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❚❤❡ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥ t❡♥s♦rs✱
❞❡r✐✈❛t✐♦♥ ♦❢ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥
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❆❜str❛❝t ❚❤✐s ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✜❡❧❞ ❡q✉❛t✐♦♥s ✐♥ s♣❛❝❡

✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ❣❡♥❡r❛t❡❞ ❜② ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥ t❡♥s♦rs✳ ❲❡ ❛❧s♦

st✉❞② t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s♣❛❝❡ ❛r❡ ❣❡♥❡r❛t❡❞ ❥♦✐♥t❧② ❛♥❞ ❛❣r❡❡❞ ❜② t❤❡ ♠❡tr✐❝

t❡♥s♦r ❛♥❞ t❤❡ t♦rs✐♦♥ t❡♥s♦r✳ ❲❡ s❤♦✇❡❞ t❤❛t ✐♥ s✉❝❤ s♣❛❝❡ t❤❡ str✉❝t✉r❡ ♦❢

t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r ❤❛s s♣❡❝✐❛❧ ❢❡❛t✉r❡s ❛♥❞ ❢♦r t❤✐s t❡♥s♦r ♦❜t❛✐♥❡❞ ❛♥❛❧♦❣

❘✐❝❝✐ ✲ ❏❛❝♦❜✐ ✐❞❡♥t✐t②❀ ✇❛s ❡✈❛❧✉❛t❡❞ ❣❛♣ t❤❛t ♦❝❝✉rs ❛t t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠

t❤❡ ♦r✐❣✐♥❛❧ t♦ t❤❡ ✐♠❛❣❡ ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡❧② s♠❛❧❧

❝♦♥t♦✉rs✳ ❲❡ ❤❛✈❡ r❡s❡❛r❝❤❡❞ t❤❡ ❣❡♦❞❡s✐❝ ❧✐♥❡s ❡q✉❛t✐♦♥✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡

t❡♥s♦r παβ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ t❡♥s♦r ♦❢ ❤②♣❡rs✉r❢❛❝❡s

Y n−1✱ ❜✉t t❤❡ str✉❝t✉r❡ ♦❢ t❤✐s t❡♥s♦r ✐s s✉❜st❛♥t✐❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝❛s❡

♦❢ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡s ✇✐t❤ ③❡r♦ t♦rs✐♦♥✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥❡❞ ❢♦r♠✉❧❛s ✇❤✐❝❤

❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❡❝t♦rs ✐♥ ❛❝❝♦♠♣❛♥②✐♥❣ ❜❛s✐s r❡❧❛t✐✈❡ t♦ t❤✐s ❜❛s✐s

✐ts❡❧❢ ✐♥ t❤❡ s♠❛❧❧✳ ❚❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥s ♦✉r r❡s✉❧ts ❛❜♦✉t t❤❡ str✉❝t✉r❡ ♦❢

s✉❝❤ s♣❛❝❡ ✇❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ t❤❡ ❣❡♥❡r❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥s

✭❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧✮✳

❑❡②✇♦r❞s ▼❡tr✐❝ t❡♥s♦r✱ t♦rs✐♦♥ t❡♥s♦r✱ ❝✉r✈❛t✉r❡ t❡♥s♦r✱ ❘✐❝❝✐ ✕ ❏❛❝♦❜✐ ✐❞❡♥✲

t✐t②✱ ❣❡♦❞❡s✐❝ ❡q✉❛t✐♦♥✱ t❛♥❣❡♥t ❜✉♥❞❧❡✱ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡✱ t❡♥s♦r ❞❡♥s✐t✐❡s✱

❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ♣r✐♥❝✐♣❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✵✵✮ ✽✸❈✷✷ · ✺✸❉✾✾ · ✽✸❈✵✺

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s♣❛❝❡ ❛r❡ ❣❡♥❡r❛t❡❞

❥♦✐♥t❧② ❛♥❞ ❛❣r❡❡❞ ❜② t❤❡ ♠❡tr✐❝ t❡♥s♦r ❛♥❞ t❤❡ t♦rs✐♦♥ t❡♥s♦r✱ s♦ ✇❡ ✐♥✈❡st✐❣❛t❡
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t❤❡ s♣❛❝❡s ✇✐t❤ ❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♠❡tr✐❝ t❡♥s♦r✳ ❲❡ ♦❜t❛✐♥❡❞

s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r✱ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝♦♥str✉❝t✐♦♥

♦❢ ❣❡♦❞❡s✐❝ ❧✐♥❡s ❛♥❞ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❣❛♣ t❤❛t ♦❝❝✉rs ✇❤❡♥ tr❛✈❡rs✐♥❣ t❤❡

❝♦♥t♦✉r ♦❢ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠ ✐♥ t❤❡s❡ s♣❛❝❡s✳

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✭♠♦r❡ ❝♦rr❡❝t❧②✱ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ st❛t✐♦♥❛r② ❛❝✲

t✐♦♥✮ ✐s t❤❡ ❜❛s✐❝ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ ♦❢ ♣❛rt✐❝❧❡ ❛♥❞ ❝♦♥t✐♥✉✉♠ s②st❡♠s✳ ▲❡t

t❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s t❤❡ ❛❝t✐♦♥✱ ❞❡♥♦t❡❞ ❙✱ ♦❢ ❛ ♣❤②s✐❝❛❧ s②st❡♠✳ ■t ✐s ❞❡✜♥❡❞ ❛s

t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ▲❛❣r❛♥❣✐❛♥ ▲ ❜❡t✇❡❡♥ t✇♦ ✐♥st❛♥ts ♦❢ t✐♠❡ ✲ ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢

t❤❡ ♥ ❣❡♥❡r❛❧✐③❡❞ ❝♦♦r❞✐♥❛t❡s q ✇❤✐❝❤ ❞❡✜♥❡ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✿

S(q(t)) =

∫ t2

t1

L(q(t), q̇(t))dt,

✇❤❡r❡ t❤❡ ❞♦t ❞❡♥♦t❡s t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡✱ ❛♥❞ t ✐s t✐♠❡✳ ▼❛t❤❡♠❛t✐❝❛❧❧② t❤❡

♣r✐♥❝✐♣❧❡ ✐s δS = 0✱ ✇❤❡r❡ δ ♠❡❛♥s ❛ ✈❛r✐❛t✐♦♥✳ ■♥ ❛♣♣❧✐❝❛t✐♦♥s t❤❡ st❛t❡♠❡♥t

❛♥❞ ❞❡✜♥✐t✐♦♥ ♦❢ ❛❝t✐♦♥ ❛r❡ t❛❦❡♥ t♦❣❡t❤❡r✿

δ

∫ t2

t1

L(q(t), q̇(t))dt = 0.

❚❤❡ ❛❝t✐♦♥ ❛♥❞ ▲❛❣r❛♥❣✐❛♥ ❜♦t❤ ❝♦♥t❛✐♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ s②st❡♠ ❢♦r ❛❧❧

t✐♠❡s✳ ❚❤❡ t❡r♠ ✧♣❛t❤✧ s✐♠♣❧② r❡❢❡rs t♦ ❛ ❝✉r✈❡ tr❛❝❡❞ ♦✉t ❜② t❤❡ s②st❡♠ ✐♥ t❡r♠s

♦❢ t❤❡ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡✱ ✐✳❡✳ t❤❡ ❝✉r✈❡ q✭t✮✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜②

t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ♠❛♥✐❢♦❧❞ t♦❣❡t❤❡r

✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢ ❛♥ ✐♥tr✐♥s✐❝ q✉❛s✐♠❡tr✐❝ s♣❛❝❡ ✐♥ ✇❤✐❝❤ t❤❡ ❧❡♥❣t❤ ♦❢ ❛♥②

r❡❝t✐✜❛❜❧❡ ❝✉r✈❡ τ : [a, b] →M ✐s ❣✐✈❡♥ ❜② t❤❡ ❧❡♥❣t❤ ❢✉♥❝t✐♦♥❛❧

S(τ(t)) =

∫ t2

t1

F (τ(t), τ̇(t))dt,

✇❤❡r❡ ❋✭①✱ · ✮ ✐s ❛ ▼✐♥❦♦✇s❦✐ ♥♦r♠ ♦♥ ❡❛❝❤ t❛♥❣❡♥t s♣❛❝❡✳ ■t ✐s ♦❜✈✐♦✉s ❢r♦♠

t❤❡s❡ ❞❡✜♥✐t✐♦♥s✱ t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝♦♥❝❡♣ts✱ ✇❤✐❝❤

❝❛♥ ❜❡ r❡❛❧✐③❡❞ ❜② ❍❛♠✐❧t♦♥✐❛♥ ❢♦r♠❛❧✐s♠✳ ❚❤✉s ❛♥② ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ❝❛♥ ❜❡

r❡❣❛r❞❡❞ ❛s ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✇✐t❤ t❤❡ ❧❡♥❣t❤ ❢✉♥❝t✐♦♥❛❧✿ F 2 = gij(x)dx
idxj ❛♥❞

s♦ t❤❡ ❣❡♦❞❡s✐❝s ♦❢ ❛ ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ❛r❡ ❣❡♦❞❡s✐❝s ♦❢ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡✳

❚❤❡ ❣❡♦❞❡s✐❝s ♦❢ t❤❡ s♣❛❝❡ t❤❛t ❛r❡ ❜❡✐♥❣ st✉❞✐❡❞ ✐♥ ♦✉r ✇♦r❦ ✭✇✐t❤ t❤❡

❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ❣❡♥❡r❛t❡❞ ❜② ♠❡tr✐❝ gij(x) ❛♥❞ t♦rs✐♦♥ Sk
ij(x) t❡♥s♦rs✮ ❛r❡

❞✐✛❡r❡♥t ❢r♦♠ ❣❡♦❞❡s✐❝s ♦❢ ❝♦rr❡s♣♦♥❞✐♥❣ ❘✐❡♠❛♥♥ s♣❛❝❡ ✭✇✐t❤ gij(x) ✮ ❛♥❞ s♦

♦❢ ❣❡♦❞❡s✐❝s ❋✐♥s❧❡r ♠❛♥✐❢♦❧❞ ✭✇✐t❤ F 2 = gij(x)dx
idxj✮✳

❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♣r♦♣❡rt✐❡s ♦❢ ♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ❛✣♥❡ ❝♦♥♥❡❝t✐♦♥ s♣❛❝❡s

❜❡❣❛♥ ❛♣♣r♦①✐♠❛t❡❧② ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✷✵t❤ ❝❡♥t✉r② ❬✻✱ ✼❪✱ ❛♥❞ ❝♦♥t✐♥✉❡s

t♦ ❞❡✈❡❧♦♣ s♦ ❢❛r ❬✶✲✺✱ ✼✲✶✻❪✳
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✺✸

❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s ❦✐♥❞ ♦❢ r❡s❡❛r❝❤ ✐s ❞✉❡ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ t❤❡ ✐♥t❡r♥❛❧

❧♦❣✐❝ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ s❝✐❡♥❝❡ ❜❛s❡s ✐ts❡❧❢ ❬✻✱ ✼✱ ✾✱ ✶✸❪✱ ♦♥ t❤❡ ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s

t♦ ♣r♦❜❧❡♠s ✐♥ ♣❤②s✐❝s✱ ❛♥❛❧②t✐❝❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧ ♠❡❝❤❛♥✐❝s ❬✶✱ ✶✷❪✱ t❤❡ t❤❡♦r②

♦❢ r❡❧❛t✐✈✐t② ❬✺✱ ✶✹✲✶✻❪ ❝♦♥t✐♥✉✉♠ ♠❡❝❤❛♥✐❝s✱ ❝♦s♠♦❧♦❣② ❬✶✵❪✳ ❋❛✐r❧② ✇❡❧❧ st✉❞✐❡❞

❘✐❡♠❛♥♥ s♣❛❝❡s ❬✾❪✱ ❜❡❝❛✉s❡ ♦❢ t❤❡ ✇❡❛❧t❤ ♦❢ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s✱ ❧❡ss ❡①♣❧♦r❡❞

s♣❛❝❡ ✇✐t❤ ❛✣♥❡ ❝♦♥♥❡❝t✐♦♥ ❬✸❪ ❛♥❞ ♥♦t s✉✣❝✐❡♥t❧② ❝♦♥s✐❞❡r❡❞ t❤❡ ♠♦st ✐♥t❡r✲

❡st✐♥❣ ❣❡♦♠❡tr②✱ ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜② ❝♦♠❜✐♥✐♥❣ ❣❡♦♠❡tr② ❛♥❞ ❛✣♥❡ ❝♦♥♥❡❝t✐♦♥

❣❡♥❡r❛t❡❞ ❜② t❤❡ ♠❡tr✐❝ t❡♥s♦r✱ ❛♥❞ t❤✐s ✐s t❤❡ s✉❜❥❡❝t ♦❢ t❤✐s ✇♦r❦✳ ❋r♦♠ t❤❡

t❤❡♦r② ♦❢ s♣❛❝❡s ✇✐t❤ ❛✣♥❡ ❝♦♥♥❡❝t✐♦♥ ✐s ❦♥♦✇♥ t❤❛t ♣❛r❛❧❧❡❧ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝✲

t♦r ❞❡♣❡♥❞s ♦♥ ♣❛t❤✇❛②s✱ t❤❛t ✐s✱ ✐❢ t❤❡ ✈❡❝t♦r ✐s ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt❡❞ ❛t t❤❡ ❣✐✈❡♥

❝♦♥t♦✉r ✇✐t❤ ❤✐s r❡t✉r♥ t♦ t❤❡ st❛rt✐♥❣ ♣♦✐♥t✱ ✇❡ ♦❜t❛✐♥ t❤❡ ♦t❤❡r ✈❡❝t♦r t❤❛♥

t❤❡ ♦r✐❣✐♥❛❧ ✭❛♣♣❡❛rs t❤❡ ❣❛♣✮✳ ■♥ t❤❡ s♣❛❝❡s✱ ✇❤✐❝❤ ❛r❡ st✉❞✐❡❞ ✐♥ t❤✐s ✇♦r❦✱ ♥♦t

♦♥❧② ❤♦❧❞s ❛ s✐♠✐❧❛r st❛t❡♠❡♥t✱ ❜✉t t❤❡r❡ ❛r❡ ♥❡✇ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❣❛♣✳

■♥ t❤✐s s♣❛❝❡s r❡t❛✐♥ ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ❣❡♦♠❡tr② ♦❢ ❛♥ ❛✣♥❡ s♣❛❝❡ ❜✉t ❛♣♣❡❛r

✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♠❡tr✐❝❀ t❤❡ str✉❝t✉r❡ ♦❢

t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r ❤❛s ❛ s♣❡❝✐✜❝ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛s ✇❡❧❧ ❛s ❛♥ ♦♣♣♦rt✉♥✐t② t♦

❛ss❡ss t❤❡ ❣❛♣ t❤❛t ♦❝❝✉rs ❛t t❤❡ tr❛♥s♣♦rt❛t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ t♦ t❤❡ ✐♠❛❣❡

❛♥❞ ❝♦♥✈❡rs❡❧② ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡❧② s♠❛❧❧ ❝♦♥t♦✉rs✳

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✲ t❤❡ st✉❞② ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

s♣❛❝❡ ✇✐t❤ ❛✣♥❡ ❝♦♥♥❡❝t✐♦♥ t❤❛t ❛r✐s❡ ✇❤❡♥ ✐t ✐s ✐♠♠❡rs❡❞ ✐♥ ❛ ♠❡tr✐❝ s♣❛❝❡✱

t❤❛t ✐s t♦ ❜✉✐❧❞ t❤❡ ❣❡♦♠❡tr② ❢r♦♠ ♦❢ t✇♦ t❡♥s♦rs ✲ t❤❡ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥❀ ♦❜t❛✐♥

t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s ❢r♦♠ ✈❛r✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ✐♥ s✉❝❤ s♣❛❝❡s✳

❲❡ r❡♠✐♥❞ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ❆❧❜❡rt ❊✐♥st❡✐♥ ♣r♦♣♦s❛❧✿ t❤❡ ❢r❡❡ ❢❛❧❧✐♥❣ ❣r❛✈✲

✐t❛t✐♥❣ ♠❛ss✐✈❡ ❜♦❞✐❡s ❢♦❧❧♦✇ ❣❡♦❞❡s✐❝ ❧✐♥❡✳ ■❢ ✇❡ ♣♦st✉❧❛t❡ t❤✐s ♣r♦♣♦s❛❧ ✇❡ ❝❛♥

♦❜t❛✐♥ s♦♠❡ r❡s✉❧ts ♦❢ ◆❡✇t♦♥ t❤❡♦r② ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✳ ❲❡ ❤❛✈❡ ❛♥♦t❤❡r ✐♠✲

♣♦rt❛♥t ❛ss✉♠♣t✐♦♥ ♦❢ ❆❧❜❡rt ❊✐♥st❡✐♥ t❤❛t t❤❡ ❣❡♦❞❡s✐❝ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❝❛♥

❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s ❢♦r ❡♠♣t② s♣❛❝❡✳

❙✐♥❝❡✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t ❣r❛✈✐t❛t✐♦♥❛❧ ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ ❞❡t❡r♠✐♥❡❞

❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ ❡♠♣t② s♣❛❝❡ ✭t♦rs✐♦♥ ❛♥❞ ❝✉r✈❛t✉r❡✮ s♦ ✐t ✐s ✐♥t❡r❡st✐♥❣

t♦ ❤❛✈❡ ❡①❛♠♣❧❡ ❛❜♦✉t ❣❡♦♠❡tr✐❝ s❡♥s❡ ♦❢ t♦rs✐♦♥✳

◆♦✇✱ ✇❡ ❞✐s❝✉ss ❦♥♦✇♥ ♦♥❡ ❡①❛♠♣❧❡ ❛❜♦✉t ❣❡♦♠❡tr✐❝ s❡♥s❡ ♦❢ t♦rs✐♦♥✳ ❲❡

❝♦♥s✐❞❡r t❤❡ s✉r❢❛❝❡ ❙✳ ❆t ♣♦✐♥t ❆ ♦♥ ❙ ❝♦♥str✉❝t ❛ t❛♥❣❡♥t ♣❧❛♥❡ P✳ ❲❡ ❝❤♦♦s❡

❛♥ ❛r❜✐tr❛r② ✐♥✜♥✐t❡s✐♠❛❧ sq✉❛r❡ ❆❇❈❉ ✐♥ t❤❡ ♣❧❛♥❡ P ✇✐t❤ ✈❡rt❡① ❆✳ ❋r♦♠ ♣♦✐♥t

❆ ♦♥ t❤❡ s✉r❢❛❝❡ ❙ ✇✐❧❧ ❞r❛✇ t❤❡ ❣❡♦❞❡s✐❝ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❆❇✳ ❲❡ ♣❛ss ❛❧♦♥❣

✐t t❤❡ ❞✐st❛♥❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡r ❡q✉❛❧ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ ❆❇✱ ❣❡t t♦ ♣♦✐♥t

❇✬✳ ❙✐♠✐❧❛r❧②✱ ❢r♦♠ ❆ ♦♥ ❙ ❞r❛✇ ❣❡♦❞❡s✐❝ t♦✇❛r❞s ❆❉✱ ❣❡t ✐♥t♦ ❉✬✳ ❲❡ ♣❡r❢♦r♠

❛ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt❛t✐♦♥ ♦❢ ✈❡❝t♦r ❆❉ t♦ ♣♦✐♥t ❇✬ ❛❧♦♥❣ t❤❡ ❣❡♦❞❡s✐❝ ❆❇✬ ❛♥❞
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◆✳■❨❛r❡♠❡♥❦♦�✐

❞r❛✇ ♦❢ ❣❡♦❞❡s✐❝ ❇✬ ❛❧♦♥❣ t❤❡ tr❛♥s♣♦rt❛t✐♦♥ ♦❢ t❤✐s ✈❡❝t♦r✱ ✇❡ r❡❛❝❤ t❤❡ ♣♦✐♥t

❈✬✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ✈❡❝t♦r ❆❇ ✇✐❧❧ ❜❡ ♠♦✈❡ ♣❛r❛❧❧❡❧ ❛❧♦♥❣ t❤❡ ❆❉✬ ❛♥❞ ❛❧♦♥❣ t❤❡

tr❛♥s♣♦rt❡❞ ✈❡❝t♦r ❢r♦♠ ❉✬ ❞r❛✇ ❣❡♦❞❡s✐❝ ❣❡t t♦ ❈✑✳ ■❢ t♦rs✐♦♥ ✐s ③❡r♦✱ t❤❡♥ ❈ ✬❂

❈✑✱ ❛♥❞ ❣❡♦❞❡s✐❝ sq✉❛r❡ ✉♣ t♦ s♠❛❧❧ ❤✐❣❤❡r✲♦r❞❡r ✇✐❧❧ ❜❡ ❝❧♦s❡❞✱ ♦t❤❡r✇✐s❡ ♥♦t✳

■♥ ♦✉r ❝❛s❡✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♠❡tr✐❝ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❛♣✱

♠♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤✐s ❣❛♣✳

❚❤❡s❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ tr✉❡ ♦♥❧② ✉♣ t♦ t❤❡ s❡❝♦♥❞ ♦r❞❡r r❡❧❛t✐✈❡ t♦ t❤❡

❧❡♥❣t❤ ♦❢ sq✉❛r❡ s✐❞❡✳ ■❢ ✇❡ ✇❛♥t ♠♦r❡ str✐❝t r❡s✉❧t ✇❡ ♠✉st ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣♦✲

♥❡♥t ♦❢ ❝✉r✈❛t✉r❡ t❡♥s♦r✳ ◆❡①t t❤✐s ❡①❛♠♣❧❡ ✐s tr✉❡ ♦♥❧② ✇❤❡♥ ❧❡♥❣t❤ ♦❢ sq✉❛r❡

s✐❞❡ t❡♥❞s t♦ ③❡r♦ ✐✳❡✳ r❡♠❛✐♥s ✈❡r② s♠❛❧❧ ✐♥ ♦t❤❡r ✇♦r❞s ✐♥ ❣❡♥❡r❛❧ ✐t ✐s ❛ ❧♦❝❛❧

♣r♦♣❡rt②✳

❲❡ ❣♦ t♦ ❞✐s❝✉ss✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ t❤✐s ❡①❛♠♣❧❡✳ ❚❤❡ ♣❤②s✐❝❛❧

♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡✲t✐♠❡ ✭♠♦r❡ ❥✉st s♣❛❝❡✮ ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢

♠❛tt❡r ✭❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❛♥❞ ♠❛ss✮ ✐♥ t❤✐s s♣❛❝❡ ❛♥❞ ❢r♦♠ t❤❡ ✈✐❡✇♣♦✐♥t

♦❢ ♠❛t❤❡♠❛t✐❝s ❛r❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❣❡♦♠❡tr✐❝❛❧ str✉❝t✉r❡ ♦❢ s♣❛❝❡ ✭t♦rs✐♦♥ ❛♥❞

♠❡tr✐❝ t❡♥s♦rs✮✳ ❚❤❡ ❡♠♣t② s♣❛❝❡ ✭✇✐t❤♦✉t ♠❛tt❡r✮ ✐s ❝♦rr❡s♣♦♥❞❡❞ t❤❡ ❣❡♦♠❡tr✐❝

str✉❝t✉r❡ ♦❢ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ✭t♦rs✐♦♥ t❡♥s♦r ❛♥❞ ❝✉r✈❛t✉r❡ t❡♥s♦r ❛r❡ ✐❞❡♥t✐❝❛❧❧②

❡q✉❛❧ t♦ ③❡r♦✮✳ ❙✐♠✐❧❛r❧② ❣r❛✈✐t❛t✐♦♥ ✭♠❛ss ❛♥❞ ✇✐t❤♦✉t ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✮

✐s ❝♦rr❡s♣♦♥❞❡❞ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ✭t♦rs✐♦♥ t❡♥s♦r ✐s

✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ ③❡r♦✮✳ ❆♥❞ s✐♠✐❧❛r❧② t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ ✭❡❧❡❝tr♦♠❛❣♥❡t✐❝

✜❡❧❞s ❛♥❞ ✇✐t❤♦✉t ♠❛ss✮ ✐♥ ❝♦rr❡s♣♦♥❞❡❞ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ ❛✣♥❡ ❝♦♥✲

♥❡❝t✐♦♥ s♣❛❝❡ ✭❝✉r✈❛t✉r❡ t❡♥s♦r ✐s ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ ③❡r♦✮✳ ■♥ t❤❡ ❧❛st t✇♦ ❝❛s❡s

t❤❡ r❡s✉❧t ✐s ❝♦♥❞✐t✐♦♥❛❧ ✭♥♦t str✐❝t✮ ❜❡❝❛✉s❡ t❤❡ ♠❛tt❡r ❞✐✈✐s✐♦♥ ❜② t❤❡ ♠❛ss ❛♥❞

✜❡❧❞ ✐s ❝♦♥❞✐t✐♦♥❛❧✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞ ♦❢ ❝♦♥str✉❝t✐♥❣ s♣❛❝❡✲t✐♠❡✿ t❤❡ s♣❛❝❡ ✐s

❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ ♠❛♥✐❢♦❧❞s ❜② ❞❡t❡r♠✐♥✐♥❣ ❛t t❤✐s ♠❛♥✐❢♦❧❞s ♠❡tr✐❝

t❡♥s♦r ❛♥❞ t♦rs✐♦♥ t❡♥s♦r✳ ▼❡tr✐❝ ❛♥❞ t♦rs✐♦♥ t❡♥s♦rs ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ t❤❡ ✜❡❧❞✳ ❍❡♥❝❡ t♦rs✐♦♥ ❛s t❤❡ ❝✉r✈❛t✉r❡ ❛r✐s❡s ❢r♦♠

t❤❡ ♣❤②s✐❝❛❧ ❢❡❛t✉r❡s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛tt❡r ✐♥ s♣❛❝❡✲t✐♠❡✳ ❘♦✉❣❤❧②✱ t❤❡

s❛♠❡ ✇❛② ❛s t❤❡ ♠❛ss❡s ❧❡❛❞s t♦ ❝✉r✈❛t✉r❡ s♣❛❝❡✲t✐♠❡✱ ❡❧❡❝tr♦♠❛❣♥❡t✐s♠ ❧❡❛❞s

t♦ ❛♣♣❡❛r❛♥❝❡ ♦❢ t♦rs✐♦♥✳ ❇✉t ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t

♦❢ ✈✐❡✇ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s♣❛❝❡✲t✐♠❡ ❡♠❜❡❞❞❡❞ ✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ♦❢ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥ t❤❡♥ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t♦rs✐♦♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡

s♠♦♦t❤♥❡ss ❡♠❜❡❞❞✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❞✐t✐♦♥❛❧❧② ❞❡t❡r♠✐♥❡ t❤❡ t♦rs✐♦♥

❛♥❞ ❝✉r✈❛t✉r❡ ❜② ✈✐♦❧❛t✐♦♥ ♦❢ s♠♦♦t❤♥❡ss r❡❣❛r❞❧❡ss ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❡♠✲

❜❡❞♠❡♥t✳
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✺✺

❚❤❡ ❛✐♠ ♦❢ ♦✉r ♣❛♣❡r ✐s t♦ st✉❞② t❤❡ ♣r♦♣❡rt② ♦❢ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥

❛♥❞ ♦❜t❛✐♥ ❛♥❛❧♦❣ ♦❢ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ❛t s✉❝❤ s♣❛❝❡✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✳ ✷ s♦♠❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢

str✉❝t✉r❡ ♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥ ❛r❡ ❞✐s❝✉ss❡❞✳■♥ ❙❡❝t✳ ✸ ✇❡ ♣r❡s❡♥t t❤❡

st✉❞② ♦❢ ❣❡♦❞❡s✐❝s ✐♥ t❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✳ ❚❤❡s❡ r❡s✉❧ts ❝❛♥ ❜❡ ✉s❡ ✐♥ ✧❣❡♦❞❡s✐❝

♣r✐♥❝✐♣❧❡✧✳ ■♥ ❙❡❝t✳ ✹ ✐s ❞❡❞✐❝❛t❡❞ t❤❡ t❤❡♦r② ♦❢ ❤②♣❡rs✉r❢❛❝❡s ✐♥ t❤❡ s♣❛❝❡ ✇✐t❤

t♦rs✐♦♥✳ ■♥ ❙❡❝t✳ ✺ ✇❡ ♦❜t❛✐♥❡❞ s♦♠❡ ✐♥t❡r❡st✐♥❣ r❡❧❛t✐♦♥s❤✐♣s ✇❤✐❝❤ ✐s ✉s✐♥❣ ✐♥

❙❡❝t✳ ✻✳ ■♥ ❙❡❝t✳ ✻ ✇❡ ❛r❡ ❞❡r✐✈❡❞ ❛♥❛❧♦❣ ♦❢ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ✭❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝

❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞s✮ ✐♥ ❝❛s❡ ♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✳

❚❤❡ ♠❛✐♥ ♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t ✐s ✉s❡❞ ❜❡❧♦✇ t❤❛t ❛ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ t✇♦

❛♥② ✈❡❝t♦rs ✐♥ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ❛❧♦♥❣ ❛♥ ❛r❜✐tr❛r② ♣❛t❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡✳ ✐♥❣ ♦❢

t❤❡ ✷✵t❤ ❝❡♥t✉r② ❬✼✱ ✽✱ ✶✶✲✶✸❪✱ ❛♥❞ ❝♦♥t✐♥✉❡s t♦ ❞❡✈❡❧♦♣ s♦ ❢❛r ❬✶✲✺✱ ✶✹✲✷✷❪✳

✷ ❙tr✉❝t✉r❡ ♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥

❚❤❡r❡ ❛r❡ ♠❛♥② ✇❛②s t♦ r❡♣r❡s❡♥t t❤❡ ♣❤②s✐❝❛❧ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✇❤❡r❡

❡✈❡♥ts ♦❢ ♦✉r r❡❛❧✐t② ❛r❡ ♦❝❝✉rr✐♥❣✳ ❋r♦♠ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤❡r❡ ❛r❡

t✇♦ ♣♦ss✐❜❧❡ ❝♦♥❝❡♣t✐♦♥s ♦❢ s♣❛❝❡ ❣❡♦♠❡tr②✱ ✇❤✐❝❤ ♠✐❣❤t ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡

♣❤②s✐❝❛❧ s♣❛❝❡✳

❚❤❡ ✜rst s❝❤❡♠❡ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❊✉❝❧✐❞❡❛♥ ❣❡♦♠❡tr② ✲ t❤❡ ❣❡♦♠❡tr②

♦❢ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝✱ ✐✳❡✳ n✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✜❡❧❞

t✇✐❝❡ ❝♦✈❛r✐❛♥t s②♠♠❡tr✐❝ ♠❡tr✐❝ t❡♥s♦r ✇❤✐❝❤ ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡ gik(M)✱ ✇❤❡r❡

Det|gik| 6= 0 ❛♥❞ gik = gki✳ ◆♦t❡ t❤❛t t❤❡ ♠❡tr✐❝ t❡♥s♦r ✐s ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②✱ ❜✉t

✐♥ ❛❞❞✐t✐♦♥ t♦ ❝♦♥❞✐t✐♦♥s ❧❛✐❞ ❛❜♦✈❡ ✇❡ ❞❡♠❛♥❞ t❤❛t ♠❛♥✐❢♦❧❞ ✇❛s s✉✣❝✐❡♥t❧②

s♠♦♦t❤✳

❚❤✐s ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿ ✐♥✈❛r✐❛♥t ❞✐✛❡r❡♥t✐❛❧ q✉❛❞r❛t✐❝ ❢♦r♠

gik dx
idxk ❞❡t❡r♠✐♥❡❞ ♦♥ t❤❡ ♠❛♥✐❢♦❧❞ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s Det|gik| 6=

0✱ gik = gki ❞❡✜♥❡s t❤❡ ❣❡♦♠❡tr② ♦❢ ❘✐❡♠❛♥♥✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢♦r♠✿

ds2 = gik dx
idxk ✭✶✮

✇❡ ✜♥❞ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts gik ❛r❡ ❢♦r♠✐♥❣ ❛ t❡♥s♦r ✜❡❧❞✳

■♥ t❤✐s ♠♦❞❡❧ ❢♦r t❤❡ ❛r❝ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✉r✈❡✱ ②♦✉ ❝❛♥ t❛❦❡ t❤❡ ✐♥t❡❣r❛❧✿

s =

∫ b

a

√

gik dxidxk. ✭✷✮

❚❤❡ s❡❝♦♥❞ s❝❤❡♠❡ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛✣♥❡ ❣❡♦♠❡tr② ✲ t❤❡ ❣❡♦♠❡tr② ♦❢

❛✣♥❡ ❝♦♥♥❡❝t✐♦♥ Γ i
jk(M) t❤❛t ✐s ❜❛s❡❞ ♦♥ n ✲ ❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞✳
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◆✳■❨❛r❡♠❡♥❦♦�✐

❚❤❡ ❝♦♥♥❡❝t✐♦♥ Γ i
jk(M) ✐s ❛ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t ♦♥ ❛ ♠❛♥✐❢♦❧❞ ❛♥❞ ✐s s✉❜❥❡❝t❡❞

t♦ t❤❡ ❧❛✇ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ ♦♥❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ xi t♦ ❛♥♦t❤❡r xi
′

✐♥ t❤❡ ❢♦r♠ ♦❢✿

Γ i′

j′k′ = Γ i
jk

∂xi
′

∂xi
∂xj

∂xj
′

∂xk

∂xk
′
+

∂2xi

∂xj
′

∂xk
′

∂xi
′

∂xi
, ✭✸✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s Γ i
jk ❛r❡ s✉✣❝✐❡♥t❧② s♠♦♦t❤✳

▲❡t ❛❧♦♥❣ t❤❡ ❝✉r✈❡ xi = xi(t), t ∈ [a, b] ⊂ R ❣✐✈❡♥ t❡♥s♦r ✜❡❧❞Ai = Ai(t)✱ ✐❢

❢♦r ❡❛❝❤ ✐♥✜♥✐t❡s✐♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t t❡♥s♦r Ai(t)❝♦♦r❞✐♥❛t❡s ✐s ❝❤❛♥❣✐♥❣ t❤❡ ❧❛✇✿

dAi = −Γ i
jkA

jdxk, ✭✹✮

t❤❡♥ ✇❡ s❛② t❤❛t t❤❡ t❡♥s♦r Ai ✐s tr❛♥s♣♦rt❡❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❝✉r✈❡ t✳

