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Ïðî ðîçâ✬ÿçêè ìàòðè÷íîãî ð✐âíÿííÿ XA0 = A1 ✐ç
çàäàíèìè õàðàêòåðèñòè÷íèìè ìíîãî÷ëåíàìè

➶✳ ❒✳ Ïðîê✐ï

➚íîòàö✐ÿ ➘îñë✐äæó➵òüñÿ ñòðóêòóðà ðîçâ✬ÿçê✐â ìàòðè÷íîãî ð✐âíÿííÿ

XA0 = A1✱ äå A0 ✐ A1 ✕ (n × m)✲ìàòðèö✐ íàä ïîëåì F✱ X ✕ íåâ✐äîìà

(n × n)✲ìàòðèöÿ✳ ❮åõàé d(λ) = λn + d1λ
n−1 + · · · + dn−1λ + dn ∈ F[λ] ✕

óí✐òàëüíèé ìíîãî÷ëåí ñòåïåíÿ n✳ ➶ ñòàòò✐ âñòàíîâëåíî óìîâè✱ çà ÿêèõ äëÿ

ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳

✃ëþ÷îâ✐ ñëîâà ❒àòðè÷íå ë✐í✐éíå ð✐âíÿííÿ✱ õàðàêòåðèñòè÷íèé ìíîãî÷ëåí

Ó➘✃ ✺✶✷✳✻✹✸✳✹

➶ñòóï

❮åõàé F ✕ ïîëå✳ ➶âåäåìî íàñòóïí✐ ïîçíà÷åííÿ✿ Mn,m(F) òà Mn,m(F[λ]) ✕ ìíî✲

æèíè (n×m) ìàòðèöü íàä ïîëåì F òà ê✐ëüöåì ìíîãî÷ëåí✐â F[λ] â✐äïîâ✐äíî❀

In ✕ îäèíè÷íà (n×n)✲ìàòðèöÿ❀ 0n,k ✕ íóëüîâà (n×k)✲ìàòðèöÿ✳ ❮àäàë✐ ÷åðåç

d
(k)
A (λ) ïîçíà÷àòèìåìî íàéá✐ëüøèé ñï✐ëüíèé ä✐ëüíèê ✭í✳ñ✳ä✳✮ ì✐íîð✐â k✲ãî ïî✲

ðÿäêó ìàòðèö✐ A(λ) ∈ Mn,m(F[λ])✱ äå k = 1, 2, . . . ,min{n,m}✳ ßêùî B(λ) ∈

Mn,n(F[λ]) ✕ íåîñîáëèâà ìàòðèöÿ✱ òî ÷åðåç B∗(λ) ïîçíà÷àòèìåìî ✭êëàñè÷íó✮

ïðè➵äíàíó äî íå➝ ìàòðèöþ✱ òîáòî B∗(λ)B(λ) = B(λ)B∗(λ) = In detB(λ)✳

Ðîçãëÿíåìî ìàòðè÷íå ð✐âíÿííÿ

XA0 = A1, ✭✶✮



✷✹
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äå A0, A1 ∈ Mn,m(F) ✐ X íåâ✐äîìà (n× n)✲ìàòðèöÿ✳ ➶✐äîìî ❬✶❪✱ ùî ð✐âíÿííÿ

✭✶✮ íàä ïîëåì F ðîçâ✬ÿçíå òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè

rankA0 = rank

[
A0

A1

]
. ✭✷✮

❮åçâàæàþ÷è íà òå✱ ùî óìîâà ✭✷✮ ðîçâ✬ÿçíîñò✐ ð✐âíÿííÿ ✭✶✮ ➵ äîñèòü ïðî✲

ñòîþ✱ áàãàòî àâòîð✐â äîñë✐äæóâàëè çàäà÷ó ïðî ✐ñíóâàííÿ ðîçâ✬ÿçê✐â öüîãî

ð✐âíÿííÿ✱ ÿê✐ íàëåæàòü äî ïåâíèõ êëàñ✐â✳ Òàê â ðîáîòàõ ❬✷❪✖❬✹❪ äîñë✐äæó✲

âàëèñü óìîâè✱ çà ÿêèõ äëÿ ð✐âíÿííÿ ✭✶✮ íàä ïîëåì ä✐éñíèõ ÷èñåë ✐ñíóþòü

ñèìåòðè÷í✐ ðîçâ✬ÿçêè✳ ➘àëüí✐ø✐ äîñë✐äæåííÿ ïîøóêó óìîâ✱ çà ÿêèõ äëÿ

ð✐âíÿííÿ ✭✶✮ íàä ïîëåì ä✐éñíèõ àáî êîìïëåêñíèõ ÷èñåë ✐ñíóþòü äîäàòíüî

✭àáî â✐ä✬➵ìíî✮ âèçíà÷åí✐✱ êîñîñèìåòðè÷í✐✱ óí✐òàðí✐✱ åðì✐òîâ✐✱ ðåôëåêñèâí✐ òà

✯êîíãðóåíòí✐ ðîçâ✬ÿçêè✱ íàâåäåí✐ â ðîáîòàõ ❬✺❪✖❬✶✵❪✳

➬ îãëÿäó íà ñêàçàíå âèùå✱ çàêîíîì✐ðíî âèíèêà➵ íàñòóïíà çàäà÷à✳ ❮åõàé

ð✐âíÿííÿ XA0 = A1✱ äå A0, A1 ∈ Mn,m(F)✱ ñóì✐ñíå✳ ❮åõàé✱ äàë✐✱ d(λ) =

λn+d1λ
n−1+· · ·+dn−1λ+dn ∈ F[λ] ✕ óí✐òàëüíèé ìíîãî÷ëåí ñòåïåíÿ n✳ ➶êàçà✲

òè óìîâè✱ çà ÿêèõ äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê X0 = D ∈ Mn,n(F)

