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Ôóíêòîðè ñê✐í÷åííîãî ñòåïåíÿ ó àñèìïòîòè÷íèõ
êàòåãîð✐ÿõ

❒✳ ❒✳ ➬àð✐÷íèé ❒✳ ❒✳ Ðîìàíñüêèé ❰✳ ➹✳ Ñàâ÷åíêî

➚íîòàö✐ÿ Ðîçãëÿíóòî ôóíêòîðè ó àñèìïòîòè÷í✐é êàòåãîð✐➝✱ ïîðîäæåí✐ äåÿ✲

êèìè ôóíêòîðàìè ñê✐í÷åííîãî ñòåïåíÿ ó êàòåãîð✐➝ êîìïàêò✐â✳ ➶ñòàíîâëåíî

äåÿê✐ ãåîìåòðè÷í✐ âëàñòèâîñò✐ öèõ ôóíêòîð✐â✳

✃ëþ÷îâ✐ ñëîâà ➚ñèìïòîòè÷íà êàòåãîð✐ÿ✱ ôóíêòîð✱ ñèìåòðè÷íèé ñòåï✐íü✱

ïðîåêòèâíèé ñòåï✐íü

Ó➘✃ ✺✶✺✳✶✷

✶ ➶ñòóï

Òåîð✐ÿ êîâàð✐àíòíèõ ôóíêòîð✐â ñê✐í÷åííîãî ñòåïåíÿ ó òîïîëîã✐÷íèõ êàòå✲

ãîð✐ÿõ✱ çîêðåìà✱ êàòåãîð✐➝ êîìïàêòíèõ ãàóñäîðôîâèõ ïðîñòîð✐â òà êàòåãîð✐➝

ìåòðèçîâíèõ ïðîñòîð✐â✱ çíàõîäèòü ð✐çíîìàí✐òí✐ çàñòîñóâàííÿ â ãåîìåòðè÷✲

í✐é òîïîëîã✐➝ ✭äèâ✳✱ íàïðèêëàä✱ ❬✽❪✱ ❬✹❪✮✳ Ñåðåä ð✐çíîìàí✐òíèõ ðåçóëüòàò✐â ó

öüîìó íàïðÿìêó â✐äçíà÷èìî çáåðåæåííÿ ôóíêòîð✐àëüíèìè êîíñòðóêö✐ÿìè

ñê✐í÷åííîâèì✐ðíèõ ìíîãîâèä✐â ✭❬✹❪✮✳

Ó ö✐é ñòàòò✐ ìè ðîçãëÿäà➵ìî äåÿê✐ àíàëîãè äîâåäåíèõ ó öèòîâàíèõ êíèãàõ

ðåçóëüòàò✐â äëÿ àñèìïòîòè÷íî➝ êàòåãîð✐➝ A✱ ÿêó çàïðîâàäèâ ➘ðàí✐øíèêîâ ❬✺❪

✭îçíà÷åííÿ äèâ✳ íèæ÷å✮✳ ❮àø ï✐äõ✐ä äî îçíà÷åííÿ ôóíêòîð✐â òóò àíàëîã✐÷✲

íèé äî çàïðîïîíîâàíîãî ➚✳ ➘ðàí✐øíèêîâèì ó ❬✺❪ ✖ â✐í äåùî â✐äð✐çíÿ➵òüñÿ

â✐ä òîãî✱ ÿêèé ðîçãëÿäàëà ❰✳ Øóêåëü â ❬✾❪✳
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Ôóíêòîðè ó àñèìïòîòè÷íèõ êàòåãîð✐ÿõ ✽✺