❲❡ ❛r❡ ❝❤♦♦s✐♥❣ ♦♥❡ ♦r ❛♥♦t❤❡r ❣❡♦♠❡tr✐❝ ♠♦❞❡❧ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥✈❡st✐✲

❣❛t❡❞ ♣r♦❜❧❡♠✱ ❜✉t ❛s t❤❡ ✐♥t❡r♥❛❧ ❧♦❣✐❝ ❛♥❞ ❝♦♠♠♦♥ s❡♥s❡ r❡q✉✐r❡s t❤❛t ✐♥ t❤❡

♣❤②s✐❝❛❧ ✇♦r❧❞✱ t❤❡s❡ t✇♦ ♠♦❞❡❧s ❝♦❡①✐st t♦❣❡t❤❡r ❛♥❞ ❝♦♠♣❧❡♠❡♥t ❡❛❝❤ ♦t❤❡r✳

❚❤❡r❡ ✐s ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t t❤❛t ✐♥ ❛♥ ❛r❜✐tr❛r② ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ❝❛♥ ❛❧✇❛②s

❝♦♥str✉❝t ❛ ❝♦♥♥❡❝t✐♦♥Γ i
jk(M)✳ ❆♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s✉❝❤

❛ ❝♦♥str✉❝t✐♦♥✳ ■♥ ❣❡♥❡r❛❧✱ s✉❝❤ ❛ ❝♦♥str✉❝t✐♦♥ Γ i
jk ✐s ♥♦t ✉♥✐q✉❡✱ ❜✉t ❝♦♠♣❧❡t❡❧②

♥❛t✉r❛❧ ✭✐♥ t❡r♠s ♦❢ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ♣❤②s✐❝s t♦ ❛ ❣r❡❛t❡r ❡①t❡♥t✮✱ t❤❡r❡ ✐s t❤❡

r❡q✉✐r❡♠❡♥t t❤❛t ✇❤❡♥❡✈❡r ❛❧♦♥❣ ❛ ♣❛t❤ ♣❛r❛❧❧❡❧ t♦ t❤❡ s✐♠✉❧t❛♥❡♦✉s tr❛♥s♣♦rt

♦❢ t✇♦ ✈❡❝t♦rs Ai ❛♥❞ Bi ✭❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ tr❛♥s♣♦rt ✐s ❝♦♥♥❡❝t❡❞

❞❡✜♥❡❞✮✱ t❤❡✐r s❝❛❧❛r ♣r♦❞✉❝t ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✭t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐s ❞❡✜♥❡❞

♠❡tr✐❝✮✳ ▼❛t❤❡♠❛t✐❝❛❧❧②✱ t❤✐s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s t❤❡ ✈❛♥✐s❤✐♥❣ ❞✐✛❡r❡♥t✐❛❧✿

d(gikA
iBk) = 0. ✭✺✮

■❢ ✇❡ t❤❡ r❡q✉❡st❡❞ ❝♦❡✣❝✐❡♥ts Γ i
jk ❛r❡ s②♠♠❡tr✐❝ ♥❛♠❡❧②✱Γ i

jk = Γ i
kj t❤❡♥ t❤❡

❝♦♥♥❡❝t✐✈✐t② ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ✉s✐♥❣ ❛ ♠❡tr✐❝✳

❆❧✇❛②s ❜❡❧♦✇ ✇❡ ✇♦✉❧❞ ♥♦t r❡q✉✐r❡ t❤❡ s②♠♠❡tr② ♦❢ ❝♦♥♥❡❝t✐♦♥✳ ❆♥❞ s♦ ✐❢ t❤❡

♠❡tr✐❝ gik ✐s ❞❡✜♥❡❞✱ t❤❡♥ ❛ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t Γ i
jk s✉❜❥❡❝t t♦ ❝❡rt❛✐♥ r❡q✉✐r❡♠❡♥ts✱

❜✉t st✐❧❧ t❤❡r❡ ✐s s♦♠❡ ❛r❜✐tr❛r✐♥❡ss ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❝♦♥♥❡❝t❡❞♥❡ss ♦❢ t❤❡ s♣❛❝❡✱

♥❛♠❡❧② ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ❛ t♦rs✐♦♥ t❡♥s♦r✿

Si
jk ≡ Γ i

jk − Γ i
kj , ✭✻✮

t❤❡♥ t❤❡ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t Γ i
jk t❤❛t ✐s ❣❡♥❡r❛t❡❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐s ✉♥✐q✉❡❧② ❞❡✲

t❡r♠✐♥❡❞✳

❚❤❡♦r❡♠ ✶✳ ❙✉♣♣♦s❡ t❤❛t ❛ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ gik ❛♥❞ ✐♥ t❤✐s

s♣❛❝❡ ✐s ❣✐✈❡♥ t♦rs✐♦♥ t❡♥s♦r Si
jk✲ s❦❡✇✲s②♠♠❡tr✐❝✳ ■❢ ❞❡♠❛♥❞ d(gikA

iBk) = 0
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✺✼

❢♦r ❛r❜✐tr❛r② Ai ❛♥❞ Bk t❤❡♥ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✭❣❡♦♠❡tr✐❝ ♦❜❥❡❝t t❤❛t ❞❡✜♥❡s ✐t✮

Γ i
jk ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞✳

Pr♦♦❢✳ ■t ✐s ♣r❡tt② ❡❛s② t♦ s❡❡ t❤❡ tr✉t❤ ♦❢ t❤✐s st❛t❡♠❡♥t ✐ts❡❧❢✱ ❜✉t ❢♦r

❢✉rt❤❡r ♠♦r❡ ✐♠♣♦rt❛♥t❧② t❤♦s❡ s②♠❜♦❧s ❛♥❞ ✈❛❧✉❡s t❤❛t r❡❧❛t❡ t♦ t❤❡ ♥❛t✉r❡ ♦❢

t❤❡ ❡♥t❡r❡❞ ✈❛❧✉❡s✳

❲❡ r❡✇r✐t❡ d(gikA
iBk) = 0✱ ❛s✱ (gik,l − gmkΓ

m
il − gimΓ

m
kl )A

iBkdxl = 0 ❞✉❡

t♦ t❤❡ ❢❛❝t t❤❛t✱ dAi = −Γ i
plA

pdxl✱ ✇❤❡r❡ Γm
il ✲ ✉♥❦♥♦✇♥ ❝♦❡✣❝✐❡♥ts ♦❢ ❝♦♥♥❡❝✲

t✐♦♥ ✕ ❛ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t ❛♥❞ dxl ❛r❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧s ♦❢ ❝♦♦r❞✐♥❛t❡s ♦❢ ❛ ♣♦✐♥t

✉♥❞❡r ✐♥✜♥✐t❡s✐♠❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ♣❛t❤❀ gik,l ≡ ∂
∂xl gik✳ ❙✐♥❝❡✱A

i✱ Bk✱ dxl

✕ ❛r❜✐tr❛r②✱ t❤❡ ❡q✉❛❧✐t✐❡s ♠✉st ❜❡ ✐❞❡♥t✐t② r❡❧❛t✐✈❡ t♦ Ai✱ Bk✱ dxl✳ ❇② ❝✐r❝✉❧❛r

♣❡r♠✉t❛t✐♦♥ ✇❡ ♦❜t❛✐♥ t❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

gik,l = gmkΓ
m
il + gimΓ

m
kl ,

gli,k = gmiΓ
m
lk + glmΓ

m
ik ,

gkl,i = gmlΓ
m
ki + gkmΓ

m
li .

❙✐♥❝❡ t❤❡ t❡❝❤♥✐q✉❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ❝❧❛ss✐❝❛❧✱ t❤❡♥ ✇❡ ❣✐✈❡ ❢♦r♠✉❧❛s ✇✐t❤♦✉t

❥✉st✐✜❝❛t✐♦♥✿

gik,l + gli,k − gkl,i = gmkS
m
il + gmlS

m
ik + gimΓ

m
kl + gmiΓ

m
lk ,

✇❤❡r❡ Sm
il = Γm

il − Γm
li ✐s t♦rs✐♦♥ t❡♥s♦r✱ ❛♥❞ ✇❡ ❤❛✈❡

gim (Γm
kl + Γm

lk ) = gik,l + gli,k − gkl,i + gkmS
m
li + glmS

m
ki ,

Γ
p
kl + Γ

p
lk = gpi (gik,l + gli,k − gkl,i + gkmS

m
li + glmS

m
ki) ,

❛♥❞ ❝♦♠♣❧❡♠❡♥t✐♥❣ t❤❡ ♦❜✈✐♦✉s ❡q✉❛t✐♦♥ ✲ ❞❡✜♥✐t✐♦♥ Γ p
kl−Γ

p
lk = S

p
kl✱ ✇❡ ♦❜t❛✐♥✿

Γ
p
kl =

1

2
gpi (gik,l + gli,k − gkl,i + gkmS

m
li + glmS

m
ki) +

1

2
S
p
kl. ✭✼✮

❚❤❡♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ ❢r♦♠ t❤❡ ❧❛st ❢♦r♠✉❧❛ ✇❡ s❡❡ t❤❛t

Pp
kl =

1

2
gpi (gik,l + gli,k − gkl,i) ✭✽✮

✐s ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t✳

L
p
kl ≡

1

2
S
p
kl +

1

2
gpi (gkmS

m
li + glmS

m
ki) ✭✾✮

✐s t❡♥s♦r✳

❚❤❡ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t Γ p
kl✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡ ❝♦♥♥❡❝t✐♦♥ s♣❛❝❡✱ ✐s ❝♦♠♣❧❡t❡❧②

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t❡♥s♦rsgik ❛♥❞ Sm
ik ✳ ❚❤❡r❡❢♦r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ Γ p

kl ✐s t❤❡ s✉♠
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◆✳■❨❛r❡♠❡♥❦♦�✐

♦❢ ❛ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t Pp
kl ✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ♠❡tr✐❝ t❡♥s♦r

gik ❛♥❞ t❡♥s♦r Lp
kl ✐s ❝♦♠♣✐❧❡❞ ♦❢ gik ❛♥❞ t❤❡ t❡♥s♦rSm

kl ✱ ♥❛♠❡❧②

Γ
p
kl = Pp

kl + L
p
kl. ✭✶✵✮

❘❡♠❛r❦ ✶✳ ❚❡♥s♦r Lp
kl r❡♣r❡s❡♥ts t❤❡ s✉♠ ♦❢ t✇♦ t❡♥s♦rs✿ s②♠♠❡tr✐❝

1
2
gpi (gkmS

m
li + glmS

m
ki) ❛♥❞ t♦rs✐♦♥ 1

2
S
p
kl✳

❘❡♠❛r❦ ✷✳ ■t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ♣r♦✈❡ t❤❡ r❡❧❛t✐♦♥✿

Γ
p
pl =

1
2
gip,lg

ip = 1√
g

∂
√
g

∂xl ✱ ✇❤❡r❡ g = det |gik|✳
❚❤❡ ♥❡①t st❡♣ ✐♥ ❜✉✐❧❞✐♥❣ ❛ ❣❡♦♠❡tr✐❝ t❤❡♦r② ✐s t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ t❤❡

♣❛r❛❧❧❡❧ tr❛♥s♣♦rt t❡♥s♦r✲✈❡❝t♦r Ai✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②✿

dAi = −Γ i
plA

pdxl,

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts Γ i
pl ✐s t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ s♣❛❝❡✳

❆s ❢✉rt❤❡r ❛r❣✉♠❡♥ts ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ❝❧❛ss✐❝ ❛♥❞ ♦❢t❡♥ r❡♣❡❛t❡❞ t❤❡♠✱ t❤❡

♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧ts ✇✐❧❧ ✇❡❛r s❝❤❡♠❛t✐❝ ❝❤❛r❛❝t❡r✳

❇② ❛ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ♦❢ ui ✇✐t❤ r❡s♣❡❝t t♦ l ✇❡ ♠❡❛♥✿

ui;l ≡ ui,l − Γ k
iluk, u

i
;l ≡ ui,l + Γ i

klu
k.

❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥❝❡✿

ui;l − ul;i = ui,l − ul;i − Sk
iluk.

❉✉r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ❛❧♦♥❣ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠ ✐♥ t❤❡ ✐♠❛❣❡ t♦ t❤❡ ♦r✐❣✐♥❛❧

♣♦❧②❣♦♥ ✐s ❢♦r♠❡❞ t❤❡ ❣❛♣ Zk ✭❜r❡❛❦✐♥❣ t❤❡ ❝✐r❝✉✐t✮✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❛s

❢♦❧❧♦✇s✱ ✉♣ t♦ t❤❡ ✷✲♥❞ ♦r❞❡r ♦❢ s♠❛❧❧♥❡ss r❡❧❛t✐✈❡ t♦ s✐❞❡s ♦❢ ❛ ♣❛r❛❧❧❡❧♦❣r❛♠✿

Zk = Sk
ijA

iBjτ2.

■t ✐s t❤❡ r❡s✉❧t ♦❢ ❝♦❛❣✉❧❛t✐♦♥ ❛t t❤❡ t♦rs✐♦♥ t❡♥s♦r ✇✐t❤ ✈❡❝t♦r ✲ ♣❛rt✐❡s Aiτ

❛♥❞ Bjτ t❤❛t ❡①♣r❡ss ❣❡♦❞❡t✐❝ ❞✐s♣❧❛❝❡♠❡♥t✳ ❚❤❡ ❜❛s✐❝ ❣❡♦♠❡tr✐❝ ♠❡❛♥✐♥❣ ♦❢

t❤❡ t♦rs✐♦♥ t❡♥s♦r ✐s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❣❛♣ ✭✉♣ t♦ ✷♥❞ ♦r❞❡r✮ ❛t ✇❤✐❝❤ t❤❡ ♦♣❡♥

❧♦♦♣ s❤r✐♥❦s✱ ✐❢ t❤❡ t♦rs✐♦♥ ✐s ③❡r♦✱ t❤❡♥ t❤❡ ❣❛♣ ✇✐❧❧ ♥♦t ✐♥✜♥✐t❡s✐♠❛❧ s❡❝♦♥❞ ❜✉t

❤✐❣❤❡r ♦r❞❡r✳

◆❡①t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡s✿

ui;l;k − ui;k;l = R
p
kliup + S

q
klui;q ✭✶✶✮

✇❤❡r❡ ✇❡ ✐❞❡♥t✐✜❡❞

R
p
kli ≡ Γ

p
ik,l − Γ

p
il,k + Γ

p
qlΓ

q
ik − Γ

p
qkΓ

q
il. ✭✶✷✮
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✺✾

R
p
kli ✐s ❝✉r✈❛t✉r❡ t❡♥s♦r✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

ui;l;k − ui;k;l = −Ri
klpu

p + S
q
klu

i
;q ✭✶✸✮

❘❡♠❛r❦ ✸✳ ❆❧s♦ ♣♦ss✐❜❧❡ ❛♥❞ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✇❛② ♦❢ ❞❡✜♥✐t✐♦♥ ❛ ❝♦✈❛r✐❛♥t

❞❡r✐✈❛t✐✈❡✱ ♥❛♠❡❧②✱ t❤❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥t✐❛❧ DAi ✐s ✜rst ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ t❤❡

❢♦r♠✉❧❛✿

DAi ≡∼ dAi + Γ i
jkA

jdxk =
(

Ai
,k + Γ i

jkA
j
)

dxk, ✭✶✹✮

❆❜s♦❧✉t❡ ❞✐✛❡r❡♥t✐❛❧ ❞❡✜♥❡❞ ❛s ❞❡r✐✈❛t✐✈❡ ❝♦❡✣❝✐❡♥t✱ ❛❧❧ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞

✇✐t❤ t❤✐s ❛♣♣r♦❛❝❤ t♦ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐s ✐❞❡♥t✐❝❛❧ ✇✐t❤ t❤❡ ❛♥❛❧②s✐s✱ ✇❤✐❝❤ ❤❛s

❜❡❡♥ ♠❛❞❡ ❛❜♦✈❡✳ ❚❤❡♥ ♠♦r❡ ❝❧❡❛r❧② ✇❡ ❝❛♥ ❛ss❡rt✿ ❢♦r ❛♥② s♣❛❝❡ t♦ ♣♦ss❡ss

❛❜s♦❧✉t❡ ♣❛r❛❧❧❡❧✐s♠ ✐t ✐s ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t❤❛t ❝✉r✈❛t✉r❡

t❡♥s♦r ✇❛s ❜❡ ✐❞❡♥t✐t② ✈❛♥✐s❤✐♥❣ ✭r❡❝❛❧❧ t❤❛t t❤❡ s♣❛❝❡ ✐s ❝❛❧❧❡❞ ✇✐t❤ ❛❜s♦❧✉t❡

♣❛r❛❧❧❡❧✐s♠ ✐❢ t❤❡ r❡s✉❧t ♦❢ t❤❡ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ♦❢ ❛♥ ❛r❜✐tr❛r② t❡♥s♦r ✲ ✈❡❝t♦r

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ♣❛t❤ ❢♦r ❛❧❧ ♣♦✐♥ts ♦❢ s♣❛❝❡✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s

t❤❡♦r❡♠ ✐s ❣❡♥❡r❛❧❧② ❦♥♦✇♥✱ ✇❡ ♥♦t❡ ♦♥❧② t❤❛t ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦r♠✉❧❛✿

D̃DAi −DD̃Ai = −Ri
klpA

pd̃xkdxl, ✭✶✺✮

✇❤✐❝❤ ✇❡ ❝♦✉❧❞ ❣❡t ❜② ❢♦❧❞✐♥❣ ✭✶✸✮ ✇✐t❤ d̃xkdxl✳

❆❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥s ♦✉t❧✐♥❡❞ ❛❜♦✈❡ ❛r❡ ❣❡♥❡r❛❧ ✐♥ ♥❛t✉r❡ ✇✐t❤♦✉t s♣❡❝✐❢②✐♥❣

s♣❛❝❡✱ ❢✉rt❤❡r ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ t❡♥s♦rRp
ikl✳ ❙♦✱ ❜② ❞❡✜♥✐t✐♦♥

♦❢ ✭✶✷✮ ✇❡ ❤❛✈❡✿

R
p
ikl = Γ

p
li,k − Γ

p
lk,i + Γ

p
qkΓ

q
li − Γ

p
qiΓ

q
lk,

❚❤❡♥ ✇❡ ✉s❡ ✭✶✵✮ ❛♥❞ ♦❜t❛✐♥✿

R
p
ikl = Pp

li,k+L
p
li,k−Pp

lk,i+L
p
lk,i+

(

Pp
qk + L

p
qk

)

(Pp
li + L

q
li)−

(

Pp
qi + L

p
qi

)

(Pp
lk + L

q
lk) =

= Pp
li,k − Pp

lk,i + Pp
qkP

q
li − Pp

qiP
q
lk + L

p
li,k − L

p
lk,i + Pp

qkL
q
li+

+Pq
liL

p
qk − Pp

qiL
q
lk − Pq

lkL
p
qi + L

p
qkL

q
li − L

p
qiL

q
lk.