✐ç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✱ òîáòî det(Inλ−D) = d(λ)✳

ßêùî æ òàêèé ðîçâ✬ÿçîê ✐ñíó➵✱ òî çàïðîïîíóâàòè ìåòîä éîãî çíàõîäæåííÿ✳ ➶

äàí✐é ñòàòò✐ âñòàíîâëåíî óìîâè✱ çà ÿêèõ äëÿ ñóì✐ñíîãî ð✐âíÿííÿ XA0 = A1

✐ñíó➵ ðîçâ✬ÿçîê X0 = D ✐ç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳

✃ð✐ì öüîãî✱ âêàçàíî êëàñ ñóì✐ñíèõ ìàòðè÷íèõ ð✐âíÿíü íàä ïîëåì F✱ ÿê✐ ìà✲

þòü ðîçâ✬ÿçîê ✐ç êîæíèì óí✐òàëüíèì ìíîãî÷ëåíîì d(λ) ∈ F[λ] ñòåïåíÿ n✳

✶ ✳ ➘îïîì✐æí✐ ðåçóëüòàòè

❒àòðè÷íîìó ð✐âíÿííþ XA0 = A1✱ äå A0, A1 ∈ Mn,m(F)✱ ïîñòàâèìî ó â✐ä✲

ïîâ✐äí✐ñòü ìàòðè÷íó â✬ÿçêó A(λ) = A0λ − A1 ∈ Mn,m(F[λ])✳ ❰÷åâèäíî✱

ùî ð✐âíÿííÿ XA0 = A1 ðîçâ✬ÿçíå òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè äëÿ ìàòðè÷✲

íî➝ â✬ÿçêè A(λ) ✐ñíó➵ çîáðàæåííÿ ó âèãëÿä✐ äîáóòêó A(λ) = (Inλ − D)A0✱

äå D ∈ Mn,n(F)✳ Òåïåð ìàòðè÷í✐é â✬ÿçö✐ A(λ) òà óí✐òàëüíîìó ìíîãî÷ëåíó

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[x] ñòåïåíÿ n ïîñòàâèìî ó â✐äïîâ✐ä✲

í✐ñòü ìàòðèö✐

M(A) =




A0 −A1 0n,m . . . . . . 0n,m

0n,m A0 −A1 0n,m . . . 0n,m

. . . . . . . . . . . . . . . . . .

0n,m . . . . . . 0n,m A0 −A1








(n− 1),
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Ïðî ðîçâ✬ÿçêè ìàòðè÷íîãî ð✐âíÿííÿ XA0 = A1 ✳ ✳ ✳ ✷✺

N(A, d) =
[
A0d1 +A1 A0d2 . . . A0dn−1 A0dn

]
.

❒àòðèö✐ M(A) ✐ N(A, d) âèì✐ðíîñò✐ n(n− 1)×mn òà n×mn â✐äïîâ✐äíî✳

➘îâåäåìî✱ ùî ✐ç ðîçâ✬ÿçíîñò✐ ð✐âíÿííÿ XA0 = A1 âèïëèâà➵ ðîçâ✬ÿçí✐ñòü

ð✐âíÿííÿ ZM(A) = N(A, d)✳

❐åìà ✶ ✳ ❮åõàé ìàòðèöÿ D ∈ Mn,n(F) ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

det(Inλ−D) = d(λ) = λn+d1λ
n−1+ · · ·+dn ✕ ðîçâ✬ÿçîê ð✐âíÿííÿ XA0 = A1✱

äå A0, A1 ∈ Mn,m(F)✳ ❮åõàé✱ äàë✐✱

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−2λ+Bn−1 ∈ Mn,n(F[x])

✕ âçà➵ìíà ìàòðèöÿ äëÿ ìàòðèö✐ Inλ−D✳ Òîä✐ ìàòðèöÿ

Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]

➵ ðîçâ✬ÿçêîì ð✐âíÿííÿ ZM(A) = N(A, d).