✷ Ïîïåðåäí✐ â✐äîìîñò✐

❮àãàäà➵ìî✱ ùî îá✬➵êòàìè àñèìïòîòè÷íî➝ êàòåãîð✐➝ A ➵ âëàñí✐ ìåòðè÷í✐ ïðî✲

ñòîðè✱ à ìîðô✐çìàìè ✖ âëàñí✐ àñèìïòîòè÷íî ë✐ïøèöåâ✐ â✐äîáðàæåííÿ✳

❒åòðè÷íèé ïðîñò✐ð (X, d) íàçèâà➵ìî âëàñíèì✱ ÿêùî êîæíà çàìêíåíà êó✲

ëÿ â ❳ êîìïàêòíà✳

➶✐äîáðàæåííÿ f : X → Y íàçèâàþòü âëàñíèì✱ ÿêùî ïðîîáðàç êîæíî➝

êîìïàêòíî➝ ìíîæèíè ➵ êîìïàêòíèì✳

➶✐äîáðàæåííÿ f : (X, d) → (Y, ρ) íàçèâà➵òüñÿ àñèìïòîòè÷íî ë✐ïøèöåâèì✱

ÿêùî ✐ñíóþòü äâà òàêèõ ÷èñëà✱ λ i s (λ > 0, s ≥ 0)✱ ùî ρ(f(x), f(y)) ≤

λd(x, y) + s✱ x, y ∈ X✳

❮åõàé d ✖ ìåòðèêà íà ìíîæèí✐ X ✐ ∼ ✖ â✐äíîøåííÿ åêâ✐âàëåíòíîñò✐ íà

X✳ Ôàêòîð✲ìåòðèêà ̺ íà ìíîæèí✐ X/ ∼ çàäà➵òüñÿ òàê✿ ÿêùî [x], [y] ∈ X/ ∼✱

òî ̺([x], [y]) ✖ öå ✐íô✐ìóì ñóì âèãëÿäó
∑n

i=1 d(ai, bi)✱ äå x ∼ a1✱ bn ∼ y✱

ai+1 ∼ bi✱ i = 1, . . . , n−1✳ ➶çàãàë✐ êàæó÷è✱ ôóíêö✐ÿ ̺ ➵ ëèøå ïñåâäîìåòðèêîþ✱

îäíàê ó òèõ âèïàäêàõ✱ ùî ìè ðîçãëÿäà➵ìî✱ âîíà ➵ ìåòðèêîþ✳

✃îíóñ Cone(X) íàä êîìïàêòíèì ìåòðè÷íèì ïðîñòîðîì (X, d) ✖ öå ôàê✲

òîðïðîñò✐ð äîáóòêó (X×R+)/ ∼✱ äå â✐äíîøåííÿ åêâ✐âàëåíòíîñò✐ ∼ çàäà➵òüñÿ

óìîâîþ (x, 0) ∼ (y, 0)✱ x, y ∈ X✳ Ó ë✐òåðàòóð✐ çóñòð✐÷àþòüñÿ ð✐çí✐ ìåòðèçà✲

ö✐➝ êîíóñ✐â✳ ➬îêðåìà✱ ÿêùî X ⊂ Sn ⊂ R
n+1✱ òî êîíóñ Cone(X) ïðèðîäíî

îòîòîæíþ➵òüñÿ ç ï✐äïðîñòîðîì {tx | x ∈ X, t ∈ R+} ✐ ìåòðèêà íà íüîìó

✐íäóêó➵òüñÿ ç R
n+1✳ ßêùî æ (X, d) ✖ ìåòðè÷íèé ïðîñò✐ð ✐ diam(X) ≤ 2✱ òî

ìåòðèêà d̃ íà Cone(X) çàäà➵òüñÿ ôîðìóëîþ✿

d̃((x, t), (y, s)) = min{t, s}d(x, y) + |t− s|.

✃îíñòðóêö✐ÿ êîíóñà ôóíêòîð✐àëüíà✳ ßêùî çàäàíî â✐äîáðàæåííÿ f : X →

Y ìåòðè÷íèõ êîìïàêò✐â✱ òî â✐äîáðàæåííÿ Cone(f) : Cone(X) → Cone(Y )

îçíà÷ó➵òüñÿ ôîðìóëîþ Cone(f)(x, t) = (f(x), t)✳ Ïðîòå â✐äîìî✱ ùî íåçàëåæ✲

íî â✐ä âèáîðó ìåòðèêè✱ ôóíêòîð êîíóñà çáåð✐ãà➵ âëàñòèâ✐ñòü ë✐ïøèöåâîñò✐

â✐äîáðàæåíü✳

❐åìà ✶ ❮åõàé f : X → Y ✖ ë✐ïøèöåâå â✐äîáðàæåííÿ ìåòðè÷íèõ êîìïàê✲

ò✐â✳ Òîä✐ â✐äîáðàæåííÿ Cone(f) : Cone(X) → Cone(Y ) ✭àñèìïòîòè÷íî✮ ë✐ï✲

øèöåâå✳

■çîìîðô✐çìàìè â êàòåãîð✐➝ A ➵ ãîìåîìîðô✐çìè f : X → Y òàê✐✱ ùî f ✐

f−1 ✖ àñèìïòîòè÷íî ë✐ïøèöåâ✐✳

Ó ñòàòò✐ ❬✺❪ ➚✳ ➘ðàí✐øíèêîâ îçíà÷èâ àñèìïòîòè÷íèé äîáóòîê

X×̃Y (x0, y0) = {(x, y)|dX(x0, x) = dY (y0, y), x ∈ X, y ∈ Y },
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äå x0, y0 ✖ ô✐êñîâàí✐ òî÷êè â ìåòðè÷íèõ ïðîñòîðàõ X òà Y â✐äïîâ✐äíî✳ ➶

