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Òîïîëîãè÷åñêèå èíâàðèàíòû ñëîåíèÿ íà ýêâèïî-
òåíöèàëüíûå êðèâûå ôóíêöèè Ãðèíà ìíîæåñòâà
Æþëèà

Èãîðü Þðüåâè÷ Âëàñåíêî

Àííîòàöèÿ Â ãîëîìîðôíîé äèíàìèêå ñëîåíèå íà ýêâèïîòåíöèàëüíûå

êðèâûå ôóíêöèè Ãðèíà ìíîæåñòâà Æþëèà êàê àíàëèòè÷åñêèé èíâàðèàíò

èçâåñòíî äàâíî. Îäíàêî òîò ôàêò, ÷òî â îáëàñòè ïðèòÿæåíèÿ ñóïåðïðè-

òÿãèâàþùåãî öèêëà ýòî ñëîåíèå ÿâëÿåòñÿ íå òîëüêî àíàëèòè÷åñêèì, íî è

òîïîëîãè÷åñêèì èíâàðèàíòîì, áûë ðàíåå íåèçâåñòåí.

Êëþ÷åâûå ñëîâà ãîëîìîðôíûå îòîáðàæåíèÿ, âíóòðåííèå îòîáðàæåíèÿ,

êëàññû òîïîëîãè÷åñêîé ñîïðÿæåííîñòè, áëóæäàþùåå ìíîæåñòâî, ìíîæåñòâî

Ôàòó

ÓÄÊ 517

Âñòóïëåíèå.

Ãîëîìîðôíûå îòîáðàæåíèÿ ÿâëÿþòñÿ íà ñåãîäíÿøíèé äåíü îäíèì èç ñà-

ìûõ èçó÷åííûõ êëàññîâ íåîáðàòèìûõ âíóòðåííèõ îòîáðàæåíèé. Íå áóäåì

çäåñü äàâàòü îáçîð áàçîâûõ ïîíÿòèé è îñíîâíûõ ðåçóëüòàòîâ ýòîé òåîðèè,

îãðàíè÷èâøèñü îòñûëêîé ê ïîïóëÿðíûì ó÷åáíèêàì ïî ãîëîìîðôíîé äèíà-

ìèêå (ñì. íàïðèìåð, [1]).

Ñïåöèôèêà ýòîé òåîðèè â òîì, ÷òî îíà ïîñòðîåíà íà àíàëèòè÷åñêèõ èíâà-

ðèàíòàõ ãîëîìîðôíûõ îòîáðàæåíèé, òàêèõ, êàê ìíîæåñòâà Ôàòó è Æþëèà,

à íå òîïîëîãè÷åñêèõ èíâàðèàíòàõ (õîòÿ òî æå ðàçáèåíèå íà ìíîæåñòâà Ôàòó

è Æþëèà ÿâëÿåòñÿ è òîïîëîãè÷åñêèì èíâàðèàíòîì ãîëîìîðôíûõ îòîáðà-

æåíèé). Îäíàêî â öåëîì òåîðèÿ òîïîëîãè÷åñêèõ èíâàðèàíòîâ ãîëîìîðôíûõ

îòîáðàæåíèé íå ðàçâèòà.
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È.Þ. Âëàñåíêî

Ïîýòîìó ïðèìåíåíèå ê ãîëîìîðôíûì îòîáðàæåíèÿì òîïîëîãè÷åñêîé òåî-

ðèè äèíàìèêè âíóòðåííèõ îòîáðàæåíèé, ïîñòðîåííîé â [2], ïîçâîëÿåò ïîëó-

÷èòü íîâûå ðåçóëüòàòû, îòíîñÿùèåñÿ ê, êàçàëîñü áû, äàâíî è õîðîøî èçó÷åí-

íûì îòîáðàæåíèÿì. Â îñíîâíîì, ýòî âîïðîñû, ñâÿçàííûå ñ òîïîëîãè÷åñêèìè

èíâàðèàíòàìè ãîëîìîðôíûõ îòîáðàæåíèé, ò. å. êàêèå ñâîéñòâà ýòèõ îòîáðà-

æåíèé ñîõðàíÿòñÿ ïðè íåïðåðûâíûõ çàìåíàõ êîîðäèíàò íà ìíîãîîáðàçèè,

è âîïðîñû î ïðèíàäëåæíîñòè âíóòðåííèõ îòîáðàæåíèé ê êëàññó ãîëîìîðô-

íîïîäîáíûõ îòîáðàæåíèé, ò.å. âîçìîæíî ëè, ÷òî äëÿ äàííîãî âíóòðåííåãî

îòîáðàæåíèÿ íàéäåòñÿ çàìåíà êîîðäèíàò (ãîìåîìîðôèçì) òàêîé, ÷òî ïîëó-

÷åííîå ñîïðÿæåííîå îòîáðàæåíèå (îïðåäåëåíèå ñì. [3]) áóäåò ãîëîìîðôíûì.

Ïðèâåäåì çäåñü îäèí òàêîé íîâûé ðåçóëüòàò, îòíîñÿøèéñÿ ê òîïîëîãè÷å-

ñêîé èíâàðèàíòíîñòè ñëîåíèÿ íà ýêâèïîòåíöèàëüíûå êðèâûå ôóíêöèè Ãðè-

íà ìíîæåñòâà Æþëèà (åùå èñïîëüçóåòñÿ íàçâàíèå êàíîíè÷åñêèé ïîòåíöèàë,

à â àíãëîÿçû÷íîé ëèòåðàòóðå ÷àñòî èñïîëüçóåòñÿ òåðìèí Douady-Hubbard

potential), ïîëó÷åííûé ïðèìåíåíèåì òåîðèè èç [2] ê èçâåñòíûì ðåçóëüòàòàì

ãîëîìîðôíîé äèíàìèêè.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Â [2] áûëî óñòàíîâëåíî, ÷òî äëÿ âíóòðåííèõ îòîáðàæåíèé ñóùåñòâóåò

ìíîãî òîïîëîãè÷åñêè ðàçëè÷íûõ òèïîâ ìíîæåñòâ, ñîîòâåòñòâóþùèõ ìíîæå-

ñòâàì áëóæäàþùèõ òî÷åê ãîìåîìîðôèçìîâ â êëàññè÷åñêîì îïðåäåëåíèè.

Øèðîêîé òðàåêòîðèåé Of (x) òî÷êè x íàçîâåì ìíîæåñòâî

∪m,n≥0f
−m (fn ((x))). Íåéòðàëüíûì ñå÷åíèåì òî÷êè x íàçîâåì ìíîæå-

ñòâî {f−n (fn(x)) | n ≥ 0}. Îáîçíà÷èì åãî ÷åðåç O⊥f (x). Òàê êàê f �

êîíå÷íîêðàòíûé ýïèìîðôèçì, òî åñòåñòâåííî ýòè ìíîæåñòâà âîñïðèíèìàòü

êàê íàáîðû èç îòäåëüíûõ òî÷åê.

Îïðåäåëåíèå 1 Òî÷êà x íàçûâàåòñÿ áëóæäàþùåé òî÷êîé f , åñëè íàé-

äåòñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî fm(U)∩U = ∅ äëÿ âñåõ m ∈ Z. Èíà÷å
òî÷êà íàçûâàåòñÿ íåáëóæäàþùåé.

Îáùèå îïðåäåëåíèÿ ñóïåðáëóæäàþùèõ è ðàâíîìåðíî ñóïåðáëóæäàþùèõ

òî÷åê äàíû â [2]. Äëÿ êðàòêîñòè èçëîæåíèÿ äàäèì çäåñü óïðîùåííîå îïðåäå-

ëåíèå, èñïîëüçóÿ òîò ôàêò, ÷òî â ïîñòðîåííûõ ïðèìåðàõ áëóæäàþùåå ìíî-

æåñòâî äâóñâÿçíî è ãîìåîìîðôíî öèëèíäðó, à ñóæåíèå ðàññìàòðèâàåìûõ

îòîáðàæåíèé íà ýòîò öèëèíäð ÿâëÿåòñÿ ëîêàëüíûì ãîìåîìîðôèçìîì.

Îïðåäåëåíèå 2 Òî÷êà x íàçûâàåòñÿ íåéòðàëüíî áëóæäàþùåé òî÷êîé f ,

åñëè íàéäåòñÿ òàêàÿ åå ñâÿçíàÿ îêðåñòíîñòü U , ÷òî ∀n ≥ 0 îòêðûòîå
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ìíîæåñòâî f−n(fn(U)) ðàñïàäàåòñÿ íà êîìïîíåíòû ñâÿçíîñòè òàêèì îá-

ðàçîì, ÷òî ñóæåíèå f íà êàæäóþ êîìïîíåíòó ñâÿçíîñòè ÿâëÿåòñÿ ãîìåî-

ìîðôèçìîì è êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ñîäåðæèò â òî÷íîñòè îäíî

òî÷êó èç ìíîæåñòâà {f−n (fn(x))}. Èíà÷å òî÷êà íàçûâàåòñÿ íåéòðàëüíî

íåáëóæäàþùåé.

Îïðåäåëåíèå 3 Òî÷êà x íàçûâàåòñÿ ñóïåðáëóæäàþùåé òî÷êîé f , åñëè

îíà áëóæäàþùàÿ è íåéòðàëüíî áëóæäàþùàÿ.

Òîïîëîãè÷åñêèå èíâàðèàíòû â ìíîæåñòâå Ôàòó.

Èñïîëüçóÿ îïðåäåëåíèÿ è ðåçóëüòàòû èç [2], è èçâåñòíûå ðåçóëüòàòû èç

ãîëîìîðôíîé äèíàìèêè, â ìíîæåñòâå Ôàòó ìîæíî âûäåëèòü äîïîëíèòåëü-

íûå òîïîëîãè÷åñêèå èíâàðèàíòû.

Ïóñòü àíàëèòè÷åñêàÿ ôóíêöèÿ f èìååò ïðèòÿãèâàþùóþ êðèòè÷åñêóþ

(â òåðìèíîëîãèè ãîëîìîðôíîé äèíàìèêè � ñóïåðïðèòÿãèâàþùóþ) òî÷êó.

Âñåãäà ìîæíî ïîäîáðàòü òàêîé ëîêàëüíûé óíèôîðìèçóþùèé ïàðàìåòð z,

÷òî z = 0 áóäåò ñóïåðïðèòÿãèâàþùåé íåïîäâèæíîé òî÷êîé ôóíêöèè f(z).

Òîãäà f(z) èìååò âèä

f(z) = anz
n + an+1z

n+1 + . . . , (1)

ãäå n ≥ 2.

Òåîðåìà 1 (òåîðåìà Á¼õòåðà) Ïóñòü ôóíêöèÿ f èìååò âèä (1). Òîãäà

ñóùåñòâóåò òàêàÿ ëîêàëüíàÿ ãîëîìîðôíàÿ çàìåíà êîîðäèíàò w = φ(z),

÷òî φ(0) = 0, è îòíîñèòåëüíî ýòîé çàìåíû f ñîïðÿæåíà îòîáðàæåíèþ

w 7→ wn âñþäó â íåêîòîðîé îêðåñòíîñòè íóëÿ. Áîëåå òîãî, φ åäèíñòâåí-

íà ñ òî÷íîñòüþ äî óìíîæåíèÿ íà íåêîòîðûé êîðåíü ñòåïåíè (n − 1) èç

åäèíèöû.

Îòîáðàæåíèÿ w 7→ wn, êàê ïîêàçàíî â [2], îáëàäàåò âåñüìà ñïåöèàëüíîé

ñòðóêòóðîé áëóæäàþùåãî ìíîæåñòâà. Äëÿ ýòèõ îòîáðàæåíèé Ĉ ðàñïàäà-

åòñÿ íà áàññåéí ïðèòÿæåíèÿ òî÷êè 0 (â ïîëÿðíûõ êîîðäèíàòàõ ìíîæåñòâî

òî÷åê ñ ρ < 1), áàññåéí ïðèòÿæåíèÿ òî÷êè ∞ (â ïîëÿðíûõ êîîðäèíàòàõ

ìíîæåñòâî òî÷åê ñ ρ > 1) è îòòàëêèâàþùóþ íåáëóæäàþùóþ îêðóæíîñòü ñ

ρ = 1, Êàæäûé èç áàññåéíîâ ïðèòÿæåíèÿ ñîñòîèò èç îñîáîé íåïîäâèæíîé

ïðèòÿãèâàþùåé òî÷êè è íåéòðàëüíî íåáëóæäàþùèõ1 áëóæäàþùèõ2 òî÷åê â

ñìûñëå îïðåäåëåíèé èç [2] òàêèõ, ÷òî ñëîåíèå íà îêðóæíîñòè {ϕ = const} â
1 Îïðåäåëåíèå 2.
2 Îïðåäåëåíèå 3.
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êîìïëåêñíûõ êîîðäèíàòàõ ÿâëÿåòñÿ òîïîëîãè÷åñêèì èíâàðèàíòîì: äëÿ ëþ-

áîé áëóæäàþùåé òî÷êè áàññåéíà ïðèòÿæåíèÿ åå íåéòðàëüíîå ñå÷åíèå âñþäó

ïëîòíî íà ñîäåðæàùåé ýòó òî÷êó îêðóæíîñòè.

Êàê ñëåäñòâèå èç ýòîãî ôàêòà è èç òåîðåìû Á¼õòåðà, ïîëó÷èì ñëåäóþùåå

óòâåðæäåíèå.

Òåîðåìà 2 Ïóñòü ôóíêöèÿ f èìååò âèä (1). Òîãäà â íåêîòîðîé îêðåñò-

íîñòè íóëÿ f îáëàäàåò òîïîëîãè÷åñêè èíâàðèàíòíûì ñëîåíèåì íà ãî-

ìåîìîðôíûå îêðóæíîñòÿì çàìûêàíèÿ íåéòðàëüíûõ ñå÷åíèé òî÷åê ýòîé

îêðåñòíîñòè.

Ýòî ñëîåíèå ìîæíî ïðîäîëæèòü íà âñþ îáëàñòü ïðèòÿæåíèÿ ñóïåðïðèòÿ-

ãèâàþùåé òî÷êè, õîòÿ, âîçìîæíî, ñëîè óæå íå áóäóò ãîìåîìîðôíû îêðóæ-

íîñòÿì, òàê êàê, åñëè â îáëàñòè ïðèòÿæåíèÿ åñòü áëóæäàþùèå òî÷êè âåòâëå-

íèÿ, òî â òàêèõ òî÷êàõ ïðîîáðàç îêðóæíîñòè ïðåâðàùàåòñÿ â áóêåò îêðóæ-

íîñòåé. Çàìåòèì, ÷òî êàê àíàëèòè÷åñêèé èíâàðèàíò îáëàñòè ïðèòÿæåíèÿ

ñóïåðïðèòÿãèâàþùåé òî÷êè ýòî ñëîåíèå â ãîëîìîðôíîé äèíàìèêå äàâíî èç-

âåñòíî: ýòî ñëîåíèå íà ýêâèïîòåíöèàëüíûå êðèâûå ôóíêöèè Ãðèíà ìíîæå-

ñòâà Æþëèà.

Îäíàêî òîò ôàêò, ÷òî ýòî ñëîåíèå ÿâëÿåòñÿ íå òîëüêî àíàëèòè÷åñêèì, íî

è òîïîëîãè÷åñêèì èíâàðèàíòîì, áûë ðàíåå íåèçâåñòåí.

Ïðè ýòîì òîïîëîãè÷åñêèì èíâàðèàíòîì ñëîåíèå íà ýêâèïîòåíöèàëüíûå

êðèâûå ôóíêöèè Ãðèíà ìíîæåñòâà Æþëèà ÿâëÿåòñÿ òîëüêî íà áàññåéíàõ

ïðèòÿæåíèÿ ñóïåðïðèòÿãèâàþùèõ òî÷åê.

Ðàññìîòðèì áàññåéí ïðèòÿæåíèÿ ãåîìåòðè÷åñêè ïðèòÿãèâàþùåãî öèêëà.

Òàê êàê ìíîæåñòâî îñîáûõ òî÷åê îòîáðàæåíèÿ èçîëèðîâàíî, ó ãåîìåòðè÷å-

ñêè ïðèòÿãèâàþùåãî öèêëà ìîæíî íàéòè îêðåñòíîñòü â åãî áàññåéíå ïðè-

òÿæåíèÿ, íå ñîäåðæàùóþ îñîáûõ òî÷åê è òàêóþ, ÷òî ñóæåíèå îòîáðàæåíèÿ

íà ýòó îêðåñòíîñòü áóäåò ãîìåîìîðôèçìîì íà ñâîé îáðàç. Òîãäà ïðèòÿãè-

âàþùèåñÿ ê öèêëó òî÷êè ýòîé îêðåñòíîñòè ïî îïðåäåëåíèþ ÿâëÿþòñÿ ñó-

ïåðáëóæäàþùèìè, è, êàê ñëåäñòâèå, â áàññåéíå ïðèòÿæåíèÿ ãåîìåòðè÷åñêè

ïðèòÿãèâàþùåé òî÷êè ïðèòÿãèâàþùèåñÿ ê íåé òî÷êè ÿâëÿþòñÿ ñóïåðáëóæ-

äàþùèìè. Ïîýòîìó íà áàññåéíàõ ïðèòÿæåíèÿ ãåîìåòðè÷åñêè ïðèòÿãèâàþ-

ùèõ òî÷åê ñëîåíèå íà ýêâèïîòåíöèàëüíûå êðèâûå ôóíêöèè Ãðèíà ìíîæå-

ñòâà Æþëèà íå ÿâëÿåòñÿ òîïîëîãè÷åñêè âûäåëåííûì ñëîåíèåì è íå ñîõðà-

íÿåòñÿ ïðè ñîïðÿæåíèè ãîìåîìîðôèçìîì.

Êàê ñëåäñòâèå, ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3 Ñëîåíèå íà ýêâèïîòåíöèàëüíûå êðèâûå ôóíêöèè Ãðèíà ìíî-

æåñòâà Æþëèà ÿâëÿåòñÿ òîïîëîãè÷åñêèì èíâàðèàíòîì ãîëîìîðôíîãî
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îòîáðàæåíèÿ, ïðè ÷åì òîëüêî íà áàññåéíàõ ïðèòÿæåíèÿ ñóïåðïðèòÿãè-

âàþùèõ òî÷åê.
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Topological invariants of equipotential foliation of the Green's

function of the Julia set

It is shown that the well-known equipotential foliation of the Green's function of

the Julia set (also known as equipotential foliation of Douady-Hubbard potential

of the Julia set) is in fact the topological invariant of holomorphic maps, but

only in superattracting basins.
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Òîïîëîãi÷íà ñòðóêòóðà äåôîðìàöié âåòîðíèõ
ïîëiâ Ìîðñà-Ñìåéëà íà òðèâèìiðíèõ ìíîãîâè-
äàõ ðîäó 2

I.Ì. Iâàíþê, Î.Î. Ïðèøëÿê

Àíîòàöiÿ Ìè ðîçãëÿäà¹ìî äåôîðìàöi¨ ïîëÿðíèõ ïîëiâ Ìîðñà-Ñìåéëà

áåç çàìêíåíèõ òðà¹êòîðié íà çàìêíåíèõ òðèâèìiðíèõ ìíîãîâèäàõ ðîäó 2.

Çà êîæíèì ïîëåì áóäó¹òüñÿ äiàãðàìà Õåãîðà. Ìè îïèñó¹ìî ïåðåòâîðåííÿ

äiàãðàì, ùî âiäïîâiäàþòü äåôîðìàöiÿì ïîëiâ. Ðîçãëÿäàþòüñÿ äiàãðàìè

Õåãîðà ðîäó 2, â ÿêèõ íå áiëüøå ÷îòèðüîõ òî÷îê ïåðåòèíó ìiæ ìåðèäiàíàìè.

Äîñëiäæåíî ñèòóàöiþ, êîëè âåðøèíè ìîæóòü ìàòè ïðîñòi ïåòëi. Îïèñàíî

âñi ìîæëèâi ïåðåõîäè âiä îäíi¹¨ äiàãðàìè äî iíøî¨, âèêîðèñòîâóþ÷è îïåðàöi¨

êîâçàííÿ, âèòÿãóâàííÿ ïåòåëü, ïåðåñòàíîâêè âåðøèí ìiñöÿìè. Çíàéäåíî âñi

íåãîìåîìîðôíi äiàãðàìè òà âñi ¨õ ìîæëèâi ïåðåòâîðåííÿ.

Êëþ÷îâi ñëîâà Äiàãðàìè Õåãîðà · ôóíêöi¨ Ìîðñà · òðèâèìiðíi ìíîãîâèäè
· òîïîëîãi÷íà åêâiâàëåíòíiñòü

ÓÄÊ 517.91

Âñòóï

Äiàãðàìè Õåãîðà ¹ çðó÷íèì ñïîñîáîì çàäàííÿ çàìêíåíèõ îði¹íòîâàíèõ

òðèâèìiðíèõ ìíîãîâèäiâ. Íàãàäà¹ìî, ùî òðiéêà (F, u, v) íàçèâà¹òüñÿ äiàãðà-

ìîþ Õåãîðà ìíîãîâèäó M , äå F = ∂H = ∂H
′
� çàãàëüíà ïîâåðõíÿ ðîäó g

êðåíäåëiâ, u = {u1, ..., ug} � ñèñòåìà ìåðèäiàíiâ êðåíäåëÿ H i v = {v1, ..., vg}
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� ñèñòåìà ìåðèäiàíiâ êðåíäåëÿ H
′
, H ∪H ′

=M � ðîçáèòòÿ Õåãîðà ìíîãî-

âèäà M .

Ó ðîáîòàõ [4], [5] çà âåêòîðíèì ïîëåì Ìîðñà-Ñìåéëà áåç çàìêíåíèõ òðà¹ê-

òîðié íà òðèâèìiðíîìó ìíîãîâèäi áóëî ïîáóäîâàíî äiàãðàìó Õåãîðà, òî ïî-

êàçàíî, ùî ïîëÿ áóäóòü òîïîëîãi÷íî åêâiâàëåíòíi òîäi òà òiëüêè òîäi, êîëè

âiäïîâiäíi äiàãðàìè Õåãîðà ¹ ãîìåîìîðôíèìè. Òàêîæ äiàãðàìè Õåîðà âèêî-

ðèñòîâóþòüñÿ äëÿ òîïîëîãi÷íî¨ êëàñèôiêàöi¨ ôóíêöié íà òðèâèìiðíèõ ìíî-

ãîâèäàõ. Ïðîñòið îðáiò ôóíêöié ðîçãëÿäàëèñü ó ðîáîòi [3].

Ùå äiàãðàìè Õåãîðà ðîäó 2 äîñëiäæóâàëèñü â [6], [8], áóëî äîâåäåíî, ùî

iñíó¹ ñêií÷åííå ÷èñëî ðîçáèòòiâ Õåãîðà äëÿ êîæíîãî ìíîãîâèäà ðîäó 2.

Äiàãðàìè Õåãîðà çàäàþòü ðîçêëàä òðèâèìiðíîãî íà ðó÷êè Ñìåéëà. Ïðè

äåôîðìàöi¨ âåêòîðíîãî ïîëÿ âiäáóâà¹òüñÿ êîâçàííÿ ðó÷îê, ùî íà ìîâi äià-

ãðàì Õåãîðà îçíà÷à¹ íàïiâiçîòîïiþ äiàãðàìè çà äîïîìîãîþ äîäàâàííÿ ìå-

ðèäiàíiâ, ñêîðî÷åííÿ àáî óòâîðåííÿ äâîêóòíèêiâ, ïåðåñòàíîâêè ìåðèäiàíiâ.

Îñíîâíà ìåòà ðîáîòè � îïèñàòè âñi ìîæëèâi äåôîðìàöi¨ ïîëiâ Ìîðñà-

Ñìåéëà íà òðèâèìiðíèõ ìíîãîâèäàõ çà äîïîìîãîþ ïåðåòâîðåííÿ äiàãðàì

Õåãîðà ðîäó 2; çíàéòè åêâiâàëåíòíi äiàãðàìè, ñêëàäíiñòü ÿêèõ íå ïåðåâè-

ùó¹ 4.

1 Äiàãðàìè Õåãîðà

Òðèâèìiðíèé ìíîãîâèä âiäíîâëþ¹òüñÿ çà ñâî¹þ äiàãðàìîþ Õåãîðà îä-

íîçíà÷íî: ÿêùî òðiéêà (F, u, v) ¹ äiàãðàìîþ Õåãîðà ÿê ìíîãîâèäà M , òàê i

ìíîãîâèäàM1, òî iñíó¹ íåðóõîìèé íà ïîâåðõíi F ãîìåîìîðôiçì h :M →M1.

Îçíà÷åííÿ 1 Äiàãðàìè Õåãîðà (F, u, v), (F
′
, u

′
, v

′
) ìíîãîâèäiâ M ,M

′
íàçè-

âàþòüñÿ ãîìåîìîðôíèìè, ÿêùî iñíó¹ òàêèé ãîìåîìîðôiçì h : F → F
′
, ùî

h(u) = u
′
, h(v) = v

′
àáî h(u) = v

′
, h(v) = u

′
(ïîðÿäîê ìåðèäiàíiâ ïðèöüîìó

íå ìà¹ çíà÷åííÿ).

Áóäü-ÿêèé ãîìåîìîðôiçì h : (F, u, v) → (F
′
, u

′
, v

′
) ïðîäîâæó¹òüñÿ äî ãî-

ìåîìîðôiçìó ĥ :M →M
′
[1].

.

Îçíà÷åííÿ 2 Äiàãðàìè Õåãîðà (F, u, v), (F
′
, u

′
, v

′
) íàçèâàþòüñÿ içîòîïíè-

ìè, ÿêùî iñíó¹ òàêà içîòîïiÿ ϕt : F → F,, ùî ϕ0 = 1, ϕ1(u) = u
′
, ϕ1(v) = v

′

Îçíà÷åííÿ 3 Äiàãðàìè (F, u, v), (F
′
, u

′
, v

′
) íàçèâàþòüñÿ íàïiâiçîòîïíèìè,

ÿêùî iñíóþòü òàêi içîòîïi¨ ϕt, ψt : F → F , ùî ϕ0 = ψ0 = 1, ϕ1(u) = u
′
i

ψ1(v) = v
′
.
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Ïðè içîòîïi¨ âñi êðèâi äiàãðàìè êîâçàþòü ïî ïîâåðõíi ÿê ¹äèíå öiëå, òîäi

ÿê ïðè íàïiâiçîòîïi¨ êîæíà ñiì'ÿ ðóõà¹òüñÿ ïî-ñâî¹ìó. Içîòîïíi i íàïiâiçî-

òîïíi äiàãðàìè âèçíà÷àþòü îäèí i òîé æå òðèâèìiðíèé ìíîãîâèä. Ìè íå

ìiíÿ¹ìî êðåíäåëiâ H, H
′
âiäïîâiäíîãî ðîçáèòòÿ Õåãîðà, à òiëüêè çàìiíþ¹ìî

â êîæíîìó ç íèõ ìåðèäiîíàëüíi äèñêè íà içîòîïíi. Îïåðàöiþ çâ'ÿçíî¨ ñóìè

ìåðèäiàíiâ, òîáòî îïåðàöiþ äîäàâàííÿ îäíîãî ìåðèäiàíà äî iíøîãî ìîæíà

çàñòîñóâàòè äî êîæíîãî ñiìåéñòâà u, v äiàãðàìè Õåãîðà. Äëÿ ïðîñòîòè ïî-

çíà÷åíü ïîêëàäåìî, ùî êðèâà u2 äîäà¹òüñÿ äî êðèâî¨ u1.

Íåõàé (F, u, v) � äiàãðàìà Õåãîðà i β � ïðîñòà êðèâà, ùî ç'¹äíó¹ ìå-

ðèäiàíè u1, u2 äiàãðàìè i íå ìà¹ ç êðèâèìè iíøèõ ñïiëüíèõ òî÷îê. Íåõàé C

� çàìêíåíèé îêië îá'¹äíàííÿ u1∪u2∪β ãîìåîìîðôíèé äèñêó ç äâîìà äiðêà-

ìè i íå ïåðåòèíà¹ iíøèõ êðèâèõ u. Ïîçíà÷èìî u1]u2 êîìïîíåíòó êðàþ, ÿêà

íå içîòîïíà êðèâié u1 ÷è êðèâié u2. Ñèñòåìó {u1]u2, u2, ..., ug} ïîçíà÷èìî ũ.

Îçíà÷åííÿ 4 Äiàãðàìà (F, ũ, v) îòðèìó¹òüñÿ ç äiàãðàìè (F, u, v îïåðàöi¹þ

äîäàâàííÿ êðèâî¨ u2 äî êðèâî¨ u1 âçäîâæ êðèâî¨ β.