➘îâåäåííÿ ✳ ❮åõàé ìàòðèöÿ D ∈ Mn,n(F) ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

det(Inλ − D) = d(λ) ➵ ðîçâ✬ÿçêîì ð✐âíÿííÿ XA0 = A1✱ òîáòî DA0 = A1✳

❰òæå✱ ìàòðè÷íà â✬ÿçêà A(λ) = A0λ − A1 äîïóñêà➵ çîáðàæåííÿ ó âèãëÿä✐

äîáóòêó

A(λ) = (Inλ−D)A0. ✭✸✮

❮åõàé✱ äàë✐✱ B(λ) = Inλ
n−1 + B1λ

n−2 + · · · + Bn−2λ + Bn−1 ∈ Mn,n(F[λ])

✕ ïðè➵äíàíà ìàòðèöÿ äëÿ ìàòðèö✐ Inλ − D✳ Ïîìíîæèâøè îáèäâ✐ ÷àñòèíè

ð✐âíîñò✐ ✭✸✮ çë✐âà íà B(λ) çäîáóâà➵ìî

B(λ)A(λ) = d(λ)A0.

➶èêîíàâøè ìíîæåííÿ â îáîõ ÷àñòèíàõ îñòàííüî➝ ð✐âíîñò✐ òà ïðèð✐âíÿâøè

êîåô✐ö✐➵íòè ïðè îäèíàêîâèõ ñòåïåíÿ λ â ë✐â✐é òà ïðàâ✐é ÷àñòèíàõ✱ îòðèìó➵ìî

ñèñòåìó ð✐âíîñòåé





B1A0 = d1A0 +A1,

B2A0 − B1A1 = d2A0,

. . . . . . . . . . . . . . .

Bn−1A0 − Bn−2A1 = dn−1A0,

− Bn−1A1 = dnA0.

➬â✐äñè âèïëèâà➵✱ ùî ìàòðèöÿ Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
çàäîâîëüíÿ➵ ð✐â✲

í✐ñòü Z0M(A) = N(A, d)✳ ❰òæå✱ ð✐âíÿííÿ ZM(A) = N(A, d) ðîçâ✬ÿçíå✳ ❐åìó

äîâåäåíî✳
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➶✳ ❒✳ Ïðîê✐ï

Òåïåð âñòàíîâèìî çâ✬ÿçîê ì✐æ ðîçâ✬ÿçí✐ñòþ ð✐âíÿííÿ ZM(A) = N(A, d)

òà ìàòðè÷íîþ â✬ÿçêîþ A(λ) = A0λ − A1 ∈ Mn,m(F[λ])✱ ÿêà ïîñòàâëåíà ó

â✐äïîâ✐äí✐ñòü ìàòðè÷íîìó ð✐âíÿííþ XA0 = A1✳

❐åìà ✷ ✳ ❮åõàé d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ] ✐ ìàòðèöÿ

Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
,

äå Bj ∈ Mn,n(F); j = 1, 2, . . . , n− 1; ✕ ðîçâ✬ÿçîê ð✐âíÿííÿ ZM(A) = N(A, d)✳

Òîä✐ äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ−A1 òà ìíîãî÷ëåííî➝ ìàòðèö✐

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−2λ+Bn−1

âèêîíó➵òüñÿ ñï✐ââ✐äíîøåííÿ B(λ)A(λ) = d(λ)A0.

➘îâåäåííÿ ✳ Ð✐âí✐ñòü Z0M(A) = N(A, d) ðàçîì ç òîòîæí✐ñòþ A0 = A0 ð✐âíî✲

ñèëüíà ñèñòåì✐ ð✐âíîñòåé





A0 = A0,

B1A0 − A1 = d1A0,

B2A0 − B1A1 = d2A0,

. . . . . . . . . . . . . . .

Bn−1A0 − Bn−2A1 = dn−1A0,

− Bn−1A1 = dnA0.

✭✹✮

Ïîìíîæèâøè îáèäâ✐ ÷àñòèíè k✲ãî ð✐âíÿííÿ ✐ç ✭✹✮ íà λn−k✱ k = 0, 1, . . . , n❀ òà

ñêëàâøè ïðè öüîìó ë✐â✐ òà ïðàâ✐ ÷àñòèíè îòðèìó➵ìî

A0λ
n + (B1A0 +A1)λ

n−1 + (B2A0 −B1A1)λ
n−2 + . . .

+ (Bn−1A0 −Bn−2A1)λ−Bn−1A1 =

(λn + d1λ
n−1 + d1λ

n−2 + . . .+ dn−1λ+ dn)A0.

➬ äàíî➝ ð✐âíîñò✐ çäîáóâà➵ìî✱ ùî äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ − A1

òà ìíîãî÷ëåííî➝ ìàòðèö✐ B(λ) = Inλ
n−1 + B1λ

n−2 + · · · + Bn−2λ + Bn−1

âèêîíó➵òüñÿ ñï✐ââ✐äíîøåííÿ B(λ)A(λ) = d(λ)A0. ❐åìó äîâåäåíî✳
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Ïðî ðîçâ✬ÿçêè ìàòðè÷íîãî ð✐âíÿííÿ XA0 = A1 ✳ ✳ ✳ ✷✼

✷ ✳ ❰ñíîâí✐ ðåçóëüòàòè

❮åõàé ìàòðè÷íå ð✐âíÿííÿ XA0 = A1 ñóì✐ñíå ✭X ✕ íåâ✐äîìà n× n ìàòðèöÿ✮✳

❮åâàæêî ïåðåêîíàòèñü â òîìó ✭äèâ✳ ïðèêëàä ✶✮✱ ùî íå äëÿ êîæíîãî óí✐òàëü✲

íîãî ìíîãî÷ëåíà d(λ) = λn + d1λ
n−1 + · · · + dn äëÿ öüîãî ð✐âíÿííÿ ✐ñíó➵

ðîçâ✬ÿçîê ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ ➶ ö✐é ÷àñòèí✐ âñòàíîâèìî