äóñ✐ öüîãî îçíà÷åííÿ ìè ðîçãëÿäàòèìåìî äåÿê✐ ôóíêòîðè ó êàòåãîð✐➝ A✳

❮àäàë✐ â åâêë✐äîâîìó ïðîñòîð✐ Rn â✐äì✐÷åíîþ ââàæà➵òüñÿ òî÷êà ✵✳

✸ Ôóíêòîðè â àñèìïòîòè÷íèõ êàòåãîð✐ÿõ

❮èæ÷å ìè ðîçãëÿäà➵ìî äåÿê✐ ôóíêòîðè ó êàòåãîð✐➝ A✱ ïîðîäæåí✐ ôóíêòîðà✲

ìè ñê✐í÷åííîãî ñòåïåíÿ ó êàòåãîð✐➝ êîìïàêò✐â✳

✸✳✶ Ñèìåòðè÷í✐ ñòåïåí✐

❮åõàé ∼ ✖ â✐äíîøåííÿ åêâ✐âàëåíòíîñò✐ íà ñòåïåí✐ Xn ìåòðè÷íîãî ïðîñòîðó

X✱ ùî çàäà➵òüñÿ óìîâîþ✿ (x1, . . . , xn) ∼ (y1, . . . , yn) òîä✐ é ò✐ëüêè òîä✐✱ êîëè

✐ñíó➵ ïåðåñòàíîâêà σ ìíîæèíè {1, . . . , n} òàêà ùî xi = yσ(i) äëÿ êîæíîãî i =

1, . . . , n✳ Ôàêòîðïðîñò✐ð ïðîñòîðó Xn çà òàêèì â✐äíîøåííÿì åêâ✐âàëåíòíîñò✐

íàçèâàþòü ñèìåòðè÷íèì ñòåïåíåì ïðîñòîðó X â êàòåãîð✐➝ A ✐ ïîçíà÷àþòü

SPn(X)✳

✃ëàñ åêâ✐âàëåíòíîñò✐ â✐äíîøåííÿ ∼✱ ùî ì✐ñòèòü òî÷êó (x1, . . . , xn)✱ ïî✲

çíà÷àþòü [x1, . . . , xn]✳ ßêùî x0 ∈ X ✖ â✐äì✐÷åíà òî÷êà✱ òî ïðèéìåìî

S̃P
n
(X) = {[x1, . . . , xn] ∈ SPn(X) | d(xi, x0) = d(xj , x0), i, j = 1, . . . , n}.

❒åòðèêó d̂ íà S̃P
n
(X) çàäàþòü ôîðìóëîþ

d̂([x1, . . . , xn], [y1, . . . , yn]) = min
σ

max
i

d(xi, yσ(i)).

❮åõàé M ✖ ëèñò ❒åá✐óñà â R
3✱ çàäàíèé ñòàíäàðòíèìè ïàðàìåòðè÷✲

íèìè ð✐âíÿííÿìè✿ x(u, v) = (1 + (v/2) cos(u/2)) cosu✱ y(u, v) = (1 +

(v/2) cos(u/2)) sinu✱ z(u, v) = (v/2) sin(u/2)✱ äå 0 ≤ u < 2π ✐ −1 ≤ v ≤ 1✳

Ïðîïîçèö✐ÿ ✶ ➶ àñèìïòîòè÷í✐é êàòåãîð✐➝ A✱ äðóãèé ñèìåòðè÷íèé ñòå✲

ï✐íü S̃P
2
(R2) ✐çîìîðôíèé êîíóñó Cone(M)✳

➘îâåäåííÿ ✶ ➬îáðàçèìî êîëî S1 ÿê ôàêòîðïðîñò✐ð â✐äð✐çêà [0, 1]/ ∼✱ äå

0 ∼ 1✳ ✃îæí✐é íåâïîðÿäêîâàí✐é ïàð✐ [x, y] ∈ SP 2([0, 1]) ñòàâèìî ó â✐äïîâ✐ä✲

í✐ñòü ïàðó

(min{x, y},max{x, y}) ∈ ∆2 = {(s, t) ∈ [0, 1]× [0, 1] | s ≥ t}.