◆❡①t ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥✿

Pp
ikl ≡ Pp

li,k − Pp
lk,i + Pp

qkP
q
li + Pp

qiP
q
lk ✭✶✻✮

✐s ❛ t❡♥s♦r ❧✐❦❡ t❤❡ ❘✐❡♠❛♥♥ ❝✉r✈❛t✉r❡ t❡♥s♦r✱ ❝♦♠♣♦s❡❞ ♦❢ t❤❡ ♠❡tr✐❝ t❡♥s♦r

❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡s✳

Z
p
ikl ≡ L

p
qkL

q
li − L

p
qiL

q
lk ✭✶✼✮

✐s t❡♥s♦r ❛♥❞
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◆✳■❨❛r❡♠❡♥❦♦�✐

Tp
ikl ≡ L

p
li,k − L

p
lk,i + Pp

qkL
q
li + Pq

liL
p
qk − Pp

qiL
q
lk − Pq

lkL
p
qi ✭✶✽✮

✐s t❡♥s♦r✳

■❢ ✇❡ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t Rp
ikl ✐s t❡♥s♦r✱ t❤❡ ❧❛st ❛ss❡rt✐♦♥ ✐s ♦❜✈✐♦✉s✳ ■t ✐s

✐♥t❡r❡st✐♥❣ t♦ ♦❜t❛✐♥ t❤✐s ✐♠♣♦rt❛♥t r❡s✉❧t ✐♥ ❛♥♦t❤❡r ✇❛②✱ ♥❛♠❡❧②✿

Tp
ikl = L

p
li;k − L

p
lk;i − L

q
liΓ

p
qk + L

p
qiΓ

q
lk + L

p
lqΓ

q
ik + L

q
lkΓ

p
qi − L

p
qkΓ

q
li − L

p
lqΓ

q
ki+

+Pp
qkL

q
li + Pq

liL
q
qk − Pp

qiL
q
lk − Pq

lkL
p
qi =

= L
p
li;k − L

p
lk;i − L

q
liL

p
qk + L

p
qiL

q
lk + L

q
lkL

p
qi − L

p
qkL

q
li + L

p
lqS

q
ik,

✐s ♦❜✈✐♦✉s❧② t❤❡ t❡♥s♦r ❜❡❝❛✉s❡ t❤❡ ❛❜s♦❧✉t❡ ❞❡r✐✈❛t✐✈❡s ❤❛✈❡ t❡♥s♦r ❝❤❛r❛❝t❡r✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥✿

Mp
ikl ≡ Tp

ikl + Z
p
ikl, ✭✶✾✮

t❤❡♥ ✇❡ ♦❜t❛✐♥

Mp
ikl = L

p
li;k − L

p
lk;i + L

p
lqS

q
ik + L

p
qiL

q
lk − L

p
qkL

q
li, ✭✷✵✮

❛♥❞ ✐♥ t❤❡ ♥❡✇ ♥♦t❛t✐♦♥✿

R
p
ikl = Pp

ikl +Mp
ikl. ✭✷✶✮

❋♦r♠✉❧❛ ✭✷✶✮ s❤♦✇s t❤❛t t❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r✱ ✐♥ ❣❡♥❡r❛❧✱ ❝❛s❡s ❝❛♥ ❜❡ r❡♣✲

r❡s❡♥t❡❞ ❛s t❤❡ s✉♠ ♦❢ t✇♦ t❡♥s♦rs ✭s✉❝❤ r❡♣r❡s❡♥t❛t✐♦♥ ✐s ♥♦t ❛❝❝✐❞❡♥t❛❧✱ ✐t

✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❤②s✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✜❡❧❞✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ✐♥ t❤❡

❛❜s❡♥❝❡ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞s t❡♥s♦r Mp
ikl ✐s ♥♦t ❡q✉❛❧ t♦ ③❡r♦✮✳ ❆❧t❤♦✉❣❤ t❤❡

❢♦r♠✉❧❛ ✭✷✵✮ ❣✐✈❡s ❛ q✉❛❧✐t❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ✐t ❛

❧✐tt❧❡ ❝♦♥✈❡♥✐❡♥t✱ s✐♥❝❡ ✐♥ ✐t r❡✲❡♥t❡r t❤❡ ✈❛❧✉❡s ♦❢ Γ i
jk✳

❋✉rt❤❡r✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ ❡q✉❛t✐♦♥ ♦❢ ❘✐❝❝✐ ✕

❏❛❝♦❜✐

R
p
ikl +R

p
kli +R

p
lik = S

p
ik,l + S

p
kl,i + S

p
li,k + Γ

p
qkS

q
li + Γ

p
qkS

q
ik + Γ

p
qiS

q
kl =

= S
p
ik;l + Γ

q
ilS

p
qk + Γ

q
klS

p
iq + S

p
kl;i + Γ

q
kiS

p
ql + Γ

q
liS

p
kq + S

p
li;k + Γ

q
lkS

p
qi + Γ

q
ikS

p
lq =

= S
p
ik;l + S

p
kl;i + S

p
li;k + S

p
lqS

q
ik + S

p
kqS

q
li + S

p
iqS

q
kl.

■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❡ ❡q✉❛t✐♦♥s✿

Si
jpS

p
ki + Si

kpS
p
ij = 0, Si

ipS
p
jk = 0;

❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥✿

Si
jpS

p
ki + Si

kpS
p
ij + Si

ipS
p
jk = 0.
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✻✶

✸ ❚❤❡ st✉❞② ♦❢ ❣❡♦❞❡s✐❝s ✐♥ t❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥

❋♦r♠✉❧❛ ✭✼✮ ❝♦♥s✐sts ♦❢ s✉♠ t❤r❡❡ s✉♠♠❛♥❞ ♦❢ ✈❛r✐♦✉s ❦✐♥❞s✳

❚❤❡ s✉♠ ✭✽✮ ✐s ❛ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t s❡❝♦♥❞ ✈❛❧❡♥❝❡❀ ✐ts ❝♦♠♣♦♥❡♥ts ❛r❡ ❝♦♥✲

✈❡rt❡❞ ❜② ❛ ❢♦r♠✉❧❛ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ t❤❛t t❛❦❡s ♣❧❛❝❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐♦♥✿

Pp′

k′l′ = Pp
kl

∂xp
′

∂xp
∂xk

∂xk
′

∂xl

∂xl
′
+

∂2xp

∂xk
′

∂xl
′

∂xp
′

∂xp
, ✭✷✷✮

❜✉t ♥♦t❡ t❤❛t ✐♥ t❤✐s s♣❛❝❡✱ t❤✐s ✧❝♦♥♥❡❝t✐♦♥✧ ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✧t♦rs✐♦♥ ❝♦♥✲

❞✐t✐♦♥✧ ✭Si
jk ≡ Γ i

jk − Γ i
kj✮✳

❱❛❧✉❡✿ 1
2
S
p
kl ✲ t❤✐s t❡♥s♦r ❝❛♥ ❜❡ t♦ ❜❡ ✉s❡❞ ❛s ❛ ✧❝♦♥♥❡❝t✐♦♥✧✱ ❜✉t t❤❡♥ t❤✐s

✧❝♦♥♥❡❝t✐♦♥✧ ✐s ♥♦t ✉s❡❞ t♦ s❛t✐s❢② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳

❱❛❧✉❡✿

M
p
kl ≡

1

2
gpi (gkmS

m
li + glmS

m
ki) , ✭✷✸✮

✐s ❛ t❡♥s♦r t❤❛t ❡①♣r❡ss❡s t❤❡ ❝♦♠❜✐♥❡❞ ❡✛❡❝t ♦❢ t❤❡ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥✳

❋✐rst ♦❢ ❛❧❧✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❡❧❡♠❡♥t 1
2
S
p
kl ❞♦❡s ♥♦t ❛✛❡❝t t❤❡

❣❡♦❞❡s✐❝✱ s✐♥❝❡ ❜② t❤❡ ❛s②♠♠❡tr② ♦❢ t❤❡ t♦rs✐♦♥ ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥s

♦❢ ❣❡♦❞❡s✐❝ ❧✐♥❡s✿
d2xk

dτ2
= −Γ k

ij

dxi

dτ

dxj

dτ
, ✭✷✹✮

✐✳❡✳ ❡q✉❛t✐♦♥ ✭✷✹✮ ✇✐❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞ ♦♥❧② s✉♠ Pp
kl+M

p
kl✳ ■♥ ✭✷✹✮ τ ✐s t❤❡ ❝❛♥♦♥✐❝❛❧

♣❛r❛♠❡t❡r✱ ✐✳❡✳ ❢♦r ✇❤✐❝❤ t❤❡r❡ dxi

dτ
✐s ❛ ♣♦rt❛❜❧❡ ♣❛r❛❧❧❡❧ ✈❡❝t♦r✳ ❋♦r ♥♦ ✐s♦tr♦♣✐❝

❣❡♦❞❡s✐❝ t❤❡ ❧❡♥❣t❤ ♦❢ ❛r❝ s ✐s ❛ ❝❛♥♦♥✐❝❛❧ ♣❛r❛♠❡t❡r✱ ❢♦r ❣❡♦❞❡t✐❝ r❡❧❛t❡❞ t♦ s

t❛❦❡ ♣❧❛❝❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿

d2xk

ds2
= −Γ k

ij

dxi

ds

dxj

ds
.

❉❡✜♥✐t✐♦♥✳ ❚❤❡ ❧✐♥❡ ✐s ❝❛❧❧❡❞ ❛ ❣❡♦❞❡s✐❝ ✐❢ ❛♥② t❛♥❣❡♥t t♦ t❤✐s ❧✐♥❡ ❛t s♦♠❡

♣♦✐♥t ✈❡❝t♦r r❡♠❛✐♥s t❛♥❣❡♥t t♦ ✐t ❛t t❤❡ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ❛❧♦♥❣ ✐t✳

❚❤❡♦r❡♠ ✷✳ ❊q✉❛t✐♦♥s ♦❢ ❣❡♦❞❡s✐❝ ❧✐♥❡s ✐♥ ❛ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥ ❞❡✲

t❡r♠✐♥❡❞ ❜② t❤❡ ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t ✐♥ ❢♦r♠ ♦❢ t❤❡ s✉♠✿

Pp
kl +M

p
kl =

1

2
gpi (gik,l + gli,k − gkl,i) +

1

2
gpi (gkmS

m
li + glmS

m
ki) .

■♥ ❝❛s❡ ❝❧❛ss✐❝❛❧ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ❣❡♦❞❡t✐❝ ❧✐♥❡s ❤❛✈❡ ❦♥♦✇♥ ❡①tr❡♠❡ ♣r♦♣✲

❡rt✐❡s✱ ✐♥ t❤✐s ❝❛s❡ ❛♥❛❧♦❣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❣❡♦❞❡s✐❝ r❡q✉✐r❡ ❛❞❞✐t✐♦♥❛❧ r❡s❡❛r❝❤✳

❚❤✉s✱ ❢♦r ❛ ♥♦ ✐s♦tr♦♣✐❝ ❣❡♦❞❡s✐❝ ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ♣❛r❛♠❡t❡r ❛r❝ ❧❡♥❣t❤ s✱ ✇❡

❤❛✈❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿

d2xk

ds2
= −Γ k

ij

dxi

ds

dxj

ds
.
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◆✳■❨❛r❡♠❡♥❦♦�✐

❈♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛r❝ ❧❡♥❣t❤✳

▲❡t ❛ ♥♦♥✲✐s♦tr♦♣✐❝ ❝✉r✈❡✿ xi = xi(t), t ∈ [t1; t2]✳ ❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛r✐❛t✐♦♥

♦❢ ❧❡♥❣t❤ δS ♦❢ t❤❡ ❝✉r✈❡ S✿

δS =

∫ t2

t1

δ

√

gij
dxi

dt

dxj

dt
dt =

∫ t2

t1

δ
(

gij
dxi

dt
dxj

dt

)

2
√

gij
dxi

dt
dxj

dt

dt

δ

(

gij
dxi

dt

dxj

dt

)

= gijD̃
dxi

dt

dxj

dt
+ gij

dxi

dt
D̃
dxj

dt
= 2gij

dxi

dt
D̃
dxj

dt

D̃
dxj

dt
= δ

dxj

dt
+ Γ

j
pk

dxp

dt
δxk

D
δxj

dt
=

d

dt
δxj + Γ

j
kp

dxk

dt
δxp

D̃
dxj

dt
= D

δxj

dt
+ S

j
pk

dxp

dt
δxk,

✇❤❡r❡ ❞❡♥♦t❡s D̃ t❤❡ ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥t✐❛❧ t❤r♦✉❣❤ t❤❡ ♣❛r❛♠❡t❡r ❝✉r✈❡s ♦❢ t❤❡

❢❛♠✐❧② ❛t ❛ ❝♦♥st❛♥t ✈❛❧✉❡ t✱ ❛♥❞ D ✐s ❛❜s♦❧✉t❡ ❞✐✛❡r❡♥t✐❛❧ ❝❤❛r❣❡ s♠❛❧❧ ❞✐s♣❧❛❝❡✲

♠❡♥t dt ❝✉r✈❡ ❛t ❛ ❝♦♥st❛♥t ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❢❛♠✐❧②✱ t❤❡♥

δ

(

gij
dxi

dt

dxj

dt

)

= 2gij
dxi

dt

(

D
δxj

dt
+ S

j
pk

dxp

dt
δxk

)

,

δs =

∫ t2

t1

gij
dxi

ds
Dδxj +

∫ t2

t1

gijS
j
pk

dxi

ds
dxpδxk =

=

∫ t2

t1

D

(

gij
dxi

ds
δxj

)

−
∫ t2

t1

gijD
dxi

ds
δxj +

∫ t2

t1

gijS
j
pk

dxi

ds
dxpδxk,

✐❢ t❤❡ ❡♥❞s ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ❝✉r✈❡ ✜①❡❞✱ t❤❡♥

δs =

∫ t2

t1

(

gijS
j
pk

dxi

dt
dxpδxk − gijD

dxi

dt
δ xj

)

,

✐❢ ❝♦♥s✐❞❡r❡❞ ❝✉r✈❡ ❤❛s ✜①❡❞ ❧❡♥❣t❤ ✭❛♥❛❧②t✐❝❛❧❧② δs = 0✮✱ t❤❡♥ ✇❡ ♦❜t❛✐♥✿
∫ t2

t1

(gij S
j
pk

dxi

ds
dxpδxk − gijD

dxi

ds
δ xj

)

= 0.

❯s✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧❡♠♠❛ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ ✐t ❢♦❧❧♦✇s✿

gikS
k
pj

dxi

ds
dxp − gijD

dxi

ds
= 0.