óìîâè✱ çà ÿêèõ äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê X0 = D ✐ç çàäàíèì

õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳

Òåîðåìà ✶ ✳ ❮åõàé äëÿ ð✐âíÿííÿ XA0 = A1✱ äå A0, A1 ∈ Mn,n(F)✱

rankA0 = rank

[
A0

A1

]
= n− 1. ✭✺✮

ßêùî d
(n−1)
A (λ) = 1✱ òî äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê X0 = D ∈

Mn,n(F) ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λn + d1λ
n−1 + · · · + dn

òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè

rankM(A) = rank

[
M(A)

N(A, d)

]
.

Ïðè öüîìó øóêàíèé ðîçâ✬ÿçîê X0 = D îäíîçíà÷íî âèçíà÷à➵òüñÿ çàäàíèì

ìíîãî÷ëåíîì d(λ)✳

➘îâåäåííÿ ✳ ❮åîáõ✐äí✐ñòü✳ Òàê ÿê âèêîíó➵òüñÿ óìîâà ✭✺✮✱ òî ð✐âíÿííÿ

XA0 = A1 ðîçâ✬ÿçíå✳ ❮åõàé ìàòðèöÿ X0 = D ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëå✲

íîì d(λ) ðîçâ✬ÿçîê öüîãî ð✐âíÿííÿ✳ ❮à ï✐äñòàâ✐ ëåìè ✶ ð✐âíÿííÿ ZM(A) =

N(A, d) ðîçâ✬ÿçíå✱ ùî ✐ äîâîäèòü íåîáõ✐äí✐ñòü✳

➘îñòàòí✐ñòü✳ ❮åõàé ìàòðèöÿ Z0 =
[
B1 B2 . . . Bn−1

]
✱ äå Bj ∈

Mn,n(F); j = 1, 2, . . . , n − 1; ✕ ðîçâ✬ÿçîê ð✐âíÿííÿ ZM(A) = N(A, d)✳ ➬ã✐ä✲

íî ëåìè ✷ äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ − A1 òà ìíîãî÷ëåííî➝ ìàòðèö✐

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−1 âèêîíó➵òüñÿ ñï✐ââ✐äíîøåííÿ

B(λ)A(λ) = d(λ)A0. ✭✻✮

➶ðàõîâóþ÷è ð✐âí✐ñòü ✭✺✮ îòðèìó➵ìî rankA(λ) = n − 1✳ Òàê ÿê d
(n−1)
A (λ) =

1✱ òî äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) ✐ñíóþòü ìàòðèö✐ U(λ), V (λ) ∈ GL(n,F[λ])

òàê✐✱ ùî A(λ) = U(λ) diag (1, . . . , 1, 0)V (λ). ❮à ï✐äñòàâ✐ öüîãî ç ð✐âíîñò✐ ✭✻✮

îòðèìó➵ìî

B(λ)U(λ) diag (1, . . . , 1, 0) = d(λ)A0V
−1(λ).

➬â✐äñè âèïëèâà➵

B(λ)U(λ) = W (λ) diag (d(λ), . . . , d(λ), 1). ✭✼✮
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➶✳ ❒✳ Ïðîê✐ï

❰ñê✐ëüêè deg detB(λ) = n(n− 1) ✐ U(λ) ∈ GL(n,F[λ])✱ òî ïåðåéøîâøè äî

âèçíà÷íèê✐â â îáîõ ÷àñòèíàõ ð✐âíîñò✐ ✭✼✮✱ çäîáóâà➵ìî detB(λ) = dn−1(λ) ✐

W ∈ GL(n,F[λ])✳ ❰òæå✱ äëÿ ìàòðèö✐ G(λ) = diag (1, . . . , 1, d(λ))W−1(λ) ìà➵

ì✐ñöå ñï✐ââ✐äíîøåííÿ

B(λ)U(λ)G(λ) = Ind(λ). ✭✽✮

Òàê ÿê degB(λ) = n− 1 ✐ deg b(λ) = n✱ òî ç ð✐âíîñò✐ ✭✽✮ âèïëèâà➵✱ ùî

U(λ)G(λ) = Inλ−D ∈ Mn,n(F[λ]) ✭✾✮

✕ ìàòðè÷íà â✬ÿçêà ç âèçíà÷íèêîì det(Inλ−D) = d(λ)✳ ➶ðàõîâóþ÷è ñï✐ââ✐ä✲

íîøåííÿ ✭✽✮ ð✐âí✐ñòü ✭✻✮ ïåðåïèøåìî òàê

B(λ)A(λ) = B(λ)U(λ)G(λ)A0 = B(λ)(Inλ−D)A0.