Öå ïîðîäæó➵ ïðèðîäíå â✐äîáðàæåííÿ SP 2(S1) = SP 2([0, 1]/ ∼) â ∆2/ ∼✱ äå

∼ ✖ â✐äíîøåííÿ åêâ✐âàëåíòíîñò✐ íà ∆2✱ çàäàíå óìîâàìè✿ (x, 0) ∼ (1, x)✳

❮åñêëàäíî ïåðåêîíàòèñÿ✱ ùî öå â✐äîáðàæåííÿ ë✐ïøèöåâå✳
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Ôóíêòîðè ó àñèìïòîòè÷íèõ êàòåãîð✐ÿõ ✽✼

❮àñòóïíèì êðîêîì ➵ â✐äîáðàçèòè á✐ë✐ïøèöåâî ïðîñò✐ð ∆2/ ∼ íà M ✳

❮åñêëàäíî çðîáèòè öå òàê✱ ùî îáðàçîì ñåðåäíüî➝ ë✐í✐➝ y = x − 1
2 â ∆2/ ∼

➵ ñåðåäíÿ ë✐í✐ÿ v = 0 íà ëèñò✐ ❒åá✐óñà✳ ➶✐äïîâ✐äíî✱ ïàðàëåëüí✐ äî ñåðåäíüî➝

ë✐í✐➝ ïåðåõîäÿòü ó ïàðàëåëüí✐ äî ñåðåäíüî➝ ë✐í✐➝ íà M ✳ ➶êàçàíå â✐äîáðàæåí✲

íÿ íåñêëàäíî çðîáèòè á✐ë✐ïøèöåâèì✳

❮àðåøò✐✱ ñêîðèñòàâøèñü ëåìîþ ✶✱ áóäó➵ìî øóêàíå â✐äîáðàæåííÿ

S̃P
2
(R2) = Cone(SP 2(S1)) → Cone(M)✳

Ïðîïîçèö✐ÿ ✷ Ñèìåòðè÷íèé êâàäðàò S̃P
2
(R2

+) â àñèìïòîòè÷í✐é êàòå✲

ãîð✐➝ A ✐çîìîðôíèé R
3
+✳

➘îâåäåííÿ ✷ ➘îâåäåìî✱ ùî S̃P
2
(R2

+) ✐çîìîðôíèé ïðîñòîðîâ✐ X =

{(x, y, z)|x ≥ 0, y ≥ 0, z < x}✱ ÿêèé✱ ó ñâîþ ÷åðãó✱ ✐çîìîðôíèé ïðîñòîðîâ✐

R
3
+ ✭äèâ✳✱ íàïðèêëàä ❬✺❪✮✳

❰çíà÷èìî â✐äîáðàæåííÿ f : S̃P
2
(R2

+) → X ôîðìóëîþ

f ([(a cosα1, a sinα1), (a cosα2, a sinα2)]) = (a cos
α1

2
, a sin

α1

2
, α2a), α1 ≥ α2.

➘îâåäåìî✱ ùî â✐äîáðàæåííÿ f−1 ë✐ïøèöåâå✳ ❮å âòðà÷àþ÷è çàãàëüíîñò✐✱

ïðèïóñêà➵ìî✱ ùî b > a✳ Òîä✐

d̂([(a cosα1, a sinα1), (a cosα2, a sinα2)], [(b cosβ1, b sinβ1), (b cosβ2, b sinβ2)]) =

= max{d((a cosα1, a sinα1), (b cosβ1, b sinβ1)), d((a cosα2, a sinα2), (b cosβ2, b sinβ2))} ≤

≤ d((a cosα1, a sinα1), (b cosβ1, b sinβ1)) + |α2a− β2b| <

< 4ρ

(
(a cos

α1

2
, a sin

α1

2
, α2a), (b cos

β1

2
, b sin

β1

2
, β2b)

)
.

➘îâåäåìî òåïåð✱ ùî â✐äîáðàæåííÿ f ë✐ïøèöåâå✳ Ñïðàâä✐✱

ρ

(
(a cos

α1

2
, a sin

α1

2
, α2a), (b cos

β1

2
, b sin

β1

2
, β2b)

)
≤

≤ 2d((a cosα1, a sinα1), (b cosβ1, b sinβ1)) + |α2a− β2b| ≤

≤ 3max{d((a cosα1, a sinα1), (b cosβ1, b sinβ1)), d((a cosα2, a sinα2), (b cosβ2, b sinβ2))} =

= 3d̂([(a cosα1, a sinα1), (a cosα2, a sinα2)], [(b cosβ1, b sinβ1), (b cosβ2, b sinβ2)]).
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✸✳✷ ➹✐ïåðñèìåòðè÷í✐ ñòåïåí✐ ✐ òåîðåìà ➪îòòà

❮åõàé (X, d) ✖ ìåòðè÷íèé ïðîñò✐ð ç â✐äì✐÷åíîþ òî÷êîþ x0✳ Ïîçíà÷èìî ÷åðåç

expn(X) ìíîæèíó âñ✐õ íåïîðîæí✐õ ï✐äìíîæèí ó X ïîòóæíîñò✐ ≤ n ✭ã✐ïåð✲

ñèìåòðè÷íèé ñòåï✐íü ïðîñòîðó X✮✳ Ïðèéìåìî

ẽxpn(X) = {A ∈ expn(X) | ‖x‖ = ‖y‖ äëÿ âñ✐õ x, y ∈ A}.

