îáà÷åâñêîãî✳ Ýòî îïèñàíèå ñîäåðæèò êàê

ëèíåéíûå✱ íàïðèìåð òåíçîðû✱ òàê è íåëèíåéíûå ãåîìåòðè÷åñêèå âåëè÷èíû

è ñóùåñòâåííûì îáðàçîì èñïîëüçóåòñÿ ïðè íàõîæäåíèè áàçèñíûõ äèôôå✲

ðåíöèàëüíûõ èíâàðèàíòîâ ✭❬✶❪✮✳

✃ëþ÷åâûå ñëîâà ïëîñêîñòü ❐îáà÷åâñêîãî✱ ãåîìåòðè÷åñêèå âåëè÷èíû✱

äèôôåðåíöèàëüíûå èíâàðèàíòû✱ èçîìåòðèè✳

Ó➘✃ ✺✶✹✳✶✸✷

✶ sl2(R)✲äåéñòâèå íà ïëîñêîñòè ❐îáà÷åâñêîãî

➶ ñòàíäàðòíîé ìîäåëè ãåîìåòðèÿ ❐îáà÷åâñêîãî ðåàëèçóåòñÿ íà âåðõíåé ïî✲

ëóïëîñêîñòè L
2 ñ ìåòðèêîé

Θ =
dx2 + dy2

y2
.

➹ðóïïà äâèæåíèé ïëîñêîñòè ❐îáà÷åâñêîãî èçîìîðôíà ãðóïïå ❐è PSL2(R)✱

à åå àëãåáðà ❐è ïîðîæäåíà âåêòîðíûìè ïîëÿìè

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y,

H = 2x∂x + 2y∂y,

✭✶✮
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❮✳ ➹✳ ✃îíîâåíêî

óäîâëåòâîðÿþùèìè êîììóòàöèîííûì ñîîòíîøåíèÿì

[H,A] = −2A, [H,B] = 2B, [A,B] = H.

Ïîä îäíîðîäíûì ðàññëîåíèåì íàä ïëîñêîñòüþ ❐îáà÷åâñêîãî ìû ïîíèìàåì

òàêîå ðàññëîåíèå

π : Rm × L
2 → L

2,

ãäå π : (u, x, y) 7→ (x, y)✱ â êîòîðîå ïîäíÿòî sl2(R)✲äåéñòâèå✳

➮íà÷å ãîâîðÿ✱ â òîòàëüíîì ïðîñòðàíñòâå ðàññëîåíèÿ π✱ óêàçàíû âåêòîðíûå

ïîëÿ A✱ B✱ H✱ óäîâëåòâîðÿþùèå êîììóòàöèîííûì ñîîòíîøåíèÿì àëãåáðû

❐è sl2(R)

[H,A] = −2A, [H,B] = 2B, [A,B] = H,

è òàêèå ÷òî

π∗(A) = A, π∗(B) = B, π∗(H) = H.