➬â✐äñè çäîáóâà➵ìî✱ ùî äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) ✐ñíó➵ çîáðàæåííÿ ó

âèãëÿä✐ äîáóòêó A(λ) = (Inλ−D)A0✱ äå D ∈ Mn,n(F) ✕ ìàòðèöÿ ç õàðàêòåðè✲

ñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ ❰òæå✱ ìàòðèöÿ D ➵ ðîçâ✬ÿçêîì ð✐âíÿííÿ XA0 =

A1✳ ✃ð✐ì öüîãî✱ íà ï✐äñòàâ✐ ð✐âíîñò✐ ✭✽✮ îòðèìó➵ìî B(λ)(Inλ−D) = Ind(λ)✳

➬â✐äè çäîáóâà➵ìî✱ ùî D = B1 − Ind1✳

➘îâåäåìî✱ ùî øóêàíèé ðîçâ✬ÿçîê X0 = D îäíîçíà÷íî âèçíà÷åíèé ìíîãî✲

÷ëåíîì d(λ)✳ ➶ðàõîâóþ÷è óìîâó ✭✺✮ ïðèïóñòèìî✱ ùî äëÿ ð✐âíÿííÿ XA0 = A1

✐ñíó➵ ùå îäèí ðîçâ✬ÿçîê D̃ ∈ Mn(F) ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✱

ÿêèé â✐äì✐ííèé â✐ä ïîïåðåäíüîãî✱ òîáòî D̃ 6= D✳ Òîä✐

A(λ) = (Inλ−D)A0 = (Inλ− D̃)A0.

Òàê ÿê A(λ) = U(λ) diag (1, . . . , 1, 0)V (λ)✱ äå U(λ), V (λ) ∈ GL(n,F[λ])✱ òî íà

ï✐äñòàâ✐ ð✐âíîñò✐ ✭✾✮ çäîáóâà➵ìî

Inλ− D̃ = U(λ) diag (1, ..., 1, d(λ))W1(λ) =

U(λ) diag (1, ..., 1, d(λ))W (λ)W−1(λ)W1(λ) =

(Inλ−D)Q(λ),

äå W1(λ) ∈ GL(n,F[λ]) ✐ Q(λ) = W−1(λ)W1(λ)✳ ➬â✐äñè âèïëèâà➵✱ ùî ð✐âí✐ñòü

Inλ− D̃ = (Inλ−D)Q(λ) ìîæëèâà ëèøå ïðè Q(λ) = In✳

❰òæå✱ ìàòðèöÿ D ∈ Mn,n(F)✱ ÿêà ➵ ðîçâ✬ÿçêîì ð✐âíÿííÿ XA0 = A1✱ îä✲

íîçíà÷íî âèçíà÷åíà ñâî➝ì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ ❰äíî÷àñíî

çäîáóâà➵ìî✱ ùî ð✐âíÿííÿ ZM(A) = N(A, d) ìà➵ ➵äèíèé ðîçâ✬ÿçîê✱ òîáòî

rankM(A) = rank

[
M(A)

N(A, d)

]
= n(n− 1)✳ Òåîðåìó äîâåäåíî✳
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Ïðî ðîçâ✬ÿçêè ìàòðè÷íîãî ð✐âíÿííÿ XA0 = A1 ✳ ✳ ✳ ✷✾

➬àóâàæèìî✱ ùî ✐ç äîâåäåííÿ äîñòàòíîñò✐ òåîðåìè ✶ îòðèìó➵ìî ìåòîä ïî✲

áóäîâè ðîçâ✬ÿçêó ð✐âíÿííÿ XA0 = A1 ✐ç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî✲

÷ëåíîì✱ ÿêèé áóäó➵ìî çà ðîçâ✬ÿçêîì ð✐âíÿííÿ ZM(A) = N(A, d)✳

Òåîðåìà ✷ ✳ ❮åõàé äëÿ ð✐âíÿííÿ XA0 = A1, äå A0, A1 ∈ Mn,n(F)✱

rankA0 = rank

[
A0

A1

]
= n− 1. ✭✶✵✮

ßêùî äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ − A1 í✳ñ✳ä✳ ì✐íîð✐â (n − 1)−ãî

ïîðÿäêó d
(n−1)
A (λ) = 1✱ òî äëÿ êîæíîãî óí✐òàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn ∈ F[λ]

äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê X0 = D ∈ Mn,n(F) ✐ç õàðàêòå✲

ðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ Ïðè öüîìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ)

âèçíà÷åíà îäíîçíà÷íî✳

➘îâåäåííÿ ✳ ❮à ï✐äñòàâ✐ ð✐âíîñò✐ ✭✶✵✮ ìàòðè÷íå ð✐âíÿííÿ XA0 = A1 ðîç✲

â✬ÿçíå✳ ❮åõàé ìàòðèöÿ X0 = D ∈ Mn,n(F) ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëå✲

íîì det(Inλ−D) = d(λ) = λn+d1λ
n−1+ · · ·+dn ➵ ðîçâ✬ÿçêîì öüîãî ð✐âíÿííÿ✳

❰òæå✱ A(λ) = A0λ−A1 = (Inλ−D)A0. Òàê ÿê d
(n−1)
A (λ) = 1✱ òî çã✐äíî òåîðå✲

ìè ✶ ìàòðèöÿ D õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) âèçíà÷åíà îäíîçíà÷íî✳

✃ð✐ì öüîãî

rankM(A) = rank

[
M(A)

N(A, d)

]
= n(n− 1).