Òåîðåìà ✶ Ïðîñò✐ð ẽxp3(R
2) ✐çîìîðôíèé R

4 â êàòåãîð✐➝ A✳

Öåé ðåçóëüòàò ➵ àíàëîãîì òåîðåìè Ð✳ ➪îòòà ❬✸❪✱ ÿêà ñòâåðäæó➵✱ ùî exp3 S
1

ãîìåîìîðôíå S3✳ ❮à àíàë✐ç✐ äîâåäåííÿ ➪îòòà áàçó➵òüñÿ äîâåäåííÿ òåîðåìè ✶✳

❮åõàé S1 = [0, 1]/ ∼✱ äå 0 ∼ 1✳ ❮åõàé∆3 = {(x, y, z) ∈ R
3 | 0 ≤ x ≤ y ≤ z ≤ 1}

✐ ∼ ✖ â✐äíîøåííÿ åêâ✐âàëåíòíîñò✐ íà ∆3✱ çàäàíå óìîâàìè✿ (0, x, y) ∼ (x, y, 1)✱

(x, x, y) ∼ (x, y, y)✳

➹ðîì✐çäêèìè✱ àëå áåçïîñåðåäí✐ìè îá÷èñëåííÿìè ìîæíà ïîêàçàòè✱ ùî ãî✲

ìåîìîðô✐çì exp3(S
1) = exp3([0, 1]/ ∼) ✐ ∆3/ ∼ ✭îñòàííÿ ìíîæèíà íàä✐ëÿ➵òü✲

ñÿ ôàêòîð✲ìåòðèêîþ✱ ïîðîäæåíîþ åâêë✐äîâîþ ìåòðèêîþ✮ ➵ á✐ë✐ïøèöåâèì✳

Ó äîâåäåíí✐ ➪îòòà ãîìåîìîðô✐çì ì✐æ ∆3/ ∼ ✐ S3 çä✐éñíþ➵òüñÿ çà äîïîìî✲

ãîþ çîáðàæåííÿ ñôåðè ÿê îá✬➵äíàííÿ äâîõ çàïîâíåíèõ òîð✐â✳ ➬íîâó æ òàêè✱

àíàë✐ç çâóæåíü ãîìåîìîðô✐çì✐â íà öèõ çàïîâíåíèõ òîðàõ òà ➝õ ñêëåþâàí✲

íÿ ïîêàçó➵ á✐ë✐ïøèöåâ✐ñòü ðåçóëüòóþ÷îãî ãîìåîìîðô✐çìó f : exp3 S
1 → S3✳

Òîä✐ â✐äîáðàæåííÿ

Cone(f) : Cone(exp3 S
1) = ẽxp3(R

2) → Cone(S3) ≃ R
4

➵ ✐çîìîðô✐çìîì ó êàòåãîð✐➝ A✳

✸✳✸ ➱ìîâ✐ðí✐ñí✐ ì✐ðè

➘ëÿ êîæíîãî íàòóðàëüíîãî n ÷åðåç Pn(X) ïîçíà÷à➵ìî ìíîæèíó âñ✐õ éìî✲

â✐ðí✐ñíèõ ì✐ð íà ìíîæèí✐ X✱ íîñ✐➝ ÿêèõ ìàþòü íå á✐ëüøå í✐æ n åëåìåíò✐â✳

✃îæåí åëåìåíò ç Pn(X) ìà➵ âèãëÿä µ =
∑n

i=1 αiδxi
✱ äå αi ≥ 0✱ i = 1, . . . , n✱

✐
∑n

i=1 αi = 1✳ ßêùî d ✖ ìåòðèêà íà ìíîæèí✐ X✱ òî íà ìíîæèí✐ Pn(X)

ìîæíà çàäàòè ìåòðèêó ✃àíòîðîâè÷à✲Ðóá✐íøòåéíà✳ ❮åõàé µ =
∑n

i=1 αiδxi
✱

ν =
∑n

i=1 βiδyi
✱ òîä✐

dKR(µ, ν) = inf





n∑

i,j=1

γijd(xi, yj) | γij ≥ 0,
n∑

i=1

γij = βj ,
n∑

j=1

γij = αi



 .
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Ôóíêòîðè ó àñèìïòîòè÷íèõ êàòåãîð✐ÿõ ✽✾