Àíàëîãi÷íî âèçíà÷à¹òüñÿ îïåðàöiÿ ñóìè êðèâèõ ñèñòåìè v. Êðèâi ñèñòåìè

u äî êðèâèõ ñèñòåìè v i íàâïàêè äîäàâàòè íå ìîæíà. Äîäàâàííÿ îäíi¹¨ êðèâî¨

ñèñòåìè äî ¨íøî¨ êðèâî¨ òîãî æ ñiìåéñòâà íå çìiíþ¹ íå òiëüêè âiäïîâiäíîãî

ìíîãîâèäà, àëå i éîãî ðîçáèòòÿ Õåãîðà � êðåíäåëi ðîçáèòòÿ çàëèøàþòüñÿ

íåçìiííèìè, çìiíþþòüñÿ òiëüêè ¨õ ìåðèäiàëüíi äèñêè.

Îçíà÷åííÿ 5 Äiàãðàìè (F, u, v) i (F, u
′
, v

′
) íàçèâàþòüñÿ åêâiâàëåíòíèìè,

ÿêùî âiä îäíi¹¨ ìîæíà ïåðåéòè äî iíøî¨ çà äîïîìîãîþ ãîìåîìîðôiçìiâ, íà-

ïiâ¨çîòîïié i îïåðàöié äîäàâàííÿ îäíîãî ìåðèäiàíà äî iíøîãî.

Äiàãðàìè Õåãîðà åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè åêâiâàëåíòíi âiäïî-

âiäíi ¨ì ðîçáèòòÿ Õåãîðà. Åêâiâàëåíòíi äiàãðàìè äàþòü ç òî÷íiñòþ äî ãîìåî-

ìîðôiçìó îäíå i òå æ ðîçáèòòÿ Õåãîðà. Áóäü-ÿêó ñèñòåìó ìåðèäiàíiâ ïîâíîãî

êðåíäåëÿ ìîæíà ïåðåâåñòè â iíøó çà äîïîìîãîþ îïåðàöié çâ'ÿçíî¨ ñóìè òà

içîòîïié. Äîâåäåííÿ öüîãî â [1]

Íåõàé (F, u, v) � çâ'ÿçíà äiàãðàìà Õåãîðà. Ãîìåîìîðôíi äèñêó îáëàñòi,

íà ÿêi ãðàô u ∪ v ðîçðiçà¹ ïîâåðõíþ , áóäåìî òðàêòóâàòè ÿê êðèâîëiíié-

íi ìíîãîêóòíèêè, ââàæàþ÷è âåðøèíàìè òî÷êè ïåðåòèíó ìåðèäiàíiâ ðiçíèõ

ñèñòåì. Êîæíèé ìíîãîêóòíèê ìà¹ ïàðíå ÷èñëî ñòîðií.

Îçíà÷åííÿ 6 Äiàãðàìà Õåãîðà (F, u, v) íàçèâà¹òüñÿ íîðìàëiçîâàíîþ, ÿê-

ùî ñåðåä îáëàñòåé, íà ÿêi ìåðèäiàíè ðîçáèâà¹ ïîâåðõíÿ, íåìà äâîêóòíèêiâ.
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Ðèñ.1

Áóäü-ÿêà äiàãðàìà Õåãîðà íàïiâiçîòîïíà íîðìàëiçîâàíié. ßêùî äâi íîðìàëi-

çîâàíi äiàãðàìè íàïiâiçîòîïíi, òî âîíè içîòîïíi. Äîâåäåííÿ öüîãî ôàêòó ìîæ-

íà çóñòðiòè â [1]

ßêùî äiàãðàìà ìà¹ õâèëþ, ìè ìîæåìî çàñòîñóâàòè äî äiàãðàìè õâèëüî-

âå ïåðåòâîðåííÿ. Õâèëüîâå ïåðåòâîðåííÿ äëÿ äiàãðàìè Õåãîðà ïîëÿãà¹ â

òîìó,ùî îäíó äiàãðàìó Õåãîðà çàìiíþ¹ìî íà åêâiâàëåíòíó ¨é äiàãðàìó. Íîâà

äiàãðàìà çàâæäè ïðîñòiøà ïîïåðåäíüî¨, òîìó ùî ïðè õâèëüîâîìó ïåðåòâî-

ðåííi çàãàëüíå ÷èñëî òî÷îê ïåðåòèíó ìåðèäiàíiâ ñòðîãî çìåíøó¹òüñÿ. Íåõàé

(F, u, v) � íîðìàëiçîâàíà äiàãðàìà.

Îçíà÷åííÿ 7 Ïðîñòà êðèâà l ⊂ F íàçèâà¹òüñÿ u−õâèëåþ (àáî ïðîñòî

õâèëåþ), ÿêùî: 1) ¨¨ êiíöi ëåæàòü íà îäíîìó ç ìåðèäiàíiâ ui ñèñòåìè u; 2)

iíøèõ ñïiëüíèõ òî÷îê ç ìåðèäiàíàìè u, v êðèâà l íå ìà¹; 3) êiíöåâi òî÷êè

êðèâî¨ l íàëåæàòü äî ðiçíèõ äóã, íà ÿêi ìåðèäiàíè v ðîçáèâàþòü ìåðèäiàí

ui; 4) â öèõ äâîõ òî÷êàõ êðèâà l ïiäõîäèòü äî ìåðèäiàíà ç îäíi¹¨ ñòîðîíè.

Ãåîìåòðè÷íèé çìiñò õâèëüîâîãî ïåðåòâîðåííÿ. Çîáðàçèìî êðåíäåëü H ó

âèãëÿäi ñôåðè ç ðó÷êàìè, â îñíîâi ÿêèõ ëåæàòü ìåðèäiàíè u1, u2, ..., ug. Ïî-

çíà÷èìî ÷åðåç D äèñê íà êðàþ ñôåðè, îáìåæåíèé õâèëåþ i òi¹þ ÷àñòèíîþ

ìåðèäiàíà ui, ÿêà âiäêèäà¹òüñÿ ïðè õâèëüîâîìó ïåðåòâîðåííi. Òîäi õâèëüîâå

ïåðåòâîðåííÿ ìîæíà iíòåðïðåòóâàòè ÿê ïðîòÿãóâàííÿ ïî ðó÷öi ç íîìåðîì i

òèõ ðó÷îê, îñíîâà ÿêèõ ëåæèòü íà äèñêó D (Ðèñ.1).

2 Ñòðóêòóðà äiàãðàì Õåãîðà ðîäó 2

Íåõàé (F, u, v) � íîðìàëiçîâàíà äiàãðàìà. ßêùî ïîâåðõíþ F ðîçðiçàòè

ïî ìåðèäiàíàõ u1,...,ug, òî îòðèìà¹ìî ñôåðó ç 2g äiðêàìè D1, D2,...,D2g, ÿêi

çðó÷íî iíòåðïðåòóâàòè ÿê âèäiëåíi äèñêè íà ñôåði. Äiðêè ïðèðîäíiì ÷èíîì
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ðîçáèòè íà ïàðè � â êîæíó ïàðó D2i−1, D2i âõîäÿòü äiðêè, ùî âiäïîâiäà-

þòü ìåðèäiàíó ui. Ìåðèäiàíè ïðè öüîìó ðîçðiæóòüñÿ íà äóãè, ÿêi ðiçíèì

ñïîñîáîì ç'¹äíóþòü äiðêè. Äëÿ òîãî, ùîá çà òàêèì çîáðàæåííÿì âiäíîâèòè

äiàãðàìó Õåãîðà îäíîçíà÷íî, ïîòðiáíî çíàòè, ÿê êðàé êîæíî¨ äiðêè D2i−1

ñêëåþ¹òüñÿ ç êðà¹ì äiðêè D2i. Çðó÷íî çàíóìåðóâàòè äëÿ öüîãî òî÷êè ïåðåòè-

íó ìåðèäiàíà ui ç ìåðèäiàíàìè v â òîìó ïîðÿäêó, â ÿêîìó âîíè çóñòði÷àþòüñÿ

ïðè îáõîäi ìåðèäiàíà ui, i öi íîìåðè çáåðåãòè ïðè ðîçðiçàííi.

Ðîçiá'¹ìî âñi íîðìàëiçîâàíi äiàãðàìè Õåãîðà ðîäó 2 íà òðè êëàñè. k ïà-

ðàëåëüíèõ äóã, ùî ç'¹äíóþòü îäíó äiðêó ç iíøîþ, áóäåìî ïîçíà÷àòè îäíi¹þ

äóãîþ, ïîìi÷åíîþ ÷èñëîì k. Â çàãàëüíîìó âèïàäêó, êîëè íà äiàãðàìi íåìà¹

ïðîñòèõ ïåòåëü, a = e, b = f

Îçíà÷åííÿ 8 Äiàãðàìà Õåãîðà (F, u, v) ðîäó 2, ùî çîáðàæåíi íà ðèñ.2, áó-

äåìî íàçèâàòè äiàãðàìàìè òèïó I, II àáî III, âiäïîâiäíî.

Òåîðåìà 1 ([1]) Áóäü-ÿêà íîðìàëiçîâàíà äiàãðàìà ðîäó 2 ãîìåîìîðôíà äià-

ãðàìi îäíîãî ç òèïiâ I, II àáî III.

Ïîçíà÷èìî ÷åðåç aij(i < j) ÷èñëî äóã, ç'¹äíó¹ äiðêó Di ç äiðêîþ Dj . Íà êðà-

ÿõ äiðîê D1, D2 ïîâèííî çàêií÷óâàòèñü îäíàêîâå ÷èñëî äóã, òå ñàìå ñïðà-

âåäëèâî äëÿ äiðîê D3, D4. Òîìó ÷èñëà aij ïîâèííi çàäîâîëüíÿòè ñïiââiä-

íîøåííÿ aij ≥ 0 i ñèñòåìó (*): a1,3 + a1,4 + a1,1 = a2,3 + a2,4 + a2,2,

a1,3 + a2,3 + a3,3 = a1,4 + a2,4 + a4,4 ßêùî êîæíó äiðêó ñòÿãíóòè â ñâîþ

òî÷êó i êîæíèé ïó÷îê ïàðàëåëüíèõ äóã çàìiíèòè íà îäíó äóãó, òî îòðè-

ìà¹ìî ãðàô G ⊂ S2. Ìè ïîâèííi çà äîïîìîãîþ iíâàðiàíòíîãî íà âåðøèíàõ

ãîìåîìîðôiçìó ñôåðè ïåðåâåñòè éîãî â îäèí iç ãðàôiâ GI , GII , GIII (Ðèñ.1).

Ãîìåîìîðôiçì ñôåðè ìîæå ïåðåñòàâëÿòè âåðøèíè, àëå òiëüêè òàê, ùîá âåð-

øèíè îäíi¹¨ ïàðè, òîáòî 1 i 2, àáî 3 i 4, ïåðåñòàâëÿëèñü ÿê ¹äèíå öiëå. Òàêèõ

ãîìåîìîðôiçìiâ áàãàòî. Ìîæíà, íàïðèêëàä, áóäü-ÿêó äóãó, ùî ç'¹äíó¹ âåð-

øèíè 1 i 2, ïåðåâåñòè ó âiäðiçîê, à áóäü-ÿêó ïåòëþ ç êiíöÿìè â âåðøèíi 1, ÿêà

âiäîêðåìëþ¹ âåðøèíó 3 âiä âåðøèíè 2, 4 � â çâè÷àéíó ïåòëþ, ùî îõîïëþ¹

âåðøèíó 3.

Ìîæëèâi òðè âèïàäêè:

1) ãðàô G íå ìà¹ ïåòåëü i ïîäâiéíèõ ðåáåð;

2) íåìà¹ ïåòåëü, àëå ¹ ïîäâiéíi ðåáðà;

3) ¹ ïåòëi.

Öi âèïàäêè âiäïîâiäàþòü òèïàì I, II, III. Ðîçãëÿíåìî ¨õ äåòàëüíiøå. 1)

Íåõàé íåìà¹ ïåòåëü i ïîäâiéíèõ ðåáåð. Òîäi ç ñèñòåìè a1,3 = a2,4, a1,4 =

a2,3. Ïîêëàäåìî a = a1,3 = a2,4, b = a1,2, c = a3,4 i d = a1,4 = a2,3. ßêùî
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Ðèñ.2

a, b, c, d > o, òî ãðàô G � öå ïîâíèé ãðàô ç ÷îòèðìà âåðøèíàìè, òîáòî ãðàô

ç 4 âåðøèíàìè, áóäü-ÿêi äâi ç ÿêèõ ç'¹äíàíi òiëüêè îäíèì ðåáðîì. Ãðàô GI

òàêîæ ìà¹ òàêó âëàñòèâiñòü. Îñêiëüêè âñi âêëàäåííÿ òàêîãî ãðàôà â ñôåðó

åêâiâàëåíòíi (âiä îäíîãî ìîæíà ïåðåéòè äî iíøîãî ãîìåîìîðôiçìàìè ñôåðè),

òî ãîìåîìîðôiçì, çà äîïîìîãîþ ÿêîãî ãðàô G ïåðåõîäèòü â ãðàô GI iñíó¹.

2) Íåõàé íåìà¹ ïåòåëü, àëå ¹ ïîäâiéíi ðåáðà. Êîæíå ïîäâiéíå ðåáðî ïî-

âèííî ðîçáèâàòè ñôåðó íà äâi ÷àñòèíè, êîæíà ç ÿêèõ ìiñòèòü òiëüêè îäíó

âåðøèíó, â iíøîìó âèïàäêó ðåáðà áóëè á ïàðàëåëüíi, i ìè çàìiíèëè á ¨õ íà

îäíå ðåáðî. Ìîæíà ââàæàòè, ùî çàãàëüíèé ïî÷àòîê ïàðè ïîäâiéíèõ ðåáåð

çíàõîäèòüñÿ ó âåðøèíi 1. Òîäi ¨õ çàãàëüíèé êiíåöü íå ìîæå çíàõîäèòèñü ó

âåðøèíi 3 àáî 4, òàê ÿê òîäi ñèñòåìà (*) áóäå íåñóìiñíîþ. Òîìó çàãàëüíèé

êiíåöü ïîäâiéíîãî ðåáðà çíàõîäèòüñÿ ó âåðøèíi 2 i ãîìåîìîðôiçìîì ñôåðè

éîãî ìîæíà ç'¹äíàòè ç ïîäâiéíèì ðåáðîì ãðàôà GII .

3) Íåõàé ¹ ïåòëi. Êîæíà ïåòëÿ ðîçáèâà¹ ñôåðó íà ÷àñòèíè, îäíà ç ÿêèõ

ìiñòèòü òiëüêè îäíó âåðøèíó. Áóäåìî ââàæàòè, ùî ïåòëÿ ïî÷èíà¹òüñÿ ç âåð-

øèíè 1. Òîäi âîíà íå ìîæå îõîïëþâàòè âåðøèíó 2 � ñèñòåìà (*) áóäå íåñó-

ìiñíîþ. Âåðøèíè 3 i 4 ðiâíîïðàâíi. Òîìó ìîæíà ââàæàòè, ùî ïåòëÿ îõîïëþ¹

âåðøèíó 3. Çà äîïîìîãîþ ãîìåîìîðôiçìó ñôåðè ¨¨ ìîæíà ïåðåâåñòè â àíà-

ëîãi÷íó ïåòëþ ãðàôà GIII . a2,2 = a1,1, a1,3 = a2,4, ïåòëÿ ç êiíöÿìè â âåðøèíi

2 ïîâèííà îõîïëþâàòè âåðøèíó 4.

Ðîçãëÿíåìî, äiàãðàìè ÿêèõ òèïiâ äîïóñêàþòü u-õâèëþ. Â äiàãðàìi òèïó

III õâèëÿ ¹ çàâæäè. Â äiàãðàìi òèïó II õâèëÿ ¹ òiëüêè çà óìîâè a = 0 àáî

d = 0. ßêùî c = d = 0, òî u-õâèëÿ ¹ i â äiàãðàìi òèïó I. Âèïàäêè b = d =

0, a = b = 0, a = c = 0 áóäóòü àíàëîãi÷íi, çà ðàõóíîê ïåðåñòàíîâêè ïåðøî¨ i

äðóãî¨ ïàðè äiðîê àáî çà ðàõóíîê ïåðåñòàíîâêè 3-¨ i 4-¨ äiðêè ìîæíà çàâæäè

çàìiíèòè a íà d i b íà c.
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ßêùî áðàòè òiëüêè ìíîãîâèäè, à íå ¨õ äiàãðàìè, òî äiàãðàìè ç õâèëÿìè

ìîæíà íå ðîçãëÿäàòè, îñêiëüêè âîíè ñïðîùóþòüñÿ çà äîïîìîãîþ õâèëüîâèõ

ïåðåòâîðåíü. Ïðè öüîìó iñíóâàííÿ íå òiëüêè u−, àëå i v-õâèëi ìîæíà ïîáà÷è-
òè, âèõîäÿòè ç äiàãðàìè. Íàïðèêëàä, ÿêùî îäèí ç îði¹íòîâàíèõ ìåðèäiàíiâ

vi ñèñòåìè v âõîäèòü â ÿêóñü äiðêó â îäíié òî÷öi, òî v-õâèëÿ iñíó¹. Íà îñíî-

âi îïèñó ñòðóêòóðè äiàãðàìè Õåãîðà ðîäó 2 iñíó¹ òàêèé àëãîðèòì ïåðåëiêó

çàìêíåíèõ îði¹íòîâàíèõ òðèâèìiðíèõ ìíîãîâèäiâ, ðiä ÿêèõ íå áiëüøå 2:

1. Ïî ÷åðçi ïåðåðàõóâàòè âñi íàáîðè çíà÷åíü ïàðàìåòðiâ a, b, c, d.

2. Äëÿ êîæíîãî ç íèõ ïîáóäóâàòè äiàãðàìó òèïó I àáî II. Ùîá çíàòè, ÿê

îòîòîæíþþòüñÿ êðà¨ äiðîê, ïîòðiáíî çàíóìåðóâàòè íà êîæíié ç íèõ êiíöi äóã

â öèêëi÷íîìó ïîðÿäêó. Íà íåïàðíèõ äiðêàõ ìîæíà âèáðàòè äîäàòíié íàïðÿì

îáõîäó i íóìåðàöi¨ çàôiêñóâàòè, òîäi íà âiäïîâiäíèõ ïàðíèõ äiðêàõ ïîòðiáíî

âèáðàòè âiä'¹ìíèé íàïðÿì îáõîäó i ïîñëiäîâíî ïåðåáðàòè âñi öèêëi÷íi ïåðå-

ñòàíîâêè.

3. Ç'ÿñóâàòè, ÷è äiéñíî ïîáóäîâàíà äiàãðàìà áóäå äiàãðàìîþ Õåãîðà. Äëÿ

öüîãî, ïîòðiáíî ïåðåâiðèòè, ÷è áóäå ðiâíî äâi êðèâi, i ÷è íå ðîçáèâàþòü âî-

íè ïîâåðõíi. ßêùî öi äâi óìîâè âèêîíóþòüñÿ, òî äiàãðàìà áóäå äiàãðàìîþ

Õåãîðà äåÿêîãî çàìêíåíîãî îði¹íòîâàíîãî ìíîãîâèäà ðîäó íå áiëüøå 2.

3 Äåôîðìàöiÿ äiàãðàì Õåãîðà

Ðîçãëÿíåìî íà äiàãðàìi Õåãîðà êðiì ïåòåëü, ÿêi îáõîäÿòü iíøi âåðøèíè,

ùå i ïðîñòi ïåòëi.

Îçíà÷åííÿ 9 Ïðîñòîþ ïåòëåþ íà äiàãðàìi Õåãîðà íàçâåìî äóãó, ïî÷àòîê

i êiíåöü ÿêî¨ íàëåæàòü îäíié âåðøèíi, i ÿêà ïðè öüîìó âîíà íå îáõîäèòü

iíøi âåðøèíè.

Ñ.Â. Ìàòâå¹â ââiâ ïîíÿòòÿ ñêëàäíîñòi äëÿ òðèâèìiðíèõ ìíîãîâèäiâ [9]. À ìè

ïiä ñêëàäíiñòþ äiàãðàìè Õåãîðà áóäåìî ðîçóìiòè òàêå:

Îçíà÷åííÿ 10 Ñêëàäíiñòþ äiàãðàìè Õåãîðà íàçâåìî êiëüêiñòü òî÷îê ïå-

ðåòèíó ìiæ ìåðèäiàíàìè, òîáòî ñóìàðíó êiëüêiñòü âñiõ äóã i ïðîñòèõ

ïåòåëü íà äiàãðàìi.

Ðîçãëÿäà¹ìî äiàãðàìè Õåãîðà ðîäó 2, ãîìåîìîðôíi äiàãðàìàì òèïó I, II,

III ñêëàäíîñòi 4.

Òåîðåìà 2 Iñíó¹ 15 äiàãðàì Õåãîðà ñêëàäíîñòi 4, 6 äiàãðàì ñêëàäíîñòi 3,

îäíà ñêëàäíîñòi 2. Âñi âîíè îïèñàíi â òàáëèöi.
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a,b,c,d,e,f � äóãè, ùî ç'¹äíóþòü âåðøèíè, 1,2,3,4 � íîìåð âåðøèíè, â

òàáëèöi âêàçó¹ìî êiëüêiñòü ïðîñòèõ ïåòåëü, ùî âiäïîâiäà¹ äàíié âåðøèíi.

a b c d e f 1 2 3 4 òèï

1 1 2 − − 1 − − − − − I

2 1 1 1 − 1 − − − − − II

3 1 1 − − − − − 1 − − I

4 1 1 1 − 1 − − − − − I

5 1 − 1 − − 1 − − − 1 I

6 − 2 2 − − − − − − − I

7 − 1 3 − − − − − − − I

8 1 − − 1 1 1 − − − − I

9 − 1 1 1 − 1 − − − − I

10 − 2 − 1 − 1 − − − − I

11 − 1 1 1 − 1 − − − − II

12 − 1 1 − − − − − 1 1 I

13 1 1 − − 1 − − − − − I

14 − 1 − 1 − 1 − − − − I

15 − 1 2 − − − − − − − I

16 1 − 1 − 1 − − − − − II

17 − − 1 1 − 1 − − − − I

18 − − 1 1 − 1 − − − − II

19 − − 2 1 − 1 − − − − I

20 − 1 1 − − − − − − − I

21 1 − 2 − 1 − − − − − II

22 − − 2 1 − 1 − − − − II

Ìîæëèâi íàñòóïíi ðóõè äëÿ äiàãðàì: 1) âèòÿãóâàííÿ ïðîñòèõ ïåòåëü,

2)êîâçàííÿ 3)ïîïàðíà ïåðåñòàíîâêà âåðøèí (1),(2) ìiæ ñîáîþ àáî (3) i (4).

Òåîðåìà 3 ßêùî iñíó¹ äåôîðìàöiÿ, òî âîíà ðåàëiçó¹òüñÿ ðóõàìè 1), 2),

3), Êîæåí ðóõ çàäà¹ìî ïàðîþ äiàãðàì, âiä îäíi¹¨ ìîæíà ïåðåéòè äî iíøî¨

ïîñëiäîâíiñòþ ðóõiâ. Âñi ìîæëèâi ðóõè: 1-10, 1-13, 1-15, 1-19, 2-11, 2-13,

2-15, 2-16, 3-5, 3-13, 3-14, 3-20, 4-9, 5-13, 5-17, 5-20, 8-9, 10-14, 10-15, 11-

14, 11-15, 11-16, 12-20, 13-14, 13-17, 13-20, 14-20, 16-18, 16-20, 17-20, 18-20,

21-15, 21-16, 22-15, 22-18

Äîâåäåííÿ. Ìè ìîæåìî ïîïàðíî ìiíÿòè ìiñöÿìè âåðøèíè (1) i (2) ìiæ

ñîáîþ, à òàêîæ (3) i (4), îòðèìóþ÷è ïðè öüîìó åêâiâàëåíòíi äiàãðàìè Õåãî-

ðà. Òàê, ÿêùî â äiàãðàìi 1 ïîìiíÿòè ìiñöÿìè âåðøèíè (3) i (4), îòðèìà¹ìî

äiàãðàìó 10, òàêèì ÷èíîì äiàãðàìà 1 åêâiâàëåíòíà äiàãðàìi 10, 2 � äiàãðàìi
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11, 3 � 5, 4 � 9, 13 � 14, 13 � 17, 16 � 18, 19 � 1, 21 � 22. Âèòÿãóþ÷è

ïåòëþ ç âåðøèíè êiëüêiñòü òî÷îê ïåðåòèíó ìåðèäiàíiâ áóäå çìåíøóâàòèñü

íà 2. Òàê â ãðàôi 3, ÿêùî âèòÿãíóòè ç âåðøèíè (2) ïåòëþ, òî îòðèìà¹ìî

ãðàô 20; âèòÿãíóâøè ïåòëþ ó ãðàôi 5 , ïðèéäåìî òàêîæ äî 20 . Âèòÿãóþ÷è

ïåòëþ ó ãðàôi 12 îäðàçó ñêîðîòÿòüñÿ 2 ïåòëi, i âèéäå ãðàô 20. Ðîçãëÿíåìî,

ÿê îäíà äiàãðàìà ïåðåõîäèòü â iíøó ïðè êîâçàííi. Êîæíà äiàãðàìà ïîâèí-

íà ìiñòèòè äâi êðèâi. Äëÿ äiàãðàìè 1 ìîæëèâi âèïàäêè: 1) Äâà ðåáðà, ùî

ç'¹äíóþòü âåðøèíè (1) i (2), íàëåæàòü ðiçíèì êðèâèì. 2) Äâà ðåáðà, ùî

ç'¹äíóþòü âåðøèíè (1) i (2), íàëåæàòü îäíié êðèâié; Ðîçãëÿíåìî ïåðøèé âè-

ïàäîê. Â äiàãðàìi 1 äiðêè (1) i (3) ç'¹äíàíi ðåáðîì. Âiçüìåìî âåðøèíó (3) i

ïðîòÿãíåìî ¨¨ ÷åðåç äiðêó (1), âèéäå âîíà ÷åðåç âåðøèíó (2), òàêèì ÷èíîì

êiëüêiñòü òî÷îê ïåðåòèíó ìåðèäiàíiâ çìåíøèòüñÿ íà 1, i ãðàô 1 ïåðåéäå ó

13. Ó äðóãîìó âèïàäêó, ÿêùî ðåáðî ïðîéäå êðiçü äiðêó (1), i âèéäå ÷åðåç

(2), òî îòðèìà¹ìî äiàãðàìó 15. Äëÿ ãðàôà 2 òàêîæ ìîæëèâi òàêi âèïàäêè

ðîçòàøóâàííÿ êðèâèõ: 1) b � öå ïåðøà êðèâà, a,c,e íàëåæàòü äî äðóãî¨ êðè-

âî¨; 2) b,c � ïåðøà êðèâà, a,e � äðóãà 3) c � ïåðøà êðèâà, a,b,e � äðóãà

ßêùî b � îêðåìà êðèâà, òî âåðøèíà (3) âõîäèòü ó âåðøèíó (1), âèõîäèòü iç

(2) i ïåðåõîäèòü ó ãðàô 13. Ó äðóãîìó âèïàäêó ïðè òàêîìó ðóñi îòðèìà¹ìî

ãðàô 15. ßêùî a,b,e íàëåæàòü îäíié êðèâié, òî ìè ïåðåéäåìî ó ãðàô 16. Ó

äiàãðàìi 3 ïðîòÿãóþ÷è âåðøèíó (3) êðiçü (1), âèéäåìî ç (2), ãðàô ïåðåéäå ó

14. Òàêîæ âåðøèíà (4) ìà¹ ñïiëüíó äóãó ç (1). ßêùî ìè áóäåìî ðóõàòè (4)

êðiçü (1), âèéäåìî ç (2), îòðèìà¹ìî äiàãðàìó 13. Â äiàãðàìi 5 âåðøèíó (1)

áóäåìî ïðîòÿãóâàòè êðiçü (3), âèéäåìî ç (4), îòðèìà¹ìî 17, òàêîæ âåðøèíè

(2),(3) ç'¹äíàíi äóãîþ, îïåðàöi¹þ êîâçàííÿ ïåðåéäåìî äî 13. Ó 8 (1) i (3)

ç'¹äíàíi äóãîþ, êîâçàþ÷è, âåðøèíà (1) âèéäå ç (4), äiàãðàìà ïåðåòâîðèòüñÿ

íà 9. Äëÿ äiàãðàìè 10 ìîæëèâi âèïàäêè: 1) Äâà ðåáðà ìiæ âåðøèíàìè (1) i

(2) íàëåæàòü ðiçíèì êðèâèì. 2) Äâà ðåáðà ìiæ âåðøèíàìè (1) i (2) � öå îäíà

êðèâà; Âåðøèíè (1) i (4) ç'¹äíàíi äóãîþ, ó âèïàäêó 1) ïðè êîâçàííi îòðè-

ìà¹ìî 14, ó äðóãîìó 15. Â äiàãðàìi 11 ìîæëèâå òàêå ðîçòàøóâàííÿ êðèâèõ:

à) b � îêðåìà êðèâà; á) c � îêðåìà êðèâà; â) b i c íàëåæàòü îäíié êðèâié.