➹åîìåòðè÷åñêîé âåëè÷èíîé íà ïëîñêîñòè ❐îáà÷åâñêîãî íàçûâàåòñÿ ãëàäêîå

ñå÷åíèå îäíîðîäíîãî sl2(R)✲ðàññëîåíèÿ✳ Ðàçìåðíîñòü ãåîìåòðè÷åñêîé âåëè✲

÷èíû íàçûâàåòñÿ ðàçìåðíîñòü ñîîòâåòñòâóþùåãî îäíîðîäíîãî ðàññëîåíèÿ✳

✷ ❐îêàëüíàÿ êëàññèôèêàöèÿ ãåîìåòðè÷åñêèõ âåëè÷èí

Ïðåäïîëîæèì✱ ÷òî âåêòîðíûå ïîëÿ â ðàññìàòðèâàåìîé îáëàñòè ïîðîæäàþò

ãëàäêîå ðàñïðåäåëåíèå P ðàçìåðíîñòè r✳

➶ äàííîì ñëó÷àå âåêòîðíûå ïîëÿ A è B ëèíåéíî íåçàâèñèìû✱ ïîýòîìó

âåêòîðíûå ïîëÿ A✱ B ✲ òàêæå ëèíåéíî íåçàâèñèìû✳

Ñëåäîâàòåëüíî r = dimP ìîæåò ïðèíèìàòü òîëüêî äâà çíà÷åíèÿ r =

2 èëè r = 3✳ ➶ ëþáîì èç ýòèõ ñëó÷àåâ✱ ìû ìîæåì âûáðàòü êîîðäèíàòû

(u,w2, . . . , wm, x, y) â ðàññëîåíèè π òàê✱ ÷òîáû w2, . . . , wm ✲ áûëè ïåðâûìè

èíòåãðàëàìè äëÿ âåêòîðíûõ ïîëåé A✱ B✱ H✱ à ôóíêöèÿ u äîïîëíèòåëüíî

ÿâëÿëàñü ïåðâûì èíòåãðàëîì âåêòîðíûõ ïîëåé A è H✳ ➘åéñòâèòåëüíî✱ ýòî

î÷åâèäíî â ñëó÷àå✱ êîãäà r = 2✱ ïîñêîëüêó òîãäà u ìîæåò áûòü âûáðàíà êàê

ïåðâûé èíòåãðàë âåêòîðíûõ ïîëåé A✱ B✱ H✳

➴ñëè æå r = 3✱ òî íà 3✲õ ìåðíûõ ìíîãîîáðàçèÿõ w2 = . . . = wm =

const âåêòîðíûå ïîëÿ A è H îïðåäåëÿþò 2✲ìåðíîå ðàñïðåäåëåíèå✱ êîòîðîå

âïîëíå èíòåãðèðóåìî✱ â ñèëó êîììóòàöèîííîãî ñîîòíîøåíèÿ [H,A] = −2A✳

Ôóíêöèÿ u ìîæåò áûòü âûáðàíà êàê ïåðâûé èíòåãðàë ýòîãî ðàñïðåäåëåíèÿ✳

Ïðè òàêîì âûáîðå êîîðäèíàò ïðåäñòàâëåíèå ïðèìåò âèä✿



❉❖■✿ ❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✷✴✷✵✶✺✳✺✶✻✶✹

➹åîìåòðè÷åñêèå âåëè÷èíû íà ïëîñêîñòè ❐îáà÷åâñêîãî ✼✸

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y + yb(x, y, u, w)∂u,

H = 2x∂x + 2y∂y.

✭✷✮

➮ç êîììóòàöèîííûõ ñîîòíîøåíèé ñëåäóåò✱ ÷òî ôóíêöèÿ b èìååò ñëåäó✲

þùèé âèä✿

b(x, y, u, w) = yb̃(u,w).

❰òìåòèì òàêæå✱ ÷òî åñëè r = 2✱ èëè✱ èíà÷å ãîâîðÿ✱ åñëè ðàçìåðíîñòè

sl2(R)✲îðáèò â ðàññëîåíèè π ðàâíû 2✱ òî b̃(u,w) ≡ 0✳ ➴ñëè æå ðàçìåðíîñòè

sl2(R)✲îðáèò â ðàññëîåíèè π ðàâíû 3✱ òî b̃(u,w) 6= 0 è çàìåíîé ïåðåìåííûõ

âèäà✿

(u,w) 7→ (U(u),W (u,w))

âåêòîðíîå ïîëå b̃∂u ìîæåò áûòü âûïðÿìëåíî✳

Ñóììèðóÿ ñêàçàííîå ïðèõîäèì ê ñëåäóþùåìó ðåçóëüòàòó✳

Òåîðåìà ✶ ➘åéñòâèå àëãåáðû ❐è èçîìåòðèé ïëîñêîñòè ❐îáà÷åâñêîãî â îä✲

íîðîäíîì sl2(R)✲ðàññëîåíèè ëîêàëüíî ýêâèâàëåíòíî îäíîìó èç ñëåäóþùèõ✿

1)