Ïðîïîçèö✐ÿ ✸ ➶✐äîáðàæåííÿ g : SPn(X) → Pn(X)✱ çàäàíå ôîðìóëîþ

g([x1, . . . , xn]) =
1
n

∑n

i=1 δxi
✱ ✖ á✐ë✐ïøèöåâå âêëàäåííÿ✳

➘îâåäåííÿ ✸ ❮åõàé x = [x1, . . . , xn], y = [y1, . . . , yn] ∈ SPn(X) ✐ d̂(x, y) ≤ c✱

äëÿ äåÿêîãî c > 0✳ Òîä✐ ✐ñíó➵ ïåðåñòàíîâêà σ òàêà✱ ùî d(xi, yσ(i)) ≤ c äëÿ

êîæíîãî i = 1, . . . , n✳ ❮åõàé µ = g(x)✱ ν = g(y)✳ Ïðèéìåìî ó ôîðìóë✐ äëÿ

â✐äñòàí✐ ✃àíòîðîâè÷à✲Ðóá✐íøòåéíà γiσ(i) = 1
n
✐ γij = 0 äëÿ ðåøòè i, j✳

Òîä✐ ìà➵ìî dKR(µ, ν) ≤ d̂(x, y)✳

✃ð✐ì òîãî✱ î÷åâèäíî✱ ùî d̂(x, y) ≤ ndKR(µ, ν)✳

ßêùî x0 ∈ X ✖ â✐äì✐÷åíà òî÷êà✱ òî ïðèéìåìî

P̃n(X) =

{
µ =

n∑

i=1

αiδxi
∈ P (X) | d(xi, x0) = d(xj , x0), i, j = 1, . . . , n

}
.

Òåîðåìà ✷ Ïðîñò✐ð P̃2(R
2) ✐çîìîðôíèé R

4 ó êàòåãîð✐➝ A✳

➘îâåäåííÿ öüîãî ôàêòó áàçó➵òüñÿ íà ãîìåîìîðô✐çì✐ ïðîñòîð✐â P2(S
1) òà S3✳

✸✳✹ Ïðîåêòèâí✐ ñòåïåí✐

Ó ñòàòò✐ ❬✺❪ ➚✳ ➘ðàí✐øíèêîâ îçíà÷èâ íàäáóäîâó
∑

X ïðîñòîðó X çà äîïîìî✲

ãîþ ôîðìóëè
∑

X = X×̃R
2
+/i±(X)✱ äå âêëàäåííÿ i± : X → X×̃R

2
+ âèçíà÷à✲

þòüñÿ ôîðìóëîþ i±(x) = J−1(x,±‖x‖)❀ òóò â✐äîáðàæåííÿ J : X×̃R
2
+ → X×R

çàäà➵òüñÿ ôîðìóëîþ J(x, (s, t)) = (x, s)✱ x ∈ X✱ t ∈ R+✱ s ∈ R✳

Ïîíÿòòÿ ïðîåêòèâíîãî ñòåïåíÿ îçíà÷èâ ➚✳ Øàíêîâñüêèé ❬✶✶❪✳ Òî÷êà

y ∈ Y íàçèâà➵òüñÿ ✐ñòîòíîþ êîîðäèíàòîþ òî÷êè (y1, . . . , yn)✱ ÿêùî ìíîæè✲

íà {j | yj = y} ñêëàäà➵òüñÿ ç íåïàðíîãî ÷èñëà åëåìåíò✐â✳ ❰çíà÷ó➵ìî n✲é

ïðîåêòèâíèé ñòåï✐íü ïðîñòîðó X ÿê ôàêòîðïðîñò✐ð Xn/ ∼✱ äå â✐äíîøåí✲

íÿ íåêâ✐âàëåíòíîñò✐ ∼ îçíà÷åíå óìîâîþ✿ (x1, . . . , xn) ∼ (y1, . . . , yn)✱ ÿêùî

(x1, . . . , xn) ✐ (y1, . . . , yn) ìàþòü îäíàêîâó ìíîæèíó ✐ñòîòíèõ êîîðäèíàò✳ Ïî✲