Ó âèïàäêó à) ïðè êîâçàííi âåðøèíè (3) ïî (2) ïåðåéäåìî äî 14, ó á) äî 18,

ó â) äî 15

Â äiàãðàìàõ 13, 16 âåðøèíè (1),(3) ç'¹äíàíi ðåáðîì. Âåðøèíó (3) ïðîòÿ-

ãó¹ìî êðiçü (1), âèõîäèìî iç (2) i ïåðåõîäèìî äî äiàãðàìè 20. Ó äiàãðàì 14,

18 âåðøèíè (1) i (4) ç'¹äíàíi ðåáðîì, âåðøèíà (4) ðóõàþ÷èñü êiçü (1), âèéäå

ç (2), â ðåçóëüòàòi îòðèìà¹ìî 20. Ó 17 âåðøèíè (2) i (3) ìàþòü ñïiëüíå ðåáðî,

ðóõà¹ìî (2) êðiçü (3) âèéäåìî ÷åðåç (4), i ïåðåéäåìî äî 20. Ó 19 âåðøèíè (3)
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i (4) ç'¹äíàíi äâîìà ðåáðàìè. ßêî âîíè ç ðiçíèõ êðèâèõ, òî ïðîòÿãóþ÷è (1)

êðiçü (4), ÿêi ìàþòü ñïiëüíå ðåáðî, îòðèìà¹ìî 17, ÿêùî (3),(4) � îäíà êðè-

âà, òî ìà¹ìî 15. Ó äiàãðàìàõ 14, 18 âåðøèíè (1) i (4) ìàþòü ñïiëüíó äóãó,

îïåðàöi¹þ êîâçàííÿ ó îáîõ âèïàäêàõ êiëüêiñòü òî÷îê ïåðåòèíó ìåðèäiàíiâ

çìåíøèòüñÿ ç òðüîõ äî äâîõ i îòðèìà¹ìî 20. Â 21-ié äiàãðàìi âåðøèíè (1) i

(2) ç'¹äíàíi äâîìà äóãàìè, ÿêi îáõîäÿòü âåðøèíó (4), âîíè ìîæóòü íàëåæàòè

îäíié àáî ðiçíèì êðèâèì: 1) äâi äóãè c � ïåðøà êðèâà, a, e � äðóãà, 2) îäíà

äóãà c � ïåðøà êðèâà, a, e i iíøà äóãà c � äðóãà êðèâà. Ó ïåðøîìó âèïàäêó

äiðêà (3) ïðîéøîâøè êðiçü âåðøèíó (1) ïåðåéäå ó ãðàô 15, ó äðóãîìó �

ó 16. Ïîäiáíà ñèòóàöiÿ äëÿ �22, c ñêëàäà¹òüñÿ ç äâîõ äóã: 1) äâi äóãè c �

ïåðøà êðèâà, f , d � äðóãà, 2) îäíà äóãà c � ïåðøà êðèâà, f , d òà iíøà äóãà

c � äðóãà êðèâà. Ó ïåðøîìó âèïàäêó äiðêà (3) ïðîéøîâøè êðiçü âåðøèíó

(1) ïåðåéäå ó ãðàô 15, ó äðóãîìó � ó 18. Òåîðåìó äîâåäåíî.

Âèñíîâêè

Â ðîáîòi äëÿ äîñëiäæåííÿ äåôîðìàöié âåêòîðíèõ ïîëiâ íà òðèâèìiðíèõ

ìíîãîâèäàõ âèêîðèñòàíî äiàãðàìè Õåãîðà ðîäó äâà, â ÿêèõ êiëüêiñòü òî÷îê

ïåðåòèíó ìåðèäiàíiâ íå ïåðåâèùó¹ 4, îïèñàíi åêâiâàëåíòíi äiàãðàìè. Êîæíà

äåôîðìàöiÿ çàäà¹òüñÿ ïîñëiäîâíiñòþ, îïèñàíîþ â òåîðåìi 2. Áóëî á öiêà-

âî óçàãàëüíèòè îòðèìàíi ðåçóëüòàòè äëÿ äiàãðàì Õåãîðà ðîäó 3. Ìè òàêîæ

ñïîäiâà¹ìîñü, ùî ðåçóëüòàòè öi¹¨ ðîáîòè áóäóòü âèêîðèñòàíi äëÿ äîñëiäæåí-

íÿ äåôîðìàöié ôóíêöié íà òðèâèìiðíèõ ìíîãîâèäàõ.
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The topological structure deformation functions of three-

dimensional manifolds of genus 2

We consider the deformation of polar Morse-Smale vector �elds without

closed orbit on closed 3-manifolds. Heegaard diagram are building by the �eld.

We describe diagram transformation corresponded to deformation of �eld. We

conside Heegaard diarams of genus 2, which have four and less points of

intersection between meridians. The situation that the vertices have a simple

loop are investigated. All possible transformations of diagram was discribing,

using the operations of sliding, pulling loops, permutations of the vertices. Thus

we �nd all nonhomeomorphic diagrams and all possible transformations of it.
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Ïðî ðîçâ'ÿçêè ìàòðè÷íîãî ðiâíÿííÿ XA0 = A1 iç
çàäàíèìè õàðàêòåðèñòè÷íèìè ìíîãî÷ëåíàìè

Â. Ì. Ïðîêiï

Àíîòàöiÿ Äîñëiäæó¹òüñÿ ñòðóêòóðà ðîçâ'ÿçêiâ ìàòðè÷íîãî ðiâíÿííÿ

XA0 = A1, äå A0 i A1 � (n × m)-ìàòðèöi íàä ïîëåì F, X � íåâiäîìà

(n × n)-ìàòðèöÿ. Íåõàé d(λ) = λn + d1λ
n−1 + · · · + dn−1λ + dn ∈ F[λ] �

óíiòàëüíèé ìíîãî÷ëåí ñòåïåíÿ n. Â ñòàòòi âñòàíîâëåíî óìîâè, çà ÿêèõ äëÿ

ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ).

Êëþ÷îâi ñëîâà Ìàòðè÷íå ëiíiéíå ðiâíÿííÿ, õàðàêòåðèñòè÷íèé ìíîãî÷ëåí

ÓÄÊ 512.643.4

Âñòóï

Íåõàé F � ïîëå. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ: Mn,m(F) òàMn,m(F[λ]) � ìíî-
æèíè (n×m) ìàòðèöü íàä ïîëåì F òà êiëüöåì ìíîãî÷ëåíiâ F[λ] âiäïîâiäíî;
In � îäèíè÷íà (n×n)-ìàòðèöÿ; 0n,k � íóëüîâà (n×k)-ìàòðèöÿ. Íàäàëi ÷åðåç
d
(k)
A (λ) ïîçíà÷àòèìåìî íàéáiëüøèé ñïiëüíèé äiëüíèê (í.ñ.ä.) ìiíîðiâ k-ãî ïî-

ðÿäêó ìàòðèöi A(λ) ∈ Mn,m(F[λ]), äå k = 1, 2, . . . ,min{n,m}. ßêùî B(λ) ∈
Mn,n(F[λ]) � íåîñîáëèâà ìàòðèöÿ, òî ÷åðåç B∗(λ) ïîçíà÷àòèìåìî (êëàñè÷íó)

ïðè¹äíàíó äî íå¨ ìàòðèöþ, òîáòî B∗(λ)B(λ) = B(λ)B∗(λ) = In detB(λ).

Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ

XA0 = A1, (1)



24

DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41436

Â. Ì. Ïðîêiï

äå A0, A1 ∈Mn,m(F) i X íåâiäîìà (n× n)-ìàòðèöÿ. Âiäîìî [1], ùî ðiâíÿííÿ

(1) íàä ïîëåì F ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè

rankA0 = rank

[
A0

A1

]
. (2)

Íåçâàæàþ÷è íà òå, ùî óìîâà (2) ðîçâ'ÿçíîñòi ðiâíÿííÿ (1) ¹ äîñèòü ïðî-

ñòîþ, áàãàòî àâòîðiâ äîñëiäæóâàëè çàäà÷ó ïðî iñíóâàííÿ ðîçâ'ÿçêiâ öüîãî

ðiâíÿííÿ, ÿêi íàëåæàòü äî ïåâíèõ êëàñiâ. Òàê â ðîáîòàõ [2]�[4] äîñëiäæó-

âàëèñü óìîâè, çà ÿêèõ äëÿ ðiâíÿííÿ (1) íàä ïîëåì äiéñíèõ ÷èñåë iñíóþòü

ñèìåòðè÷íi ðîçâ'ÿçêè. Äàëüíiøi äîñëiäæåííÿ ïîøóêó óìîâ, çà ÿêèõ äëÿ

ðiâíÿííÿ (1) íàä ïîëåì äiéñíèõ àáî êîìïëåêñíèõ ÷èñåë iñíóþòü äîäàòíüî

(àáî âiä'¹ìíî) âèçíà÷åíi, êîñîñèìåòðè÷íi, óíiòàðíi, åðìiòîâi, ðåôëåêñèâíi òà

*êîíãðóåíòíi ðîçâ'ÿçêè, íàâåäåíi â ðîáîòàõ [5]�[10].

Ç îãëÿäó íà ñêàçàíå âèùå, çàêîíîìiðíî âèíèêà¹ íàñòóïíà çàäà÷à. Íåõàé

ðiâíÿííÿ XA0 = A1, äå A0, A1 ∈ Mn,m(F), ñóìiñíå. Íåõàé, äàëi, d(λ) =

λn+d1λ
n−1+· · ·+dn−1λ+dn ∈ F[λ] � óíiòàëüíèé ìíîãî÷ëåí ñòåïåíÿ n. Âêàçà-

òè óìîâè, çà ÿêèõ äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈Mn,n(F)
iç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ), òîáòî det(Inλ−D) = d(λ).

ßêùî æ òàêèé ðîçâ'ÿçîê iñíó¹, òî çàïðîïîíóâàòè ìåòîä éîãî çíàõîäæåííÿ. Â

äàíié ñòàòòi âñòàíîâëåíî óìîâè, çà ÿêèõ äëÿ ñóìiñíîãî ðiâíÿííÿ XA0 = A1

iñíó¹ ðîçâ'ÿçîê X0 = D iç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ).

Êðiì öüîãî, âêàçàíî êëàñ ñóìiñíèõ ìàòðè÷íèõ ðiâíÿíü íàä ïîëåì F, ÿêi ìà-
þòü ðîçâ'ÿçîê iç êîæíèì óíiòàëüíèì ìíîãî÷ëåíîì d(λ) ∈ F[λ] ñòåïåíÿ n.

1 . Äîïîìiæíi ðåçóëüòàòè

Ìàòðè÷íîìó ðiâíÿííþ XA0 = A1, äå A0, A1 ∈ Mn,m(F), ïîñòàâèìî ó âiä-

ïîâiäíiñòü ìàòðè÷íó â'ÿçêó A(λ) = A0λ − A1 ∈ Mn,m(F[λ]). Î÷åâèäíî,

ùî ðiâíÿííÿ XA0 = A1 ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè äëÿ ìàòðè÷-

íî¨ â'ÿçêè A(λ) iñíó¹ çîáðàæåííÿ ó âèãëÿäi äîáóòêó A(λ) = (Inλ − D)A0,

äå D ∈ Mn,n(F). Òåïåð ìàòðè÷íié â'ÿçöi A(λ) òà óíiòàëüíîìó ìíîãî÷ëåíó

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[x] ñòåïåíÿ n ïîñòàâèìî ó âiäïîâiä-

íiñòü ìàòðèöi

M(A) =


A0 −A1 0n,m . . . . . . 0n,m

0n,m A0 −A1 0n,m . . . 0n,m

. . . . . . . . . . . . . . . . . .

0n,m . . . . . . 0n,m A0 −A1




(n− 1),
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N(A, d) =
[
A0d1 +A1 A0d2 . . . A0dn−1 A0dn

]
.

Ìàòðèöi M(A) i N(A, d) âèìiðíîñòi n(n− 1)×mn òà n×mn âiäïîâiäíî.

Äîâåäåìî, ùî iç ðîçâ'ÿçíîñòi ðiâíÿííÿ XA0 = A1 âèïëèâà¹ ðîçâ'ÿçíiñòü

ðiâíÿííÿ ZM(A) = N(A, d).

Ëåìà 1 . Íåõàé ìàòðèöÿ D ∈Mn,n(F) ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

det(Inλ−D) = d(λ) = λn+d1λ
n−1+ · · ·+dn � ðîçâ'ÿçîê ðiâíÿííÿ XA0 = A1,

äå A0, A1 ∈Mn,m(F). Íåõàé, äàëi,

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−2λ+Bn−1 ∈Mn,n(F[x])

� âçà¹ìíà ìàòðèöÿ äëÿ ìàòðèöi Inλ−D. Òîäi ìàòðèöÿ

Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
¹ ðîçâ'ÿçêîì ðiâíÿííÿ ZM(A) = N(A, d).

Äîâåäåííÿ . Íåõàé ìàòðèöÿ D ∈Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

det(Inλ − D) = d(λ) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ XA0 = A1, òîáòî DA0 = A1.

Îòæå, ìàòðè÷íà â'ÿçêà A(λ) = A0λ − A1 äîïóñêà¹ çîáðàæåííÿ ó âèãëÿäi

äîáóòêó

A(λ) = (Inλ−D)A0. (3)

Íåõàé, äàëi, B(λ) = Inλ
n−1 + B1λ

n−2 + · · · + Bn−2λ + Bn−1 ∈ Mn,n(F[λ])
� ïðè¹äíàíà ìàòðèöÿ äëÿ ìàòðèöi Inλ − D. Ïîìíîæèâøè îáèäâi ÷àñòèíè

ðiâíîñòi (3) çëiâà íà B(λ) çäîáóâà¹ìî

B(λ)A(λ) = d(λ)A0.

Âèêîíàâøè ìíîæåííÿ â îáîõ ÷àñòèíàõ îñòàííüî¨ ðiâíîñòi òà ïðèðiâíÿâøè

êîåôiöi¹íòè ïðè îäèíàêîâèõ ñòåïåíÿ λ â ëiâié òà ïðàâié ÷àñòèíàõ, îòðèìó¹ìî

ñèñòåìó ðiâíîñòåé 

B1A0 = d1A0 +A1,

B2A0 − B1A1 = d2A0,

. . . . . . . . . . . . . . .

Bn−1A0 − Bn−2A1 = dn−1A0,

− Bn−1A1 = dnA0.

Çâiäñè âèïëèâà¹, ùî ìàòðèöÿ Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
çàäîâîëüíÿ¹ ðiâ-

íiñòü Z0M(A) = N(A, d). Îòæå, ðiâíÿííÿ ZM(A) = N(A, d) ðîçâ'ÿçíå. Ëåìó

äîâåäåíî.
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Òåïåð âñòàíîâèìî çâ'ÿçîê ìiæ ðîçâ'ÿçíiñòþ ðiâíÿííÿ ZM(A) = N(A, d)

òà ìàòðè÷íîþ â'ÿçêîþ A(λ) = A0λ − A1 ∈ Mn,m(F[λ]), ÿêà ïîñòàâëåíà ó

âiäïîâiäíiñòü ìàòðè÷íîìó ðiâíÿííþ XA0 = A1.

Ëåìà 2 . Íåõàé d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ] i ìàòðèöÿ

Z0 =
[
B1 B2 . . . Bn−2 Bn−1

]
,

äå Bj ∈Mn,n(F); j = 1, 2, . . . , n− 1; � ðîçâ'ÿçîê ðiâíÿííÿ ZM(A) = N(A, d).

Òîäi äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ−A1 òà ìíîãî÷ëåííî¨ ìàòðèöi

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−2λ+Bn−1

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ B(λ)A(λ) = d(λ)A0.

Äîâåäåííÿ . Ðiâíiñòü Z0M(A) = N(A, d) ðàçîì ç òîòîæíiñòþ A0 = A0 ðiâíî-

ñèëüíà ñèñòåìi ðiâíîñòåé



A0 = A0,

B1A0 − A1 = d1A0,

B2A0 − B1A1 = d2A0,

. . . . . . . . . . . . . . .

Bn−1A0 − Bn−2A1 = dn−1A0,

− Bn−1A1 = dnA0.

(4)

Ïîìíîæèâøè îáèäâi ÷àñòèíè k-ãî ðiâíÿííÿ iç (4) íà λn−k, k = 0, 1, . . . , n; òà

ñêëàâøè ïðè öüîìó ëiâi òà ïðàâi ÷àñòèíè îòðèìó¹ìî

A0λ
n + (B1A0 +A1)λ

n−1 + (B2A0 −B1A1)λ
n−2 + . . .

+ (Bn−1A0 −Bn−2A1)λ−Bn−1A1 =

(λn + d1λ
n−1 + d1λ

n−2 + . . .+ dn−1λ+ dn)A0.

Ç äàíî¨ ðiâíîñòi çäîáóâà¹ìî, ùî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1

òà ìíîãî÷ëåííî¨ ìàòðèöi B(λ) = Inλ
n−1 + B1λ

n−2 + · · · + Bn−2λ + Bn−1

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ B(λ)A(λ) = d(λ)A0. Ëåìó äîâåäåíî.
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2 . Îñíîâíi ðåçóëüòàòè

Íåõàé ìàòðè÷íå ðiâíÿííÿ XA0 = A1 ñóìiñíå (X � íåâiäîìà n× n ìàòðèöÿ).

Íåâàæêî ïåðåêîíàòèñü â òîìó (äèâ. ïðèêëàä 1), ùî íå äëÿ êîæíîãî óíiòàëü-

íîãî ìíîãî÷ëåíà d(λ) = λn + d1λ
n−1 + · · · + dn äëÿ öüîãî ðiâíÿííÿ iñíó¹

ðîçâ'ÿçîê iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Â öié ÷àñòèíi âñòàíîâèìî

óìîâè, çà ÿêèõ äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D iç çàäàíèì

õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ).

Òåîðåìà 1 . Íåõàé äëÿ ðiâíÿííÿ XA0 = A1, äå A0, A1 ∈Mn,n(F),

rankA0 = rank

[
A0

A1

]
= n− 1. (5)

ßêùî d
(n−1)
A (λ) = 1, òî äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈

Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λn + d1λ
n−1 + · · · + dn

òîäi i òiëüêè òîäi, êîëè

rankM(A) = rank

[
M(A)

N(A, d)

]
.

Ïðè öüîìó øóêàíèé ðîçâ'ÿçîê X0 = D îäíîçíà÷íî âèçíà÷à¹òüñÿ çàäàíèì

ìíîãî÷ëåíîì d(λ).

Äîâåäåííÿ . Íåîáõiäíiñòü. Òàê ÿê âèêîíó¹òüñÿ óìîâà (5), òî ðiâíÿííÿ

XA0 = A1 ðîçâ'ÿçíå. Íåõàé ìàòðèöÿ X0 = D iç õàðàêòåðèñòè÷íèì ìíîãî÷ëå-

íîì d(λ) ðîçâ'ÿçîê öüîãî ðiâíÿííÿ. Íà ïiäñòàâi ëåìè 1 ðiâíÿííÿ ZM(A) =

N(A, d) ðîçâ'ÿçíå, ùî i äîâîäèòü íåîáõiäíiñòü.

Äîñòàòíiñòü. Íåõàé ìàòðèöÿ Z0 =
[
B1 B2 . . . Bn−1

]
, äå Bj ∈

Mn,n(F); j = 1, 2, . . . , n − 1; � ðîçâ'ÿçîê ðiâíÿííÿ ZM(A) = N(A, d). Çãiä-

íî ëåìè 2 äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1 òà ìíîãî÷ëåííî¨ ìàòðèöi

B(λ) = Inλ
n−1 +B1λ

n−2 +B2λ
n−3 + · · ·+Bn−1 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

B(λ)A(λ) = d(λ)A0. (6)

Âðàõîâóþ÷è ðiâíiñòü (5) îòðèìó¹ìî rankA(λ) = n − 1. Òàê ÿê d
(n−1)
A (λ) =

1, òî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) iñíóþòü ìàòðèöi U(λ), V (λ) ∈ GL(n,F[λ])
òàêi, ùî A(λ) = U(λ) diag (1, . . . , 1, 0)V (λ). Íà ïiäñòàâi öüîãî ç ðiâíîñòi (6)

îòðèìó¹ìî

B(λ)U(λ) diag (1, . . . , 1, 0) = d(λ)A0V
−1(λ).

Çâiäñè âèïëèâà¹

B(λ)U(λ) =W (λ) diag (d(λ), . . . , d(λ), 1). (7)
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Îñêiëüêè deg detB(λ) = n(n− 1) i U(λ) ∈ GL(n,F[λ]), òî ïåðåéøîâøè äî

âèçíà÷íèêiâ â îáîõ ÷àñòèíàõ ðiâíîñòi (7), çäîáóâà¹ìî detB(λ) = dn−1(λ) i

W ∈ GL(n,F[λ]). Îòæå, äëÿ ìàòðèöi G(λ) = diag (1, . . . , 1, d(λ))W−1(λ) ìà¹

ìiñöå ñïiââiäíîøåííÿ

B(λ)U(λ)G(λ) = Ind(λ). (8)

Òàê ÿê degB(λ) = n− 1 i deg b(λ) = n, òî ç ðiâíîñòi (8) âèïëèâà¹, ùî

U(λ)G(λ) = Inλ−D ∈Mn,n(F[λ]) (9)

� ìàòðè÷íà â'ÿçêà ç âèçíà÷íèêîì det(Inλ−D) = d(λ). Âðàõîâóþ÷è ñïiââiä-

íîøåííÿ (8) ðiâíiñòü (6) ïåðåïèøåìî òàê

B(λ)A(λ) = B(λ)U(λ)G(λ)A0 = B(λ)(Inλ−D)A0.

Çâiäñè çäîáóâà¹ìî, ùî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) iñíó¹ çîáðàæåííÿ ó

âèãëÿäi äîáóòêó A(λ) = (Inλ−D)A0, äå D ∈Mn,n(F) � ìàòðèöÿ ç õàðàêòåðè-
ñòè÷íèì ìíîãî÷ëåíîì d(λ). Îòæå, ìàòðèöÿ D ¹ ðîçâ'ÿçêîì ðiâíÿííÿ XA0 =

A1. Êðiì öüîãî, íà ïiäñòàâi ðiâíîñòi (8) îòðèìó¹ìî B(λ)(Inλ−D) = Ind(λ).

Çâiäè çäîáóâà¹ìî, ùî D = B1 − Ind1.
Äîâåäåìî, ùî øóêàíèé ðîçâ'ÿçîê X0 = D îäíîçíà÷íî âèçíà÷åíèé ìíîãî-

÷ëåíîì d(λ). Âðàõîâóþ÷è óìîâó (5) ïðèïóñòèìî, ùî äëÿ ðiâíÿííÿ XA0 = A1

iñíó¹ ùå îäèí ðîçâ'ÿçîê D̃ ∈Mn(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ),

ÿêèé âiäìiííèé âiä ïîïåðåäíüîãî, òîáòî D̃ 6= D. Òîäi

A(λ) = (Inλ−D)A0 = (Inλ− D̃)A0.

Òàê ÿê A(λ) = U(λ) diag (1, . . . , 1, 0)V (λ), äå U(λ), V (λ) ∈ GL(n,F[λ]), òî íà

ïiäñòàâi ðiâíîñòi (9) çäîáóâà¹ìî

Inλ− D̃ = U(λ) diag (1, ..., 1, d(λ))W1(λ) =

U(λ) diag (1, ..., 1, d(λ))W (λ)W−1(λ)W1(λ) =

(Inλ−D)Q(λ),

äå W1(λ) ∈ GL(n,F[λ]) i Q(λ) =W−1(λ)W1(λ). Çâiäñè âèïëèâà¹, ùî ðiâíiñòü

Inλ− D̃ = (Inλ−D)Q(λ) ìîæëèâà ëèøå ïðè Q(λ) = In.

Îòæå, ìàòðèöÿ D ∈ Mn,n(F), ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ XA0 = A1, îä-

íîçíà÷íî âèçíà÷åíà ñâî¨ì õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Îäíî÷àñíî

çäîáóâà¹ìî, ùî ðiâíÿííÿ ZM(A) = N(A, d) ìà¹ ¹äèíèé ðîçâ'ÿçîê, òîáòî

rankM(A) = rank

[
M(A)

N(A, d)

]
= n(n− 1). Òåîðåìó äîâåäåíî.
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Çàóâàæèìî, ùî iç äîâåäåííÿ äîñòàòíîñòi òåîðåìè 1 îòðèìó¹ìî ìåòîä ïî-

áóäîâè ðîçâ'ÿçêó ðiâíÿííÿ XA0 = A1 iç çàäàíèì õàðàêòåðèñòè÷íèì ìíîãî-

÷ëåíîì, ÿêèé áóäó¹ìî çà ðîçâ'ÿçêîì ðiâíÿííÿ ZM(A) = N(A, d).

Òåîðåìà 2 . Íåõàé äëÿ ðiâíÿííÿ XA0 = A1, äå A0, A1 ∈Mn,n(F),

rankA0 = rank

[
A0

A1

]
= n− 1. (10)

ßêùî äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1 í.ñ.ä. ìiíîðiâ (n − 1)−ãî
ïîðÿäêó d

(n−1)
A (λ) = 1, òî äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn ∈ F[λ]

äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈ Mn,n(F) iç õàðàêòå-

ðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüîìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ)

âèçíà÷åíà îäíîçíà÷íî.

Äîâåäåííÿ . Íà ïiäñòàâi ðiâíîñòi (10) ìàòðè÷íå ðiâíÿííÿ XA0 = A1 ðîç-

â'ÿçíå. Íåõàé ìàòðèöÿ X0 = D ∈ Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëå-

íîì det(Inλ−D) = d(λ) = λn+d1λ
n−1+ · · ·+dn ¹ ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ.

Îòæå, A(λ) = A0λ−A1 = (Inλ−D)A0. Òàê ÿê d
(n−1)
A (λ) = 1, òî çãiäíî òåîðå-

ìè 1 ìàòðèöÿ D õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) âèçíà÷åíà îäíîçíà÷íî.

Êðiì öüîãî

rankM(A) = rank

[
M(A)

N(A, d)

]
= n(n− 1).

Îñêiëüêè rankA0 = n − 1, òî äëÿ A0 iñíó¹ ìàòðèöÿ T ∈ GL(n,F) òàêà,

ùî A0T =
[
Ã0 0n,1

]
, äå Ã0 ∈Mn,n−1(F). Íà ïiäñòàâi öüîãî çäîáóâà¹ìî

A(λ)T = (Inλ−D)A0T = (Inλ−D)
[
Ã0 0n,1

]
=[

Ã0 0n,1

]
λ−

[
Ã1 0n,1

]
=
[
Ã(x) 0n,1

]
,

äå Ã1 = DÃ0 ∈ Mn,n−1(F). Îòæå, ìàòðèöÿ D ∈ Mn,n(F) � ðîçâ'ÿçîê

ðiâíÿííÿ XÃ0 = Ã1. Òàê ÿê d
(n−1)
A (λ) = 1, òî äëÿ ìàòðè÷íî¨ â'ÿçêè

Ã(λ) ∈ Mn,n−1(F[λ]) âèêîíó¹òüñÿ d
(n−1)

Ã
(λ) = 1. Çãiäíî òåîðåìè 1 òà íà-

ñëiäêó 1

rankM(Ã) = rank

[
M(Ã)

N(Ã, d)

]
= n(n− 1).

Òàê ÿê M(Ã) êâàäðàòíà (n− 1)n× (n− 1)n-ìàòðèöÿ, òî ç îñòàííüî¨ ðiâíîñòi

âèïëèâà¹, ùî M(Ã) � íåîñîáëèâà ìàòðèöÿ.
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Òàêèì ÷èíîì, ðiâíÿííÿ ZM(Ã) = N(Ã, d) ðîçâ'ÿçíå äëÿ äîâiëüíîãî

óíiòàëüíîãî ìíîãî÷ëåíà d(λ) ñòåïåíÿ n. Îñêiëüêè ìàòðè÷íi ðiâíÿííÿ XA0 =

A1 i XÃ0 = Ã1 ðiâíîñèëüíi, òî ìàòðè÷íå ZM(A) = N(A, d) ðîçâ'ÿçíå äëÿ

äîâiëüíîãî óíiòàëüíîãî ìíîãî÷ëåíà d(λ) ñòåïåíÿ n. Íà ïiäñòàâi òåîðåìè 1,

ðîçâ'ÿçîê X0 = D ðiâíÿííÿ XA0 = A1 îäíîçíà÷íî âèçíà÷à¹òüñÿ õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ) = det(Inλ−D). Òåîðåìó äîâåäåíî.

Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ

XA0 = A1, (11)

äå A0, A1 ∈Mn,n−1(F). Ðiâíÿííÿ (11) ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè ðîç-

â'ÿçíå ðiâíÿííÿ X
[
A0 0n,1

]
=
[
A1 0n,1

]
. Iç òåîðåìè 1 îòðèìó¹ìî.

Íàñëiäîê 1 . Íåõàé äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ−A1 ∈Mn,n−1(F[λ])
í.ñ.ä. ìiíîðiâ (n − 1)−ãî ïîðÿäêó d

(n−1)
A (λ) = 1. ßêùî rankA0 = n − 1, òî

äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ]

äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈ Mn,n(F) iç õàðàêòå-

ðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüîìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ)

âèçíà÷åíà îäíîçíà÷íî.

Íàñëiäîê 2 . Íåõàé äëÿ ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ−A1 ∈Mn,m(F[λ]),
m > n, í.ñ.ä. ìiíîðiâ (n − 1)−ãî ïîðÿäêó d

(n−1)
A (λ) = 1. ßêùî rankA0 =

rank

[
A0

A1

]
= n− 1, òî äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · ·+ dn−1λ+ dn ∈ F[λ]

äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê X0 = D ∈ Mn,n(F) iç õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüîìó øóêàíèé ðîçâ'ÿçîê D õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ) âèçíà÷åíèé îäíîçíà÷íî.

Äîâåäåííÿ . Òàê ÿê rankA0 = rank

[
A0

A1

]
= n− 1, òî äëÿ ìàòðèöü A0, A1 ∈

Mn,m(F) iñíó¹ ìàòðèöÿ W ∈ GL(m,F) òàêà, ùî

A0W =
[
Ã0 0n,m−n

]
i

[
A0

A1

]
W =

[
Ã0 0n,m−n+1

Ã1 0n,m−n+1

]
,
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äå Ã0, Ã1 ∈ Mn,n−1(F). Î÷åâèäíî, ùî d(n−1)

Ã
(λ) = 1, äå Ã(λ) = Ã0λ − Ã1 ∈

Mn,n−1(F[λ]). Íà ïiäñòàâi íàñëiäêó 1, äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà

d(λ) = λn + d1λ
n−1 + · · · + dn ∈ F[λ] äëÿ ðiâíÿííÿ XÃ0 = Ã1 iñíó¹ ðîçâ'ÿ-

çîê X0 = D ∈ Mn,n(F) iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ). Ïðè öüî-

ìó ìàòðèöÿ D ìíîãî÷ëåíîì d(λ) âèçíà÷åíà îäíîçíà÷íî. Îñêiëüêè ðiâíÿííÿ

XÃ0 = Ã1 i XA0 = A1 ðiâíîñèëüíi, òî íàñëiäîê äîâåäåíî.

3 . Ïðèêëàäè

Íåõàé F = Q � ïîëå ðàöiîíàëüíèõ ÷èñåë. Ðîçãëÿíåìî íàñòóïíi ïðèêëàäè.

Ïðèêëàä 1 . Íåõàé A0 = A1 =

[
1 1

1 1

]
∈ M2,2(Q). Î÷åâèäíî, ùî ðiâíÿííÿ

XA0 = A1 ðîçâ'ÿçíå íàä ïîëåì Q. Ïîêàæåìî, ùî äëÿ äàíîãî ðiâíÿííÿ íå

iñíó¹ ðîçâ'ÿçêó ç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ2 + 2λ+ 1. Ïðè-

ïóñòèìî, ùî ìàòðèöÿ X0 = D ∈ M2,2(Q) iç çàäàíèì õàðàòåðèñòè÷íèì

ìíîãî÷ëåíîì d(λ) ¹ ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ. Çãiäíî ëåìè 1 äëÿ ìàòðè÷-

íî¨ â'ÿçêè A(λ) =

[
1 1

1 1

]
λ −

[
1 1

1 1

]
òà ìíîãî÷ëåíà d(λ) ðiâíÿííÿ ZM(A) =

N(A, d) ðîçâ'ÿçíå. Î÷åâèäíî, ùî rank M(A) = rank

[
1 1 −1 −1
1 1 −1 −1

]
= 1. Ïðî-

òå rank

[
M(A)

N(A, d)

]
= rank


1 1 −1 −1
1 1 −1 −1
3 3 1 1

3 3 1 1

 = 2. Òàê ÿê ðiâíÿííÿ ZM(A) =

N(A, d) íåñóìiñíå, òî äëÿ ðiâíÿííÿ XA0 = A1 íå iñíó¹ ðîçâ'ÿçêó X0 = D ç

õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ2 + 2λ+ 1.

Ïðèêëàä 2 . Ðîçãëÿíåìî ìàòðè÷íå ðiâíÿííÿ XA0 = A1, äå A0 =

 1 1 0

0 0 0

0 1 1


i A1 =

 2 3 1

1 2 1

1 2 1

 . Ëåãêî ïåðåâiðèòè, ùî rankA0 = rank

[
A0

A1

]
= 2 i äëÿ

ìàòðè÷íî¨ â'ÿçêè A(λ) = A0λ − A1 ∈ M3,3(Q[λ]) í.ñ.ä. ìiíîðiâ 2−ãî ïî-

ðÿäêó d
(2)
A (λ) = 1. Îòæå, äëÿ êîæíîãî óíiòàëüíîãî ìíîãî÷ëåíà òðåòüîãî

ñòåïåíÿ d(λ) ∈ Q[λ] äëÿ ðiâíÿííÿ XA0 = A1 iñíó¹ ðîçâ'ÿçîê iç õàðàêòåðè-

ñòè÷íèì ìíîãî÷ëåíîì d(λ).
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Âêàæåìî ðîçâ'ÿçîê öüîãî ðiâíÿííÿ iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì

d(λ) = λ3. Òåïåð ïîáóäó¹ìî ìàòðèöi

M(A) =

[
A0 − A1 03,3

03,3 A0 −A1

]
=



1 1 0 −2 −3 −1 0 0 0

0 0 0 −1 −2 −1 0 0 0

0 0 1 −1 −2 −1 0 0 0

0 0 0 1 1 0 −2 −3 −1
0 0 0 0 0 0 −1 −2 −1
0 0 0 0 1 1 −1 −2 −1


,

N(A, d) =
[
A0d1 +A1 A0d2 A0d3

]
=

2 3 1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0

 .

Ìàòðèöÿ Z0 =

2 −5 1

1 −3 1

1 −3 1

0 −2 2

0 −1 1

0 −1 1

 =
[
B1 B2

]
� ðîçâ'ÿçîê ðiâíÿííÿ

ZM(A) = N(A, d).

Òàê ÿê B1−D = I3d1, òî D = B1−I3d1 =

2 −5 1

1 −3 1

1 −3 1

 � øóêàíèé ðîçâ'ÿçîê

ðiâíÿííÿ iç õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì d(λ) = λ3.

Íàäàëi C � ïîëå êîìïëåêñíèõ ÷èñåë. Çäîáóòi ðåçóëüòàòè ìîæóòü áóòè

âèêîðèñòàíi ïðè ðîçâ'ÿçóâàííi ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi

ñòàëèìè êîåôiöi¹íòàìè. Â öüîìó çâ'ÿçêó ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü
dY (t)

dt
A0 = Y (t)A1, (12)

äå A0, A1 ∈Mn,m(C) i Y (t) =
[
y1(t) y2(t) . . . yn(t)

]
� íåâiäîìèé âåêòîð-ðÿäîê

âiä çìiííî¨ t. Î÷åâèäíî, ÿêùî ðiâíÿííÿ XA0 = A1 ðîçâ'ÿçíå, òî ñèñòå-

ìà ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (12) òåæ ðîçâ'ÿçíà. Íåõàé ìàòðèöÿ

D ∈ Mn,n(C) � ðîçâ'ÿçîê ðiâíÿííÿ XA0 = A1. Òåïåð ñèñòåìó ëiíiéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü (12) çàïèøåìî ó âèãäÿäi
(

dY (t)
dt − Y (t)D

)
A0 = 0.

Îñêiëüêè ðiâíÿííÿ dY (t)
dt = Y (t)D ðîçâ'ÿçíå, òî ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü

(12) ìè ìîæåìî øóêàòè ç íàïåðåä çàäàíèì ñïåêòðîì. Îòæå, ðåçóëüòàòè ïî-

ïåðåäíüîãî ðîçäiëó ìîæóòü áóòè çàñòîñîâàíi äî ïîøóêó ðîçâ'ÿçêiâ ñèñòåìè

ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (12) ç íàïåðåä çàäàíèìè õàðàêòåðèñòè÷-

íèìè çíà÷åííÿ.
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On solutions of the matrix equation XA0 = A1 with prescribed

characteristic polynomials

We investigate the structure of solutions of a matrix equation XA0 = A1, where

A1, A2 are n ×m matrices over a �eld F and X is unknown n × n matrix. Let

d(λ) = λn+d1λ
n−1+ · · ·+dn−1λ+dn ∈ F[λ] be a monic polynomial of degree n.

In this note we present the conditions under which for the equation XA0 = A1

there exists a solution X0 = D with the characteristic polynomial d(λ).
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Abstract We derive the proof of continuity of the correspondence of probability

measures with restricted marginals from the property of bicommutativity in the

sense of E. Shchepin of probability measure functor.
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1 Introduction

In [1] it is proved that the correspondence assigning to every probability mea-

sures on two coordinate spaces the set of probability measures on the product

is continuous. Earlier, a similar result was proved by Ei�er [2] and Schief [6].

In this note we develop a di�erent approach to this problem and apply some

known properties of probability measures in order to prove a more general re-

sult. Note that problems of this type arise in mathematical economy (see, e.g.,

introduction in [1]). Consider the income distributions at the time period k as

probability measures µk on a space Y of possible incomes. Then any redistri-

bution policy can be interpreted as a probability measure, τ , on the product

Y × · · · × Y such that the marginal distributions of τ are µi and this leads

to the problem of welfare maximization for prescribed sequence µ1, . . . , µk and

dependence of this maximum on µ1, . . . , µk.

A part of this text circulated as a preprint of the second-named author (see

also the preprint [3]). In this note, we consider the problem not in full generality,

our aim is rather unveiling the basic idea, which consists in reducing the situation



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41441

Correspondences of probability measures 35

to the case of �nite spaces. Remark that the methods used in this note are based

on general properties of functors in the category of compact Hausdor� spaces

and Shchepin's theory of uncountable inverse spectra [7].

2 Preliminaries

By 1X we denote the identity map of X. Given a product
∏
iXi, we denote by

πi its projection onto the ith coordinate.

Given a topological space X, denote by expX its hyperspace, i.e., the set of

nonempty compact subsets in X endowed with the Vietoris topology. A base of

this topology consists of the sets of the form

〈U1, . . . , Un〉 = {A ∈ expX | A ⊂ ∪ni=1Ui, A ∩ Ui 6= ∅ for all i},

where U1, . . . , Un are open subsets in X and n ∈ N.
Given a compact-valued map (correspondence) F : X → Y , we regard it as a

(single-valued) map from X into expY . The continuity of the correspondence F

is equivalent to the continuity of f if we endow expY with the Vietoris topology.

Every continuous onto map f : X → Y determines the inverse map f−1 : Y →
expX, y 7→ f−1(y). It is a well-known fact that f is open if and only if f−1 is

continuous.

2.1 Inverse systems and bicommutative diagrams

A commutative diagram

X[r]f [d]gY [d]uZ[r]vT (1)

is called bicommutative [5] if its characteristic map

χ = (f, g) : X → Y ×T Z = {(y, z) ∈ Y × Z | u(y) = v(z)}

is onto. The following lemma is proved by Shchepin [7].

Lemma 1 Suppose that in diagram (1) the spaces X,Y, Z, T are compact, the

maps f, g, u, v are continuous and g, u are onto. If f is an open map, then so is

v.

The necessary de�nitions and results concerning σ-spectra (inverse systems) can

be found in [7]. Here we only recall that a morphism (fα)α∈A of an inverse

system S = {Xα, pαβ ;A} into an inverse system S ′ = {X ′α, p′αβ ;A} is called

bicommutative if, for every α ≥ β, the diagram

Xα[r]
fα [d]pαβX

′
α[d]

p′αβXβ [r]fβX
′
β
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is bicommutative.

In [7], it is proved that for any bicommutative morphism of σ-spectra con-

sisting of open maps the limit map lim←−(fα) : lim←−S → lim←−S
′.

2.2 Probability measures and bicommutative diagrams

By P we denote the probability measure functor in the category Comp of com-

pact Hausdor� spaces and continuous maps.

Lemma 2 For arbitrary maps fi : Xi → X ′i, i = 1, . . . , k, the diagram

P (
∏

Xi)[d]P (
∏
fi)[rr]

MX1,...,Xk

∏
P (Xi)[d]

∏
P (fi)P (

∏
X ′i)[rr]MX′1,...,X

′
k

∏
P (Xi)

(2)

is bicommutative. We will use the fact that P is a bicommutative functor in the

sense that it preserves the class of bicommutative diagrams (see [6]).

Proof Given τ ′ ∈ P (
∏
X ′i) and (µ1, . . . , µk) ∈

∏
P (X ′i) such that

MX′1,...,X
′
k
(τ ′) =

∏
P (fi)(µ1, . . . , µk) = (P (f1)(µ1), . . . , P (fk)(µk))

we proceed as follows.

For every j ≤ k denote by Di the diagram∏
i≤j

Xi ×
∏
i>j

X ′i[d]
∏
i≤j fi×1∏i>j X′i [rr]

πiXj [d]
fj
∏

X ′i[rr]πjX
′
j ,

which is obviously bicommutative.

Since P (π1)(τ
′) = P (f1)(µ1), applying the functor P to the diagram D1 we

�nd τ1 ∈ P (X1 ×
∏
i>1X

′
i) such that

P (π1)(τ1) = µ1, P (f1 × 1∏
i>1X

′
i
)(τ1) = τ ′.

Consider natural l, 1 ≤ l ≤ k, and suppose that, for every j < l, we

have de�ned τi ∈ P
(∏

i≤j Xi ×
∏
i>j X

′
i

)
such that P (πj)(τj) = µj and

P
(
fi × 1∏

i>j X
′
i

)
(τj) = τj−1. Note that

P (fl)(µl) =P (πl)(τ
′) = P (πl)

(
P
(
f1 × 1∏

i>1X
′
i

))
= . . .

=P (πl)

P
f1 × 1∏

i>1X
′
i
. . . P

 ∏
i≤l−1

fi × 1∏
i>l−1X

′
i


=P (πl)(τl−1).
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Applying the functor P to the bicommutative diagram Dj we conclude

that there exists τl ∈ P
(∏

i≤lXi ×
∏
i>lX

′
i

)
such that P (πl)(τl) = µl and

P
(∏

i≤l fi × 1∏
i>lX

′
i

)
(τl) = τl−1.

It is easy to see that τ = τk has the following properties: MX1...Xk(τ) =

(µ1, . . . , µk) and P (
∏
fi) = τ ′. This proves the bicommutativity of diagram (2).

3 Result

The following is the main result of this note.

Let X1, . . . , Xk be a �nite sequence of compact spaces. Then the multivalued

map assigning to every µ1, . . . , µk, where µi ∈ P (Xi), i = 1, . . . , k, the set

M(µ1, . . . , µk) =MX1,...,Xk(µ1, . . . , µk) = {ν ∈ P
(∏

Xi

)
| P (πi) = µi, i = 1, . . . , k}

is continuous.

Proof Our proof consists of three steps.

1) Suppose that the spaces X1, . . . , Xk are �nite. Then the map MX1,...,Xk

is an a�ne surjective map of compact convex polyhedra. In order to prove that

every such map, say, f : A → B is open, it su�ces to show that any point a

of A lies in the image of a selection of f . Denote by C the union of simplices

of the geometric boundary of B that do not contain the point f(a). For every

vertex c of a simplex in C let g(c) be an arbitrary point of f−1(c). Extend the

so-de�ned map g onto C a�nely onto every simplex of C. Now, every point b in

B can be uniquely represented in the form tf(a) + (1− t)c, where c ∈ C. De�ne
g(b) = ta+ (1− t)g(c). We see that fg = 1B and a ∈ g(B).

2) Suppose now that the spaces X1, . . . , Xk are zero-dimensional. Then, for

each i, there exists an inverse σ-system Si = {Xiα, piαβ ;A} consisting of �nite

spaces and surjective maps such that Xi = lim←−Si, i = 1, . . . , k.

By Lemma 2, the maps (MX1α,...,Xkα)α form a bicommutative morphism of

the systems {P (
∏
iXiα), P (

∏
i piαβ);A} and {

∏
i P (Xiα),

∏
i P (piαβ);A}. The

result of Shchepin mentioned above together with was proved in case 1) show

that the limit map of the morphism, namely, the map MX1,...,Xk is continuous.

3) X1, . . . , Xk are arbitrary compact Hausdor� spaces. Then there exist maps

fi : Yi → Xi, where Yi are compact Hausdor� zero-dimensional spaces. Conse-

quently applying Lemmas 1 and 2 we obtain the result.

ne can generalize the main result in di�erent directions. First of all, the

products in Theorem 3 need not be �nite. The proof requires trans�nite induction

instead of �nite one.
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Second, one can replace the probability measure functor by another functors

acting in the category Comp (see, e.g., the preprint [3]). Namely, consider the

functor ccP de�ned as follows. The space ccP (X) is the subspace in expP (X)

consisting of convex sets; for a map f : X → Y , the map ccP (f) : ccP (X) →
ccP (Y ) acts by the formula ccP (f)(A) = P (f)(A), for A ∈ ccP (X). The proof

that a counterpart of Theorem 3 holds also for the functor ccP consists in

establishing a counterpart of Lemma 2 for the functor ccP and �nite spaces

X1, . . . , Xk. Note that this approach leads to a proof which is simpler than that

in [3].

The second-named author considered the functor of idempotent measures

(Maslov measures) in the category Comp (see [8]). In [8], it is proved, in partic-

ular, that one cannot replace the probability measure functor by the idempotent

measure functor in Theorem 3.

A functor in the category Comp is said to be open-bicommutative if this

functor preserves the class of open-bicommutative diagrams, i.e., diagrams (1)

for which the characteristic maps are onto and open. A more general notion of

open multi-commutativity of functors is introduced in the preprint [4].
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Òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ôóíêöèé Ìîð-
ñà ðîäà 1 íà S3

À. Â. Ñåðãåþê

Àííîòàöèÿ Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ âîïðîñ î òîïîëîãè÷åñêîé

êëàññèôèêàöèÿ ôóíêöèé Ìîðñà íà òðåõìåðíîé ñôåðå, âñå êðèòè÷åñêèå

òî÷êè êîòîðîé ëåæàò íà ðàçíûõ ïîâåðõíîñòÿõ óðîâíÿ. Êëàññèôèêàöèÿ ïðî-

èçâîäèòñÿ ïî îòíîøåíèþ ê ãðóïïå Di�0(S
3)×Di�0(R) � ãðóïïå ñîõðàíÿþùèõ

îðèåíòàöèþ äèôôåîìîðôèçìîâ îáëàñòåé îïðåäåëåíèÿ è çíà÷åíèé. Îïè-

ñàíû ñîîòâåòñòâóþùèå îðèåíòèðîâàíûå ãðàôû (ãðàôû Êðîíðîäà-Ðèáà).

Ïîêàçàíî, ÷òî äëÿ ôóíêöèé, êîìïîíåíòû ïîâåðõíîñòåé óðîâíÿ êîòîðûõ íå

ñëîæíåå òîðà, îíè ÿâëÿþòñÿ ïîëíûìè èíâàðèàíòàìè. Áîëåå òîãî, êàæäûé

òàêîé ãðàô ìîæåò áûòü ðåàëèçîâàí ôóíêöèåé ðîäà 1, ïîýòîìó äëÿ áîëåå

ñëîæíûõ ôóíêöèé íà ñôåðå ýòè îðèåíòèðîâàíûå ãðàôû óæå íå ðàçëè÷àþò

èõ òîïîëîãè÷åñêèé òèï.

Êëþ÷åâûå ñëîâà ôóíêöèÿ Ìîðñà · òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ · òðåõ-
ìåðíàÿ ñôåðà

ÓÄÊ 517.91

1 Ââåäåíèå

Çàäà÷à î òîïîëîãè÷åñêîé êëàññèôèêàöèè ôóíêöèé Ìîðñà ÿâëÿåòñÿ ÷àñòüþ

îáùåé çàäà÷è î êëàññèôèêàöèè äèôôåðåíöèðóåìûõ îòîáðàæåíèé ìåæäó

ìíîãîîáðàçèÿìè. Îáùåå îïðåäåëåíèå, ñôîðìóëèðîâàíîå Ð. Òîìîì, çâó÷èò

òàê: äâà îòîáðàæåíèÿ f, g ∈ Ck(M,N) íàçûâàþòñÿ äèôôåðåíöèðóåìî-
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ýêâèâàëåíòíûìè åñëè ñóùåñòâóþò Ck-äèôôåîìîðôèçìû h : M → M è

k : N → N òàêèå ÷òî f ◦ h = k ◦ g, 0 ≤ k ≤ ∞. Àíàëîãè÷íûì îáðàçîì

ýòó çàäà÷ó ìîæíî ñôîðìóëèðîâàòü êàê çàäà÷ó îá îïèñàíèè îðáèò åñòåñòâåí-

íîãî äåéñòâèÿ ãðóïïû Ëè Di�k(M) × Di�k(N) íà ìíîãîîáðàçèè Ck(M,N).

Â ñëó÷àå ïðîñòðàíñòâà âåùåñòâåííûõ ãëàäêèõ ôóíêöèé C∞(M,R) èìååòñÿ
åãî ñòðàòèôèêàöèÿ, ïðåäëîæåííàÿ è îïèñàííàÿ Æ.Ñåðôîì [6]. Ñòðàòîì F0

êîðàçìåðíîñòè 0 ÿâëÿåòñÿ ïðîñòðàíñòâî ôóíêöèé ñ íåâûðîæäåíûìè êðèòè-

÷åñêèìè òî÷êàìè (ôóíêöèè Ìîðñà), ïðè÷åì íèêàêèå äâå êðèòè÷åñêèå òî÷êè

íå ëåæàò íà îäíîì óðîâíå. Ýòîò ñòðàò èìååò ìíîãî çàìå÷àòåëüíûõ ñâîéñòâ,

ñì. [16]. Ôóíêöèè èç ýòîãî ñòðàòà ìû áóäåì íàçûâàòü "ôóíêöèÿìè îáùåãî

ïîëîæåíèÿ". Åñòåñòâåííî íà÷èíàòü èçó÷àòü òîïîëîãè÷åñêóþ êëàññèôèêà-

öèþ èìåííî ñ íèõ, çàäàííûõ íà êîíêðåòíûõ ìíîãîîáðàçèÿõ, ïðè÷åì èíîãäà,

â çàâèñèìîñòè îò çàäàííîãî ìíîãîîáðàçèÿ, ðàçóìíûì ÿâëÿåòñÿ îãðàíè÷è-

âàòü ãðóïïó Di�k(M)×Di�k(R) äî ãðóïïû Di�0(M)×Di�0(R) � èçîòîïíûõ
òîæäåñòâó äèôôåîìîðôèçìîâ.

Â.Àðíîëüäîì áûëà èçó÷åíà òîïîëîãè÷åñêàÿ êëàññèôèêàöèÿ ôóíêèé îá-

ùåãî ïîëîæåíèÿ íà îêðóæíîñòè S1 ïðè èçîòîïíûõ òîæäåñòâó äèôôåîìîð-

ôèçìàõ [1]. Ýòè ôóíêöèè êëàññèôèöèðóþòñÿ êîíå÷íûìè ïîñëåäîâàòåëüíî-

ñòÿìè ïèëîîáðàçíîãî òèïà, íàçâàííûå èì "çìåÿìè". Îí òàêæå ïîäñ÷èòàë

êîëè÷åñòâî íåýêâèâàëåíòíûõ ôóíêöèé ñ çàäàíûì êîëè÷åñòâîì êðèòè÷åñêèõ

òî÷åê, âûðàçèâ åãî ÷åðåç êîýôôèöèåíò ðàçëîæåíèÿ â ðÿä ôóíêöèè tan.

Â.Øàðêî èññëåäîâàë âîïðîñ î òîïîëîãè÷åñêîé êëàññèôèêàöèè â ñëó÷àå

ïîâåðõíîñòåé [14]. Èì áûë ïîëó÷åí ïîëíûé èíâàðèàíò ôóíêöèé äàæå áîëåå

øèðîêîãî êëàññà. Ýòèì èíâàðèàíòîì ÿâëÿåòñÿ ñïåöèàëüíûì îáðàçîì îðèåí-

òèðóåìûé ãðàô ("ãðàô Êðîíðîäà-Ðèáà"). Â äàëüíåéøåì, Àðíîëüä, èñïîëü-

çóÿ èíâàðèàíò Øàðêî, çàíÿëñÿ ïîäñ÷åòîì ÷èñëà íåýêâèâàëåíòíûõ ôóíêèé

îáùåãî ïîëîæåíèÿ íà äâóìåðíîé ñôåðå ñ çàäàíûì êîëè÷åñòâîì êðèòè÷åñêèõ

òî÷åê, ñôîðìóëèðîâàâ ãèïîòåçó î åãî àñèìïòîòè÷åñêîì ðîñòå [2]. Ýòà ãèïîòå-

çà âñêîðå áûëà äîêàçàíà Íèêîëàåñêó, êîòîðûé òàêæå âûâåë äëÿ ýòîãî ÷èñëà

ðåêêóðåíòíóþ ôîðìóëó [10],[11]. Â.Àðíîëüä ñòàë ðàçâèâàòü ýòè èññëåäîâà-

íèÿ äëÿ ñëó÷àÿ äâóìåðíîãî òîðà, îãðàíè÷èâàÿñü ñïåöèôè÷åñêèìè êëàññàìè

ôóíêöèé, òàêæå îí èçó÷àë ñâÿçè ýòîé çàäà÷è ñ âåùåñòâåííîé àëãåáðàè÷å-

ñêîé ãåîìåòðèåé [4], [5]. Ñâîéñòâà äåéñòâèÿ ãðóïïû Di� íà ïîâåðõíîñòÿõ

èçó÷àëèñü â ðàáîòå [8].
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À.Ïðèøëÿê èññëåäîâàë îáùèé âîïðîñ î òîïîëîãè÷åñêîé êëàññèôèêàöèè

ôóíêöèé Ìîðñà íà ìíîãîîáðàçèÿõ ðàçìåðíîñòè 3 è 4, ñâÿçàâ å¼ ñ êëàññèôè-

êàöèÿìè ñîîòâåòñòâåííî äèàãðàì Õåãîðà è Ê¼ðáè [12], [13].

Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ ðàçâèòèå ýòîãî íàïðàâëåíèÿ íà êîíêðåò-

íûé ñëó÷àé òðåõìåðíîé ñôåðû S3. Âîïðîñ î ñòðîåíèè ãðàôîâ ôóíêöèé íà

S3 áûë òàêæå ïîñòàâëåí Àðíîëüä â åãî ëåêöèÿõ [5]. Îãðàíè÷èâàÿñü ôóíêöè-

ÿìè Ìîðñà, ðîä êîìïîíåíò ïîâåðõíîñòåé óðîâíåé êîòîðûõ íå ñëîæíåå òîðà

(ôóíêöèè Ìîðñà ðîäà 1), ìû ïîêàçûâàåì ÷òî ñîîòâåòñòâóþùèé îðèåíòèðî-

âàíûé ãðàô, êàê è â ñëó÷àå ôóíêöèé íà S2, òàêæå ÿâëÿåòñÿ ïîëíûì èíâà-

ðèàíòîì è îïèñûâàåì âñå òàêèå ãðàôû. Âìåñòå ñ òåì îêàçûâàåòñÿ, ÷òî äëÿ

ôóíêöèé âûñøèõ ðîäîâ îðèåíòèðîâàíûå ãðàôû óæå íå ñïîñîáíû ðàçëè÷èòü

èõ òîïîëîãè÷åñêèé òèï.

2 Òîïîëîãèÿ ôóíêöèé îáùåãî ïîëîæåíèÿ íà S3

Ïóñòü çàäàíà ôóíêöèÿ Ìîðñà f : S3 → R, âñå êðèòè÷åñêèå òî÷êè êîòîðîé ëå-
æàò íà ðàçíûõ óðîâíÿõ. Òàêèå ôóíêöèè ìû òàêæå áóäåì íàçûâàòü ôóíêöè-

ÿìè îáùåãî ïîëîæåíèÿ. Îáîçíà÷èì ÷åðåç mi êîëè÷åñòâî êðèòè÷åñêèõ òî÷åê

èíäåêñà i. Ïî òåîðåìå Ìîðñà,

3∑
i=0

(−1)imi = χ(S3) = 0.