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y,

H = 2x∂x + 2y∂y,

✭✸✮

åñëè ðàçìåðíîñòü sl2(R)✲îðáèò â ðàññëîåíèè π ðàâíû 2✱ èëè

2)

A = ∂x,

B = (x2 − y2)∂x + 2xy∂y + y∂u,

H = 2x∂x + 2y∂y,

✭✹✮

åñëè ðàçìåðíîñòü sl2(R)✲îðáèò â ðàññëîåíèè π ðàâíû 3✳

✸ sl2(R)✲äåéñòâèÿ íà ãåîìåòðè÷åñêèõ âåëè÷èíàõ

Ðàññìîòðèì âåêòîðíîå ïîëå ∇ = a(x, y)∂x + b(x, y)∂y íà ïëîñêîñòè ❐îáà÷åâ✲

ñêîãî è ïóñòü

∇ = a(x, y)∂x + b(x, y)∂y +

m∑

i=1

Ai(x, y, u)∂ui
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❮✳ ➹✳ ✃îíîâåíêî

åãî ïîäíÿòèå â ðàññëîåíèå ãåîìåòðè÷åñêèõ âåëè÷èí✳ ❰áîçíà÷èì ÷åðåç ϕt

îäíîïàðàìåòðè÷åñêóþ ãðóïïó ñäâèãîâ âäîëü âåêòîðíîãî ïîëÿ ∇✱ à ÷åðåç ϕt

ãðóïïó ñäâèãîâ âäîëü ∇✳ Òîãäà êàæäàÿ ãåîìåòðè÷åñêàÿ âåëè÷èíà

s : Rm × L2 → L2

îïðåäåëÿåò ïóòü st â ïðîñòðàíñòâå ãåîìåòðè÷åñêèõ âåëè÷èí

st = ϕ−t ◦ s ◦ ϕt.

Ñêîðîñòü èçìåíåíèÿ

∇(s)
❞❡❢
= ṡ(0)

ìû íàçûâàåì äåéñòâèåì ∇ íà ãåîìåòðè÷åñêóþ âåëè÷èíó s✳ ❮åñëîæíî ïðî✲

âåðèòü ✭❬✸❪✮✱ ÷òî

∇(s) = asx + bsy −A(x, y, s).

➮ñïîëüçóÿ ïðåäûäóùóþ òåîðåìó è ýòó ôîðìóëó ìû ïîëó÷àåì ñëåäóþùèå

íîðìàëüíûå ôîðìû sl2(R)✲äåéñòâèé íà ãåîìåòðè÷åñêèõ âåëè÷èíàõ✳

Òåîðåìà ✷ ➘åéñòâèå àëãåáðû ❐è èçîìåòðèé ïëîñêîñòè ❐îáà÷åâñêîãî íà

ãåîìåòðè÷åñêèõ âåëè÷èíàõ ëîêàëüíî ýêâèâàëåíòíî ñëåäóþùåìó✿

1)

A(s) = sx,

B(s) = (x2 − y2)sx + 2xysy,

H(s) = 2xsx + 2ysy,

✭✺✮

åñëè ðàçìåðíîñòü sl2(R)✲îðáèò â ðàññëîåíèè π ðàâíû 2✳

2)

A(s) = sx,

B(s) = (x2 − y2)sx + 2xysy − y,

H(s) = 2xsx + 2ysy,

✭✻✮

åñëè ðàçìåðíîñòü sl2(R)✲îðáèò â ðàññëîåíèè π ðàâíû 3✳

✹ Ïðèìåðû

➶ êà÷åñòâå ïðèìåðîâ ãåîìåòðè÷åñêèõ âåëè÷èí ìû ðàññìîòðèì òåíçîðû íà

ïëîñêîñòè ❐îáà÷åâñêîãî ñ sl2✲äåéñòâèåì✱ îïðåäåëÿåìûì ïðîèçâîäíîé ❐è✳



❉❖■✿ ❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✷✴✷✵✶✺✳✺✶✻✶✹

➹åîìåòðè÷åñêèå âåëè÷èíû íà ïëîñêîñòè ❐îáà÷åâñêîãî ✼✺

✹✳✶ Ôóíêöèè

Ïóñòü s = s(x, y) ÿâëÿåòñÿ ãëàäêîé ôóíêöèåé íà ïëîñêîñòè ❐îáà÷åâñêîãî✱ è

∇(s)
❞❡❢
= L∇(s) = asx + bsy.