❚❤✐s ❡q✉❛t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ t❛♥❣❡♥t ✈❡❝t♦r ξq ♦❢ t❤❡ ❝✉r✈❡ ✐s tr❛♥s♣♦rt❡❞

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧❛✇ DξqgjqgikS
k
pjξ

idxp✱ t❤❛t ♠❡❛♥s ❛ s ✐s ♥♦t ❣❡♦❞❡s✐❝ ❝✉r✈❡✳

❈♦♥✈❡rs❡❧②✱ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❡♦❞❡s✐❝ ❧✐♥❡s ✐s✿

δs =

∫ t2

t1

gijS
j
pk

dxi

dt
dxpδxk.
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✻✸

Pr♦♣❡rt✐❡s ✐♥ t❤❡ ♥❡✇ ❣❡♦❞❡s✐❝ ❣❡♦♠❡tr② ❞❡✜♥❡❞ ❜② ♠❡❛♥s ♦❢ t✇♦ t❡♥s♦rs gik

❛♥❞ Sj
ik ❞✐✛❡r ❣r❡❛t❧② ❢r♦♠ s✐♠✐❧❛r ♣r♦♣❡rt✐❡s ✐♥ ❘✐❡♠❛♥♥ ❣❡♦♠❡tr②✳ ❚❤❡ t❤❡♦r❡♠

✐s ♣r♦✈❡❞✳

❚❤❡♦r❡♠ ✸✳ ■♥ ♦r❞❡r ♥♦t ✐s♦tr♦♣✐❝ ❧✐♥❡ ✐♥ s♣❛❝❡ ✐s ❣❡♥❡r❛t❡❞ ❜② gik ❛♥❞ Sj
ik

✇❛s ❣❡♦❞❡t✐❝ ✐t ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t t❤❛t ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛r❝ ✇❛s ❡q✉❛❧❡❞✿

∫ t2

t1

gijS
j
pk

dxi

dt
dxpδxk.

❈♦♥s❡q✉❡♥❝❡✳ ■♥ t❤❡ ❝❛s❡ ♦❢ s♣❛❝❡s ✇✐t❤ ❛✣♥❡ ❝♦♥♥❡❝t✐♦♥ ✐s ❦♥♦✇♥ t❤❛t

t❤❡r❡ ✐s ❛ ❜r❡❛❝❤ ♦❢ ❝❧♦s✉r❡ ❞✉r✐♥❣ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ t♦ t❤❡ ✐♠❛❣❡

❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡❧② s♠❛❧❧ ❝♦♥t♦✉r ❞❡t❡r♠✐♥❡❞ ✭✉♣ ✷ ✲

t❤❡ s❡❝♦♥❞ ♦r❞❡r r❡❧❛t✐✈❡ t♦ τ✮✳ ■❢ ②♦✉ s♣❡❝✐❢② t❤❡ t♦rs✐♦♥ t❡♥s♦r Sk
ij ❛t t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥t✱ t❤❡♥ ✐❢ t❤✐s ❣❛♣ ✐s ❞❡♥♦t❡❞ ❜② Ψk✱ t❤❡♥ Ψk = Sk
ijA

iBjτ2 ✱

✇❤❡r❡ t❤❡ ♣❛r❛❧❧❡❧♦❣r❛♠ Aiτ ❛♥❞ Bjτ s❤r✐♥❦s t♦ ❛ ♣♦✐♥t ❛t τ → 0✳ ■♥ t❤✐s ❝❛s❡✱

②♦✉ ❝❛♥♥♦t s✐♠♣❧② ❛ss❡rt t❤❛t s✉❝❤ ❛ ❣❛♣ ❡①✐sts✱ ❛♥❞ t♦ ❡①tr❛♣♦❧❛t❡ t❤❡ sq✉❛r❡

♦❢ t❤❡ ❧❡♥❣t❤✿ |Ψ |2 = gpqS
p
ijA

iBjS
q
klA

kBlτ4✳

❈♦♥s✐❞❡r t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❛t ✐♠♣❛❝t ❡❛❝❤ s✉♠♠❛♥❞ ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥ ❤❛s ♦♥

t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♦❞❡s✐❝✳ ▲❡t t❤❡ ✈❡❝t♦r Ai ✐s t❛♥❣❡♥t t♦ ❛♥② ❣❡♦❞❡s✐❝ ❛♥❞

Ai ✐s ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt❡❞ t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ Γ p
kl✿

Γ
p
kl =

1

2
gpi (gik,l + gli,k − gkl,i + gkmS

m
li + glmS

m
ki) +

1

2
S
p
kl

❛♥❞ ❛ ✈❡❝t♦r Bi✐s ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt❡❞ t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ Pp
kl✿

Pp
kl =

1

2
gpi (gik,l + gli,k − gkl,i) .

■t ✇❛s ❢♦✉♥❞ t❤❛t t❤❡ ✜rst ❣❡♦❞❡s✐❝ ❝♦♥♥❡❝t✐♦♥s ❝♦✐♥❝✐❞❡ ✇✐t❤ ❣❡♦❞❡s✐❝ ❝♦♥♥❡❝t✐♦♥

Pp
kl + M

p
kl❀ ❤❡r❡ M

k
ij ✐s ❛♥ ❛r❜✐tr❛r② s②♠♠❡tr✐❝ t❡♥s♦r✳ ❙✐♥❝❡ ❜♦t❤ ✈❡❝t♦r ❛r❡

t❛♥❣❡♥t✐❛❧✱ t❤❡♥

Bi = aAi,

✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t a ✐s ✈❛r✐❛❜❧❡ ❛♥❞ a 6= 0✳ ❚❡♥s♦r✲✈❡❝t♦r Ai ✐s ❣✐✈❡♥ ❜②✿

dAk = −
(

Pk
ij +Mk

ij

)

Aidxj ,

dBk = −Pk
ijB

idxj .

❚❤❡♥✱ ✇❡ ❤❛✈❡

Akda+ adAk = −Pk
ijaA

idxj ,

Akda

a
=Mk

ijA
idxj . ✭✷✺✮
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❚❛♥❣❡♥t ✈❡❝t♦r Ai ❝❛♥ ❜❡ ✇r✐tt❡♥✿ Ai = dxi

dτ
✇❤❡r❡ τ ✲ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣❛r❛♠❡t❡r

r❡❧❛t✐✈❡ t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ Pp
kl +M

p
kl✳

❚❤❡♥✱ ❛❢t❡r ❞✐✈✐❞✐♥❣ ❜② dτ ✱ ✇❡ ❤❛✈❡

d ln a

dτ
Ak =Mk

ijA
iAj .

❙✐♥❝❡ ❣❡♦❞❡s✐❝ ❧✐♥❡s ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t t❤r♦✉❣❤ ❛♥② ♣♦✐♥t ❛♥❞ ✐♥ ❛♥② ❞✐r❡❝t✐♦♥✱

t❤❡♥ ❡q✉❛❧✐t② ♠✉st ❜❡ tr✉❡ ❛t ❛♥② ♣♦✐♥t ❛♥❞ ❢♦r ❛♥② ✈❡❝t♦r Ai✱ t❤❡ ❢✉♥❝t✐♦♥❛❧

❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣♦✐♥t ❛♥❞ ❞✐r❡❝t✐♦♥✱ ♦❜✈✐♦✉s❧② t❤❡r❡✳

❚❤❡ ❧❛st ❡q✉❛❧✐t② ✐s ♠✉❧t✐♣❧✐❡❞ ❜② Al ❛♥❞ ❛❧t❡r♥❛t❡ ❜② k ❛♥❞ l✿

AlMk
ijA

iAj −AkM l
ijA

iAj = 0,

♦r

δlmM
k
ijA

iAjAm − δkmM
l
ijA

iAjAm = 0,

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ δlm = gmpg
pl✳ ❚❤✐s ❡q✉❛t✐♦♥ ♠✉st ❤♦❧❞ ✐❞❡♥t✐❝❛❧❧② ✇✐t❤ r❡s♣❡❝t

t♦ ✈❡❝t♦rs A1, ......, An✱ ❝♦♥s❡q✉❡♥t❧②✱ ❛❢t❡r s✉♠♠❡❞ s✐♠✐❧❛r s✉♠♠❛♥❞ ❛❧❧ t❤❡

❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ❝✉❜✐❝ ❢♦r♠ ♠✉st ✈❛♥✐s❤✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ t♦t❛❧ ❝♦❡✣❝✐❡♥t✿

δlmM
k
ij − δkmM

l
ij + δliM

k
jm − δkiM

l
jm + δljM

k
mi − δkjM

l
mi = 0.

t❤❡♥ ✇❡ ❝♦♥tr❛❝t❡❞ t❡♥s♦r ❜② ✐♥❞✐❝❡s l ❛♥❞ j✳ ❙✐♥❝❡ δii = n✱ ✇❡ ❤❛✈❡✿

Mk
ij =

1

n+ 1

(

δkiM
l
jl + δkjM

l
il

)

.

❆❧❧ ❝❛❧❝✉❧❛t✐♦♥s ♣r❡s❡♥t❡❞ ❛❜♦✈❡ ❞♦ ♥♦t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ s♣❡❝✐✜❝✐t② ♦❢

t❤❡ t❡♥s♦r Mk
ij ✱ t❤❡♥✱ ❧❡t M

p
kl ≡ 1

2
gpi (gkmS

m
li + glmS

m
ki)✱ t❤❡♥ s✉❜st✐t✉t❡ ✐♥ t❤❡

❧❛st ❡q✉❛t✐♦♥ M l
kl ≡ 1

2
Sl
kl✱ ✇❡ ♦❜t❛✐♥❡❞✿

Mk
ij =

1

2

1

n+ 1

(

δki S
l
jl + δkj S

l
il

)

.

❲❡ ❢♦r♠✉❧❛t❡ ❛♥ ✐♠♣♦rt❛♥t t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳ ▲❡t ✐t ❜❡ ❣✐✈❡♥ ❝❧❛ss✐❝❛❧ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ✭❘✐❡♠❛♥♥✐❛♥ ♠❛♥✲

✐❢♦❧❞ ✇✐t❤ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ t❡♥s♦r gik ✮ ✇✐t❤ t❤❡ ❝♦♥♥❡❝t✐♦♥ P k
ij ✲ ❝♦♥♥❡❝t✐♦♥

❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡✳ ▲❡t Y n ❜❡ t❤❡ s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❥♦✐♥t❧② ❛♥❞ ❛❣r❡❡❞ ❜② ♠❡tr✐❝ gik

❛♥❞ t♦rs✐♦♥ Sk
ij t❡♥s♦rs t♦❣❡t❤❡r ✇✐t❤ ❝♦♥♥❡❝t✐♦♥ Γ k

ij✳ ❚♦ ❝♦✐♥❝✐❞❡ t❤❡ ❣❡♦❞❡s✐❝s

✐♥ ❝❧❛ss✐❝❛❧ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ✇✐t❤ t❤❡ ❣❡♦❞❡s✐❝s ✐♥ s♣❛❝❡ Y n ✐t ✐s ♥❡❝❡ss❛r② ❛♥❞

s✉✣❝✐❡♥t t❤❛t t❤❡ ❝♦♥♥❡❝t✐♦♥s P k
ij ❛♥❞ Γ k

ij t♦ ❜❡ ❞✐✛❡r❡❞ ❜② t❡♥s♦r✿

1

2

1

n+ 1

(

δki S
l
jl + δkj S

l
il

)

,
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✻✺

✐✳❡✳

Γ k
ij − P k

ij =
1

2

1

n+ 1

(

δki S
l
jl + δkj S

l
il

)

.

Pr♦♦❢✳ ❚❤❡ ♥❡❝❡ss✐t② ✇❛s ❞❡r✐✈❡❞ ❛❜♦✈❡ ✐♥ ♠♦r❡ ❣❡♥❡r❛❧ t❡r♠s t❤❛♥ t❤❡

t❤❡♦r❡♠ ✐s r❡q✉✐r❡❞✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ s✉✣❝✐❡♥❝②✳ ❲❡ ❛ss✉♠❡ t❤❛t

Pk
ij = Γ k

ij −
1

2

1

n+ 1

(

δki S
l
jl + δkj S

l
il

)

.

❚❤❡♥ ✇❡ ❛❣❛✐♥ ✉s✐♥❣ ✭✷✺✮✱ ✇❡ ❤❛✈❡✿

d ln a

dτ
= Sl

ilA
i.

❙✐♥❝❡ ❛❧♦♥❣ t❤❡ ❝✉r✈❡ Sl
ilA

i t❤❡r❡ ✐s ❛ ❞❡✜♥✐t❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r τ ✱ t❤❡♥ ✐t

✇✐❧❧ ✜♥❞ ln a ❛❢t❡r ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ ✉♣ t♦ ❛ ❝♦♥st❛♥t a✱ ❜✉t ♦♥❧② ✉♣ t♦ ❛ ❝♦♥st❛♥t

❢❛❝t♦r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✈❡❝t♦r ✐s ❢♦✉♥❞ Bi = aAi ❛♥❞ ❛❧❧ ❣❡♦❞❡s✐❝ ❝♦✐♥❝✐❞❡✳ ❚❤❡

t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳

✹ ❚❤❡ t❤❡♦r② ♦❢ ❤②♣❡rs✉r❢❛❝❡s

❋✐rst ✇❡ ❢♦r♠✉❧❛t❡ ❛ ✇❡❧❧✲❦♥♦✇♥ ❝❧❛ss✐❝❛❧ r❡s✉❧t ♦♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ❢♦r♠✉✲

❧❛s ♦❢ ❤②♣❡rs✉r❢❛❝❡ ✐♥ ❘✐❡♠❛♥♥✐❛♥ t♦rs✐♦♥✲❢r❡❡ s♣❛❝❡✱ ✇❤❡r❡ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐s

✉♥✐q✉❡❧② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♠❡tr✐❝✳

❋♦r♠❛❧ st❛t❡♠❡♥t ♦❢ ●❛✉ss✲❈♦❞❛③③✐ ❡q✉❛t✐♦♥s ✐♥ s♣❛❝❡ ✇✐t❤ s②♠♠❡tr✐❝❛❧ ❝♦♥✲

♥❡❝t✐♦♥✱ Sk
ij = 0. ❆ss✉♠❡ t❤❛t ✐ ✿ ▼ ⊂ P ❜❡ ✐s ♥✲❞✐♠❡♥s✐♦♥❛❧ ❡♠❜❡❞❞❡❞ s✉❜♠❛♥✲

✐❢♦❧❞ ♦❢ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ P ♦❢ ❞✐♠❡♥s✐♦♥ ♥✰♣✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥

♦❢ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ ▼ ✐♥t♦ t❤❛t ♦❢ P ❜② t❤❡ ♣✉s❤❢♦r✇❛r❞✱ ❛♥❞ t❤❡ ❝♦❦❡r♥❡❧

✐s t❤❡ ♥♦r♠❛❧ ❜✉♥❞❧❡ ♦❢ ▼✿ 0 → Tx → TxP |M → T⊥
x M → 0. ❚❤❡ ♠❡tr✐❝ s♣❧✐ts

t❤✐s s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡✱ ❛♥❞ s♦ TP |M = TM ⊕ T⊥M.

❚❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ∇′ ♦❢ P ❞❡❝♦♠♣♦s❡s ✐♥t♦ t❛♥❣❡♥t✐❛❧ ❛♥❞ ♥♦r♠❛❧

❝♦♠♣♦♥❡♥ts✳ ❋♦r ❡❛❝❤ ❳ ∈ ❚▼ ❛♥❞ ✈❡❝t♦r ✜❡❧❞ ❨ ♦♥ ▼✱ ∇′
XY = T (∇′

XY )+ ⊥
(∇′

XY ). ▲❡t ✐t ❜❡ ∇XY = T (∇′
XY ), α(X,Y ) =⊥ (∇XY ).●❛✉ss✬ ❢♦r♠✉❧❛ ❛ss❡rts

t❤❛t ∇X ✐s ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ♦♥ ▼✱ ❛♥❞ α ✐s ❛ s②♠♠❡tr✐❝ ❢♦r♠ ✇✐t❤ ✈❛❧✉❡s

✐♥t♦ t❤❡ ♥♦r♠❛❧ ❜✉♥❞❧❡✳ ■t ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ✐s t❤❡ ●❛✉ss ❡q✉❛t✐♦♥✳ ❋♦r ❳✱ ❨✱ ❩✱ ❲ ∈ ❚▼✱

〈R′(X,Y )Z,W 〉 = 〈R(X,Y )Z,W 〉+ 〈α(X,Z), α(Y,W )〉 − 〈α(Y, Z), α(X,W )〉,

✇❤❡r❡ R′ ✐s t❤❡ ❘✐❡♠❛♥♥ ❝✉r✈❛t✉r❡ t❡♥s♦r ♦❢ P ❛♥❞ ❘ ✐s t❤❛t ♦❢ ▼✳

❚❤❡r❡ ❛r❡ t❤✉s ❛ ♣❛✐r ♦❢ ❝♦♥♥❡❝t✐♦♥s✿ ∇✱ ❞❡✜♥❡❞ ♦♥ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ♦❢ ▼❀

❛♥❞ ❉✱ ❞❡✜♥❡❞ ♦♥ t❤❡ ♥♦r♠❛❧ ❜✉♥❞❧❡ ♦❢ ▼✳ ❚❤❡s❡ ❝♦♠❜✐♥❡ t♦ ❢♦r♠ ❛ ❝♦♥♥❡❝t✐♦♥
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♦♥ ❛♥② t❡♥s♦r ♣r♦❞✉❝t ♦❢ ❝♦♣✐❡s ♦❢ ❚▼ ❛♥❞ ❚ ⊥ ▼✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡② ❞❡✜♥❡❞

t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ♦❢ α ✿

(∇′′
Xα)(Y, Z) = DX(α(Y, Z))− α(∇XY, Z)− α(Y,∇XZ).