Îáîçíà÷èì ÷åðåç n = 2k = m0+m1+m2+m3 êîëè÷åñòâî âñåõ êðèòè÷åñêèõ

òî÷åê ôóíêöèè f . Òîãäà m2 = k −m0 è m3 = k −m1.

Ïðåäëîæåíèå 1 Èìåþò ìåñòî ñëåäóþùèå íåðàâåíñòâà

1 ≤ m0 ≤ k

m0 − 1 ≤ m1 ≤ k − 1,

ïðè÷åì m0 è m1 ìîãóò ïðèíèìàòü ëþáûå çíà÷åíèÿ èç ýòîãî äèàïàçîíà.

Äîêàçàòåëüñòâî Ôóíêöèÿ èìååò íå ìåíåå îäíîãî ìèíèìóìà, ïîýòîìó m0 ≥
1. Ïðåäïîëîæèì ÷òî m0 > k. Òîãäà äîëæíî ñóùåñòâîâàòü êàê ìèíèìóì k

êðèòè÷åñêèõ òî÷åê èíäåêñà 1 ÷òîáû íóëåâîå ÷èñëî Áåòòè ðàâíÿëîñü íóëþ,

ïîñêîëüêó â ñîîòâåòñòâóþùåì ðàçëîæåíèè ñôåðû íà ðó÷êè êàæäîé êðèòè-

÷åñêîé òî÷êå èíäåêñà 0 ñîîòâåòñòâóåò ñâîÿ êîìïîíåíòà ñâÿçíîñòè. Äëÿ èõ

ñîåäèíåíèÿ íåîáõîäèìî êàê ìèíèìóì k ðó÷åê èíäåêñà 1. Íî òîãäà îáùåå

êîëè÷åñòâî êðèòè÷åñêèõ òî÷åê áóäåò ïðåâîñõîäèòü 2k. Ïîýòîìó m0 ≤ k è

m1 ≥ m0 − 1.
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Ðàâåíñòâà m0 = k, m1 = m0 − 1 è m1 = k − 1 âîçìîæíû, ïîñêîëüêó

òîãäà â ñîîòâåòñòâóþùåì ðàçëîæåíèè íà ðó÷êè áóäóò ñóùåñòâîâàòü k − 1

ðó÷åê èíäåêñà 1, óìåíüøàþùèõ êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè äî åäèíè-

öû, âðåçóëüòàòå ÷åãî ïîëó÷èòñÿ òðåõìåðíûé äèñê, è òàêæå áóäåò îäíà ðó÷êà

èíäåêñà 3, çàêëåèâàþùàÿ ýòîò äèñê äî òðåõìåðíîé ñôåðû � îíà ñîîòâåòñòâó-

åò åäèíñòâåííîé êðèòè÷åñêîé òî÷êå èíäåêñà 3.

Íåðàâåíñòâî m1 ≤ k− 1 ñëåäóåò èç òîãî ÷òî m3 = k−m1 ≥ 1, ïîñêîëüêó

ôóíêöèÿ èìååò íå ìåíåå îäíîãî ìàêñèìóìà. Ïóñòü òåïåðü m0 = l, 1 ≤ l ≤ k è
m1 = p, l− 1 ≤ p ≤ k− 1 � ïðîèçâîëüíûå çíà÷åíèÿ èç äèàïàçîíà íåðàâåíñòâ.

Òîãäà m2 = k − l è m3 = k − p.
Ïîêàæåì, ÷òî ñóùåñòâóåò ðàçëîæåíèå òðåõìåðíîé ñôåðû íà ðó÷êè, êî-

ëè÷åñòâî êîòîðûõ ñîîòâåòñòâóåò ýòèì çíà÷åíèÿì. Òåì ñàìûì áóäåò äîêà-

çàíî ñóùåñòâîâàíèå ôóíêöèè Ìîðñà íà òðåõìåðíîé ñôåðå ñ òàêèì ÷èñëîì

êðèòè÷åñêèõ òî÷åê ñîîòâåòñòâóþùèõ èíäåêñîâ. Ìû èìååì l ðó÷åê èíäåê-

ñà 0. Ñîåäèíèì èõ ìåæäó ñîáîé ñ ïîìîùüþ l − 1 ðó÷åê èíäåêñà 1. Ïîëó-

÷èì òðåõìåðíûé äèñê. Îñòàëüíûå p − l + 1 ðó÷åê èíäåêñà 1 ïðèêëååì ê

íåìó, ïîëó÷èâ òåì ñàìûì êðåíäåëü ðîäà p − l + 1. Çàìåòèì, ÷òî äî ñèõ

ïîð âñå ïðèêëåéêè îñóùåñòâëÿëèñü åäèíñòâåííî âîçìîæíûì, ñ òî÷íîñòüþ

äî èçîòîïèè, îáðàçîì. Òåïåðü ìû ìîæåì ïðèêëåèòü ê íàøåìó êðåíäåëþ

p − l + 1 ðó÷åê èíäåêñà 2 òàêèì îáðàçîì, ÷òîáû ïîëó÷èòü îïÿòü òðåõìåð-

íûé äèñê. Ñäåëàòü ýòî ìîæíî, íàïðèìåð, ïðèêëåèâàÿ âäîëü ñòàíäàðòíîé

ñèñòåìû íåðàçáèâàþùèõ ïîâåðõíîñòü êðåíäåëÿ ñèñòåìû êðèâûõ. Ïðèêëååì

îñòàëüíûå k− l− (p− l+1) = k−p−1 ðó÷åê èíäåêñà 2 íå íàðóøàÿ îðèåíòè-

ðóåìîñòü. Ïîëó÷èì ñôåðó S3 ñ âûðåçàíûìè èç íå¼ òðåõìåðíûìè äèñêàìè â

êîëè÷åñòâå k− p øòóê. Çàêëåèì èõ âñåìè ðó÷êàìè èíäåêñà 3 â ñîîòâåòñòâó-

þùåì êîëè÷åñòâå. Ïîëó÷èì ñôåðó S3.

Äàëåå ìû óñòàíîâèì ñâîéñòâî "íåçàóçëåííîñòè"ïîâåðõíîñòåé óðîâíÿ

ôóíêöèé îáùåãî ïîëîæåíèÿ íà S3. Ïîä "êðåíäåëåì"ìû áóäåì ïîíèìàòü ëþ-

áîå 3-ìåðíîå ìíîãîîáðàçèå, îáðàçîâàíîå ïðèêëåéêîé ê òðåõìåðíîìó äèñêó

ðó÷åê èíäåêñà 1. Àíàëîãè÷íî, êðåíäåëü � ýòî ðåãóëÿðíàÿ îêðåñòíîñòü ëþ-

áîãî êîíå÷íîãî îäíîìåðíîãî êîìïëåêñà â S3.

Îïðåäåëåíèå 1 Êîíå÷íûé îäíîìåðíûé êîìïëåêñ (ãðàô) K â S3 íàçûâà-

åòñÿ íåçàóçëåííûì åñëè â S3 ñóùåñòâóåò âëîæåííàÿ äâóìåðíàÿ ñôåðà S2

òàêàÿ, ÷òî K ⊂ S2.

Çàìêíóòàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü, âëîæåííàÿ â S3, ðàçáèâàåò å¼ íà

äâå êîìïîíåíòû. Çàìûêàíèå ïî êðàéíåé ìåðå îäíîé èç êîìïîíåíò âñåãäà
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ÿâëÿåòñÿ êðåíäåëåì. Áóäåì íàçûâàòü åãî êðåíäåëåì, îãðàíè÷åííûì äàííîé

ïîâåðõíîñòüþ. Îñòîâîì êðåíäåëÿ áóäåì íàçûâàòü áóêåò îêðóæíîñòåé â S3,

ðåãóëÿðíîé îêðåñòíîñòüþ êîòîðîãî îí ÿâëÿåòñÿ.

Îïðåäåëåíèå 2 Çàìêíóòàÿ îðèåíòèðóåìàÿ ïîâåðõíîñòü, âëîæåííàÿ â

S3, íàçûâàåòñÿ íåçàóçëåííîé åñëè îñòîâ êðåíäåëÿ êîòîðûé îíà îãðàíè÷è-

âàåò ÿâëÿåòñÿ íåçàóçëåííûì.

Ïðåäëîæåíèå 2 Âñÿêàÿ ðåãóëÿðíàÿ ïîâåðõíîñòü óðîâíÿ ôóíêöèè îáùåãî

ïîëîæåíèÿ íà òðåõìåðíîé ñôåðå ÿâëÿåòñÿ íåçàóçëåííîé.

Äîêàçàòåëüñòâî Ïîñòðîèì ïî ôóíêöèè ðàçëîæåíèå òðåõìåðíîé ñôåðû íà

ðó÷êè. Ðàññìîòðèì îáúåäèíåíèå âñåõ ðó÷åê èíäåêñà 0 è 1 � ðåãóëÿðíóþ

îêðåñòíîñòü çàìûêàíèÿ èíòåãðàëüíûõ òðàåêòîðèé ãðàäèåíòà ôóíêöèè f ,

âûõîäÿùèõ èç êðèòè÷åñêèõ òî÷åê èíäåêñà 0 è âõîäÿùèõ â êðèòè÷åñêèå òî÷-

êè èíäåêñà 1. Ýòà îêðåñòíîñòü ÿâëÿåòñÿ êðåíäåëåì. Çàìûêàíèå äîïîëíåíèÿ

ê ýòîìó êðåíäåëþ òàêæå ÿâëÿåòñÿ êðåíäåëåì, ïîñêîëüêó åãî ìîæíî ïðåä-

ñòàâèòü êàê àíàëîãè÷íóþ ðåãóëÿðíóþ îêðåñòíîñòü óæå äëÿ ôóíêöèè −f .
Îáùèé êðàé ýòèõ êðåíäåëåé òàêèì îáðàçîì ÿâëÿåòñÿ ïîâåðõíîñòüþ Õåãîðà

F â òðåõìåðíîé ñôåðå. Ïî òåîðåìå Âàëüäõàóçåíà, [18], ëþáûå äâà ðàçáèåíèå

Õåãîðà òðåõìåðíîé ñôåðû ïîâåðõíîñòÿìè îäèíàêîâûõ ðîäîâ ýêâèâàëåíòíû:

ñóùåñòâóåò äèôôåîìîðôèçì òðåõìåðíîé ñôåðû, ïåðåâîäÿùèé îäíó ïîâåðõ-

íîñòü â äðóãóþ. Ïðè ýòîì, îáðàç îñòîâà ïåðâîé ïîâåðõíîñòè áóäåò, î÷åâèäíî,

îñòîâîì äëÿ âòîðîé. Ñóùåñòâóåò ñòàíäàðòíîå ðàçáèåíèå Õåãîðà òðåõìåðíîé

ñôåðû íåçàóçëåííîé ïîâåðõíîñòüþ ëþáîãî ðîäà. Åñëè áû ïîâåðõíîñòü F áû-

ëà çàóçëåííîé, òî íå ñóùåñòâîâàëî áû äèôôåîìîðôèçìà òðåõìåðíîé ñôåðû,

êîòîðûé áû ïåðåâåë íåçàóçëåííûé îñòîâ ñòàíäàðòíîé ïîâåðõíîñòè â çàóçëåí-

íûé îñòîâ ïîâåðõíîñòè F , ïîñêîëüêó äâóìåðíàÿ ñôåðà, íà êîòîðîé ëåæèò

ïåðâûé îñòîâ, ïåðåéäåò â äâóìåðíóþ ñôåðó. Òàêèì îáðàçîì ïîâåðõíîñòü F

ÿâëÿåòñÿ íåçàóçëåííîé.

Ðàññìîòðèì òåïåðü ïðîèçâîëüíóþ ðåãóëÿðíóþ ïîâåðõíîñòü óðîâíÿ F̃

ôóíêöèè f , îòëè÷íóþ îò S2. Îíà ÿâëÿåòñÿ ñâÿçíîé ÷àñòüþ âñåé ïîâåðõíîñòè

F : F = X#F̃#Y , ñëåäîâàòåëüíî îñòîâ êðåíäåëÿ êîòîðûé îíà îãðàíè÷èâàåò

ÿâëÿåòñÿ ïîäãðàôîì îñòîâà êðåíäåëÿ êîòîðûé îãðàíè÷èâàåò ïîâåðõíîñòè

F . Èçâåñòíî ([17]), ÷òî åñëè ãðàô íåçàóçëåí, òî è âñÿêèé ïîäãðàô òàêæå

íåçàóçëåí. Îòñþäà ñëåäóåò íåçàóçëåííîñòü ïîâåðõíîñòè óðîâíÿ F̃ .
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3 Òåîðåìû î ðåàëèçàöèè è êëàññèôèêàöèè

Îïðåäåëåíèå 3 Ãðàôîì ãëàäêîé ôóíêöèè f : X → R íà çàìêíóòîì êîì-

ïàêòíîì ìíîãîîáðàçèè X íàçûâåòñÿ ïðîñòðàíñòâî, òî÷êàìè êîòîðîãî ÿâ-

ëÿþòñÿ êîìïîíåíòû ñâÿçíîñòè óðîâíåé ôóíêöèè f .

Ýòî ïðîñòðàíñòâî äåéñòâèòåëüíî ÿâëÿåòñÿ êîíå÷íûì ãðàôîì. Äåòàëüíåå

îá ýòèõ ãðàôàõ ñì. [15]. Íà ãðàôå G ôóíêöèè îáùåãî ïîëîæåíèÿ f ñóùå-

ñòâóåò êàíîíè÷åñêàÿ îðèåíòàöèÿ: a < b, a, b ∈ V (G), åñëè f(a) < f(b). Ïóñòü

f : S3 → R � ôóíêöèÿ îáùåãî ïîëîæåíèÿ è G � å¼ îðèåíòèðîâàííûé ãðàô.

Â ýòîì ñëó÷àå G ÿâëÿåòñÿ äåðåâîì. Êîíöåâûå âåðøèíû ýòîãî äåðåâà ñîîò-

âåòñòâóþò ëîêàëüíûì ìèíèìóìàì è ìàêñèìóìàì ôóíêöèè f . Âíóòðåííûå

âåðøèíû èìåþò âàëåíòíîñòü 2 èëè 3.

Âåðøèíû âàëåíòíîñòè 3 ñîîòâåòñòâóþò êðèòè÷åñêèì òî÷êàì èíäåêñà 1 è

2, ïîñëå ïðîõîæäåíèè êîòîðûõ ÷èñëî êîìïîíåíò óðîâíÿ ôóíêöèè óìåíüøà-

åòñÿ ëèáî óâåëè÷èâàåòñÿ íà åäèíèöó ñîîòâåòñòâåííî. Â ïåðâîì ñëó÷àå ïðî-

èñõîäèò ïðèêëåéêà ðó÷êè èíäåêñà 1 ñâîèìè êîíöàìè ê ðàçíûì êîìïîíåíòàì

óðîâíÿ. Âî âòîðîì ñëó÷àå ïðèêëåèâàåòñÿ ðó÷êà èíäåêñà 2 âäîëü ïðîñòîé çà-

ìêíóòîé êðèâîé, îãðàíè÷èâàþùåé äèñê. Ó÷èòûâàÿ îðèåíòàöèþ, äëÿ ýòèõ

âåðøèí âîçìîæíû äâå ñèòóàöèè � ëèáî äâà ðåáðà ÿâëÿþòñÿ âõîäÿùèìè à

òðåòüå � èñõîäÿùèì (ñîîòâåòñòâóþùàÿ êðèòè÷åñêàÿ òî÷êà èìååò èíäåêñ 1),

ëèáî íàîáîðîò (ñîîòâåòñòâóþùàÿ êðèòè÷åñêàÿ òî÷êà èìååò èíäåêñ 2). ×èñ-

ëî âåðøèí âàëåíòíîñòè 3, ñîîòâåòñòâóþùèõ êðèòè÷åñêèì òî÷êàì èíäåêñà

1, ðàâíî m0 − 1, à ÷èñëî âåðøèí, ñîîòâåòñòâóþùèõ êðèòè÷åñêèì òî÷êàì

èíäåêñà 2, ðàâíî m3 − 1.

Âåðøèíû âàëåíòíîñòè 2 òàêæå ñîîòâåòñòâóþò êðèòè÷åñêèì òî÷êàìè

èíäåêñà 1 è 2, íî ïðè ïðîõîæäåíèè èõ ÷èñëî êîìïîíåíò íå ìåíÿåòñÿ. Â ýòîì

ñëó÷àå ñîîòâåòñòâóþùàÿ ðó÷êà èíäåêñà 1 ïðèêëåèâàåòñÿ îáåèìè êîíöàìè

ê îäíîé êîìïîíåíòå ñâÿçíîñòè è ðó÷êà èíäåêñà 2 ïðèêëåèâàåòñÿ âäîëü

ïðîñòîé çàìêíóòîé êðèâîé, íå îãðàíè÷èâàþùåé äèñê. Â ýòèõ òî÷êàõ îäíî

ðåáðî ÿâëÿåòñÿ âõîäÿùèì, à äðóãîå � èñõîäÿùèì. ×èñëî âåðøèí âàëåíòíî-

ñòè 2, ñîîòâåòñòâóþùèõ êðèòè÷åñêèì òî÷êàì èíäåêñà 1, ðàâíî m1 −m0 +1,

à ñîîòâåòñòâóþùèõ êðèòè÷åñêèì òî÷êàì èíäåêñà 2 � m2 − m3 + 1. Îáùåå

÷èñëî òàêèõ âåðøèí ÷åòíî, ïðè÷åì m1 −m0 + 1 = m2 −m3 + 1.

Òåîðåìà 1 Ðàññìîòðèì êîíå÷íîå äåðåâî, èìåþùåå ïîìèìî êîíöåâûõ âåð-

øèí îäíîçíà÷íî îïðåäåëåííîå ÷èñëî âåðøèí âàëåíòíîñòè 3 è ÷åòíîå ÷èñëî

âåðøèí âàëåíòíîñòè 2. Óïîðÿäî÷èì åãî âåðøèíû òàêèì îáðàçîì, ÷òîáû
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÷èñëî âõîäÿùèõ è èñõîäÿùèõ ðåáåð â âåðøèíàõ âàëåíòíîñòè 3 îòëè÷àëîñü

ðîâíî íà åäèíèöó, à â âåðøèíàõ âàëåíòíîñòè 2 áûëî îäèíàêîâûì. Òîãäà

ëþáîå òàêîå îðèåíòèðîâàíîå äåðåâî ÿâëÿåòñÿ ãðàôîì íåêîòîðîé ôóíêöèè

îáùåãî ïîëîæåíèÿ íà S3.

Äîêàçàòåëüñòâî Ñîïîñòàâèì êîíöåâîé âåðøèíå ñ âõîäÿùèì ðåáðîì ðó÷êó

èíäåêñà 3, êîíöåâîé âåðøèíå ñ èñõîäÿùèì ðåáðîì � ðó÷êó èíäåêñà 0, âåð-

øèíå âàëåíòíîñòè 3 ñ äâóìÿ âõîäÿùèìè ðåáðàìè � ðó÷êó èíäåêñà 1, âåðøèíå

âàëåíòíîñòè 3 ñ äâóìÿ èñõîäÿùèìè ðåáðàìè � ðó÷êó èíäåêñà 2.

Êîëè÷åñòâî âåðøèí âàëåíòíîñòè 2 ÿâëÿåòñÿ ÷åòíûì. Ðàçîáüåì èõ íà äâå

ðàâíîìîùíûå ÷àñòè. Ïðè ýòîì, êàæäàÿ âåðøèíà èç ïåðâîé ÷àñòè äîëæíà

áûòü ìåíüøå êàæäîé âåðøèíû èç âòîðîé ÷àñòè. Ñîïîñòàâèì òî÷êàì ïåðâîé

÷àñòè ðó÷êè èíäåêñà 1, à òî÷êàì âòîðîé ÷àñòè � ðó÷êè èíäåêñà 2.

Òîãäà ãðàô áóäåò çàäàâàòü ðàçëîæåíèå òðåõìåðíîé ñôåðû íà ðó÷êè �

äîñòàòî÷íî ëèøü êîíòðîëèðîâàòü ñïîñîá ïðèêëåéêè ðó÷êè èíäåêñà 2, îò-

âå÷àþùåé âåðøèíå âàëåíòíîñòè 3, òàêèì îáðàçîì, ÷òîáû â ðåçóëüòàòå ðîä

êîìïîíåíò óðîâíÿ áûë ðàâåí ÷èñëó îñòàâøèõñÿ âåðøèí âàëåòíîñòè 2, îòâå-

÷àþùèõ êðèòè÷åñêèì òî÷êàì èíäåêñà 2, íà ñîîòâåòñòâóþùèõ âåòêàõ äåðåâà.

Ýòî ðàçëîæåíèå íà ðó÷êè áóäåò çàäàâàòü íåêîòîðóþ ôóíêöèþ îáùåãî ïîëî-

æåíèÿ íà S3.

Äëÿ ôóíêöèé íà çàìêíóòûõ êîìïàêòíûõ òðåõìåðíûõ ìíîãîîáðàçèÿõ, ïî-

ìèìî òàêîé õàðàêòåðèñòèêè å¼ òîïîëîãè÷åñêîé ñëîæíîñòè êàê ÷èñëî êðèòè-

÷åñêèõ òî÷åê, óäîáíî ââåñòè åùå è ïîíÿòèå ðîäà.

Îïðåäåëåíèå 4 Áóäåì ãîâîðèòü ÷òî ôóíêöèÿ îáùåãî ïîëîæåíèÿ íà

òðåõìåðíîé ñôåðå èìåò ðîä g åñëè ðîä ëþáîé å¼ ðåãóëÿðíîé ïîâåðõíîñòè

óðîâíÿ íå ïðåâîñõîäèò g.

Çàìå÷àíèå 1 Åñëè îðèåíòèðîâàíûé ãðàô èç ïðåäûäóùåé òåîðåìû íå èìå-

åò âåðøèí âàëåíòíîñòè 2, òî îí ðåàëèçóåòüñÿ ëèøü ôóíêöèÿìè ðîäà 0.

Åñëè æå îí èìååò ïî êðàéíåé ìåðå 2 âåðøèíû âàëåíòíîñòè 2 òî åãî âñåãäà

ìîæíî ðåàëèçîâàòü ôóíêöèåé ðîäà 1.

Ñëåäóþùàÿ òåîðåìà äàåò òîïîëîãè÷åñêóþ êëàññèôèêàöèþ ôóíêöèé ðîäà

1 â òåðìèíàõ èõ îðèåíòèðîâàíûõ ãðàôîâ. Áåðÿ âî âíèìàíèå ïðåäûäóùåå

çàìå÷àíèå, òîïîëîãè÷åñêèé òèï ôóíêöèé âûñøèõ ðîäîâ ýòè ãðàôû óæå íå

ðàçëè÷àþò.

Äàäèì îïðåäåëåíèå.
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Îïðåäåëåíèå 5 Äâå ôóíêöèè îáùåãî ïîëîæåíèÿ f, g : S3 → R áóäåì íà-

çûâàòü òîïîëîãè÷åñêè ýêâèâàëåíòíûìè, åñëè ñóùåñòâóþò ñîõðàíÿþùèé

îðèåíòàöèþ äèôôåîìîðôèçì h ∈ Di�0(S
3) è ñîõðàíÿþùèé îðèåíòàöèþ

äèôôåîìîðôèçì k ∈ Di�0(R) òàêèå ÷òî f ◦ h = k ◦ g

Òåîðåìà 2 Äâå ôóíêöèè îáùåãî ïîëîæåíèÿ f, g : S3 → R ðîäà 1 òîïîëîãè-

÷åñêè ýêâèâàëåíòû òîãäà è òîëüêî òîãäà, êîãäà èõ îðèåíòèðîâàíûå ãðàôû

èçîìîðôíû ñ ñîõðàíåíèåì îðèåíòàöèè.

Äîêàçàòåëüñòâî Íåîáõîäèìîñòü. Ïóñòü ôóíêöèè òîïîëîãè÷åñêè ýêâèâà-

ëåíòíû. Òîãäà îíè çàäàþò îäèíàêîâûå ïðåäñòàâëåíèÿ S3 â âèäå êîìïîçèöèè

ýëåìåíòàðíûõ êîáîðäèçìîâ. Ïî ýòîìó ðàçëîæåíèþ îäíîçíà÷íî, ñ òî÷íîñòüþ

äî èçîìîðôèçìà ñ ñîõðàíåíèåì îðèåíòàöèè, âîññòàíàâëèâàþòñÿ èõ ãðàôû.

Äîñòàòî÷íîñòü. Ïóñòü ãðàôû èçîìîðôíû ñ ñîõðàíåíèåì îðèåíòàöèè.

Òîãäà îíè çàäàþò îäèíàêîâûå ðàçëîæåíèÿ S3 â êîìïîçèöèþ ýëåìåíòàðíûõ

êîáîðäèçìîâ. Ñ ïîìîùüþ äèôôåîìîðôèçìà k ∈ Di�0(R) ìîæíî äîáèòü-

ñÿ òîãî ÷òî íà ñîîòâåòñòâóþùèõ ãðàíèöàõ êîáîðäèçìîâ îáîèõ ðàçëîæåíèé

ôóíêöèè ïðèíèìàþò îäèíàêîâûå çíà÷åíèÿ. Ïîñêîëüêó ïîâåðõíîñòè óðîâíÿ

ôóíêöèè íà òðåõìåðíîé ñôåðå ÿâëÿþòñÿ íåçàóçëåííûìè è äâîñòîðîííèìè,

ãðàíèöû ýëåìåíòàðíûõ êîáîðäèçìîâ îäíîãî ðàçëîæåíèÿ ìîæíî èçîòîïèåé

ïåðåâåñòè â ñîîòâåòñòâóþùèå ãðàíèöû ýëåìåíòàðíûõ êîáîðäèçìîâ äðóãîãî

ðàçëîæåíèÿ. Çà òåîðåìîé î ïðîäëåíèè èçîòîïèè, ñóùåñòâóåò äèôôåîìîð-

ôèçì h̃ ∈ DI�0(S
3), ðåàëèçóþùèé ýòó èçîòîïèþ.

Ðàññìîòðèì ýëåìåíòàðíûé òðåõìåðíûé êîáîðäèçì (∂−W,W, ∂+W ) ⊂ S3,

ðîä êîìïîíåíò ãðàíèö êîòîðîãî íå ïðåâûøàåò 1. Ïóñòü f̃ è g̃ � äâå ôóíê-

öèè Ìîðñà íà íåì, èìåþùèå ðîâíî ïî îäíîé êðèòè÷åñêîé òî÷êè âíóòðè

íåãî. Ïóñòü òàêæå f(∂−W ) = g(∂−W ) = const1 è f̃(∂+W ) = g̃(∂+W ) =

const2 Ïîêàæåì, ÷òî ñóùåñòâóåò äèôôåîìîðôèçì s êîáîðäèçìà W , èçî-

òîïíûé äîæäåñòâåííîìó è òîæäåñòâåííûé íà åãî ãðàíèöàõ. Äëÿ ýòîãî äî-

ñòàòî÷íî ïîêàçàòü ÷òî ñîîòâåòñòâóþùèå êðèòè÷åñêèì òî÷êàì õàðàêòåðè-

ñòè÷åñêèå äèñêè èçîòîïíû. Òàêèõ êîáîðäèçìîâ ñóùåñòâóåò 8 øòóê. Çà-

äàäèì èõ, óêàçûâàÿ ïàðó (∂−W,∂+W ): (∅, S2), (S2, ∅), (S2, S2 t S2), (S2 t
S2, S2), (S2, T 2), (T 2, S2), (T 2, S2 tT 2), (S2 tT 2, T 2). Â ïåðâîì ñëó÷àå õàðàê-

òåðèñòè÷åñêèì äèñêîì ÿâëÿåòñÿ ïóñòîå ìíîæåñòâî ∅, à âî âòîðîì � òðåõ-

ìåðíûé äèñê D3. Ëþáûå äâà òàêèõ äèñêà èçîòîïíû. Â òðåòüåì ñëó÷àå õà-

ðàêòåðèñòè÷åñêèì äèñêîì ÿâëÿåòñÿ äâóìåðíûé äèñê D2, ïåðåñåêàþùèé S2

âäîëü ïðîñòîé çàìêíóòîé êðèâîé. Ëþáûå äâà òàêèõ äèñêà èçîòîïíû. Â ÷åò-

âåðòîì ñëó÷àå õàðàêòåðèñòè÷êèé äèñê ïðåäñòàâëÿåò ñîáîé îäíîìåðíûé äèñê

D1, ïåðåñåêàþùèé êàæäóþ èç êîìïîíåíò S2 tS2 â îäíîé òî÷êå. Ëþáûå äâà
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òàêèõ äèñêà òàêæå èçîòîïíû. Â ïÿòîì ñëó÷àå õàðàêòåðèñòè÷åñêèì äèñêîì

ÿâëÿåòñÿ îäíîìåðíûé äèñê D1, ïåðåñåêàþùèé ñôåðó S2 â äâóõ òî÷êàõ. Ëþ-

áûå äâà òàêèõ äèñêà òàêæå èçîòîïíû. Â øåñòîì ñëó÷àå õàðàêòåðèñòè÷åñêèì

äèñêîì ÿâëÿåòñÿ äâóìåðíûé äèñê D2, ïåðåñåêàþùèé òîð T 2 âäîëü ïðîñòîé

çàìêíóòîé êðèâîé γ. Ïóñòü D2×S1 � ïîëíîòîðèé, îãðàíè÷åíûé ýòèì òîðîì

è D2×S1∩W = ∅. Õàðàêòåðèñòè÷åñêèé äèñê D2 âëîæåí â äîïîëíåíèè ê ýòî-

ìó ïîëíîòîðèþ: D2 ⊂ (S3 −D2 × S1). Åäèíñòâåíî âîçìîæíîé, ñ òî÷íîñòüþ

äî èçîòîïèè, êðèâîé γ ⊂ T 2 ÿâëÿåòñÿ åãî ïàðàëëåëü, ïîñêîëüêó ëþáàÿ äðó-

ãàÿ êðèâàÿ â S3 −D2 × S1 íå îãðàíè÷èâàåò äèñê. Ñëåäîâàòåëüíî, âñå òàêèå

õàðàêòåðèñòè÷åñêèå äèñêè òàêæå èçîòîïíû. Â ñåäüìîì ñëó÷àå õàðàêòåðè-

ñòè÷åñêèì äèñêîì ÿâëÿåòñÿ äâóìåðíûé äèñê D2, ïåðåñåêàþùèé ïîâåðõíîñòü

òîðà âäîëü ïðîñòîé çàìêíóòîé êðèâîé, ãîìîòîïíîé íóëþ. Âñå òàêèå êðèâûå

íà òîðå èçîòîïíû, ïîýòîìó èçîòîïíû è õàðàêòåðèñòè÷åñêèå äèñêè. È íà-

êîíåö, â âîñüìîì ñëó÷àå õàðàêòåðèñòè÷åñêèì äèñêîì ÿâëÿåòñÿ îäíîìåðíûé

äèñê D1, ïåðåñåêàþùèé êàæäóþ èç êîìïîíåíò S2 t T 2 â îäíîé òî÷êå. Âñå

òàêèå äèñêè òàêæå èçîòîïíû. Ñòîèò îòìåòèòü, ÷òî ïðè ðàññìîòðåíèè ýòèõ

âàðèàíòîâ ìû íåÿâíî îïÿòü ïîëüçîâàëèñü óòâåðæäåíèåì î íåçàóçëåííîñòè

ïîâåðõíîñòåé óðîâíÿ.