➶ ýòîì ñëó÷àå ïîäíÿòèå ∇ èìååò âèä✿

∇ = a∂x + b∂y,

ãäå A = 0✳

Ýòî äåéñòâèå ñîâïàäàåò ñ ✭✺✮✳

✹✳✷ ➶åêòîðíûå ïîëÿ

Ïóñòü s = s1∂x+s2∂y ÿâëÿåòñÿ âåêòîðíûì ïîëåì íà ïëîñêîñòè ❐îáà÷åâñêîãî✱

è

∇(s)
❞❡❢
= L∇(s) = (as1,x − s1ax + bs1,y − ays2)∂x+

+(as2,x − s1bx + bs2,y − bys2)∂y.

➴ñëè çàïèñûâàòü âåêòîðíîå ïîëå s â âèäå ñòîëáöà

s =

(
s1

s2

)
, ✭✼✮

òî óêàçàííîå äåéñòâèå ïðèìåò ñëåäóþùèé âèä✿

∇(s) =

(
as1,x + bs1,y

as2,x + bs2,y

)
−

(
ax ay

bx by

)(
s1

s2

)
. ✭✽✮

Ñîîòâåòñòâåííî ïîäíÿòèå âåêòîðíîãî ïîëÿ ∇ èìååò âèä✿

∇ = a∂x + b∂y + (axu1 + ayu2)∂u1
+ (bxu1 + byu2)∂u2

.

❰÷åâèäíî✱ ÷òî äëèíà âåêòîðà |s|2 = y−2(s2
1
+ s2

2
) ÿâëÿåòñÿ èíâàðèàíòîì

sl2✲äåéñòâèé✱ à ïîýòîìó ðàçìåðíîñòü sl2✲îðáèò â êàñàòåëüíîì ðàññëîåíèè

ðàâíà 3✳

Òàêèì îáðàçîì✱ sl2✲äåéñòâèå✱ çàäàâàåìîå ïðîèçâîäíîé ❐è ✭✽✮ ëîêàëüíî

ýêâèâàëåíòíî ✭✻✮✳
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❮✳ ➹✳ ✃îíîâåíêî

✹✳✸ ➘èôôåðåíöèàëüíûå 1✲ôîðìû

Ïóñòü òåïåðü s = s1dx + s2dy ÿâëÿåòñÿ äèôôåðåíöèàëüíîé 1✲ôîðìîé íà

ïëîñêîñòè ❐îáà÷åâñêîãî✱ à äåéñòâèå✱ êàê è âûøå✱ äàåòñÿ ïðîèçâîäíîé ❐è

✭❬✷❪✮✿

∇(s)
❞❡❢
= L∇(s) = (as1,x + bs1,y + axs1+

+bxs2)dx+ (as2,x + bs2,y + ays1 + bys2)dy.

➬àïèñàâ äèôôåðåíöèàëüíóþ 1✲ôîðìó s â âèäå ñòîëáöà ✭✼✮ ìû ïîëó÷àåì

ñëåäóþùóþ ôîðìó äåéñòâèÿ✿

∇(s) =

(
as1,x + bs1,y

as2,x + bs2,y

)
+

(
ax bx

ay by

)(
s1

s2

)
.

Ñîîòâåòñòâåííî✱ ïîäíÿòèå âåêòîðíîãî ïîëÿ ∇ èìååò âèä✿

∇ = a∂x + b∂y − (axu1 + bxu2)∂u1
− (ayu1 + byu2)∂u2

.