❈♦❞❛③③✐ ❡q✉❛t✐♦♥ ✐s

⊥〈R′(X,Y )Z〉 = (∇′′
Xα)(Y, Z)− (∇′′

Y α)(X,Z).

❚❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s ❛❧s♦ ❤♦❧❞ ❢♦r ✐♠♠❡rs✐♦♥s✱ ❜❡❝❛✉s❡ ❡✈❡r② ✐♠♠❡rs✐♦♥ ✐s✱ ✐♥

♣❛rt✐❝✉❧❛r✱ ❛ ❧♦❝❛❧ ❡♠❜❡❞❞✐♥❣✳ ❚❤❡ ✐♠♣♦rt❛♥t ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ t❤❡♦r② st❛t❡❞

❛❜♦✈❡ ✐s t❤❛t ❝♦♥♥❡❝t✐♦♥ ✐s s②♠♠❡tr✐❝❛❧ s♦ ❛♥❛❧♦❣ ♦❢ s❡❝♦♥❞ ❢♦r♠ ♦❢ ❤②♣❡rs✉r❢❛❝❡

✐s s②♠♠❡tr✐❝❛❧ ❛♥❞ ✇❡ ❝♦✉❧❞ ♦❜t❛✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ❢♦r♠✉❧❛s ♦❢ ❤②♣❡rs✉r❢❛❝❡✳

■♥ ♦✉r ❝❛s❡ ✇❡ ❞♦♥✬t ❛ss✉♠❡ ❛♥② ❝♦♥❞✐t✐♦♥s ❛❜♦✉t t❤❡ ❝♦♥♥❡❝t✐♦♥

s②♠♠❡tr②✱ s♦ ❜❡❧♦✇ ✇❡ st✉❞② ♠✉❝❤ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ♣r♦❜❧❡♠✳

❆ s✐♠✐❧❛r ♠❛♥♥❡r ❛s ✐♥ t❤❡ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡ ❝❛♥ ❜❡ ❞❡✈❡❧♦♣❡❞ ❛ t❤❡♦r②

♦❢ ❤②♣❡rs✉r❢❛❝❡s✱ s♦ ✐♥ t❤❡ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ❛ t❤❡✲

♦r② ♦❢ ❤②♣❡rs✉r❢❛❝❡s ✳ ❇✉t✱ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t♦rs✐♦♥✱ ✐♥ t❤❡s❡ ❝❛s❡s t❤❡r❡

✐s ❛ s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ❡q✉❛t✐♦♥s ✭❛♥❛❧♦❣ P❡t❡r✲

s♦♥ ❈♦❞❛③③✐ ❡q✉❛t✐♦♥s✮ t❛❦❡ ❛ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❢♦r♠✱ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥❡✇

s✉♠♠❛♥❞s✱ ✇❤✐❝❤ ❛r❡ ❝❛✉s❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ t♦rs✐♦♥ ✐♥ t❤❡ s♣❛❝❡✳

❲❡ ♠❛❦❡ ❛ st✉❞② ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡s Y n−1 ✐♥ ❛ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥

Y n✳ ❲❡ ❛r❡ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❤②♣❡rs✉r❢❛❝❡ ✐s ❞❡✜♥❡❞ ❜② ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

xi = xi
(

y1, ..., yn−1
)

,

❛♥❞ t❤❡ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐①
[

∂xi

∂yα

]

❡q✉❛❧ n−1✳ ❚❤❡ ♠❡tr✐❝ t❡♥s♦r ♦❢ ❤②♣❡rs✉r❢❛❝❡

Y n−1 ✐s ❣✐✈❡♥ ❜②✿

aαβ = gij
∂xi

∂yα
∂xj

∂yβ
, ✭✷✻✮

❚❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❡♥s♦r ♦❢ t♦rs✐♦♥ T γ
αβ ♦❢ ❤②♣❡rs✉r❢❛❝❡ Y n−1

✭❛ss✉♠✐♥❣ t❤❛t ❢✉♥❝t✐♦♥s xi(y1, ..., yn−1) ❛r❡ s♠♦♦t❤ ❡♥♦✉❣❤✮✳ ▲❡t Gα
βγ ❜❡ t❤❡

❝♦♥♥❡❝t✐♦♥ ♦❢ Y n−1 ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t Gα
βγ ❡①♣r❡ss ✈✐❛ ♠❡tr✐❝ aαβ ❛♥❞ ♦❢

t♦rs✐♦♥ T γ
αβ s✐♠✐❧❛r❧② t♦ ❛s t❤❡ ❝♦♥♥❡❝t✐♦♥ Γ k

ij ❡①♣r❡ss ❜② ♠❡❛♥s ♦❢ gij ❛♥❞ Sk
ij ✱

✇❡ ❤❛✈❡✿

Gα
βγ =

1

2

(

aαη
(

aβη,γ + aγη,β + aβγ,η + aβµT
µ
γη + aγµT

µ
βη

)

+ Tα
γβ

)

. ✭✷✼✮

Gα
βγ ✐s ❣❡♦♠❡tr✐❝ ♦❜❥❡❝t ❛♥❞ ✐s s✉❜❥❡❝t❡❞ t♦ t❤❡ ❧❛✇ ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠

♦♥❡ ❝♦♦r❞✐♥❛t❡ s②st❡♠ uα t♦ ❛♥♦t❤❡r uα
′

❜② t❤❡ ❢♦r♠✉❧❛✿

Gα
βγ = Gα

′

β
′
γ
′

∂uα

∂uα
′

∂uβ
′

∂uβ
∂uγ

′

∂uγ
+
∂uα

∂uα
′

∂2uα
′

∂uβ∂uγ
.
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✻✼

❚❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦♥♥❡❝t✐♦♥ Gα
βγ ♦❢ Y n−1 ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❝♦♥♥❡❝t✐♦♥

Γ k
ij ♦❢ Y n ♠❡❛♥ ♦❢ ❢♦r♠✉❧❛✿

Gα
βγ

∂xk

∂uα
= Γ k

ij

∂xi

∂uβ
∂xj

∂uγ
+

∂2xk

∂uβ∂uγ
.

❲❡ ♦❜t❛✐♥

1

2

(

aαη
(

aβη,γ + aγη,β + aβγ,η + aβµT
µ
γη + aγµT

µ
βη

)

+ Tα
γβ

) ∂xk

∂uα
=

=
1

2
(gkn

(

gni,j + gnj,i − gij,n + gimS
m
jn + gjmS

m
in) + Sk

ij

) ∂xi

∂uβ
∂xj

∂uγ
+

∂2xk

∂uβ∂uγ
.

❇② ♣❡r♠✉t✐♥❣ ✐♥❞✐❝❡s✱ ✇❡ ❤❛✈❡ ♥❡①t ❢♦r♠✉❧❛ ❢♦r t❤❡ t♦rs✐♦♥ t❡♥s♦r ♦❢ ❤②♣❡rs✉r❢❛❝❡

Y n−1✿

T
γ
αβ = aγηgpqS

p
ij

∂xi

∂yα
∂xj

∂yβ
∂xq

∂yη
. ✭✷✽✮

✉s✐♥❣ t❡♥s♦rs aαβ ❛♥❞ T γ
αβ ❜♦t❤ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥ ✇❡ ❝❛♥ ❡①♣❧♦r❡ t❤❡ ❣❡♦♠❡tr②

♦❢ t❤❡ s♣❛❝❡ ❤②♣❡rs✉r❢❛❝❡ Y n−1✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ Y n−1 ✇✐❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜②

t❤❡ ❢♦r♠✉❧❛ ✭✷✼✮✳

❇❡❧♦✇ ✇❡ ✉s❡ t❤❡ ♠✐①❡❞ t❡♥s♦rs ✈❛❧✉❡s ❡♥✉♠❡r❛t❡❞ t✇♦ t②♣❡s ♦❢ ✐♥❞✐❝❡s✱ ✇❤✐❧❡

▲❛t✐♥ ✐♥❞✐❝❡s r❡❢❡r t♦ t❤❡ ❝♦♥t❛✐♥✐♥❣ s♣❛❝❡ Y n ❛♥❞ r❡s♣♦♥s✐✈❡ t♦ t❤❡ ❝♦♦r❞✐♥❛t❡

tr❛♥s❢♦r♠❛t✐♦♥ xi✱ ❛♥❞ ●r❡❡❦ ✐♥❞✐❝❡s ❜❡❧♦♥❣ t♦ t❤❡ s♣❛❝❡ ❤②♣❡rs✉r❢❛❝❡ Y n−1 ❛♥❞

r❡s♣♦♥s✐✈❡ t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ yα✳

❚❤❡ ✐♥❞❡① i ✐s ♥♦t r❡s♣♦♥s✐✈❡ t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ yα tr❛♥s❢♦r♠❛t✐♦♥ ✐♥t♦ Y n−1✱

❛♥❞ t❤❡ ✐♥❞❡① α ❞♦❡s ♥♦t r❡s♣♦♥❞ t♦ t❤❡ ❝♦♦r❞✐♥❛t❡ xi tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ Y n✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦r♠✉❧❛ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ ♠✐①❡❞ t❡♥s♦r✿

Aiα
jβ;γ = Aiα

jβ,γ + Γ i
pkA

pα
jβ

∂xk

∂yγ
− Γ

p
jqA

iα
pβ

∂xq

∂yγ
+Gα

ηγA
iη
jβ −G

η
βγA

iα
jη. ✭✷✾✮

❚❤❡ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥s ❧❡❛❞ ✉s t♦ ❢♦r♠✉❧❛s✿

ui;α;β − ui;β;α = R
p
kliup

∂xl

∂yα
∂xk

∂yβ
+ S

q
klui;q

∂xl

∂yα
∂xk

∂yβ
,

uγ;α;β − uγ;β;α = R
η
βαγuη + T

η
βαuγ;η,

✇❤❡r❡ Rη
βαγ ✲ ❝✉r✈❛t✉r❡ t❡♥s♦r ♦❢ s♣❛❝❡ Y n−1 ❝♦♠♣✐❧❡❞ ❜② ✉s✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts

♦❢ ❝♦♥♥❡❝t✐♦♥ Gα
βγ ✳

❆ ❢✉rt❤❡r ❛✐♠ ♦❢ ♦✉r st✉❞② ✐s t♦ ♦❜t❛✐♥ s♦♠❡ ❛♥❛❧♦❣s ♦❢ P❡t❡rs♦♥✲❑♦❞❛❝❤✐

❡q✉❛t✐♦♥s✳ ❚♦ ❞♦ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ♦❢ ✈❛❧✉❡s✿

ξiα =
∂xi

∂yα
.
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◆✳■❨❛r❡♠❡♥❦♦�✐

❆t ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡ Y n−1 ✇❡ ❝❛♥ ❜✉✐❧❞ r❛♣♣❡r ❝♦♥s✐st✐♥❣ ♦❢ t❤❡

✈❡❝t♦rs✿

ξi1, ..., ξ
i
n−1, ν

i,

✇❤❡r❡ ξi1, ..., ξ
i
n−1 ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t t❛♥❣❡♥t ✈❡❝t♦rs ❛♥❞ νi ♥♦r♠❛❧ ✈❡❝t♦r✱

❞❡✜♥❡❞ s✐♥❝❡ t❤❡ ♠❡tr✐❝ ❛♥❞ ❝♦♥♥❡❝t✐✈✐t② ❛❣r❡❡❞✳

◆❡①t ✇❡ ❛❝t ❢♦r♠❛❧❧②✱ t❤❡ ✐❞❡❛ ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡✱ ❛♥❞ ✇❡

✇✐❧❧ ✐♥❞✐❝❛t❡ s✐❣♥✐✜❝❛♥t ♥❡✇ ♠♦♠❡♥ts✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ♠✐①❡❞

t❡♥s♦rs ξiα✿

ξiα;γ = ξiα,γ + Γ i
pqξ

p
α

∂xq

∂yγ
−Gη

αγξ
i
η.

■♥ ❝♦♥tr❛st t♦ t❤❡ ❝❛s❡ ♦❢ t♦rs✐♦♥✲❢r❡❡ ❝♦♥♥❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②✿

ξiα;γ − ξiγ;α = Si
pqξ

p
αξ

q
γ + T η

γαξ
i
η.

◆❡①t✱ ✇❡ ♣❡r♠✉t❡ t❤❡ ✐♥❞✐❝❡s ✐♥ ❡q✉❛t✐♦♥✿

0 = aαβ;γ =
(

gijξ
i
αξ

j
β

)

;γ
= gijξ

i
α;γξ

j
β + gijξ

i
αξ

j
β;γ ,

✇❡ ♦❜t❛✐♥

gijξ
i
α;γξ

j
β = 0.

❍❡♥❝❡✱ ✇❡ ❝❛♥ ✇r✐t❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✿

ξiβ;α = παβν
i. ✭✸✵✮

❘❡♠❛r❦ ✹✳ παβ ✐s t❡♥s♦r✱ ✇❤✐❝❤ s✐♠✐❧❛r t♦ t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ t❡♥s♦r ♦❢

❤②♣❡rs✉r❢❛❝❡s Y n−1✱ ❜✉t ✐ts str✉❝t✉r❡ ✐♥ t❤✐s s♣❛❝❡ s✉❜st❛♥t✐❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠

t❤❡ ❝❛s❡ ♦❢ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡s ✇✐t❤ ③❡r♦ t♦rs✐♦♥✳

❚❤❡♥ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ gijν
iξjα = 0 ❜② γ✿

gijν
i
;γξ

i
α = −πγα. ✭✸✶✮

❙✐♠✐❧❛r❧②✱ ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ gijν
iνj = 1 ❜② γ✱ ✇❡ ♦❜t❛✐♥✿

νi;γ = −aηµπµγξiη. ✭✸✷✮

❋♦r♠✉❧❛ ✭✸✵✮ ❛♥❞ ✭✸✷✮ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❡❝t♦rs ✐♥ t❤❡ s♠❛❧❧ ❛❝❝♦♠✲

♣❛♥②✐♥❣ ❢r❛♠❡ r❡❧❛t✐✈❡ t♦ t❤✐s ❢r❛♠❡ ✐ts❡❧❢✳

❋✉rt❤❡r✱ ✇❡ ♦❜t❛✐♥✿

ξiβ;χ;λ − ξiβ;λ;χ = −Ri
klpξ

k
λξ

l
χξ

p
β +Rσ

λχβξ
i
σ + T σ

λχξ
i
β;σ =

= (πχβ;λ − πλβ;χ) ν
i − (πχβπηλa

ησ − πλβπηχa
ησ) ξiσ. ✭✸✸✮
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✻✾

✭✸✸✮ ✐s ♠✉❧t✐♣❧②✐♥❣ ❜② gijξ
j
α✱ ✇❡ ❤❛✈❡✿

Rαλχβ = Riklpξ
k
λξ

l
χξ

p
βξ

i
α − (πχβπαλ − πλβπαχ) .

❙✐♠✐❧❛r❧②✱ ✇❡ ❞❡r✐✈❡ ❛ ❢♦r♠✉❧❛✿

νi;χ;λ − νi;λ;χ = −Ri
klpξ

k
λξ

l
χν

p + T σ
λχν

i
;σ =

= (πηλ;χa
ησ − πηχ;λa

ησ) ξiσ. ✭✸✹✮

❲❡ ❝♦♥tr❛❝t ✭✸✸✮ ✇✐t❤ gijν
j ✱ t❤❡♥✿

−Riklpξ
k
λξ

l
χξ

p
βν

i + T σ
λχπσβ = πχβ;λ − πλβ;χ.

✭✸✹✮ ✐s ♠✉❧t✐♣❧②✐♥❣ ❜② gijξ
j
α✱ ✇❡ ❝♦♥❝❧✉❞❡❞ t❤❛t✿

−Riklpξ
k
λξ

l
χν

pξiα + T σ
λχπασ = παλ;χ − παχ;λ.