Òàêèì îáðàçîì, ïîñëå ïðèìåíåíèÿ äèôôåîìîðôèçìîâ k è h̃ ìû ïðèìåíÿ-

åì åùå äèôôåîìîðôèçìû òèïà s íà êàæäîì èç ýëåìåíòàðíûõ êîáîðäèçìîâ.

Êîìïîçèöèÿ h ýòèõ äèôôåîìîðôèçìîâ ÿâëÿåòñÿ èçîòîïíûì òîæäåñòâó äèô-

ôåîìîðôèçìîì. Ïîëó÷àåì, ÷òî ôóíêöèè f è g òîïîëîãè÷åñêè ýêâèâàëåíòíû.

Çàìå÷àíèå 2 Ãðàôû ôóíêöèé ðîäà 0 íå èìåþò âåðøèí âàëåíòíîñòè 2,

ïîýòîìó òîïîëîãè÷åñêèå êëàññû òàêèõ ôóíêöèé íàõîäÿòñÿ âî âçàèìíî-

îäíîçíà÷íîì ñîîòâåòñòâèè ñ òîïîëîãè÷åñêèìè êëàññàìè ôóíêöèé îáùåãî

ïîëîæåíèÿ íà S2.
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Topological classi�cation of genus 1 Morse functions on S3

We study the question about a topological classi�cation of Morse functions

on the 3-sphere, all critical points of which lie on a di�erent level surfaces. The

classi�cation provides with respect to the group Di�0(S
3)×Di�0(R) � the group

of orientation-preserving di�eomorphisms of the source and the target. We give

a description of a corresponding oriented graphs (Kronrod-Reeb graphs). It is

shown that these graphs completely classify genus 1 functions. These functions

has a property that the genus of all the components of their level surfaces is not

greater then 1. Moreover, all these graphs can be realized by a genus 1 functions,

thus they can not distinguish a topological type of a more complex functions.
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Âëàñòèâîñòi ïñåâäîãàðìîíi÷íî¨ ôóíêöi¨ íà çà-
ìêíåíié îáëàñòi

I.À. Þð÷óê

Àíîòàöiÿ Íåõàé f : D → R � ïñåâäîãàðìîíi÷íà ôóíêöiÿ, ÿêà çàäàíà íà

k−çâ'ÿçíié îði¹íòîâàíié çàìêíåíié îáëàñòi D ⊂ C, îáìåæåíié æîðäàíîâèìè

êðèâèìè γ0, γ1, . . ., γk, 0 ≤ k < ∞. Íàãàäà¹ìî, ùî êëàñ ïñåâäîãàðìîíi÷-

íèõ ôóíêöié ñïiâïàäà¹ ç êëàñîì íåïåðåðâíèõ ôóíêöié òàêèõ, ùî ó âíóòðiø-

íîñòi îáëàñòi ìiñòèòüñÿ ñêií÷åííå ÷èñëî êðèòè÷íèõ òî÷îê, êîæíà ç ÿêèõ ¹

ñiäëîâîþ, à çâóæåííÿ ôóíêöi¨ íà ¨¨ ìåæó ìà¹ ñêií÷åííå ÷èñëî ëîêàëüíèõ

åêñòðåìóìiâ.

Â äàíié ñòàòòi äîâåäåíî, ùî çàìèêàííÿ êîæíî¨ çâ'ÿçíî¨ êîìïîíåíòè

ñiì'¨, ÿêà ¹ ðiçíèöåþ îáëàñòi D òà òèõ çâ'ÿçíèõ êîìïîíåíò ëiíié ðiâíÿ

êðèòè÷íèõ òà íàïiâðåãóëÿðíèõ çíà÷åíü ôóíêöi¨ f , ÿêi ìiñòÿòü êðèòè÷íi

òà ìåæîâi êðèòè÷íi òî÷êè, ¹ çàìêíåíîþ îáëàñòþ îäíîãî ç òðüîõ òèïiâ

(êiëüöå, ñìóæêà ÷è ñåêòîð). Ïåðøèé òèï õàðàêòåðèçó¹òüñÿ òèì, ùî ìåæà

îáëàñòi ñêëàäà¹òüñÿ ç äâîõ çâ'ÿçíèõ êîìïîíåíò, ÿêi íå ìàþòü ñïiëüíèõ

òî÷îê ç ìåæîâèìè êðèâèìè γi, i = 0, k, à âñi ëiíi¨ ðiâíÿ ó ¨¨ âíóòðiøíîñòi

ãîìåîìîðôíi êîëàì. Äðóãèé òà òðåòié òèïè îáëàñòåé ìàþòü îäíó çâ'ÿçíó

êîìïîíåíòó ìåæi, à âñi ëiíi¨ ðiâíÿ ó ¨õ âíóòðiøíîñòi ãîìåîìîðôíi âiäðiçêàì.

Ðiçíèöÿ ìiæ íèìè ïîëÿãà¹ ó êiëüêîñòi äóã, ùî íàëåæàòü ìåæîâèì êðèâèì

γi, i = 0, k. Ó âèïàäêó îáëàñòi òèïó ñìóæêà, ¨¨ ìåæà ìiñòèòü äâi äóãè, ùî

íàëåæàòü àáî îäíié i òié æå ìåæîâié êðèâié, àáî ðiçíèì. ßêùî æ îáëàñòü

òèïó ñåêòîð, òî òàêà äóãà îäíà. Àâòîðîì òàêîæ äîâåäåíî ðÿä òâåðäæåíü,

ÿêi âèêîðèñòîâóþòüñÿ ïðè äîâåäåííi îñíîâíî¨ òåîðåìè.

Êëþ÷îâi ñëîâà ïñåâäîãàðìîíi÷íà ôóíêöiÿ, k−çâ'ÿçíà îáëàñòü



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41445

Âëàñòèâîñòi ïñåâäîãàðìîíi÷íî¨ ôóíêöi¨ 51

ÓÄÊ 515.173.2

1 Âñòóï

Äîñëiäæåííþ ïñåâäîãàðìîíi÷íèõ ôóíêöié ïðèñâÿ÷åíi ðîáîòè Â.Êàïëàíà [1],

Ì.Ìîðñà [5], Þ. Òîêi [3], �.Ïîëóëÿõà [2,6] òà ií., äå äîâåäåíi îñíîâíi òîïîëî-

ãi÷íi õàðàêòåðèñòèêè äàíîãî êëàñó ôóíêöié íà äèñêó, ïëîùèíi òà ïîâåðõíi.

Çîêðåìà, ó ìîíîãðàôi¨ [2] äîñëiäæåíî âëàñòèâîñòi ïñåâäîãàðìîíi÷íèõ ôóíê-

öié íà çàìêíåíîìó äâîâèìiðíîìó äèñêó òà äîâåäåíî êðèòåðié òîïîëîãi÷íî¨

åêâiâàëåíòíîñòi äàíîãî êëàñó ôóíêöié. Ó ðîáîòi [6], àâòîðîì âèâ÷àþòüñÿ

ïñåâäîãàðìîíi÷íi ôóíêöi¨ íà ïëîùèíi òà äîâåäåíî äîñòàòíþ óìîâó ðåàëiçà-

öi¨ äåðåâà ÿê ¨õ ìíîæèíè ðiâíÿ.

Â äàíié ðîáîòi ðîçãëÿäàþòüñÿ ïñåâäîãàðìîíi÷íi ôóíêöi¨, ùî çàäàíi íà

k-çâ'ÿçíié îði¹íòîâàíié çàìêíåíié îáëàñòi D, D ⊂ C. Àâòîðîì äîâåäåíî Òåî-

ðåìó 2 ïðî ñòðóêòóðó çâ'ÿçíèõ êîìïîíåíò ñiì'¨, ÿêà ¹ çàìèêàííÿì ðiçíèöi

îáëàñòi D òà òèõ çâ'ÿçíèõ êîìïîíåíò ìíîæèí ðiâíÿ êðèòè÷íèõ òà íàïiâðåãó-

ëÿðíèõ çíà÷åíü ôóíêöi¨ f , ÿêi ìiñòÿòü êðèòè÷íi òà ìåæîâi êðèòè÷íi òî÷êè.

Àâòîð âèñëîâëþ¹ ïîäÿêó ñòàðøîìó íàóêîâîìó ñïiâðîáiòíèêó âiääiëó òî-

ïîëîãi¨ Iíñòèòóòó ìàòåìàòèêè ÍÀÍÓ Ïîëóëÿõó �âãåíó çà êîðèñíi îáãîâî-

ðåííÿ òà öiêàâiñòü äî äàíî¨ òåìàòèêè.

2 Ïîïåðåäíi âiäîìîñòi

Ïîçíà÷èìî ÷åðåç D, D ⊂ C, k-çâ'ÿçíó îði¹íòîâàíó çàìêíåíó îáëàñòü, ÿêà

îáìåæåíà æîðäàíîâèìè êðèâèìè γ0, γ1, . . ., γk, 0 ≤ k <∞.

Íåõàé f : D → R � äåÿêà ïñåâäîãàðìîíi÷íà ôóíêöiÿ. Íàãàäà¹ìî îñíîâíi

îçíà÷åííÿ, ùî ïîâ'ÿçàíi ç äàíèì êëàñîì ôóíêöié [5,2,4].

Îçíà÷åííÿ 1 Ôóíêöiÿ f(x, y) ãàðìîíi÷íà â òî÷öi (x0, y0), ÿêùî

∂2f

∂x2
(x0, y0) +

∂2f

∂y2
(x0, y0) = 0.

Îçíà÷åííÿ 2 Ôóíêöiÿ f(z) ïñåâäîãàðìîíi÷íà â òî÷öi z0 = (x0, y0), ÿêùî

iñíó¹ îêië U(z0) òà ãîìåîìîðôiçì ϕ îêîëó U(z0) â ñåáå òàêèé, ùî ϕ(z0) = z0

òà f(ϕ(z)), z = (x, y), � ãàðìîíi÷íà i f(ϕ(z)) 6= const.

Ôóíêöiÿ f ïñåâäîãàðìîíi÷íà â çàìêíåíûé îáëàñòi, ÿêùî âîíà ïñåâäîãàð-

ìîíi÷íà â êîæíié ¨¨ òî÷öi.
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Îçíà÷åííÿ 3 Òî÷êà z0 ∈ D ¹ ðåãóëÿðíîþ òî÷êîþ f , ÿêùî iñíó¹ âiäêðèòèé

¨¨ îêië U ⊆ D i ãîìåîìîðôiçì ϕ : U → D òàêèé, ùî ϕ(z0) = 0 i f ◦ϕ−1(z) =
Rez + f(z0) äëÿ âñiõ z ∈ U .

Îçíà÷åííÿ 4 Òî÷êà z0 ∈ ∂D ¹ ðåãóëÿðíîþ ìåæîâîþ òî÷êîþ f , ÿêùî iñíó¹

¨¨ îêië U â D òà ãîìåîìîðôiçì h : U → D+ öüîãî îêîëó â âåðõíié íàïiâäèñê

D+ òàêèé, ùî h(z0) = 0, h(U ∩ f−1(f(z0))) = {0} × [0, 1), h(U ∩ ∂D2) =

(−1, 1)×{0} i ôóíêöiÿ f ◦h−1 ¹ ñòðîãî ìîíîòîííà íà iíòåðâàëi (−1, 1)×{0}.

ßêùî òî÷êà z0 ∈ D íå ¹ ðåãóëÿðíîþ òî÷êîþ f , òî âîíà íàçèâà¹òüñÿ

êðèòè÷íîþ.

Çà îçíà÷åííÿì âñi êðèòè÷íi òî÷êè f ¹ ñiäëîâèìè, òîáòî äëÿ êîæíî¨ ç

íèõ iñíó¹ îêië U ⊆ D i ãîìåîìîðôiçì ϕ : U → D òàêèé, ùî ϕ(z0) = 0

i f ◦ ϕ−1(z) = Rezn + f(z0) äëÿ âñiõ z ∈ U . ×èñëî n íàçâåìî êðàòíiñòþ

ñiäëîâî¨ òî÷êè z0.

Îçíà÷åííÿ 5 Òî÷êè ìåæi ∂D, ùî íå ¹ íi ìåæîâèìè ðåãóëÿðíèìè, íi içî-

ëüîâàíèìè òî÷êàìè ¨õ ëiíié ðiâíÿ íàçèâàþòüñÿ êðèòè÷íèìè ìåæîâèìè

òî÷êàìè.

Îçíà÷åííÿ 6 ×èñëî c ¹ êðèòè÷íèì çíà÷åííÿì f , ÿêùî f−1(c) ìiñòèòü

ïðèíàéìíi îäíó êðèòè÷íó òî÷êó.

Îçíà÷åííÿ 7 ×èñëî c ¹ ðåãóëÿðíèì çíà÷åííÿì f , ÿêùî f−1(c) íå ìiñòèòü

êðèòè÷íèõ òî÷îê i ãîìåîìîðôíå íåçâ'ÿçíîìó îá'¹äíàííþ iíòåðâàëiâ, ÿêi

ïåðåòèíàþòüñÿ ç ìåæåþ ∂D ëèøå â ñâî¨õ êiíöÿõ.

Îçíà÷åííÿ 8 ×èñëî c ¹ íàïiâðåãóëÿðíèì çíà÷åííÿì f , ÿêùî âîíî íå ¹ íi

ðåãóëÿðíèì, íi êðèòè÷íèì.

Ëiíi¨ ðiâíÿ íàïiâðåãóëÿðíîãî çíà÷åííÿ ìiñòÿòü ëèøå ìåæîâi êðèòè÷íi

òî÷êè òà ëîêàëüíi åêñòðåìóìè f |∂D.

3 Âëàñòèâîñòi ïñåâäîãàðìîíi÷íèõ ôóíêöié

Íåõàé z0 � äåÿêà òî÷êà çàìêíåíî¨ îáëàñòi D, à f � ïñåâäîãàðìîíi÷íà ôóíêöiÿ,

ùî çàäàíà íà íié. Ïîçíà÷èìî ÷åðåç Θ(z0) òó çâ'ÿçíó êîìïîíåíòó ëiíié ðiâíÿ

D ∩ f−1(f(z0)), ÿêà ìiñòèòü òî÷êó z0. Çàóâàæèìî, ùî äåêîëè â òåêñòi ìè

áóäåìî ñïðîùóâàòè çàïèñ äî âèðàçó Θ.

ßêùî z0 ∈ ∂D ¹ içîëüîâàíîþ êðèòè÷íîþ òî÷êîþ f |∂D, òî Θ(z0) = {z0}.
Â óñiõ iíøèõ âèïàäêàõ, Θ(z0) ¹ êîìïàêòíîþ ëiíiéíî-çâ'ÿçíîþ ìíîæèíîþ.
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Îçíà÷åííÿ 9 Äóãîþ α äåÿêî¨ çàìêíåíî¨ æîðäàíîâî¨ êðèâî¨ γ íàçèâà¹òüñÿ

îáðàç íåïåðåðâíîãî âiäîáðàæåííÿ s(t) : [0; 1]→ γi òàêèé, ùî s(0) 6= s(1) àáî

s(0) = s(1).

Ìåæåþ äóãè ∂α áóäóòü òî÷êè s(0) òà s(1). Ñêàæåìî, ùî äóãè α òà β ðiçíi,

ÿêùî Intα ∩ Intβ = ∅.
ßêùî z0 � ðåãóëÿðíà òî÷êà ôóíêöi¨ f , òàê ñàìî ÿê i äîâiëüíà òî÷êà z,

z 6= z0 òàêà, ùî z ∈ Θ(z0), òî Θ(z0) ãîìåîìîðôíà êîëó àáî âiäðiçêó. Ó

ïåðøîìó âèïàäêó Θ(z0) ∩ ∂D = ∅ i ñêàæåìî, ùî Θ(z0) ¹ ìíîæèíîþ I òèïó,

à â äðóãîìó Θ(z0) ∩ ∂D = {z1, z2}, äå z1 òà z2 � ðiçíi òî÷êè ∂D. ßêùî z1 òà
z2 íàëåæàòü îäíié äóçi α äåÿêî¨ ìåæîâî¨ êðèâî¨ γi ⊂ ∂D, òî Θ(z0) íàçâåìî

ìíîæèíîþ II òèïó. Ó âèïàäêó, êîëè z1 òà z2 íàëåæàòü ðiçíèì äóãàì, òî

Θ(z0) � ìíîæèíà III òèïó. Çàóâàæèìî, ùî òóò ìîæëèâî äâà âèïàäêè: äóãè

íàëåæàòü îäíié i òié ñàìié ìåæîâié êðèâié àáî ðiçíèì.

Ïîçíà÷èìî ÷åðåç L(f) ìíîæèíó òèõ çâ'ÿçíèõ êîìïîíåíò ëiíié ðiâíÿ êðè-

òè÷íèõ òà íàïiâðåãóëÿðíèõ çíà÷åíü ôóíêöi¨ f , ùî ìiñòÿòü êðèòè÷íi àáî

ìåæîâi êðèòè÷íi òî÷êè. Ðîçãëÿíåìî çâ'ÿçíi êîìïîíåíòè Di ñiì'¨ D \ L(f).
Çðîçóìiëî, ùî ¨õ ñêií÷åííà êiëüêiñòü, êîæåíà ç ÿêèõ ¹ âiäêðèòîþ îáëàñòþ.

Ïîçíà÷èìî ÷åðåç Λ ñiì'þ, ùî ñêëàäà¹òüñÿ iç Di.

Íåõàé D′ � çàìêíåíà îáëàñòü ç Λ. Çãiäíî ïîáóäîâè D′, äîâiëüíà òî÷êà

z ∈ IntD′ ¹ ðåãóëÿðíîþ òî÷êîþ ôóíêöi¨ f .

Òåîðåìà 1 Íåõàé z0 ∈ IntD′, D′ ∈ Λ. Òîäi, äëÿ äîâiëüíî¨ z ∈ U(z0), z0 6= z,

ìíîæèíè Θ(z) òà Θ(z0) ìàþòü òîé ñàìèé òèï, äå U(z0) � êàíîíi÷íèé

îêië òî÷êè z0.

Äîâåäåííÿ ßêùî z ∈ Θ(z0), òî òåîðåìà ñïðàâåäëèâà.

Íåõàé z /∈ Θ(z0). Çðîçóìiëî, ùî Θ(z0) ∩ Θ(z) = ∅, áî â ïðîòèëåæíîìó

âèïàäêó iñíó¹ òî÷êà z ∈ Θ(z0)∩Θ(z), ÿêà ¹ êðèòè÷íîþ òî÷êîþ ôóíêöi¨ f , à

öå ñóïåðå÷èòü ïîáóäîâi D′.

Íå îáìåæóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî f(z) > f(z0).

Äîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî, ùî Θ(z0) òà Θ(z) ìàþòü òîé ñàìèé

òèï. Ïðèïóñòèìî, ùî â êàíîíi÷íîìó îêîëi òî÷êè z0 çíàéäåòüñÿ òî÷êà z òàêà,

ùî Θ(z0) òà Θ(z) ìàþòü ðiçíèé òèï. Ðîçãëÿíåìî ìîæëèâi âèïàäêè:

Âèïàäîê 1: Θ(z0) ìà¹ òèï I, à Θ(z) � òèï II. Íåõàé z1 òà z2 � òî÷êè, ùî

íàëåæàòü äåÿêié äóçi α ⊂ γi i {z1, z2} = ∂Θ(z) . Îñêiëüêè f |D′ ¹ íåïåðåðâíîþ,
äî äëÿ äîâiëüíîãî çíà÷åííÿ c òàêîãî, ùî f(z0) < c < f(z) iñíó¹ êîìïîíåíòà

Θ′ òàêà, ùî Θ′ ∩ U(z0) 6= ∅ i fΘ′ = c. Çãiäíî ïðèïóùåííÿ Θ′ ¹ ìíîæèíîþ I

àáî II òèïó.
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ßêùî âñi Θ′ ¹ ìíîæèíàìè I òèïó, òî z1 òà z2 íàëåæàòü ìåæi äóãè α.

Çâiäêè, z1, z2 ∈ ∂D i z1, z2 ∈ L(f). Òîäi, çíà÷åííÿ c ¹ êðèòè÷íèì ÷è íàïiâðå-

ãóëÿðíèì çíà÷åííÿì ôóíêöi¨ f . Îòðèìàëè ñóïåðå÷íiñòü.

ßêùî ñåðåä âñiõ Θ′ ¹ ìíîæèíè II òèïó, òî çíàéäåòüñÿ ìíîæèíà Θ′′ òàêà,

ùî ∂Θ′′ ⊆ ∂α. Çâiäêè âèïëèâà¹ iñíóâàííÿ êðèòè÷íîãî ÷è íàïiâðåãóëÿðíîãî

çíà÷åííÿ c′, c′ < c, òàêîãî, ùî fΘ′′ = c′. Çíîâó îòðèìàëè ñóïåðå÷íiñòü ç

ïîáóäîâîþ îáëàñòi D′.

Âèïàäîê 2: Θ(z0) ìà¹ òèï I, à Θ(z) � òèï III. Äîâîäèìî àíàëîãi÷íî äî

ïîïåðåäíüîãî âèïàäêó.

Âèïàäîê 3: Θ(z0) ìà¹ òèï II, à Θ(z) � òèï III. Íåõàé ìåæîâèìè òî÷êàìè

Θ(z0) ¹ òî÷êè z01 òà z02 , ùî íàëåæàòü äóçi α1, à ìåæîâèìè òî÷êàìè Θ(z) ¹

òî÷êè z1 òà z2 òàêi, ùî z1 ∈ α2 òà z2 ∈ α3. Òîäi, iñíó¹ çíà÷åííÿ c, f(z0) < c <

f(z) i êîìïîíåíòà Θ′ òàêi, ùî fΘ′ = c i ∂Θ′ ∈ ∂α1. Çâiäêè âèïëèâà¹, ùî c �

êðèòè÷íå ÷è íàïiâðåãóëÿðíå çíà÷åííÿ, à öå ñóïåðå÷èòü ïîáóäîâi îáëàñòi D′.

Íàñëiäîê 1 Äëÿ äîâiëüíèõ òî÷îê z1, z2 ∈ IntD′, D′ ∈ Λ, ìíîæèíè Θ(z1)

òà Θ(z2) ìàþòü òîé ñàìèé òèï.

Ëåìà 1 Äëÿ äîâiëüíèõ òî÷îê z1, z2 ∈ IntD′, D′ ∈ Λ, òàêèõ, ùî z1 /∈ Θ(z2)

i z2 /∈ Θ(z1) ñïðàâåäëèâî f |Θ(z1) 6= f |Θ(z2).

Äîâåäåííÿ Äîâåäåìî ìåòîäîì âiä ñóïðîòèâíîãî, ùî f |Θ(z1) 6= f |Θ(z2). Ïðè-

ïóñòèìî, ùî iñíóþòü òî÷êè z1, z2 ∈ IntD′, D′ ∈ Λ, òàêi, ùî z1 /∈ Θ(z2),

z2 /∈ Θ(z1) i f |Θ(z1) = f |Θ(z2). ßêèìè á íå áóëè Θ(z2) i Θ(z1), êîæíà ç íèõ

ðîçáèâà¹ îáëàñòü D′ íà äâi çâ'ÿçíi êîìïîíåíòè (ó âèïàäêó òèïiâ II òà III,

êîæíà ç êîìïîíåíò ¹ ðîçðiçîì îáëàñòi, à äëÿ âèïàäêó, êîëè êîìïîíåíòà ìà¹

òèï I, ñïðàâåäëèâà òåîðåìà Æîðäàíà). Ïîçíà÷åìî ÷åðåç A òà B çâ'ÿçíi êîì-

ïîíåòè ìíîæèíè D′ \ Θ(z1). Çãiäíî Ëåìè 4 (äèâ. [3,ñò.103]) äëÿ äîâiëüíî¨

òî÷êè z ∈ A ñïðàâåäëèâî f(z) < f(z1) àáî f(z) > f(z1). Íå îáìåæóþ÷è çà-

ãàëüíîñòi, ïðèïóñòèìî, ùî f(z) < f(z1). Òîäi, çãiäíî Òåîðåìè 1.(vii) (äèâ. [3,

ñò.106]), äëÿ z ∈ B ñïðàâåäëèâî f(z) > f(z1). Ç iíøîãî áîêó, â îäíié ç îáëà-

ñòåé A àáî B ëåæèòü êîìïîíåíòà Θ(z2), òîáòî z2 ∈ A àáî z2 ∈ B, à çãiäíî

ïðèïóùåííÿ f(z1) = f(z2). Îòðèìàëè ñóïåðå÷íiñòü.

Ðîçãëÿíåìî çàäà÷ó ïðî ñòðóêòóðó ìåæi çàìêíåíî¨ îáëàñòi D′ iç ñiì'¨ Λ.

Çãiäíî ïîáóäîâè îáëàñòi D′, êîæíà çâ'ÿçíà êîìïîíåíòà ¨¨ ìåæi ñêëàäà¹òüñÿ

ç äâîõ âèäiâ äóã: äóãè, ùî ¹ ÷àñòèíàìè ìåæîâèõ êðèâèõ γi îáëàñòi D, òà

äóãè, ùî ¹ ÷àñòèíàìè ëiíié ðiâíÿ êðèòè÷íèõ òà íàïiâðåãóëÿðíèõ çíà÷åíü

ôóíêöi¨ f . Ïåðøi ïîçíà÷èìî ÷åðåç αi, à äðóãi ÷åðåç βi. Îñêiëüêè, îáëàñòü D

¹ îði¹íòîâàíîþ, òî i íà D′ iñíó¹ îði¹íòàöiÿ, ÿêà ïîðîäæó¹ öèêëi÷íèé ïîðÿäîê
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äóã íà êîæíié çâ'ÿçíié êîìïîíåíòi ìåæi îáëàñòi D′. Â äàíèõ ïîçíà÷åííÿõ

êîæíó çâ'ÿçíó êîìïîíåíòó ìåæi äîâiëüíî¨ îáëàñòi D′ ìîæíà ïðåäñòàâèòè ÿê

ñêií÷åííó ïîñëiäîâíiñòü, íà ÿêié çàäàíèé öèêëi÷íèé ïîðÿäîê. Ïîêàæåìî, ùî

â òàêié ïîñëiäîâíîñòi äóãè αi i βi ÷åðãóþòüñÿ, òîáòî

(α1, β1, α2, . . . , βk). (1)

ßêùî ïðèïóñòèòè, ùî αi+1 ( βi+1) ñëiäó¹ çà αi ( βi), òî iñíó¹ ñïiëüíà òî÷êà

z = αi+1 ∩ αi (z = βi+1 ∩ βi), äå z ∈ ∂αi i z ∈ ∂αi+1 (z ∈ ∂βi i z ∈ ∂βi+1),

ÿêà îäíî÷àñíî íàëåæèòü äâîì ðiçíèì ìåæîâèì êðèâèì (ëiíiÿì ðiâíÿ ðiçíèõ

êðèòè÷íèõ çíà÷åíü), ùî íå ìîæëèâî, áî ìåæîâi êðèâi æîðäàíîâi (ëiíi¨ ðiâíÿ

ðiçíèõ êðèòè÷íèõ çíà÷åíü íå ¹ çâ'ÿçíèìè) àáî îäíié ìåæîâi êðèâié (îäíié

ëiíi¨ ðiâíÿ) i äàíà òî÷êà íå ìà¹ íiÿêîãî çìiñòîâíîãî íàâàíòàæåííÿ, áî ëåãêî

ìîæíà ââåñòè íîâå ïîçíà÷åííÿ αi = αi ∪ αi+1 (βi = βi ∪ βi+1).