❰ñê✐ëüêè rankA0 = n − 1✱ òî äëÿ A0 ✐ñíó➵ ìàòðèöÿ T ∈ GL(n,F) òàêà✱

ùî A0T =
[
Ã0 0n,1

]
, äå Ã0 ∈ Mn,n−1(F)✳ ❮à ï✐äñòàâ✐ öüîãî çäîáóâà➵ìî

A(λ)T = (Inλ−D)A0T = (Inλ−D)
[
Ã0 0n,1

]
=

[
Ã0 0n,1

]
λ−

[
Ã1 0n,1

]
=

[
Ã(x) 0n,1

]
,

äå Ã1 = DÃ0 ∈ Mn,n−1(F)✳ ❰òæå✱ ìàòðèöÿ D ∈ Mn,n(F) ✕ ðîçâ✬ÿçîê

ð✐âíÿííÿ XÃ0 = Ã1✳ Òàê ÿê d
(n−1)
A (λ) = 1✱ òî äëÿ ìàòðè÷íî➝ â✬ÿçêè

Ã(λ) ∈ Mn,n−1(F[λ]) âèêîíó➵òüñÿ d
(n−1)

Ã
(λ) = 1✳ ➬ã✐äíî òåîðåìè ✶ òà íà✲

ñë✐äêó ✶

rankM(Ã) = rank

[
M(Ã)

N(Ã, d)

]
= n(n− 1).

Òàê ÿê M(Ã) êâàäðàòíà (n− 1)n× (n− 1)n✲ìàòðèöÿ✱ òî ç îñòàííüî➝ ð✐âíîñò✐

âèïëèâà➵✱ ùî M(Ã) ✕ íåîñîáëèâà ìàòðèöÿ✳
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➶✳ ❒✳ Ïðîê✐ï

Òàêèì ÷èíîì✱ ð✐âíÿííÿ ZM(Ã) = N(Ã, d) ðîçâ✬ÿçíå äëÿ äîâ✐ëüíîãî

óí✐òàëüíîãî ìíîãî÷ëåíà d(λ) ñòåïåíÿ n✳ ❰ñê✐ëüêè ìàòðè÷í✐ ð✐âíÿííÿ XA0 =

A1 ✐ XÃ0 = Ã1 ð✐âíîñèëüí✐✱ òî ìàòðè÷íå ZM(A) = N(A, d) ðîçâ✬ÿçíå äëÿ

äîâ✐ëüíîãî óí✐òàëüíîãî ìíîãî÷ëåíà d(λ) ñòåïåíÿ n✳ ❮à ï✐äñòàâ✐ òåîðåìè ✶✱

ðîçâ✬ÿçîê X0 = D ð✐âíÿííÿ XA0 = A1 îäíîçíà÷íî âèçíà÷à➵òüñÿ õàðàêòåðè✲

ñòè÷íèì ìíîãî÷ëåíîì d(λ) = det(Inλ−D)✳ Òåîðåìó äîâåäåíî✳

Ðîçãëÿíåìî ìàòðè÷íå ð✐âíÿííÿ

XA0 = A1, ✭✶✶✮

äå A0, A1 ∈ Mn,n−1(F)✳ Ð✐âíÿííÿ ✭✶✶✮ ðîçâ✬ÿçíå òîä✐ ✐ ò✐ëüêè òîä✐✱ êîëè ðîç✲

â✬ÿçíå ð✐âíÿííÿ X
[
A0 0n,1

]
=

[
A1 0n,1

]
✳ ■ç òåîðåìè ✶ îòðèìó➵ìî✳

❮àñë✐äîê ✶ ✳ ❮åõàé äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ−A1 ∈ Mn,n−1(F[λ])

í✳ñ✳ä✳ ì✐íîð✐â (n − 1)−ãî ïîðÿäêó d
(n−1)
A (λ) = 1✳ ßêùî rankA0 = n − 1✱ òî

äëÿ êîæíîãî óí✐òàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ]

äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê X0 = D ∈ Mn,n(F) ✐ç õàðàêòå✲

ðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ Ïðè öüîìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ)

âèçíà÷åíà îäíîçíà÷íî✳

❮àñë✐äîê ✷ ✳ ❮åõàé äëÿ ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ−A1 ∈ Mn,m(F[λ])✱

m > n✱ í✳ñ✳ä✳ ì✐íîð✐â (n − 1)−ãî ïîðÿäêó d
(n−1)
A (λ) = 1✳ ßêùî rankA0 =

rank

[
A0

A1

]
= n− 1, òî äëÿ êîæíîãî óí✐òàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ]

äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê X0 = D ∈ Mn,n(F) ✐ç õàðàêòåðè✲

ñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ Ïðè öüîìó øóêàíèé ðîçâ✬ÿçîê D õàðàêòåðè✲