çíà÷åííÿ✿ Prn(X)✳

❮åñê✐í÷åííèé ïðîåêòèâíèé ïðîñò✐ð ðîçãëÿäàëè ➘îëüä ✐ Òîì ❬✶✷❪✳

➬àóâàæèìî✱ ùî öåé ïðîåêòèâíèé ïðîñò✐ð ìîæå áóòè îïèñàíèé òàêîæ ÿê

ôàêòîðïðîñò✐ð ñèìåòðè÷íîãî äîáóòêó SPn(X)✳ Ðîçãëÿíåìî êîæíó òî÷êó ñè✲

ìåòðè÷íîãî äîáóòêó ÿê ôîðìàëüíó ñóìó
∑

nixi✱ äå ni ✖ íåâ✐ä✬➵ìí✐ ö✐ë✐ ÷èñ✲

ëà✱
∑

ni = n✱ ✐ òî÷êè xi ïîïàðíî ð✐çí✐✳

❰çíà÷èìî ïðîñò✐ð P̃n(X) ÿê ôàêòîðïðîñò✐ð ñèìåòðè÷íîãî ñòåïåíÿ

S̃P
n
(X) çà â✐äíîøåííÿì åêâ✐âàëåíòíîñò✐✿

∑
nixi ∼

∑
mixi òîä✐ ✐ ëèøå òîä✐✱

êîëè ni ≡ mi mod 2 äëÿ êîæíîãî i✳



✾✵
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➬àð✐÷íèé ❒✳❒✳✱ Ðîìàíñüêèé ❒✳❒ ✱ Ñàâ÷åíêî ❰✳➹✳

Ïðîïîçèö✐ÿ ✹ Ïðîåêòèâíèé êâàäðàò Pr2(R) ✐çîìîðôíèé íàäáóäîâ✐
∑

R+✳

➘îâåäåííÿ ✹ ➘ëÿ ïðîñòîòè
∑

R+ îòîòîæíèìî ç ìíîæèíîþ Y =

J (
∑

R+)✳ ❰çíà÷èìî â✐äîáðàæåííÿ ϕ : Y → Pr2(R) ôîðìóëîþ

ϕ ((r cosα, r sinα)) =
[
r cos

(
2α−

π

4

)
, r sin

(
2α−

π

4

)]
.

Òîä✐ äëÿ îáåðíåíîãî â✐äîáðàæåííÿ îäåðæó➵ìî

ϕ−1 ([r cosα, r sinα]) =
(
r cos

(α
2
+

π

8

)
, r sin

(α
2
+

π

8

))
.

❮åâàæêî ïîáà÷èòè✱ ùî â✐äîáðàæåííÿ ϕ ë✐ïøèöåâå ç λ = 2✱ à ϕ−1 ë✐ïøèöåâå

ç λ = 1✳

➬ äåÿêèõ ðåçóëüòàò✐â àñèìïòîòè÷íî➝ òîïîëîã✐➝ âèïëèâà➵✱ ùî àíàëîãîì

ñôåðè Sn ó àñèìïòîòè÷í✐é êàòåãîð✐➝ A ➵ åâêë✐äîâèé ïðîñò✐ð R
n+1✳ ➚íàëîãîì

ïðîåêòèâíîãî ïðîñòîðó RPn ➵ ôàêòîðïðîñò✐ð R
n+1/±✳

Òåîðåìà ✸ Ó êàòåãîð✐➝ A ïðîñòîðè P̃n(R2/±) òà R
n+1/± ✐çîìîðôí✐✳

➘îâåäåííÿ öüîãî ðåçóëüòàòó áàçó➵òüñÿ íà ðåçóëüòàò✐ Øàíêîâñüêîãî ❬✶✶❪

ïðî ãîìåîìîðô✐çì ïðîñòîð✐â Prn(S1) = Prn(RP 1) òà RPn✳

✸✳✺ Ñóïåððîçøèðåííÿ λ3(X)