Äëÿ êîæíîãî ç òðüîõ òèïiâ êîìïîíåíò Θ(z) ó âíóòðiøíiõ òî÷êàõ îáëàñòi

D′ çàïèøåìî âèãëÿä ìåæi â òåðìiíàõ ïîñëiäîâíîñòi (α1, β1, α2, . . .).

Íåõàé âñi êîìïîíåíòè Θ(z) âíóòðiøíiõ òî÷îê îáëàñòi D′ ìàþòü òèï I.

Òîäi, ìåæåþ îáëàñòi ¹ ñêií÷åííà êiëüêiñòü ÷àñòèí äåÿêèõ çâ'ÿçíèõ êîìïîíåíò

ëiíié ðiâíiâ D∩ f−1(c1), . . ., D∩ f−1(cn), äå ci � êðèòè÷íi ÷è íàïiâðåãóëÿðíi
çíà÷åííÿ ôóíêöi¨ f ïðè i = 1, n. Òîìó, f |∂D′ = const. Âiäîìî [5,ñò.55], ùî äëÿ

ïñåâäîãàðìîíi÷íèõ ôóíêöié, ÿêi íå ìàþòü ïîëþñiâ òà ñòàëi íà âñiõ ìåæîâèõ

êðèâèõ, ìà¹ ìiñöå ðiâíiñòü 2 = ν−S, äå ν � êiëüêiñòü ìåæîâèõ êðèâèõ, à S �

êiëüêiñòü êðèòè÷íèõ òî÷îê ó âíóòðiøíîñòi îáëàñòi, êîæíà ç ÿêèõ ïîðàõîâàíà

ç ¨¨ êðàòíiñòþ. Îñêiëüêè, âñi òî÷êè îáëàñòi D′ ðåãóëÿðíi, òî S = 0. Çâiäêè

âèïëèâà¹, ùî 2 = ν, à îòæå i n = 2.

Òàêó çàìêíåíó îáëàñòü áóäåìî íàçèâàòè îáëàñòþ R-òèïó (òèïó êiëüöå)

i ¨¨ ìåæà ñêëàäà¹òüñÿ ç äâîõ çâ'ÿçíèõ êîìïîíåíò, à ñàìå ∂D′ = (β1) ∪ (β2).

Ñêàæåìî, ùî äóãè αi òà αi+1 ¹ ñóñiäíiìè, ÿêùî ó ïîñëiäîâíîñòi (1) ìiæ

íèìè ìiñòèòüñÿ ëèøå îäíà äóãà.

Ëåìà 2 Íåõàé αi òà αi+1 � ñóñiäíi äóãè ìåæi îáëàñòi D′. Òîäi iñíóþòü

òî÷êè z1, z2 òàêi, ùî z1 ∈ ∂αi, z2 ∈ ∂αi+1 i f(z1) = f(z2) = C, äå C

� êðèòè÷íå àáî íàïiâðåãóëÿðíå çíà÷åííÿ ôóíêöi¨ f , òà òî÷êè z′, z′′, äå

z′ ∈ U(z1)∩αi, z′′ ∈ U(z2)∩αi+1, ÿêi ¹ ìåæåþ äåÿêî¨ êîìïîíåíòè Θ òàêî¨,

ùî f |Θ > C (f |Θ < C).

Äîâåäåííÿ Îñêiëüêè αi òà αi+1 � ñóñiäíi äóãè, òî iñíó¹ äóãà βi, ÿêà ¹ ÷àñòè-

íîþ çâ'ÿçíî¨ êîìïîíåíòè ëiíi¨ ðiâíÿ äåÿêîãî êðèòè÷íîãî ÷è íàïiâðåãóëÿðíî-

ãî çíà÷åííÿ C. Ïîçíà÷èìî ÷åðåç z1 = αi∩βi i z2 = αi+1∩βi. Îñêiëüêè, òî÷êè
z1 òà z2 íàëåæàòü βi, òî f(z1) = f(z2) = C.
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Îñêiëüêè íà ∂D äîâiëüíà òî÷êà ¹ ðåãóëÿðíîþ òî÷êîþ àáî ëîêàëüíèì

åêñòðåìóìîì íåïåðåðâíî¨ ôóíêöi¨ f |∂D, òî ðîçãëÿíåìî íàñòóïíi âèïàäêè:

Âèïàäîê 1: z1 òà z2 � ðåãóëÿðíi òî÷êè. Äëÿ äîâiëüíîãî ε iñíóþòü îêîëè

U(z1) ⊂ ∂D iW (z2) ⊂ ∂D òî÷îê z1 òà z2, âiäïîâiäíî, òà ðåãóëÿðíi òî÷êè z
1
1 ∈

U(z1), z
2
1 ∈ U(z1), z

1
2 ∈W (z2) i z

2
2 ∈W (z2) òàêi, ùî C < f(z11) = C1 < C + ε,

C > f(z21) = C2 > C − ε, C < f(z12) = C1 < C + ε i C > f(z21) = C2 > C − ε.
Îñêiëüêè zij , i, j = 1, 2, � ðåãóëÿðíi òî÷êè ôóíêöi¨ f |∂D, òî çãiäíî îçíà÷åííÿ 4
iñíóþòü êîìïîíåíòè Θ1, Θ2, Θ

′
1 òà Θ

′
2 òàêi, ùî z

1
1 ∈ ∂Θ1, z

2
1 ∈ ∂Θ2, z

1
2 ∈ ∂Θ′1

i z22 ∈ ∂Θ′2. Çðîçóìiëî, ùî Θ1 òà Θ2 (Θ′1 òà Θ′2) íàëåæàòü ðiçíèì çâ'ÿçíèì

êîìïîíåòàì ìíîæèíè D \ βi, îñêiëüêè βi � ðîçðiç îáëàñòi D ìiæ òî÷êàìè z1

òà z2, ÿêi íàëåæàòü ìåæi. Çâiäêè, Θ1 ⊂ D′ (Θ′1 ⊂ D′) àáî Θ2 ⊂ D′ (Θ′2 ⊂ D′).
Íå îáìåæóþ÷è çàãàëüíîñòi ïðèïóñòèìî, ùî Θ1 ⊂ D′. ßêùî Θ′1 ⊂ D′, òî ç

Ëåìè 1 âèïëèâà¹, ùî Θ1 = Θ′1. Äàëi, ïîçíà÷èìî òî÷êè z11 òà z12 ÷åðåç z′ òà

z′′, âiäïîâiäíî, à Θ1 ÷åðåç Θ, òà îòðèìà¹ìî f |Θ > C. ßêùî æ Θ′2 ⊂ D′, òî

â îáëàñòi D′ iñíóþòü òî÷êè çíà÷åííÿ ôóíêöi¨ â ÿêèõ ÿê ìåíøi òàê i áiëüøi

íiæ C, à öå ñóïåðå÷èòü Ëåìi 4 (äèâ. [3,ñò.103]).

Âèïàäîê 2: z1 � ðåãóëÿðíà òî÷êà, à z2 � ëîêàëüíèé åêñòðåìóì. Íå îáìå-

æóþ÷è çàãàëüíîñòi, ïðèïóñòèìî, ùî z2 � ëîêàëüíèé ìàêñèìóì. Òîäi, äëÿ äî-

âiëüíîãî ε iñíóþòü îêîëè U(z1) ⊂ ∂D i W (z2) ⊂ ∂D òî÷îê z1 òà z2, âiäïîâiä-

íî, òà ðåãóëÿðíi òî÷êè z11 ∈ U(z1), z
2
1 ∈ U(z1), z

1
2 ∈ W (z2) i z

2
2 ∈ W (z2) òàêi,

ùî C < f(z11) = C1 < C + ε, C > f(z21) = C2 > C − ε, C > f(z12) = C2 > C − ε
i C > f(z21) = C2 > C − ε. Òîäi, iñíóþòü Θ1, Θ2, Θ

′
1 òà Θ

′
2 òàêi, ùî z

1
1 ∈ ∂Θ1,

z21 ∈ ∂Θ2, z
1
2 ∈ ∂Θ′1 i z22 ∈ ∂Θ′2. Çðîçóìiëî, ùî Θ1 òà Θ2 (Θ

′
1 òà Θ

′
2) íàëåæàòü

ðiçíèì çâ'ÿçíèì êîìïîíåòàì ìíîæèíè D \ βi, îñêiëüêè βi � ðîçðiç îáëàñòi

D ìiæ òî÷êàìè z1 òà z2, ÿêi íàëåæàòü ìåæi. Çâiäêè, Θ1 ⊂ D′ (Θ′1 ⊂ D′) àáî
Θ2 ⊂ D′ (Θ′2 ⊂ D′). ßêùî ïðèïóñòèòè, ùî Θ1 ⊂ D′, òî Θ′1D

′ i Θ′2D
′, áî â

ïðîòèëåæíîìó âèïàäêó îòðèìà¹ìî ñóïåðå÷íiñòü ç Ëåìîþ 4 (äèâ. [3,ñò.103]).

Çâiäñè âèïëèâà¹, ùî Θ2 ⊂ D′. Îòæå, Θ2 = Θ′1 àáî Θ2 = Θ′2.

Âèïàäîê 3: z1 òà z2 � ëîêàëüíi åêñòðåìóìè. ßêùî z1 òà z2 � ëîêàëüíi

ìàêñèìóìè (ìiíiìóìè), òî äëÿ äîâiëüíîãî ε iñíóþòü îêîëè U(z1) ⊂ ∂D i

W (z2) ⊂ ∂D òî÷îê z1 òà z2, âiäïîâiäíî, òà ðåãóëÿðíi òî÷êè z11 ∈ U(z1),

z21 ∈ U(z1), z
1
2 ∈ W (z2) i z22 ∈ W (z2) òàêi, ùî C > f(z11) = C2 > C − ε

(C < f(z11) = C1 < C + ε), C > f(z21) = C2 > C − ε (C < f(z21) = C1 < C + ε),

C > f(z12) = C2 > C − ε (C < f(z12) = C1 < C + ε)i C > f(z21) = C2 > C − ε
(C < f(z21) = C1 < C + ε). Òîäi, ïî àíàëîãi¨, iñíóþòü Θ1, Θ2, Θ

′
1 òà Θ

′
2 òàêi,

ùî z11 ∈ ∂Θ1, z
2
1 ∈ ∂Θ2, z

1
2 ∈ ∂Θ′1 i z22 ∈ ∂Θ′2. ßêùî Θi ⊂ D′ i Θ′j ⊂ D′, äå
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i, j = 1, 2, òî çãiäíî Ëåìè 1 Θi = Θ′j . Çâiäêè âèïëèâà¹ iñíóâàííÿ Θ òàêî¨, ùî

f |Θ < C (f |Θ > C).

Çàóâàæèìî, ùî âèïàäîê, êîëè z1 � ëîêàëüíèé ìiíiìóì,à z2 � ëîêàëüíèé

ìàêñèìóì íå ìîæëèâèé, îñêiëüêè öå ñóïåðå÷èòü Ëåìi 4 (äèâ. [3,ñò.103]).

Íàñëiäîê 2 ßêùî αi−1, αi òà αi+1 � ñóñiäíi äóãè ìåæi îáëàñòi D′, à Ci−1

òà Ci � êðèòè÷íi ÷è íàïiâðåãóëÿðíi çíà÷åííÿ ôóíêöi¨ f â òî÷êàõ ìåæi

äóãè αi òàêi, ùî Ci−1 < Ci (Ci−1 > Ci), òî Ci−1 < Ci−2 (Ci−1 > Ci−2)

i Ci > Ci+1 (Ci < Ci+1), äå Ci−2 òà Ci−1 � êðèòè÷íi ÷è íàïiâðåãóëÿðíi

çíà÷åííÿ ôóíêöi¨ f â òî÷êàõ ìåæi äóãè αi−1, à Ci òà Ci+1 � äóãè αi+1.

Íåõàé âñi êîìïîíåíòè Θ(z) âíóòðiøíiõ òî÷îê îáëàñòi D′ ìàþòü òèï II.

Äîâåäåìî, ùî ìåæà òàêî¨ îáëàñòi ìiñòèòü äóãó ëèøå îäíi¹¨ ç ìåæîâèõ êðè-

âèõ, ùî îáìåæóþòü D. Ïðèïóñòèìî, ùî òàêèõ äóã ñêií÷åííà êiëüêiñòü α1,. . .,

αk. Ðîçãëÿíåìî ñóñiäíi äóãè αi òà αi+1. Çãiäíî Ëåìè 2 iñíó¹ êîìïîíåíòà Θ′

òàêà, ùî ∂Θ′ ∈ αi òà ∂Θ′ ∈ αi+1. Çâiäêè âèïëèâà¹, ùî Θ′ ìà¹ òèï III, à öå

ñóïåðå÷èòü Íàñëiäêó 1 Òåîðåìè 1. Îñêiëüêè íå iñíó¹ æîäíî¨ ïàðè ñóñiäíiõ

äóã, òî òàêà äóãà ¹äèíà. Òîìó, ∂D′ = (α1, β1) i òàêó çàìêíåíó îáëàñòü D
′ ∈ Λ

áóäåìî íàçèâàòè îáëàñòþ Se-òèïó (òèïó ñåêòîð).

Íåõàé âñi êîìïîíåíòè Θ(z) âíóòðiøíiõ òî÷îê îáëàñòi D′ ìàþòü òèï III.

Äîâåäåìî, ùî ìåæà òàêî¨ îáëàñòi ìiñòèòü íå áiëüøå äâîõ äóã, ùî íàëåæàòü

îäíié àáî äâîì ðiçíèì ìåæîâèì êðèâèì.

Ïðèïóñòèìî, ùî òàêèõ äóã ñêií÷åííà êiëüêiñòü α1,. . ., αk, òà ðîçãëÿíåìî

òðè äóãè αi−1, αi òà αi+1. Ïðèïóñòèìî, â ìåæîâèõ òî÷êàõ äóãè αi çíà÷åííÿ

ci−1 òà ci ôóíêöi¨ f òàêi, ùî ci−1 < ci. Çãiäíî Íàñëiäêó 1 Ëåìè 2 äëÿ ðåøòè

êðèòè÷íèõ çíà÷åíü âèêîíóþòüñÿ íàñòóïíi íåðiâíîñòi: ci−1 < ci−2 i ci > ci+1.

Íåõàé Θs, s = 1, k, êîìïîíåíòè òàêi, ùî ∂Θs ∈ αi−1, ∂Θs ∈ αi, s = 1, k, i

äëÿ äîâiëüíîãî z ∈ Θk âèêîíó¹òüñÿ f(z) = A. Çðîçóìiëî, ùî A ∈ [ci−1; ci−2]

i A ∈ [ci−1; ci]. Òîäi, ïðè äîâiëüíèõ çíà÷åííÿõ X òàêèõ, ùî A < X < ci iñíó¹

êîìïîíåíòà Θ′ òàêà, ùî ∂Θ′ ∈ αi, ∂Θ′ /∈ αi−1 i äëÿ âñiõ z ∈ Θ′ ñïðàâåäëèâî
f(z) = X. Çðîçóìiëî, ùî A íå äîðiâíþ¹ æîäíîìó ç êðèòè÷íèõ çíà÷åíü íà

êiíöÿõ äóã. Îòæå A < ci−2. Ðîçãëÿíåìî çíà÷åííÿ B = A+min{ci,ci−2}
2 . Îñêiëü-

êè, A < B < ci−2, òî çíàéäåòüñÿ êîìïîíåòà Θ òàêà, ùî äëÿ òî÷êè z ∈ Θ

ñïðàâåäëèâî f(z) = B, ∂Θ ∈ αi−1 òà ∂Θ ∈ αl, äå l 6= i. Ç iíøîãî áîêó,

îñêiëüêè A < B < ci iñíó¹ êîìïîíåíòà Θ
′′ òàêà, ùî ∂Θ′′ ∈ αi, ∂Θ

′′ /∈ αm,

äå m 6= i − 1, i äëÿ âñiõ z ∈ Θ′ ñïðàâåäëèâî f(z) = B. Çâiäñè âèïëèâà¹,

ùî â îáëàñòi D′ iñíó¹ äâi ðiçíi êîìïîíåíòè, çíà÷åííÿ ôóíêöi¨ â òî÷êàõ ÿêèõ

ñïiâïàäàþòü, à öå ñóïåðå÷íiñòü Íàñëiäêó 2 Òåîðåìè 1.
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Çi ñêàçàíîãî âèùå ñëiäó¹, ùî ∂D′ = (β1, α1, β2, α2). Òàêó çàìêíåíó îá-

ëàñòü D′ ∈ Λ áóäåìî íàçèâàòè îáëàñòþ St-òèïó (òèïó ñìóæêà).

Ìè ïîêàçàëè ñïðàâåäëèâiñòü íàñòóïíî¨ òåîðåìè.

Òåîðåìà 2 ßêùî D′ ∈ Λ, òî D′ ¹ îáëàñòþ àáî Se-, àáî St-, àáî R-òèïó.

4 Âèñíîâêè

Â äàíié ðîáîòi äîñëiäæåíî âëàñòèâîñòi ïñåâäîãàðìîíi÷íî¨ ôóíêöi¨ f , ùî çà-

äàíà íà k-çâ'ÿçíié îði¹íòîâàíié çàìêíåíié îáëàñòi D. Äîâåäåíî, ùî çàìèêàí-

íÿ êîæíî¨ çâ'ÿçíî¨ êîìïîíåíòè iç ñiì'¨ D \ L(f), äå L(f) � ìíîæèíà òèõ çâ'ÿç-
íèõ êîìïîíåíò ëiíié ðiâíÿ êðèòè÷íèõ òà íàïiâðåãóëÿðíèõ çíà÷åíü ôóíêöi¨ f ,

ùî ìiñòÿòü êðèòè÷íi àáî ìåæîâi êðèòè÷íi òî÷êè, ¹ îáëàñòþ àáî òèïó ñåãìåíò,

àáî òèïó ñìóæêà, àáî òèïó êiëüöå. Ïåðøèé òèï õàðàêòåðèçó¹òüñÿ òèì, ùî

ìåæà îáëàñòi ñêëàäà¹òüñÿ ç äâîõ çâ'ÿçíèõ êîìïîíåíò, ÿêi íåìàþòü ñïiëüíèõ

òî÷îê ç ìåæîâèìè êðèâèìè γi, i = 0, k, à âñi ëiíi¨ ðiâíÿ ó ¨¨ âíóòðiøíîñòi

ãîìåîìîðôíi êîëàì. Äðóãèé òà òðåòié òèïè îáëàñòåé ìàþòü îäíó çâ'ÿçíó

êîìïîíåíòó ìåæi, à âñi ëiíi¨ ðiâíÿ ó ¨õ âíóòðiøíîñòi ãîìåîìîðôíi âiäðiçêàì.

Ðiçíèöÿ ìiæ íèìè ïîëÿãà¹ ó êiëüêîñòi äóã, ùî íàëåæàòü ìåæîâèì êðèâèì

γi, i = 0, k. Ó âèïàäêó îáëàñòi òèïó ñìóæêà, ¨¨ ìåæà ìiñòèòü äâi äóãè, ùî

íàëåæàòü àáî îäíié i òié æå ìåæîâié êðèâié, àáî ðiçíèì. ßêùî æ îáëàñòü

òèïó ñåêòîð, òî òàêà äóãà îäíà.
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Iryna Iurchuk

Properties of à pseudo-harmonic function on closed domain

Let f : D → R be a pseudo-harmonic function de�ned on k−connected
oriented closed domain D ⊂ C whose boundary consists of closed Jordan curves

γ0, γ1, . . ., γk, 0 ≤ k <∞. We remind that this class of functions coincides with

continuous functions which have a �nitely many critical points at the interior of

D each of them is saddle point and �nitely many local extrema on its boundary.

In this work, it is proved that closure of any component of family which is a

diference between D and such connected components of level curves of critical

or semiregular values of f which contain critical and boundary critical points is

a closed domain having one of three types (a ring, a strip or a sector). For the

�rst, its boundary consists of two connected components that have no common

points with ∂D and level curve at any inner point is homeomorphic to circle. As

well as the second and third, their boundaries have one connected component

and their level curves at any inner point are homeomorphic to a closed segment.

There is diference between a number of arcs of boundary curves. If a domain is a

strip, then its boundary contains two arcs that belong either one or two di�erent

boundary curves γi. If a domain is a sector, then its boundary contains one arc

of some boundary curves. By author some statements used for main theorem

proof are proved.

Keywords. Pseudo-harmonic function, k−connected domain.
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Geometry of a Relativistic Quantum Chaos: New
approach to dynamics of quantum systems in elec-
tromagnetic �eld and uniformity and charm of a
chaos

A.V. Glushkov, V.B. Ternovsky, V.V. Buyadzhi, G.P. Pre-

pelitsa

Abstract Work is devoted to the development of the theoretical foundations of

the universal new relativistic chaos-geometric and quantum-dynamic approach

that consistently includes a number of new relativistic quantum models and a

number of new or improved methods of analysis (correlation integral, fractal

analysis, algorithms, average mutual information, false nearest neighbors,

Lyapunov exponents, surrogate data, non-linear prediction, spectral methods,

etc.) to solve problems of complete modelling relativistic chaotic dynamics in an

electromagnetic �eld. For a number of atomic systems there are �rstly discovered

availability of a relativistic quantum chaos and obtained the corresponding

quantitative data on the chaos characteristics.

Keywords relativistic quantum chaos, quantum systems in �eld, chaos-

geometric and quantum-dynamics approach

Mathematics Subject Classi�cation (2000)55R01-55B13

Introduction

At present time one of the extremely important and too complex areas of

elements, systems theory is study of regular and chaotic dynamics of nonlin-

ear processes in the di�erent classes of quantum, quantum-generating systems

(atomicr systems in an external electromagnetic �eld) [1-14].
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It is worth to remind that dynamics of the cited systems in external electro-

magnetic �eld has features of the random, stochastic kind and its realization does

not require the speci�c conditions. The importance of mathematical studying a

phenomenon of stochasticity or quantum chaos in dynamical systems is provided

by a whole number of technical applications, including a necessity of understand-

ing chaotic features in a work of di�erent electronic devices and systems. New

�eld of investigations of the quantum and other systems has been provided by

a great progress in a development of a chaos theory methods. In previous our

papers [2-4] we have given a review of new methods and algorithms to analysis

of di�erent dynamical systems. In this paper we present the theoretical foun-

dations of the new universal relativistic chaos-geometric and quantum-dynamic

approach to modelling chaotic dynamics of heavy complex relativistic quantum

systems in an external electromagnetic �eld, opening a new �eld of relativistic

quantum chaos in geometry of a chaos. Chaos-geometric block includes a set of

new or partially improved non-linear analysis methods (such as correlation (di-

mension D) integral, fractal analysis, average mutual information, false nearest

neighbours, Lyapunov exponents (LE) and Kolmogorov entropy (KE) , power

spectrum analysis, the surrogate data, nonlinear prediction, predicted trajecto-

ries, neural network methods etc), quantum-dynamical block � new relativistic

approach to systems in a �eld. For a number of heavy systems there are �rstly

theoretically discovered availability of a relativistic quantum chaos and obtained

the corresponding quantitative data on the chaos characteristics.

2. Chaos-geometric approach to treating a chaos dynamics

As our approach has been presented earlier [1-3], here we are limited only by

the key moments. Let us formally consider scalar measurements s(n) = s(t0 +

n∆t) = s(n), where t0 is the start time, ∆t is the time step, and is n the number

of the measurements. Further it is necessary to reconstruct phase space using as

well as possible information contained in the s(n). Such a reconstruction results

in a certain set of d-dimensional vectors y(n) replacing the scalar measurements.

Packard et al. [9] introduced the method of using time-delay coordinates to

reconstruct the phase space of an observed dynamical system. The direct use of

the lagged variables s(n + τ), where τ is some integer to be determined, results

in a coordinate system in which the structure of orbits in phase space can be

captured.
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Figure 1. Chaos and neural network-geometric approach to nonlinear analysis

and forecast chaotic dynamics processes in complex systems (devices). Then

using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2τ), . . . , s(n + (d− 1)τ)], (1)

the required coordinates are provided. In a nonlinear system, the s(n+jτ) are

some unknown nonlinear combination of the actual physical variables that com-

prise the source of the measurements. The dimension d is called the embedding

dimension, dE .

According to Mane and Takens [12], any time lag will be acceptable is not

terribly useful for extracting physics from data. If τ is chosen too small, then the

coordinates s(n+ jτ) and s(n+ (j+ 1)τ) are so close to each other in numerical

value that they cannot be distinguished from each other. Similarly, if τ is too

large, then s(n+jτ) and s(n+(j+1)τ) are completely independent of each other

in a statistical sense. Also, if τ is too small or too large, then the correlation

dimension of attractor can be under- or overestimated respectively [3]. It is

therefore necessary to choose some intermediate (and more appropriate) position

between above cases. First approach is to compute the linear autocorrelation

function

CL(δ) =
1
N

∑N
m=1[s(m+ δ)− s̄][s(m)− s̄]

1
N

∑N
m=1[s(m)− s̄]2

, (2)

where s̄ = 1
N

∑N
m=1 s(m) and to look for that time lag where CLδ �rst passes

through zero. This gives a good hint of choice for τ at that s(n + jτ) and
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s(n + (j + 1)τ) are linearly independent. However, a linear independence of two

variables does not mean that these variables are nonlinearly independent since

a nonlinear relationship can di�ers from linear one. It is therefore preferably

to utilize approach with a nonlinear concept of independence, e.g. the average

mutual information. Brie�y, the concept of mutual information can be described

as follows. Let there are two systems, A and B, with measurements ai and bk.

The amount one learns in bits about a measurement of ai from measurement of

bk is given by arguments of information theory [3,7]

IAB(ai, bk) = log2

(
PAB(ai, bk)

PA(ai)PB(bk)

)
, (3)

where the probability of observing a out of the set of all A is PA(ai), and the

probability of �nding b in a measurement B is PB(bi), and the joint probability

of the measurement of a and b is PAB(ai,bk). The mutual information I of two

measurements ai and bk is symmetric and non-negative, and equals to zero if only

the systems are independent. The average mutual information between any value

ai from system A and bk from B is the average over all possible measurements

of IAB(ai, bk),

IAB(τ) =
∑
ai,bk

PAB(ai, bk)IAB(ai, bk) (4)

To place this de�nition to a context of observations from a certain physical

system, let us think of the sets of measurements s(n) as the A and of the mea-

surements a time lag τ later, s(n+ τ), as B set. The average mutual information

between observations at n and n + τ is then

IAB(τ) =
∑
ai,bk

PAB(ai, bk)IAB(ai, bk) (5)

Now we have to decide what property of I(τ) we should select, in order to

establish which among the various values of τ we should use in making the data

vectors y(n). One could remind that the autocorrelation function and average

mutual information can be considered as analogues of the linear redundancy and

general redundancy, respectively, which was applied in the test for nonlinearity.

The general redundancies detect all dependences in the time series, while the

linear redundancies are sensitive only to linear structures. Further, a possible

nonlinear nature of process resulting in the vibrations amplitude level variations

can be concluded.

The goal of the embedding dimension determination is to reconstruct a Eu-

clidean space Rd large enough so that the set of points dA can be unfolded

without ambiguity. In accordance with the embedding theorem, the embedding
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dimension, dE , must be greater, or at least equal, than a dimension of attrac-

tor, dA, i.e. dE > dA. However, two problems arise with working in dimensions

larger than really required by the data and time-delay embedding [1,7,13,19].