ñòè÷íèì ìíîãî÷ëåíîì d(λ) âèçíà÷åíèé îäíîçíà÷íî✳

➘îâåäåííÿ ✳ Òàê ÿê rankA0 = rank

[
A0

A1

]
= n− 1, òî äëÿ ìàòðèöü A0, A1 ∈

Mn,m(F) ✐ñíó➵ ìàòðèöÿ W ∈ GL(m,F) òàêà✱ ùî

A0W =
[
Ã0 0n,m−n

]
✐

[
A0

A1

]
W =

[
Ã0 0n,m−n+1

Ã1 0n,m−n+1

]
,
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Ïðî ðîçâ✬ÿçêè ìàòðè÷íîãî ð✐âíÿííÿ XA0 = A1 ✳ ✳ ✳ ✸✶

äå Ã0, Ã1 ∈ Mn,n−1(F)✳ ❰÷åâèäíî✱ ùî d
(n−1)

Ã
(λ) = 1✱ äå Ã(λ) = Ã0λ − Ã1 ∈

Mn,n−1(F[λ])✳ ❮à ï✐äñòàâ✐ íàñë✐äêó ✶✱ äëÿ êîæíîãî óí✐òàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · · + dn ∈ F[λ] äëÿ ð✐âíÿííÿ XÃ0 = Ã1 ✐ñíó➵ ðîçâ✬ÿ✲

çîê X0 = D ∈ Mn,n(F) ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ)✳ Ïðè öüî✲

ìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ) âèçíà÷åíà îäíîçíà÷íî✳ ❰ñê✐ëüêè ð✐âíÿííÿ

XÃ0 = Ã1 ✐ XA0 = A1 ð✐âíîñèëüí✐✱ òî íàñë✐äîê äîâåäåíî✳

✸ ✳ Ïðèêëàäè

❮åõàé F = Q ✕ ïîëå ðàö✐îíàëüíèõ ÷èñåë✳ Ðîçãëÿíåìî íàñòóïí✐ ïðèêëàäè✳

Ïðèêëàä ✶ ✳ ❮åõàé A0 = A1 =

[
1 1

1 1

]
∈ M2,2(Q)✳ ❰÷åâèäíî✱ ùî ð✐âíÿííÿ

XA0 = A1 ðîçâ✬ÿçíå íàä ïîëåì Q✳ Ïîêàæåìî✱ ùî äëÿ äàíîãî ð✐âíÿííÿ íå

✐ñíó➵ ðîçâ✬ÿçêó ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ2 + 2λ+ 1✳ Ïðè✲

ïóñòèìî✱ ùî ìàòðèöÿ X0 = D ∈ M2,2(Q) ✐ç çàäàíèì õàðàòåðèñòè÷íèì

ìíîãî÷ëåíîì d(λ) ➵ ðîçâ✬ÿçêîì öüîãî ð✐âíÿííÿ✳ ➬ã✐äíî ëåìè ✶ äëÿ ìàòðè÷✲

íî➝ â✬ÿçêè A(λ) =

[
1 1

1 1

]
λ −

[
1 1

1 1

]
òà ìíîãî÷ëåíà d(λ) ð✐âíÿííÿ ZM(A) =

N(A, d) ðîçâ✬ÿçíå✳ ❰÷åâèäíî✱ ùî rank M(A) = rank

[
1 1 −1 −1

1 1 −1 −1

]
= 1✳ Ïðî✲

òå rank

[
M(A)

N(A, d)

]
= rank




1 1 −1 −1

1 1 −1 −1

3 3 1 1

3 3 1 1




= 2✳ Òàê ÿê ð✐âíÿííÿ ZM(A) =

N(A, d) íåñóì✐ñíå✱ òî äëÿ ð✐âíÿííÿ XA0 = A1 íå ✐ñíó➵ ðîçâ✬ÿçêó X0 = D ç

õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ2 + 2λ+ 1✳

Ïðèêëàä ✷ ✳ Ðîçãëÿíåìî ìàòðè÷íå ð✐âíÿííÿ XA0 = A1✱ äå A0 =



1 1 0

0 0 0

0 1 1




✐ A1 =



2 3 1

1 2 1

1 2 1


 . ❐åãêî ïåðåâ✐ðèòè✱ ùî rankA0 = rank

[
A0

A1

]
= 2 ✐ äëÿ

ìàòðè÷íî➝ â✬ÿçêè A(λ) = A0λ − A1 ∈ M3,3(Q[λ]) í✳ñ✳ä✳ ì✐íîð✐â 2−ãî ïî✲

ðÿäêó d
(2)
A (λ) = 1✳ ❰òæå✱ äëÿ êîæíîãî óí✐òàëüíîãî ìíîãî÷ëåíà òðåòüîãî

ñòåïåíÿ d(λ) ∈ Q[λ] äëÿ ð✐âíÿííÿ XA0 = A1 ✐ñíó➵ ðîçâ✬ÿçîê ✐ç õàðàêòåðè✲

ñòè÷íèì ìíîãî÷ëåíîì d(λ)✳



✸✷
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➶êàæåìî ðîçâ✬ÿçîê öüîãî ð✐âíÿííÿ ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

d(λ) = λ3✳ Òåïåð ïîáóäó➵ìî ìàòðèö✐

M(A) =

[
A0 − A1 03,3

03,3 A0 −A1

]
=




1 1 0 −2 −3 −1 0 0 0

0 0 0 −1 −2 −1 0 0 0

0 0 1 −1 −2 −1 0 0 0

0 0 0 1 1 0 −2 −3 −1

0 0 0 0 0 0 −1 −2 −1

0 0 0 0 1 1 −1 −2 −1




,

N(A, d) =
[
A0d1 +A1 A0d2 A0d3

]
=



2 3 1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0


 .