❘❡♠❛r❦ ✺✳ ■❢ ✭✸✹✮ ❝♦♥tr❛❝t ✇✐t❤ gijν
j ✱ t❤❡♥ ✇❡ ♦❜t❛✐♥ ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳

✺ ❊st❛❜❧✐s❤ s♦♠❡ ✐♠♣♦rt❛♥t r❡❧❛t✐♦♥s❤✐♣s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥✿

Si
jk;p;q − Si

jk;q;p = Rt
qpjS

i
tk +Rt

qpkS
i
jt −Ri

qptS
t
jk + St

qpS
i
jk;t,

♦r

Si
jk;p;q − Si

jk;q;p − St
qpS

i
jk;t = Rt

qpjS
i
tk +Rt

qpkS
i
jt −Ri

qptS
t
jk,

✇❡ ❝♦♥tr❛❝t t❤✐s t❡♥s♦rs ❜② ❛♥ ✐♥❞✐❝❡s i, q❀ t❤❡♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤✐s ❡q✉❛t✐♦♥

❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦✿

Si
jk;p;i − Si

jk;i;p − St
ipS

i
jk;t =

(

Si
jk;p − Si

qpS
q
jk

)

;i
− Si

jk;i;p − Si
pq;iS

q
jk.

t❤❡♥✱ ✇❡ ❝♦♥tr❛❝t t❤✐s ❡q✉❛t✐♦♥ ❜② ❛♥ ✐♥❞✐❝❡s k, p ❛♥❞ r❛✐s✐♥❣ t❤❡ ✐♥❞❡① j✱ ✇❡

♦❜t❛✐♥❡❞✿
(

gkpgjsSi
sk;p − gkpgjsSi

qpS
q
sk

)

;i
− gkpgjsSi

sk;i;p − gkpgjsSi
pq;iS

q
sk =

= gkpgjsRt
ipsS

i
tk + gkpgjsRt

ipkS
i
st − gkpgjsRi

iptS
t
sk,

✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t❛t✐♦♥✿

Hji = gkpgjsSi
sk;p − gkpgjsSi

qpS
q
sk,

F jp = gkpgjsSi
sk;i.
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❚❤❡♥✱ ✇✐t❤♦✉t ❛♥② ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡❧❛t✐♦♥s✿

H
ji
;i −F

ji
;i −gkpgjsS

q
skFpq = gkpgjsRt

ipsS
i
tk+g

kpgjsRt
ipkS

i
st−gkpgjsRi

iptS
t
sk, ✭✸✺✮

✇❤❡r❡ Fpq = Si
pq;i✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ✐❞❡♥t✐t② ❘✐❝❝✐ ✕ ❏❛❝♦❜✐ r✉♥ ✐♥ ❛ st❛♥❞❛r❞ ❢♦r♠✱ Rp
ikl +

R
p
kli +R

p
lik = 0✱ ❤❡♥❝❡✿

S
p
ik;l + S

p
kl;i + S

p
li;k + S

p
lqS

q
ik + S

p
kqS

q
li + S

p
iqS

q
kl = 0.

✇❡ ❝♦♥tr❛❝t t❤✐s ❡q✉❛t✐♦♥ ❜② ❛♥ ✐♥❞✐❝❡s p, l ✇❡ ❢♦✉♥❞ ✐❞❡♥t✐t②✿

S
p
ik;p + S

p
kp;i + S

p
pi;k = 0.

◆❡①t✱ ✇❡ ✐s ❛ss✉♠✐♥❣ t❤❛t Sp
ip = ϕi ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐❞❡♥t✐t②

S
p
ijS

q
pq = 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

S
p
ij;p = ϕi,j − ϕj,i.

◆❡①t ✐❢ ✇❡ ♣✉t Sp
ij;p = 0✱ t❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t ϕi,j − ϕj,i = 0 ❛♥❞ ❤❡♥❝❡

t❤❡ ✈❛❧✉❡ Sp
ip ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ s❝❛❧❛r

S
p
ip = ϕi = (lnψ),i✳ ❙②st❡♠ ✭✸✺✮ t❛❦❡s t❤❡ ❢♦r♠✿

H
ji
;i = gkpgjsRt

ipsS
i
tk + gkpgjsRt

ipkS
i
st − gkpgjsRi

iptS
t
sk,

F ij = 0.

❲❡ ❝♦♥s✐❞❡r t❤❡ t❡♥s♦r

Cijk = gpjgqkSi
pq + gpkgqiSj

pq + gpigqjSk
pq,

♦❜✈✐♦✉s t❤❛t ✐t ✐s ❛♥t✐s②♠♠❡tr✐❝ ✐♥ ❛♥② ♣❛✐r ♦❢ ✐♥❞✐❝❡s✳

❲❡ ❤❛✈❡ t❤❡ ❡q✉❛❧✐t②✿

Hjk −Hkj = C
ikj
;i + F jk + gkpgqsSt

pqS
j
ts − gjpgqsSt

pqS
k
ts,

❇② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

gkpgqsSt
pqS

j
ts − gjpgqsSt

pqS
k
ts =

1

2

(

CjpqSk
pq − CkpqSj

pq

)

,

❤❡♥❝❡

Hjk −Hkj = C
ikj
;i + F jk +

1

2

(

CjpqSk
pq − CkpqSj

pq

)

.

❲❡ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡

C
ikj
;i = −Cijk

;i = −
(

C
ijk
,i + Γ

j
piC

ipk + Γ k
piC

ijp + Γ i
piC

pkj
)

.
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❇② ✈✐rt✉❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❡♥s♦r Cijk = gpjgqkSi
pq + gpkgqiSj

pq + gpigqjSk
pq ✐s

❛♥t✐s②♠♠❡tr✐❝✱ ✇❡ ❤❛✈❡✿

Γ
j
piC

ipk = Γ
j
ipC

ipk =
1

2

(

Γ
j
ipC

ipk + Γ
j
piC

pik
)

=
1

2
S
j
ipC

pki = −1

2
S
j
piC

kpi,

s✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥

Γ k
piC

ijp = Γ k
ipC

pji =
1

2
Cjpi

(

Γ k
ip − Γ k

pi

)

=
1

2
Sk
ipC

jpi =
1

2
Sk
pqC

jqp.

❚❤❡♥ ✇❡ ✇r✐t❡✱

C
ikj
;i = −Cijk

;i = −Cijk
,i − 1

2
Sj
pqC

kpq +
1

2
Sk
pqC

jpq − Γ q
pqC

pkj ,

❛♥❞

Hjk−Hkj = −Cijk
,i +

1

2
Sj
pqC

kpq−1

2
Sk
pqC

jpq−Γ q
pqC

pkj+F jk+
1

2

(

CjpqSk
pq − CkpqSj

pq

)

,

Hjk −Hkj = −Cijk
,i − Γ q

pqC
pkj + F jk.

❲❡ ✇✐❧❧ ❝♦♠♣✉t❡ Γ p
lp✱ ❢♦r t❤✐s✱ ✇❡ r❡❝❛❧❧ t❤❛t Γ p

pl = 1
2
gip,lg

ip = 1√
g

∂
√
g

∂xl ❛♥❞

Γ
p
lp = Γ

p
pl + S

p
lp✱ ♦❜t❛✐♥✿

Γ
p
pl =

1√−g
∂
√−g
∂xl

+ (lnψ),l =
(

ln
(

ψ
√−g

))

,l
.

❚❤❡♥ ✇❡ ♦❜t❛✐♥

Hjk −Hkj − F jk = −Cijk
,i −

(

ln
(

ψ
√−g

))

,i
Cikj .

❲❡ ♠✉❧t✐♣❧❡ ❜②ψ
√−g✱ ❤❛✈❡

ψ
√−g

(

Hjk −Hkj − F jk
)

= −ψ√−g
(

C
ijk
,i +

(

ln
(

ψ
√−g

))

,i
Cikj

)

,

ψ
√−g

(

Hjk −Hkj − F jk
)

= −
(

ψ
√−gCijk

)

,i
.

❲❡ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ❧❛st ❡q✉❛❧✐t②✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❛♥t✐s②♠♠❡tr② ♦❢ t❤❡ t❡♥s♦rs✱

✇❡ ♦❜t❛✐♥ t❤❡ ♥❡①t ✐♠♣♦rt❛♥t ❡q✉❛❧✐t②✿

(

ψ
√−g

(

Hjk −Hkj − F jk
))

,k
= 0.

✻ ❚❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s

❇❡❧♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s ✐♥ ❞❡♣❡♥❞✐♥❣ ♦❢ ❝♦♥❞✐✲

t✐♦♥s✳
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✻✳✶ ❚❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s

▲❡t Γ i
jk ✐s ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ ❝♦♥♥❡❝t✐♦♥ n ✲ ❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞✳ ■t

✐s ♥♦t ❛ss✉♠❡❞ t❤❛t t❤❡ Γ i
jk ❛r❡ s②♠♠❡tr✐❝ j ✐♥ ❛♥❞ k✳ ❘❡❣❛r❞❧❡ss ♦❢ ❝♦♥♥❡❝t✐♦♥

Γ i
jk✱ ✇❡ ✐♥tr♦❞✉❝❡ s②♠♠❡tr✐❝ ♠❡tr✐❝ t❡♥s♦r gik ✭✶✮✳

❲❡ ✇✐❧❧ ❞❡r✐✈❡ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥✱

❜② ✈❛r②✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ Γ i
jk ❛♥❞ gik ✐♥❞❡♣❡♥❞❡♥t❧②✳

❯s✐♥❣ ✭✶✷✮ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❘✐❡♠❛♥♥ t❡♥s♦r✿

Rij = Γ
p
ip,j − Γ

p
ij,p + Γ

p
qjΓ

q
ip − Γ p

qpΓ
q
ij . ✭✸✻✮

❲❡ ❢♦r♠ t❤❡ s❝❛❧❛r ❞❡♥s✐t② ❛s
(

Rik + S
j
ilS

l
kj

)

gik
√−g✱ ✇❤❡r❡ Si

jk = Γ i
jk − Γ i

kj ✱

❛♥❞ ♣♦st✉❧❛t❡ t❤❛t ❛❧❧ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡❣r❛❧✿
∫

(

Rik + S
j
ilS

l
kj

)

gik
√−gdV ✭✸✼✮

✇✐t❤ r❡s♣❡❝t t♦ Γ i
jk ❛♥❞ gik

√−g ❛s t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛r❡ ③❡r♦ ✭❛t t❤❡

❜♦✉♥❞❛r✐❡s ❞♦ ♥♦t ✈❛r②✮✳

❲✐t❤♦✉t ❞✇❡❧❧✐♥❣ ♦♥ t❤❡ st❛♥❞❛r❞ ✐♥t❡r♠❡❞✐❛t❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ✜♥❞ t❤❛t t❤❡

✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ gik
√−g✱ ❧❡❛❞ t♦ t❤❡ ❡q✉❛t✐♦♥

Rik + S
j
ilS

l
kj = 0,

t❤❡♥ t❤❡ ✈❛r✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ Γ i
jk✱ ❣✐✈❡s t❤❡ ❡q✉❛t✐♦♥

g
ij
,k − 1

2
gijgpqg

pq
,k + gpjΓ i

pk + gipΓ
j
kp − δ

j
k

(

gip,p − 1

2
gipgmng

mn
,p + gpqΓ i

pq

)

−

−gijΓ p
kp + 2

(

gipS
j
pk + gpjSi

kp

)

= 0.

■❢ ✇❡ ❝♦♥tr❛❝t t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❧❛st ❡q✉❛❧✐t② ❜② ✐♥❞✐❝❡s i ❛♥❞ k✱ t❤❡♥ ✇❡

♦❜t❛✐♥ ③❡r♦ ✐❞❡♥t✐❝❛❧❧② ❡q✉❛❧ t♦ ③❡r♦✳ ■❢ ✇❡ ❝♦♥tr❛❝t ❜② ✐♥❞✐❝❡s j ❛♥❞ k✱ ✇❡ ♦❜t❛✐♥

t❤❡ ❡q✉❛t✐♦♥

−3gij,j +
3

2
gijgpqg

pq
,j − 3gpqΓ i

pq + gipS
j
pj = 0.

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡✿

g
ij
,k − 1

2
gijgpqg

pq
,k + gpjΓ i

pk + gipΓ
j
kp − gijΓ

p
kp−

−1

3
δ
j
kg

ipSq
pq + 2

(

gipS
j
pk + gpjSi

kp

)

= 0. ✭✸✽✮

❚❤❡♥ ✇❡ ❧♦✇❡r❡❞ ✉♣♣❡r ✐♥❞✐❝❡s ❜② ✉s✐♥❣ t❤❡ ♠❡tr✐❝✱ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥✿

−gij,k − 1

2
gijg

pqgpq,k + gipΓ
p
kj + gjpΓ

p
ik − gijΓ

p
kp −

1

3
gjkS

p
ip+
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✼✸

+2
(

gpjS
p
ik + gipS

p
kj

)

= 0. ✭✸✾✮

❲❡ ✉s❡ t❤❡ s②♠♠❡tr② ♦❢ t❡♥s♦r gij ✱ ❛♥❞ r❡❛rr❛♥❣❡ i ❛♥❞ j✱ ❞❡❞✉❝❡ t❤❡ ❡q✉❛✲

t✐♦♥✿

5
(

gipS
p
kj + gjpS

p
ik

)

+
1

3

(

gjkS
p
ip + gikS

p
jp

)

= 0. ✭✹✵✮

❋✉rt❤❡r✱ ✇❡ ♦❜t❛✐♥❡❞✿

−gij,k−
1

2
gijg

pqgpq,k+gipΓ
p
kj+gjpΓ

p
ik−gijΓ

p
kp−

1

3
gjkS

p
ip−

2

15

(

gkjS
p
ip + gikS

p
jp

)

= 0.

✭✹✶✮

❚❤✉s✱ ✇❡ ♦❜t❛✐♥❡❞ t❤❡ ✜❡❧❞ ❡q✉❛t✐♦♥s ✭✸✾✮ ❜② ✈❛r②✐♥❣ ❝♦♥♥❡❝t✐♦♥ ♦❜t❛✐♥❡❞

❡q✉❛t✐♦♥ ❛♥❞ ❛s ❛ r❡s✉❧t ♦❢ t❤❡♠ ✇❡ ♦❜t❛✐♥❡❞ ✭✹✵✮ ✇❤❡r❡ t❤❡r❡ ❛r❡ ♦♥❧② ♠❡tr✐❝

❛♥❞ t♦rs✐♦♥✳ ❲❡ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❝♦♠♣♦♥❡♥t ✐s ❛❜s❡♥t ϕ ≡ 0✱

t❤❡♥✱ ❢r♦♠ ✭✹✵✮ ✇❡ ❤❛✈❡ Si
jk ≡ 0✱ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ ✐s s②♠♠❡tr✐❝❛❧✱ ❛s ✐♥ ❘✐❡♠❛♥♥

❣❡♦♠❡tr② ❛♥❞ ✭✹✶✮ s❤♦✇s t❤❡ ❦♥♦✇♥ ❧❛✇ ♦❢ ❊✐♥st❡✐♥ ✲ ❍✐❧❜❡rt ♣r♦❜❧❡♠ ❢♦r t❤❡

❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞✳ ■❢ ϕ 6= 0 ❛♥❞ t❤❡ ♠❡tr✐❝ ✐s ✢❛t ✭♥♦ ❣r❛✈✐t❛t✐♦♥❛❧ ✜❡❧❞✮✱ t❤❡♥

✭✹✶✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥ ❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ ✈❛❝✉✉♠✳

✻✳✷ ❚❤❡ ❊✐♥st❡✐♥ ✲ ❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✐♥ ❝❛s❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ s②♠♠❡tr② ❝♦♥❞✐t✐♦♥s

❲❡ st❛rt ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠✿ δ (Wm +Wg) =

0✱ ✇❤❡r❡ Wm ❛♥❞ Wg ❛r❡ ❛❝t✐♦♥ r❡s♣❡❝t✐✈❡❧② ❢♦r ♠❛tt❡r ❛♥❞ ✜❡❧❞ ❛♥❞ ✇❤❡r❡

✈❛❧✉❡s gik ❛r❡ ✈❛r②✐♥❣✳

❲❡ ♦❜t❛✐♥✿

δ

∫

R
√−gdV =

∫

(

Rik

√−gδgik +Rikg
ikδ

√−g + gik
√−gδRik

)

dV,

t❤❡♥ ✇❡ ♠❛❦❡ ❛ st❛♥❞❛r❞ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ t❤❡ s❡❝♦♥❞ s✉♠♠❛♥❞✱ ✇❡ ❤❛✈❡✿

Rikg
ikδ

√−g = −1

2
Rpqg

pqgik
√−gδgik.

❈❛❧❝✉❧❛t✐♦♥s ♦❢ gik
√−gδRik ✇❡r❡ ♣❡r❢♦r♠❡❞ ❞✐r❡❝t❧② ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡♥ ✇❡

♦❜t❛✐♥ t✇♦ t②♣❡s ♦❢ s✉♠♠❛♥❞s✱ t❤❡ ✜rst ❤❛✈❡ ❛ st❛♥❞❛r❞ ❢♦r♠ gik
(

δΓ l
ki

)

,l
−

gik
(

δΓ l
kl

)

,i
=

(

gikδΓ l
ki − gilδΓ

p
lp

)

,l
✱ ✇❤❡r❡ gik,l = 0 t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❜②

❙t♦❦❡s✬ t❤❡♦r❡♠ ❝♦♥✈❡rt❡❞ t♦ ③❡r♦✳ ❙✉♠♠❛♥❞s ♦❢ t❤❡ s❡❝♦♥❞ t②♣❡ ❛r❡ ❞✉❡ t♦ t❤❡

❧❛❝❦ ♦❢ s②♠♠❡tr② ♦❢ ❝♦♥♥❡❝t✐✈✐t②✿ gikδRik = gikδ
(

Γ p
qpΓ

q
ki − Γ

p
qiΓ

ql
kp

)

✳ ❲❡ ❡①♣r❡ss

t❤❡ ❝♦♥♥❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ✈✐❛ t❤❡ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥ t❡♥s♦rs ❛♥❞ ❛❢t❡r r❛t❤❡r

❧❡♥❣t❤② ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥

gikδRik =
(

S
p
ipS

q
qk − S

p
iqS

q
pk − gkpg

qtSm
it S

p
qm

)

δgik.
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◆✳■❨❛r❡♠❡♥❦♦�✐

❚❤✉s✱ ✇❡ ❤❛✈❡✿

δ

∫

R
√−gdV =

=

∫
(

Rik − 1

2
gikR+

(

S
p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq

)

)√−gδgikdV.