Ïîíÿòòÿ ñóïåððîçøèðåííÿ λ(X) òîïîëîã✐÷íîãî ïðîñòîðó X çàïðîâàäèâ ➱✳

äå ➹ðîîò ✭äèâ✳ íåîáõ✐äíó ✐íôîðìàö✐þ â ❬✽❪✮✳ ❮èæ÷å íàì çíàäîáèòüñÿ àëüòåð✲

íàòèâíèé îïèñ ï✐äìíîæèíè λ3(X) ⊂ λ(X)✱ ùî ñêëàäà➵òüñÿ ç ìàêñèìàëüíèõ

ç÷åïëåíèõ ñèñòåì â X✱ íîñ✐➝ ÿêèõ ìàþòü ïîòóæí✐ñòü ≤ 3✳

❮åõàé x, y, z ∈ X✳ Ïîçíà÷èìî ÷åðåç [x, y, z] ñ✐ì✬þ çàìêíåíèõ ï✐äìíîæèí

A ⊂ X✱ ùî ìàþòü âëàñòèâ✐ñòü✿ A ì✐ñòèòü ïðèíàéìí✐ îäíó ç òðüîõ ìíîæèí

{x, y}✱ {x, z}✱ {y, z}✳ ❮îñ✐➵ì åëåìåíòà [x, y, z] íàçèâà➵ìî ìíîæèíó✿

✶✮ {x, y, z}✱ ÿêùî âñ✐ òðè òî÷êè x, y, z ïîïàðíî ð✐çí✐❀

✷✮ {t}✱ ÿêùî t çóñòð✐÷à➵òüñÿ ùîíàéìåíøå äâ✐÷✐ ó ïîñë✐äîâíîñò✐ x, y, z✳

Ïîçíà÷åííÿ✿ supp([x, y, z])✳

❮åõàé d ✖ ìåòðèêà íà ìíîæèí✐ X✳ Òîä✐ íà ìíîæèí✐ λ3(X) = {[x, y, z] |

x, y, z ∈ X} ìîæíà îçíà÷èòè ìåòðèêó dV ✿

dV ([x1, y1, z1], [x2, y2, z2]) = inf{ε > 0 | ε− îê✐ë êîæíîãî åëåìåíòà ç [x1, y1, z1]

ì✐ñòèòü åëåìåíò ç [x2, y2, z2]}

✭äèâ ❬✽❪✮✳
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Ôóíêòîðè ó àñèìïòîòè÷íèõ êàòåãîð✐ÿõ ✾✶

➶ ❬✶❪ äîâåäåíî✱ ùî ïðîñò✐ð λ3(S
1) ãîìåîìîðôíèé S3✳

➚íàëîã✐÷íî äî ðîçãëÿíóòîãî âèùå✱ äëÿ êîæíîãî âëàñíîãî ìåòðè÷íîãî

ïðîñòîðó (X, d) ç â✐äì✐÷åíîþ òî÷êîþ x0 ∈ X îçíà÷èìî λ̃3(X) ÿê ï✐äìíî✲

æèíó â λ3(X)✱ óòâîðåíó åëåìåíòàìè [x, y, z]✱ òàêèìè✱ ùî ôóíêö✐ÿ ‖ · ‖ ñòàëà

íà ìíîæèí✐ supp([x, y, z])✳

❮àâîäèìî áåç äîâåäåííÿ òàêèé ðåçóëüòàò✳

Òåîðåìà ✹ Ïðîñò✐ð λ̃3(R
2) ✐çîìîðôíèé R

4 â êàòåãîð✐➝ A✳

❐✐òåðàòóðà

✶✳ ❒✳❒✳ ➬àðè÷íûé✱ Ôóíäàìåíòàëüíàÿ ãðóïà ñóïåððàñøèðåíèÿ λn(X)✳ ✲ ➶ êí✳✿ ❰òîáðà✲
æåíèÿ è ôóíêòîðû✳ Ïîä ðåä✳ Ï✳Ñ✳ ➚ëåêñàíäðîâà✳ ✖ ❒îñêâà✿ ❒➹Ó✱✶✾✽✹ ✲ Ñ✳ ✷✹✲✸✶✳

✷✳ ➶✳➶✳ Ôåäîð÷óê✱ ➶✳➶✳ Ôèëèïïîâ✱ ❰áùàÿ òîïîëîãèÿ✳ ❰ñíîâíûå êîíñòðóêöèè✳ ✲ ✕ ❒✳ ✕
✷✵✵✻✳

✸✳ ❘✳ ❇♦tt✱ ❖♥ ❚❤❡ ❚❤✐r❞ ❙②♠♠❡tr✐❝ P♦t❡♥❝② ♦❢ S1✳ ✲ ❋✉♥❞✳ ▼❛t❤✳ ✸✾ ✭✶✾✺✷✮✱ ✷✻✹✕✷✻✽✳
✹✳ ❈✳ ❍✳ ❲❛❣♥❡r✱ ❙②♠♠❡tr✐❝✱ ❝②❝❧✐❝✱ ❛♥❞ ♣❡r♠✉t❛t✐♦♥ ♣r♦❞✉❝ts ♦❢ ♠❛♥✐❢♦❧❞s✳ ✲ ❘♦③♣r❛✇②

▼❛t❡♠❛t②❝③♥❡ t♦♠✴♥r ✇ s❡r✐✐✿ ✶✽✷✳ ✇②❞❛♥♦✿ ✶✾✽✵
✺✳ ❆✳ ❉r❛♥✐s❤♥✐❦♦✈✱ ❆s②♠♣t♦t✐❝ t♦♣♦❧♦❣②✳ ✲ ❘✉ss✐❛♥ ▼❛t❤✳ ❙✉r✈❡②s✳✱ ❱♦❧✳ ✺✺✱ ➑✻ ✭✷✵✵✵✮✱ P✳

✼✶✲✶✶✻✳
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