❒àòðèöÿ Z0 =



2 −5 1

1 −3 1

1 −3 1

0 −2 2

0 −1 1

0 −1 1


 =

[
B1 B2

]
✕ ðîçâ✬ÿçîê ð✐âíÿííÿ

ZM(A) = N(A, d)✳

Òàê ÿê B1−D = I3d1✱ òî D = B1−I3d1 =



2 −5 1

1 −3 1

1 −3 1


 ✕ øóêàíèé ðîçâ✬ÿçîê

ð✐âíÿííÿ ✐ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ3✳

❮àäàë✐ C ✕ ïîëå êîìïëåêñíèõ ÷èñåë✳ ➬äîáóò✐ ðåçóëüòàòè ìîæóòü áóòè

âèêîðèñòàí✐ ïðè ðîçâ✬ÿçóâàíí✐ ñèñòåì ë✐í✐éíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ç✐

ñòàëèìè êîåô✐ö✐➵íòàìè✳ ➶ öüîìó çâ✬ÿçêó ðîçãëÿíåìî ñèñòåìó ë✐í✐éíèõ äè✲

ôåðåíö✐àëüíèõ ð✐âíÿíü
dY (t)

dt
A0 = Y (t)A1, ✭✶✷✮

äå A0, A1 ∈ Mn,m(C) ✐ Y (t) =
[
y1(t) y2(t) . . . yn(t)

]
✕ íåâ✐äîìèé âåêòîð✲ðÿäîê

â✐ä çì✐ííî➝ t✳ ❰÷åâèäíî✱ ÿêùî ð✐âíÿííÿ XA0 = A1 ðîçâ✬ÿçíå✱ òî ñèñòå✲

ìà ë✐í✐éíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✷✮ òåæ ðîçâ✬ÿçíà✳ ❮åõàé ìàòðèöÿ

D ∈ Mn,n(C) ✕ ðîçâ✬ÿçîê ð✐âíÿííÿ XA0 = A1✳ Òåïåð ñèñòåìó ë✐í✐éíèõ äè✲

ôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✷✮ çàïèøåìî ó âèãäÿä✐
(

dY (t)
dt

− Y (t)D
)
A0 = 0✳

❰ñê✐ëüêè ð✐âíÿííÿ dY (t)
dt

= Y (t)D ðîçâ✬ÿçíå✱ òî ðîçâ✬ÿçêè ñèñòåìè ð✐âíÿíü

✭✶✷✮ ìè ìîæåìî øóêàòè ç íàïåðåä çàäàíèì ñïåêòðîì✳ ❰òæå✱ ðåçóëüòàòè ïî✲

ïåðåäíüîãî ðîçä✐ëó ìîæóòü áóòè çàñòîñîâàí✐ äî ïîøóêó ðîçâ✬ÿçê✐â ñèñòåìè

ë✐í✐éíèõ äèôåðåíö✐àëüíèõ ð✐âíÿíü ✭✶✷✮ ç íàïåðåä çàäàíèìè õàðàêòåðèñòè÷✲

íèìè çíà÷åííÿ✳
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Ïðî ðîçâ✬ÿçêè ìàòðè÷íîãî ð✐âíÿííÿ XA0 = A1 ✳ ✳ ✳ ✸✸
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■ÏÏ❒❒ ❮➚❮ Óêðà➝íè✱ ❐üâ✐â✱ Óêðà➝íà

❊✲♠❛✐❧✿ ✈✳♣r♦❦✐♣❅❣♠❛✐❧✳❝♦♠

❱✳▼✳ Pr♦❦✐♣

❖♥ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♠❛tr✐① ❡q✉❛t✐♦♥ XA0 = A1 ✇✐t❤ ♣r❡s❝r✐❜❡❞

❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧s

❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ str✉❝t✉r❡ ♦❢ s♦❧✉t✐♦♥s ♦❢ ❛ ♠❛tr✐① ❡q✉❛t✐♦♥ XA0 = A1✱ ✇❤❡r❡

A1, A2 ❛r❡ n ×m ♠❛tr✐❝❡s ♦✈❡r ❛ ✜❡❧❞ F ❛♥❞ X ✐s ✉♥❦♥♦✇♥ n × n ♠❛tr✐①✳ ▲❡t

d(λ) = λn+d1λ
n−1+ · · ·+dn−1λ+dn ∈ F[λ] ❜❡ ❛ ♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n✳

■♥ t❤✐s ♥♦t❡ ✇❡ ♣r❡s❡♥t t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❢♦r t❤❡ ❡q✉❛t✐♦♥ XA0 = A1

t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ X0 = D ✇✐t❤ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ d(λ)✳