❆♥❞ ✈❛r✐❛t✐♦♥ ❜② δWg ✐s✿

δWg = K1

∫

R
√−gdV =

= K1

∫
(

Rik − 1

2
gikR+

(

S
p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq

)

)√−gδgikdV,

✇❤❡r❡ ❛ ♣❤②s✐❝❛❧ ❝♦♥st❛♥t K1✱ ❛s ❛ r✉❧❡✱ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❝❛s❡ ✐s c3

16πk
❛♥❞ k ❝❛❧❧❡❞

t❤❡ ✉♥✐✈❡rs❛❧ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✳

❋♦r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ♠❛tt❡r✱ ✇❡ ✜♥❞ t❤❛t✿

δWg = K2

∫

Tik
√−gδgikdV,

✇❤❡r❡ Tik ✲ ❊♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r ♦❢ ♠❛tt❡r✱ K2 ✲ ✉s✉❛❧❧② t❛❦❡ ❛ ❝♦♥st❛♥t

❡q✉❛❧ − 1
2c
✳

❚❤❡r❡❢♦r❡✱ ✇❡ ✇❡r❡ ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ t♦ δWg + δWm = 0✱

✜♥❞ r❡❧❛t✐♦♥s✿
∫

(

Rik − 1

2
gikR+

(

S
p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq

)

−KTik

)√−gδgikdV = 0,

❇❡❝❛✉s❡ ♦❢ t❤❡ ❛r❜✐tr❛r✐♥❡ss δgik✱ ✇❡ ❤❛✈❡✿

Rik − 1

2
gikR+ S

p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq = KTik,

❝♦♥st❛♥t K✱ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② K1 ❛♥❞ K2✳

✻✳✸ ❚❤❡ ❊✐♥st❡✐♥ ✕ ❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✇❤❡♥ t❤❡ ▲❛❣r❛♥❣❡ ❢✉♥❝t✐♦♥ ✐s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

t♦rs✐♦♥ t❡♥s♦r

◆♦✇ ✇❡ ❛❧s♦ ✇❡ st❛rt ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❧❡❛st ❛❝t✐♦♥ ✐♥ t❤❡ ❢♦r♠✿

δ (Wm +Wg) = 0✱ ✇❤❡r❡ Wm ❛♥❞ Wg ✲ ❛❝t✐♦♥ r❡s♣❡❝t✐✈❡❧② ❢♦r ♠❛tt❡r ❛♥❞ ✜❡❧❞

✈❛❧✉❡s✱ ✇❡ ❛r❡ ✈❛r②✐♥❣ gik✳

❇② st❛♥❞❛r❞ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ ❤❛✈❡✿

δ

∫

(

Rik + S
j
ilS

l
kj

)

gik
√−gdV =

∫

(

Rik

√−gδgik +Rikg
ikδ

√−g+

+gik
√−gδRik + S

j
ilS

l
kj

√−gδgik + S
j
ilS

l
kjg

ikδ
√−g

)

dV,
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❛♥❞

Rikg
ikδ

√−g = −1

2
Rpqg

pqgik
√−gδgik.

❙✐♠✐❧❛r❧②✱ ✇❡ ♦❜t❛✐♥✿

S
j
ilS

l
kjg

ikδ
√−g = −1

2
S
j
plS

l
kqg

pqgik
√−gδgik.

◆♦✇ ✇❡ ❝♦♠♣✉t❡ gik
√−gδRik ❞✐r❡❝t❧② ❜② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥✱ t❤✉s ♦❜✲

t❛✐♥ t✇♦ t②♣❡s ♦❢ s✉♠♠❛♥❞s✱ t❤❡ ✜rst ❤❛✈❡ t❤❡ st❛♥❞❛r❞ ❢♦r♠ gik
(

δΓ l
ki

)

,l
−

gik
(

δΓ l
kl

)

,i
=

(

gikδΓ l
ki − gilδΓ

p
lp

)

,l
✱ ✇❤❡r❡ ✐t ✐s ❝♦♥s✐❞❡r❡❞ t❤❛t gik,l = 0 ❛♥❞ ❜②

❙t♦❦❡s✬ t❤❡♦r❡♠ t✉r♥s ✐♥t♦ ③❡r♦s✳ ❙✉♠♠❛♥❞ t❤❡ s❡❝♦♥❞ t②♣❡ ❛r❡ ❞✉❡ t♦ t❤❡ ❧❛❝❦

♦❢ s②♠♠❡tr② ❝♦♥♥❡❝t✐♦♥✿ gikδRik = gikδ
(

Γ p
qpΓ

q
ki − Γ

p
qiΓ

ql
kp

)

✳ ❚❤❡♥ ✇❡ ❡①♣r❡ss

t❤❡ ❝♦♥♥❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts ✈✐❛ t❤❡ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥✱ ❛❢t❡r ❛ r❛t❤❡r ❧❡♥❣t❤②

❝❛❧❝✉❧❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥✿

gikδRik =
(

S
p
ipS

q
qk − S

p
iqS

q
pk − gkpg

qtSm
it S

p
qm

)

δgik.

❚❤✉s✱ ✇❡ ❤❛✈❡✿

δ

∫

(

Rik + S
j
ilS

l
kj

)

gik
√−gdV =

=

∫
(

Rik − 1

2
gikR+

(

S
p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq

)

+

+Sj
ilS

l
kj −

1

2
S
j
plS

l
kqg

pqgik

)√−gδgikdV.

❚❤❡♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥❝❧✉s✐♦♥s✿

δWg = K1

∫

(

Rik + S
j
ilS

l
kj

)

gik
√−gdV =

= K1

∫
(

Rik − 1

2
gikR+

(

S
p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq

)

+

+Sj
ilS

l
kj −

1

2
S
j
plS

l
kqg

pqgik

)√−gδgikdV,

✇❤❡r❡ ❛ ♣❤②s✐❝❛❧ ❝♦♥st❛♥t K1✱ ❛s ❛ r✉❧❡✱ ✐♥ ❛ ❝❧❛ss✐❝ ❝❛s❡ ✐s c3

16πk
❛♥❞ k ❝❛❧❧❡❞ t❤❡

✉♥✐✈❡rs❛❧ ❣r❛✈✐t❛t✐♦♥❛❧ ❝♦♥st❛♥t✳

❋♦r ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ ♠❛tt❡r✱ ✇❡ ✜♥❞✿

δWg = K2

∫

Tik
√−gδgikdV,

✇❤❡r❡ Tik ✐s ❊♥❡r❣②✲♠♦♠❡♥t✉♠ t❡♥s♦r ♦❢ ♠❛tt❡r✳ K2 ✲ ✉s✉❛❧❧② t❛❦❡ ❛ ❝♦♥st❛♥t

❡q✉❛❧ − 1
2c
✳



✼✻
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◆✳■❨❛r❡♠❡♥❦♦�✐

❚❤❡r❡❢♦r❡✱ ❜② t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ ❧❡❛st ❛❝t✐♦♥ ❢♦r δWg + δWm = 0✱✇❡ ✜♥❞ r❡❧❛✲

t✐♦♥s✿
∫

(

Rik − 1

2
gikR+

(

S
p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq

)

+

+Sj
ilS

l
kj −

1

2
S
j
plS

l
kqg

pqgik −KTik

)√−gδgikdV = 0,

❜❡❝❛✉s❡ ♦❢ t❤❡ ❛r❜✐tr❛r✐♥❡ss δgik✱ ✇❡ ❤❛✈❡✿

Rik − 1

2
gikR+ S

p
ipS

q
qk + S

q
ipS

p
kq + gkpg

qtSm
it S

p
mq + S

j
ilS

l
kj −

1

2
S
j
plS

l
kqg

pqgik =

= KTik,

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t K ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② K1 ❛♥❞ K2✳

✼ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s♣❛❝❡ ❛r❡ ❣❡♥❡r❛t❡❞ ❥♦✐♥t❧② ❛♥❞ ❛❣r❡❡❞

❜② t❤❡ ♠❡tr✐❝ ❛♥❞ t❤❡ t♦rs✐♦♥ t❡♥s♦rs✳ ❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡

❝✉r✈❛t✉r❡ t❡♥s♦r ❛♥❞ st✉❞✐❡❞ ✐ts s♣❡❝✐❛❧ ❢❡❛t✉r❡s ❛♥❞ ❢♦r t❤✐s t❡♥s♦r ♦❜t❛✐♥❡❞

❛♥❛❧♦❣ ❘✐❝❝✐ ✕ ❏❛❝♦❜✐ ✐❞❡♥t✐t②❀ ❛❧s♦ ❡✈❛❧✉❛t❡❞ ❣❛♣ t❤❛t ♦❝❝✉rs ❛t t❤❡ tr❛♥s✐t✐♦♥

❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ t♦ t❤❡ ✐♠❛❣❡ ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ✐♥✜♥✐t❡❧② s♠❛❧❧

❝♦♥t♦✉rs✳ ❚❤❡ ❣❡♦❞❡s✐❝ ❧✐♥❡s ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ r❡s❡❛r❝❤❡❞✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t

t❤❡ str✉❝t✉r❡ ♦❢ t❡♥s♦r παβ ✱ ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ t❡♥s♦r

♦❢ ❤②♣❡rs✉r❢❛❝❡s Y n−1✱ ✐s s✉❜st❛♥t✐❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝❛s❡ ♦❢ ❘✐❡♠❛♥♥✐❛♥

s♣❛❝❡s ✇✐t❤ ③❡r♦ t♦rs✐♦♥✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❢♦r♠✉❧❛s ❢♦r ❤②♣❡rs✉r❢❛❝❡s

Y n−1✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❡❝t♦rs ✐♥ ❛❝❝♦♠♣❛♥②✐♥❣ ❜❛s✐s r❡❧❛t✐✈❡

t♦ t❤✐s ❜❛s✐s ✐ts❡❧❢ ✐♥ t❤❡ s♠❛❧❧✳

❚❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ s♣❛❝❡ ✇✐t❤ ♠❡tr✐❝ ❛♥❞ t♦rs✐♦♥

✇❡ ❤❛✈❡ r❡❛❝❤ t❤❡ ❛✐♠ ♦❢ ♦✉r ♣❛♣❡r ✐✳❡✳ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✈❛r✐❛t✐♦♥ ♣r✐♥❝✐♣❧❡ t❤❡

❣❡♥❡r❛❧ ✜❡❧❞s ❡q✉❛t✐♦♥s ✭❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❛♥❞ ❣r❛✈✐t❛t✐♦♥❛❧✮ ✐✳❡✳ ♦❜t❛✐♥❡❞ ❛♥❛❧♦❣

♦❢ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ❛t s✉❝❤ s♣❛❝❡✳

❘❡❢❡r❡♥❝❡s

✶✳ ❆❣r✐❝♦❧❛ ■✳ ❛♥❞ ❋r✐❡❞r✐❝❤ ❚✳ ❖♥ t❤❡ ❤♦❧♦♥♦♠② ♦❢ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ s❦❡✇ ✲ s②♠♠❡tr✐❝ t♦rs✐♦♥✳
▼❛t❤❡♠❛t✐s❝❤❡ ❆♥♥❛❧❡♥✱ ✈♦❧✳ ✸✷✽✱ ♣♣✳ ✼✶✶✕✼✹✽✳✱ ✷✵✵✹✳

✷✳ ❆❣r✐❝♦❧❛ ■✳ ❛♥❞ ❋r✐❡❞r✐❝❤ ❚✳ ❆ ♥♦t❡ ♦♥ ✢❛t ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ ❛♥t✐s②♠♠❡tr✐❝ t♦rs✐♦♥✳
❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✳ ✷✱ ♣♣✳ ✹✽✵✕✹✽✼✳✱ ✷✵✶✵✳

✸✳ ❆❧❡①❛♥❞r♦✈ ❇✳ ❛♥❞ ■✈❛♥♦✈ ❙✳ ❱❛♥✐s❤✐♥❣ t❤❡♦r❡♠s ♦♥ ❍❡r♠✐t✐❛♥ ♠❛♥✐❢♦❧❞s✳ ❉✐✛❡r❡♥t✐❛❧
●❡♦♠❡tr② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✈♦❧✳ ✶✹ ✭✸✮✱ ♣♣✳ ✷✺✶✕✷✻✺✳✱ ✷✵✵✶✳

✹✳ ❆❧❜❡rt♦ ❙✳ ❆ ❣❡♦♠❡tr✐❝❛❧ ❛❝t✐♦♥ ❢♦r ❞✐❧❛t♦♥ ❣r❛✈✐t②✳ ❈❧❛ss✳ ◗✉❛♥t✉♠ ●r❛✈✳ ✶✷ ▲✽✺✱ ✶✾✾✺✳
✺✳ ❇♦♥♥❡❛✉ ●✳ ❈♦♠♣❛❝t ❊✐♥st❡✐♥✲❲❡②❧ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞s✳ ❈❧❛ss✐❝❛❧ ❛♥❞ ◗✉❛♥t✉♠

●r❛✈✐t②✱ ✈♦❧✳ ✶✻✱ ♣♣✳ ✶✵✺✼✕✶✵✻✽✳✱ ✶✾✾✾✳
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❚❤❡ s♣❛❝❡ ✇✐t❤ t♦rs✐♦♥✱ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❡q✉❛t✐♦♥ ✼✼

✻✳ ❇r❡❞✐❡s ❑r✐st✐❛♥✳ ❙②♠♠❡tr✐❝ t❡♥s♦r ✜❡❧❞s ♦❢ ❜♦✉♥❞❡❞ ❞❡❢♦r♠❛t✐♦♥✳ ❩❜❧ ✵✻✷✷✻✻✽✾ ❆♥♥✳
▼❛t✳ P✉r❛ ❆♣♣❧✳ ✈♦❧✳ ✶✾✷ ✭✹✮✱ ◆✳ ✺✱ ♣♣✳ ✽✶✺✲✽✺✶✱ ✷✵✶✸✳

✼✳ ❈❛rt❛♥ ❊✳ ❛♥❞ ❙❝❤♦✉t❡♥ ❏✳ ❖♥ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr✐❡s ❛❞♠✐tt✐♥❣ ❛♥ ❛❜s♦❧✉t❡ ♣❛r❛❧❧❡❧✐s♠✳
◆❡❞❡r❧❛♥❞s❡ ❆❦❛❞❡♠✐❡ ✈❛♥ ❲❡t❡♥s❝❤❛♣♣❡♥✳ Pr♦❝❡❡❞✐♥❣s✳ ❙❡r✐❡s ❆✱ ✈♦❧✳ ✷✾✱ ♣♣✳ ✾✸✸✕✾✹✻✳✱
✶✾✷✻✳

✽✳ ❈❛rt❛♥ ❊✳ ❛♥❞ ❙❝❤♦✉t❡♥ ❏✳ ❖♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❣r♦✉♣ ♠❛♥✐❢♦❧❞ ♦❢ s✐♠♣❧❡ ❛♥❞ s❡♠✐s✐♠♣❧❡
❣r♦✉♣s✳ ◆❡❞❡r❧❛♥❞s❡ ❆❦❛❞❡♠✐❡ ✈❛♥ ❲❡t❡♥s❝❤❛♣♣❡♥✳ ❙❡r✐❡s ❆✱ ✈♦❧✳ ✷✾✱ ♣♣✳ ✽✵✸✕✽✶✺✳✱ ✶✾✷✻✳

✾✳ ❈❛✈❛❧❝❛♥t✐ ●✳ ❘❡❞✉❝t✐♦♥ ♦❢ ♠❡tr✐❝ str✉❝t✉r❡s ♦♥ ❈♦✉r❛♥t ❛❧❣❡❜r♦✐❞s✳ ❏♦✉r♥❛❧ ♦❢ ❙②♠♣❧❡❝t✐❝
●❡♦♠❡tr②✱ ✈♦❧✳ ✹ ✭✸✮✱ ♣♣✳ ✸✶✼✕✸✹✸✳✱ ✷✵✵✻✳

✶✵✳ ❉❡r❡❧✐ ❚✳✱ ❚✉❝❦❡r ❘♦❜✐♥ ❲✳ ❆♥ ❊✐♥st❡✐♥✲❍✐❧❜❡rt ❛❝t✐♦♥ ❢♦r ❛①✐✲❞✐❧❛t♦♥ ❣r❛✈✐t② ✐♥ ❢♦✉r
❞✐♠❡♥s✐♦♥s✳ ❈❧❛ss✳ ◗✉❛♥t✉♠ ●r❛✈✱ ✶✾✾✺✳

✶✶✳ ❊✐♥st❡✐♥ ❆✳ ❚❤❡ ▼❡❛♥✐♥❣ ♦❢ ❘❡❧❛t✐✈✐t②✳ Pr✐♥❝❡t♦♥ ❯♥✐✈✳ Pr❡ss✳ Pr✐♥❝❡t♦♥✱ ✶✾✷✶✳
✶✷✳ ❊✐♥st❡✐♥ ❆✳ ❘❡❧❛t✐✈✐t②✿ ❚❤❡ ❙♣❡❝✐❛❧ ❛♥❞ ●❡♥❡r❛❧ ❚❤❡♦r②✱ ◆❡✇ ❨♦r❦✿ ❍✳ ❍♦❧t ❛♥❞ ❈♦♠♣❛♥②✱
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