Ñîîòâåòñòâóþùåå sl2✲äåéñòâèå òàêæå ñîõðàíÿåò äëèíó äèôôåðåíöèàëüíîé

ôîðìû |s|2 = y2(s2
1
+ s2

2
)✳ Ïîýòîìó ðàçìåðíîñòü sl2✲îðáèò â êîêàñàòåëüíîì

ðàññëîåíèè ðàâíà 3✱ à ôóíäàìåíòàëüíîå sl2✲äåéñòâèå ëîêàëüíî ýêâèâàëåíòíî

✭✻✮✳

Ñïèñîê ëèòåðàòóðû

✶✳ ❮✳ ➹✳ ✃îíîâåíêî✳ ➘èôôåðåíöèàëüíûå èíâàðèàíòû è sl2 ✲ ãåîìåòðèè ✴✴ ✃è✐â✿ ✧❮àó✲
êîâà ➘óìêà✧❮➚❮ Óêðà➝íè✱ ✭✷✵✶✸✮✱ ✶✾✷ ñ✳

✷✳ ❇✳ ❑r✉❣❧✐❦♦✈✱ ❱✳ ▲②❝❤❛❣✐♥✳ ●❧♦❜❛❧ ▲✐❡✲❚r❡ss❡ t❤❡♦r❡♠ ✴✴ ✭✷✵✶✸✮✱ ✹✽♣✳✱
❤tt♣✿✴✴❛r①✐✈✳♦r❣✴♣❞❢✴✶✶✶✶✳✺✹✽✵✳♣❞❢

✸✳ ✃îíîâåíêî ❮✳➹✳✱ ❐û÷àãèí ➶✳➶✳ ➚ëãåáðû äèôôåðåíöèàëüíûõ èíâàðèàíòîâ â ãåîìåò✲
ðèÿõ ❐îáà÷åâñêîãî è äå Ñèòòåðà✳ ✴✴ ➘îêëàäû àêàäåìèè íàóê Óêðàèíû✳ ✕ ✷✵✶✵✳ ✕ ➑✶✳
✕ ❈✳ ✶✸✕✶✻✳

❮àäåæäà ➹ðèãîðüåâíà ✃îíîâåíêî

❤tt♣✿✴✴♦r❝✐❞✳♦r❣✴✵✵✵✵✲✵✵✵✷✲✽✻✸✶✲✵✻✽✽

❰❮➚ÏÒ✱ ❰äåññà✱ Óêðàèíà

❊✲♠❛✐❧✿ ❦♦♥♦✈❡♥❦♦❅✉❦r✳♥❡t



❉❖■✿ ❤tt♣✿✴✴❞①✳❞♦✐✳♦r❣✴✶✵✳✶✺✻✼✸✴✷✵✼✷✲✾✽✶✷✳✷✴✷✵✶✺✳✺✶✻✶✹

➹åîìåòðè÷åñêèå âåëè÷èíû íà ïëîñêîñòè ❐îáà÷åâñêîãî ✼✼

◆❛❞✐✐❛ ●✳ ❑♦♥♦✈❡♥❦♦

❚❤❡ ❣❡♦♠❡tr✐❝❛❧ s✐③❡s ♦♥ ▲♦❜❛❝❤❡✈s❦✐ ♣❧❛♥❡

■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥✈❡st✐❣❛t❡ ❛ ❧♦❝❛❧ str✉❝t✉r❡ ♦❢ ❣❡♦♠❡tr✐❝❛❧ q✉❛♥t✐t✐❡s ♦♥

t❤❡ ▲♦❜❛❝❤❡✈s❦✐ ♣❧❛♥❡✳ ❚❤✐s str✉❝t✉r❡ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ♠❡tr✐❝ ❞✐✛❡r❡♥t✐❛❧

✐♥✈❛r✐❛♥ts ♦♥ t❤❡ ▲♦❜❛❝❤❡✈s❦✐ ♣❧❛♥❡ ✭❬✶❪✮✳