First, many of computations for extracting interesting properties from the data

require searches and other operations in Rd whose computational cost rises ex-

ponentially with d. Second, but more signi�cant from the physical point of view,

in the presence of noise or other high dimensional contamination of the observa-

tions, the extra dimensions are not populated by dynamics, already captured by

a smaller dimension, but entirely by the contaminating signal. In too large an

embedding space one is unnecessarily spending time working around aspects of

a bad representation of the observations which are solely �lled with noise. It is

therefore necessary to determine the dimension dA. There are several standard

approaches to reconstruct the attractor dimension (see, e.g., [3,7-12]), but let us

consider in this study two methods only. The correlation integral analysis is one

of the widely used techniques to investigate the signatures of chaos in a time

series. The analysis uses the correlation integral, C(r), to distinguish between

chaotic and stochastic systems. To compute the correlation integral, the algo-

rithm of Grassberger and Procaccia [10] is the most commonly used approach.

According to this algorithm, the correlation integral is

C(r) = lim
N→∞

2

N(n− 1)

∑
i, j

(1 ≤ i < j ≤ N)

H (r − ||yi − yj ||) (6)

whereH is the Heaviside step function with H(u) = 1 for u > 0 andH(u) = 0

for u ≤, r is the radius of sphere centered on yi or yj , and N is the number of

data measurements. If the time series is characterized by an attractor, then the

integral C(r) is related to the radius r given by

d = lim

r → 0

N →∞

logC(r)

log r
, (7)

where d is correlation exponent. The method of surrogate data [3,7-11] is

an approach that makes use of the substitute data generated in accordance to

the probabilistic structure underlying the original data. This means that the

surrogate data possess some of the properties, such as the mean, the standard

deviation, the cumulative distribution function, the power spectrum, etc., but
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are otherwise postulated as random, generated according to a speci�c null hy-

pothesis. Here, the null hypothesis consists of a candidate linear process, and

the goal is to reject the hypothesis that the original data have come from a

linear stochastic process. One reasonable statistics is obtained as follows. If we

denote Qorig as the statistic computed for the original time series and Qsi for

ith surrogate series generated under the null hypothesis and let µs and σs de-

note, respectively, the mean and standard deviation of the distribution of Qs,

then the measure of signi�cance S is given by S =
|Qorig−µs|

σs
. An S value of

∼ 2 cannot be considered very signi�cant, whereas an S value of ∼10 is highly

signi�cant. To detect nonlinearity in the amplitude level data, the one hundred

realizations of surrogate data sets were generated according to a null hypothesis

in accordance to the probabilistic structure underlying the original data. Often,

a signi�cant di�erence in the estimates of the correlation exponents, between the

original and surrogate data sets, can be observed. In the case of the original data,

a saturation of the correlation exponent is observed after a certain embedding

dimension value (i.e., 6), whereas the correlation exponents computed for the

surrogate data sets continue increasing with the increasing embedding dimen-

sion. The high signi�cance values of the statistic indicate that the null hypothesis

(the data arise from a linear stochastic process) can be rejected and hence the

original data might have come from a nonlinear process. It is worth consider

another method for determining dE that comes from asking the basic question

addressed in the embedding theorem: when has one eliminated false crossing of

the orbit with itself which arose by virtue of having projected the attractor into

a too low dimensional space? By examining this question in dimension one, then

dimension two, etc. until there are no incorrect or false neighbours remaining,

one should be able to establish, from geometrical consideration alone, a value

for the necessary embedding dimension. Advanced version is presented in Ref.

[3]

The LE are the dynamical invariants of the nonlinear system. In a general

case, the orbits of chaotic attractors are unpredictable, but there is the limited

predictability of chaotic physical system, which is de�ned by the global and lo-

cal LE. A negative exponent indicates a local average rate of contraction while

a positive value indicates a local average rate of expansion. In the chaos the-

ory, the spectrum of LE is considered a measure of the e�ect of perturbing the

initial conditions of a dynamical system. In fact, if one manages to derive the

whole spectrum of the LE, other invariants of the system, i.e. KE and attractor's

dimension can be found. The KE, K, measures the average rate at which infor-



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.42023

Geometry of a Relativistic 67

mation about the state is lost with time. An estimate of this measure is the sum

of the positive LE. The inverse of the KE is equal to an average predictability.

Estimate of dimension of the attractor is provided by the Kaplan and Yorke

conjecture:

dL = j +

∑j
α=1 λα
|λj+1|

, (8)

where j is such that
∑j
α=1 λα > 0 and

∑j+1
α=1 λα < 0, and the LE λα are

taken in descending order. There are a few approaches to computing the LE.

One of them computes the whole spectrum and is based on the Jacobi matrix

of system [3]. In the case where only observations are given and the system

function is unknown, the matrix has to be estimated from the data. To calculate

the spectrum of the LE from the amplitude level data, one could determine the

time delay τ and embed the data in the four-dimensional space. In this point

it is very important to determine the Kaplan-Yorke dimension and compare it

with the correlation dimension, de�ned by the Grassberger-Procaccia algorithm.

The estimations of the KE and average predictability can further show a limit,

up to which the amplitude level data can be on average predicted.

3. Relativistic quantum chaos in atomic dynamics in a DC electric

and electromagnetic �elds

Further we present a new relativistic quantum approach to modeling the

chaotic dynamics of atomic systems in a dc electric and ac electromagnetic �elds,

based on the theory of quasi-stationary quasienergy states, optimized operator

perturbation theory, method of model-potential, a complex rotation coordinates

algorithm method. The universal chaos-geometric block will be used further to

treat the chaotic ionization characteristics for a number of heavy atomic systems.

Let us remind that in the case of the electromagnetic �eld atomic Hamiltonian

is usually as follows:

H =
1

2
p2 + Vat(r) + zF0 cos(ωt) (9)

The �eld is periodic, of course one should use the Floquet theorem; then the

eigen Floquet states ΨEj
(r, t) > and quasienergies Ej are de�ned as the eigen

functions and eigen values of the Floquet Hamiltonian HF = H − i∂t. In the

general form with using the method of complex coordinates the problem reduces

to the solution of stationary SchrÑ†dinger equation, which is as follows in the

model potential approximation:

(−1/2 · ∇2 + Vat(r) + ωLz + Foz)ΨE(r) = EΨE(r) (10)
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i.e. to the stationary eigen value and eigen vectors task for some matrix A

(with the consideration of several Floquet zones): (A − −EjB)Ej >= 0. As a

decomposition basis, system of the Sturm functions of the operator perturbation

theory basis is used.

In our new theory we start from the Dirac Hamiltonian (in relativistic units):

H = αp+ β − αZ/ri +
√
αFz, (11)

Here a �eld strength intensity is expressed in the relativistic units (Frel =

α5/2Fat.un.;α is the �ne structure constant). One could see that a relativistic

wave function in the Hilbert space is a bi-spinor. Using the formal transformation

of co-ordinates r → r exp(iθ) in the Hamiltonian

(??), one could get:

H(θ) = (αcp− Z/r) exp(−iθ) + β −
√
αFz exp(iθ), (12)

In comparison with an analogous non-relativistic theory, here there is arisen

a technical problem. In formulae (11) there is term β, which can not be simply

transformed. One of the solving receptions os a limitation of a sub-space of the

Hamiltonian eigen-functions by states of the de�nite symmetry (momentum J

and parity Ð ). Thus states can be described by the following functions:

ΨMPJ = 1/r

(
f(r)ΥMlJ (n, σ)

g(r)ΥMl′J(n, σ)

)
(13)

Here l(l′) and spin Ð. . . in the coupling scheme give a state with the total

momentum J and its projection MJ = M . Action of the Hamiltonian (11) on

the functions (13) with de�nite J results in:

_

H (θ)ΨMPJ = αr(
_
p r − iω(J+1/2)

r β) exp(−iθ)ΨMPJ+

+(β − αZ
r exp(−iθ)−

√
αFz exp(−iθ))ΨMPJ

(14)

where αr =

(
0....σn

σn...0

)
, β =

(
1....0

0..− 1

)
, pr = −i(1/r)(d/dr)r, n = r/r, σ -

the Pauli matrices; parameter ω =− 1, if l = J − 1/2 and ω = 1, if l = J + 1/2.

To further diahonalizuvaty Hamiltonian selecting the correct basis functions

in subspace, including selecting the following functions (sleterovskoho vodnye-

podibnoho or type):

Ψa,MPJ = 1/r

(
F (r)ΥMlJ (n, σ)

0

)
(15a)
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Ψ b,MPJ = 1/r

(
0

iG(r)ΥMl′J(n, σ)

)
(15b)

It is easy to see that the matrix elements (14) will be no-zeroth only between

the states with the same MJ . In fact this moment is a single limitation of the

whole approach.

Transformation of co-ordinates in the Pauli Hamiltonian (in comparison with

the Schrodinger equation Hamiltonian it contents additional potential term of

a magnetic dipole in an external �eld) can be performed by the analogous way.

However, procedure in this case is signi�cantly simpli�ed.

As illustration, below we present some results of our numerical modelling

ionization dynamics for Rydberg atoms Rb, Cs, Fr (Rb: n = 50−80;Cs, Fr : n =

60−80) in a microwave �eld (F = (1.2−3.2).10−9a.u.;ω/2π = 8.87, 36HGz). In

particular, in Table 1 we present our new relativistic theory data on dependence

of the Rb ionization probability Ð upon the F, interaction time �atom-�eld�.

For comparison there are listed the non-relativistic theoretical data by Krug-

Buchleitner [15]; Th2 � Glushkov,Prepelitsa etal [3].

Table 1. Dependence of ionization probability P for Rb (l0 = 0,m0 =

0, n0 = 60−66) on n0, F (at.units), (other parameters: t = 327.2π/ω; frequency

ωc = ω/2π = 36GHz, 8.87GHz): Th1- numerical simulation of the SchrÑ†dinger
equation by Krug-Buchleitner [15]; Th2 � Glushkov,Prepelitsa etal [3]; Th3 � this

work
Th.1 Th.2 Th.3 Th.1 Th.2 Th.2

n0 F =

3.1 ·
10−9

ωc = 36

F =

3.1 ·
10−9

ωc = 36

F =

3.1 ·
10−9

ωc = 36

F =

2.8 ·
10−9

ωc =

8.87

F = 3.1 ·
10−9

ωc = 8.87

F = 3.1 ·
10−9

ωc = 8.87

60 0,25 0,252 0,27 0,20 0,21 0,24

63 0,36 0,358 0,38 0,30 0,31 0,33

64∗ - - 0,36 - - 0,31

65 0,34 0,347 0,37 0,28 0,29 0,32

66 0,36 0,371 0,39 0,34 0,35 0,38

Comparison of theoretical results with experimental data by Munich group

for Rb: (n0 > 60, F = (1.2 − 3.2).10−9 a.u., ω/2π = 8.87GHz) [15,16] shows

that all listed data are in a reasonable agreement with experiment, however, the

best accuracy is provided by relativistic theory. In table 2 we �rstly present new

data on dependence of the Fr ionization probability Ð upon the F, interaction
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time �atom-�eld� (the same parameters as in table 1). Unfortunately, here there

are no any alternative theoretical or experimental results.

Table 2. Dependence of ionization probability P for Fr ( l0 = 0,m0 = 0, n0 =

76− 80) on n0, F (the same parameters as in table 1): this work

this work this work this work this work

n0 F = 2.8 ·
10−9

ω/2π = 36

F = 3.1 ·
10−9

ω/2π = 36

F = 2.8 ·
10−9

8.87GHz

F = 3.1·10−9

8.87GHz

77 0,47 0,50 0,43 0,46

80 0,58 0,61 0,54 0,56

83∗ 0,56 0,60 0,51 0,53

86 0,67 0,69 0,62 0,66

In whole, our modeling relativistic dynamics of ionization Rb, Cs, Fr Rydberg

states in the microwave �eld for main quantum numbers n0(n0 ∼ n∗) there are

the local violations of probability smooth growth associated with the complex

Floquet spectrum, link between the quasi-stationary states and a continuum, the

growing in�uence of multiphoton resonances. The picture becomes by more com-

plicated due to the single-photon near-resonance transitions with quasi-random

detuning from resonance and quantum phase shift due to scattering Rydberg

electron on the atomic core. It is in agreement with alternative comments in

[3,15]. In conclusion we have used the chaos-geometric approach (ch. 2) to es-

timate parameters of relativistic chaotic dynamics for the Rydberg atoms Rb,

Cs, Fr in microwave �eld: correlation dimension, LE, KE. In Table 3 there are

listed the numerical LE values, Kolmogorov entropy Kentr , for three atomic

systems Positivity �rst two LE showers certainly evidence of chaotic dynamics

for studied systems in a microwave �eld.

Table 3. Numerical data for Hottvod-Melben parameter K, Lyapunov expo-

nents λi, Kolmogorov entropy Kentr (our data)

Regim Ð§ λ1 λ2 Kentr

Chaos (Rb) 0.85 0.21 0.06 0.27

Chaos (Cs) 0.87 0.22 0.09 0.31

Chaos (Fr) 0.89 0.25 0.11 0.36

We have constructed the quantitative diagram of e�ects of the quantum

�uctuations, stabilization, destabilization, delocalization and performance of the

Kolmogorov-Arnold-Mozer theorem in relativistic atomic dynamics. We have

found that the regime of the chaotic ionization for the Li, Rb in a microwave �eld

at ωo = ωn3o > 0.29(Rb), 0.25(Cs), 0.16(Fr) switches to dynamic stabilization

one. In whole using the new relativistic chaos-geometric and quantum-dynamical
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approaches there have been results, which con�rm an universality and charm of

relativistic chaotic phenomena.
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Abstract Within quantum geometry it is presented an advanced energy

approach in scattering theory and its application to calculation of cross-sections

for some complex atomic systems. The improved numerical data for electron-

collisional excitation cross-sections are presented for barium.
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1 Introduction

At present time a great progress can be noted in development of a quantum

geometry and quantum mechanics [1]�[12], that is mainly provided due to the

carrying out more correct and e�ective mathematical methods of solving eigen

function and eigen values tasks for multi-body complex quantum sustems in

relativistic approximation and new algorythms of accounting for the complex

exchange-correlation e�ects. Nevertheless in many calculations there is a seri-

ous problem of the gauge invariance,connected with using non-optimized one-

electron representation. In fact it means uncorrect accounting for the complex

exchange-correlation e�ects (such as polarization and screening e�ects, a con-

tinuum pressure etc.). In this paper, which goes on our studying [4]�[10], we

present an advanced energy approach in scattering theory and its application to

calculation of cross-sections for some complex atomic systems.It is based on the
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relativistic many-body perturbation theory (PT) and more correct numerical ac-

counting for the complex polarization, screening e�ects and continuum pressure.

The improved numerical data for electron-collisional excitation cross-sections are

presented for sodium-like barium.

2 Formal energy approach in scattering theory

We start from the formal energy approach presented in ref.[1]. The new original

moment of our scheme is in using more corrected in comparison with [3], [10]

gauge invariant procedure for generating the atomic functions basis's (optimized

basis's) The lather includes solution of the whole di�erential equations systems

for Dirac-like bi-spinor equations [10].

As an example, we consider the collisional de-excitation of the Ne-like ion:

((2jiv)
−13jie[JiMi], εin)→ (Φo, εsc). Here Φo is the state of the ion with closed

shells (ground state of the Ne-like ion); Ji is the total angular moment of the

initial target state; indices iv, ie are related to the initial states of vacancy and

electron; indices εin and εsc are the incident and scattered energies, respectively

to the incident and scattered electrons.

Further it is convenient to use the second quantization representation. In

particular, the initial state of the system �atom plus free electron� can be written

as

|I〉 = a+in
∑

miv,mie

a+ieaivΦoC
Ji,Mi
mie,miv

(1)

Here CJi,Mi
mie,miv

is the Clebsh-Gordan coe�cient.

Final state is:

|F 〉 = a+scΦo, (2)

where |I〉 represents three-quasiparticle (3QP) state, and |F 〉 represents the one-
quasiparticle (1QP) state.

The justi�cation of the energy approach in the scattering problem is in details

described in ref. [2]. For the state (1) the scattered part of energy shift Im∆E

appears �rst in the second order of the atomic perturbation theory (fourth or-

der of the QED perturbation theory) in the form of integral over the scattered

electron energy εsc [2]:∫
dεscG(εiv, εie, εin, εsc)/(εsc − εiv − εie − εin − i0) (3)

with

Im∆E = πG(εiv, εie, εin, εsc). (4)
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Here G is a de�nite squired combination of the two-electron matrix elements of

the interelectron interaction. The value

σ = −2Im∆E (5)

represents the collisional cross-section if the incident electron eigen-function is

normalized by the unit �ow condition and the scattered electron eigen-function

is normalized by the energy δ function.

The collisional strength Ω(I → F ) is connected with the collisional cross

section σ by expression [2]:

σ(I → F ) = Ω(I → F )π/
(
(2Ji + 1)εin

(
(αZ)2εin + 2

))
. (6)

Here and below the Coulomb units are used; 1 C.u.≈27.054Z2 eV, for energy; 1

C.u.≈ 0.529 · 10−8/Z cm, for length; 1 C.u.≈ 2.419 · 10−17/Z2 sec for time.

The collisional de-excitation cross section is de�ned as follows [2]:

σ(IK → 0) = −π
∑
jin,jsc

(2jsc + 1)

 ∑
jie,jiv

〈0|jin, jsc|jie, jiv, Ji〉BIKie,iv

2

. (7)

Here BIKie,iv is a real matrix of eigen-vectors coe�cients, which is obtained af-

ter diagonalization of the secular energy matrix. The amplitude like combination

in the above expression has the following form:

〈|jin, jsc|jie, jiv, Ji〉 = sqrt(2jie + 1)(2jiv + 1)(−1)jie+1/2)
∑
λ

(−1)λ+Ji ×

×

(
δλ,Ji/(2Ji + 1)Qλ(sc, ie; iv, in) +

(
jin jsc Ji

jie jiv λ

)
Qλ(ie, in; iv, sc)

)
. (8)

Here values QQulλ and QBrλ are de�ned by the standard Coulomb and Breit

expressions [2]. For the collisional excitations from the ground state (inverse

process) one must consider a+inΦo as the initial state and

|F 〉 = a+sc
∑

mfe,mfv

a+feafvΦoC̃
Jf ,Mf
mfe,mfv (9)

as a �nal state. The cross-section is as follows:

σ(0→ IF ) = 2π(2Jf +1)
∑
jin,jsc

(2jsc+1)

 ∑
jfe,jfv

BFKfe,fv 〈jfe, jfvJf |jin, jsc|0〉

2

(10)
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Table 1 Comparison of measured and calculated electron-collisional excitation cross-sections
(σ) for Ne-like barium for two values of incident electron energy 5.69 keV and 8.20 keV (Units
are 10−21 cm2).

Level J Measured Calculated Calculated Calculated Calculated
Marrs et al. Ivanov et al. Zhang et al. Glushkov et al present
[2] [4] [2] [7] paper

Eel = 5.69 keV
2p3/23d5/2 1 3.98±0.56 3.20 3.44 3.25 3.62
2p1/23d3/2 1 2.12±0.30 1.78 2.42 1.84 2.06

Eel = 8.20 keV
2p3/23d5/2 1 3.30±0.46 2.87 2.99 2.93 3.25
2p1/23d3/2 1 1.82±0.25 1.64 2.10 1.64 1.81

with

〈jfe, jfv, Jf |jin, jsc0|〉 = sqrt(2jfe + 1)(2jfv + 1)(−1)jfe+1/2
∑
λ

(−1)λ+Jf ×

×

(
δλ,Jf (1/(2Jf + 1))Qλ(sc, ie; iv, in)

(
jin jsc Jf

jfe jfv λ

)
Qλ(fe, sc; fv, in)

)
.(11)

The di�erent normalization conditions are used for the incident and for the

scattered electron wave functions. Upon the normalization multipliers one gets

symmetrical expressions for the excitation and de-excitation, saving the weight

multiplier (2Jf +1) in (17). To calculate all necessary matrix elements one must

use the basis's of the one-particle relativistic functions. In next section we brie�y

consider our idea to generalize an approach and give some conclusions.

3 Some examples and conclusions

We applied our approach to estimate of the electron collisional excitation cross-

sections, strengths and rate coe�cients for electron-collisional excitation for Ne-

and Ar-like ions. To test our theory we compare our calculations on collisional

cross-sections for Ne-like iron with known calculations [2], [12]. Table 1 compares

the experimental results with our calculations and with those of three other

theoretical works [2], [5], [7].

It should be noted that the experimental information about the electron-

collisional cross-sections for high-charged Ne-like ions is very scarce and is ex-

tracted from indirect observations. In any case implementation of such new ele-

ments as indicated above, allows to meet more �ne agreement between theoretical

relativistic energy-approach data and empirical results.

Acknowledgement. The author would like to thank Prof. A.Glushkov for

useful advices and critical comments.
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Abstract Within chaos-geometric approach it has been carried out modelling

and analysis of nonlinear processes dynamics in quantum-generator system

(time series of laser intensities). The approach combines together application

of the advanced mutual information approach, correlation integral analysis,

Lyapunov exponent's analysis etc.
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1. Introduction

This paper goes on our work on development an advamsed version of non-

lienar analysis tool and its application to studying dynamics of nonlinear pro-

cesses in complex chaotic systems. Earlier [1]�[8] we have developed a new, chaos-

geometrical combined approach to treating of chaotic dynamics of complex sys-

tems and forecasting its temporal evolution. Here we use this approach to carry

out an analysis of nonlinear processes dynamics in quantum-generator system

(on example of laser system). The approach combines together application of the

advanced mutual information approach, correlation integral analysis, Lyapunov

exponent's analysis etc. Let us rimend that during the last two decades, many

studies in various �elds of science have appeared, in which chaos theory was

applied to a great number of dynamical systems, including those are originated

from nature [5]�[16]. The outcomes of such studies are very encouraging, as they

reported very good predictions using such an approach for di�erent systems.
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2. Advanced chaos-geometrical approach to quantum-generator dy-

namics: Data

In this studying we study dynamics of quantum-generator system on example

of external cavity semiconductor laser of the hydrological systems, in particular,

variations of the laser intensity, by using the non-linear prediction approaches

and chaos theory method (in versions) [1]�[8]. The time series of the laser inten-

sity are described and listed in [9].

As the fundamental aspects of chaos-geometric approach have been in details

presented earlier, here we are limited only by key moments. Following to [1]�[9],

further we formally consider scalar measurements s(n) = s(t0+ n∆t) = s(n),

where t0 is a start time, ∆t is time step, and n is number of the measure-

ments. In a general case, s(n) is any time series (f.e. atmospheric pollutants

concentration). As processes resulting in a chaotic behaviour are fundamen-

tally multivariate, one needs to reconstruct phase space using as well as pos-

sible information contained in s(n). Such reconstruction results in set of d -

dimensional vectors y(n) replacing scalar measurements. The main idea is that

direct use of lagged variables s(n + τ), where τ is some integer to be de�ned,

results in a coordinate system where a structure of orbits in phase space can

be captured. Using a collection of time lags to create a vector in d dimensions,

y(n) = [s(n), s(n + τ), s(n + 2 τ), .., s(n +(d−1 )τ)], the required coordinates

are provided. In a nonlinear system, s(n + j τ) are some unknown nonlinear

combination of the actual physical variables. The dimension d is the embedding

dimension, dE .

Let us remind that following to [1]�[8], the choice of proper time lag is important

for the subsequent reconstruction of phase space. If τ is chosen too small, then

the coordinates s(n + j τ), s(n +(j +1 )τ) are so close to each other in numerical

value that they cannot be distinguished from each other. If τ is too large, then

s(n+j τ), s(n+(j +1 )τ) are completely independent of each other in a statistical

sense. If τ is too small or too large, then the correlation dimension of attractor

can be under-or overestimated. One needs to choose some intermediate position

between above cases. First approach is to compute the linear autocorrelation

function CL(δ) and to look for that time lag where CL(δ) �rst passes through

0. This gives a good hint of choice for τ at that s(n + j τ) and s(n + (j + 1 )τ)

are linearly independent. It's better to use approach with a nonlinear concept

of independence, e.g. an average mutual information. The mutual information I

of two measurements ai and bk is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between
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any value ai from system A and bk from B is the average over all possible

measurements of I AB (ai , bk ). Earlier it was suggested, as a prescription, that

it is necessary to choose that τ where the �rst minimum of I (τ) occurs.

In [5]�[6] it has been stated that an aim of the embedding dimension determina-

tion is to reconstruct a Euclidean space Rd large enough so that the set of points

dA can be unfolded without ambiguity. The embedding dimension, dE , must be

greater, or at least equal, than a dimension of attractor, dA, i.e. dE > dA. In

other words, we can choose a fortiori large dimension dE , e.g. 10 or 15, since

the previous analysis provides us prospects that the dynamics of our system

is probably chaotic. The correlation integral analysis is one of the widely used

techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C (r) is related

to a radius r as d = lim

r → 0, N →∞

logC(r)
log r , where d is correlation exponent.

As input data we have used measured data for the temporal dependences of

the intensity of the laser [9]: i) - time series, showing the random walk between

the ground state and state of third harmonics of the laser system; ii) - the time

series for the system in a state of a global chaotic attractor.

It table 1 we list the values of the autocorrelation function CL and the �rst

minimum of mutual information Imin1 for the laser intensity.

Table 1. Time lags (hours) subject to di�erent values of CL, and �rst minima

of average mutual information,Imin1, for the laser emission intensity.

Series 1 Series 2 Series 3 Series 4

CL=0.1 67 82 112 124

CL=0.5 10 12 9 21

Imin1 12 14 18 28

The values, where the autocorrelation function �rst crosses 0.1, can be chosen

as τ , but in [10]�[12] it's showed that an attractor cannot be adequately re-

constructed for very large values of τ . So, before making up �nal decision we

calculate the dimension of attractor for all values in Table 1. The large values of

τ result in impossibility to determine both the correlation exponents and attrac-

tor dimensions using Grassberger-Procaccia method [12]. Here the outcome is

explained not only inappropriate values of τ but also shortcomings of correlation

dimension method. If algorithm [4] is used, then a percentages of false nearest

neighbours are comparatively large in a case of large τ . If time lags determined by

average mutual information are used, then algorithm of false nearest neighbours

provides dE = 6 .
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The fundamental problem of theory of any dynamical system is in predicting

the evolutionary dynamics of a chaotic system. Let us remind following to [14]�

[16] that the cited predictability can be estimated by the Kolmogorov entropy,

which is proportional to a sum of positive LE. As usually, the spectrum of LE

is one of dynamical invariants for non-linear system with chaotic behaviour.

The limited predictability of the chaos is quanti�ed by the local and global

LE, which can be determined from measurements. The LE are related to the

eigenvalues of the linearized dynamics across the attractor. Negative values show

stable behaviour while positive values show local unstable behaviour. For chaotic

systems, being both stable and unstable, LE indicate the complexity of the

dynamics. The largest positive value determines some average prediction limit.

Since the LE are de�ned as asymptotic average rates, they are independent of

the initial conditions, and hence the choice of trajectory, and they do comprise

an invariant measure of the attractor. An estimate of this measure is a sum

of the positive LE. The estimate of the attractor dimension is provided by the

conjecture dL and the LE are taken in descending order. The dimension dL gives

values close to the dimension estimates discussed earlier and is preferable when

estimating high dimensions. To compute LE, we use a method with linear �tted

map, although the maps with higher order polynomials can be used too. Non-

linear model of chaotic processes is based on the concept of compact geometric

attractor on which observations evolve. Since an orbit is continually folded back

on itself by dissipative forces and the non-linear part of dynamics, some orbit

points [4]�[6] yr (k), r = 1 , 2 , ..,N B can be found in the neighbourhood of any

orbit point y(k), at that the points yr (k) arrive in the neighbourhood of y(k) at

quite di�erent times than k . One can then choose some interpolation functions,

which account for whole neighbourhoods of phase space and how they evolve

from near y(k) to whole set of points near y(k + 1 ). The implementation of this

concept is to build parameterized non-linear functions F(x, a) which take y(k)

into y(k + 1 ) = F(y(k), a) and use various criteria to determine parameters

a. Since one has the notion of local neighbourhoods, one can build up one's

model of the process neighbourhood by neighbourhood and, by piecing together

these local models, produce a global non-linear model that capture much of the

structure in an attractor itself. Table 2 shows the correlation dimension (d2),

embedding dimension (dE), Kaplan-Yorke dimension (dL), and average limit of

predictability (Prmax, hours) for time series of the laser intensities.
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Table 2. The Time lag (τ), correlation dimension (d2), embedding dimension

(dE), Kaplan-Yorke dimension (dL) for time series of the laser intensity (chaos

and hyperchaos regimes).

Chaos Hyperchaos

τ 6 10

(d2) 2.2 7.4

(dE) 4 8

dL 2.16 7.18

The sum of the positive LE determines the Kolmogorov entropy, which is in-

versely proportional to the limit of predictability (Prmax. Let us remind since

the conversion rate of the sphere into an ellipsoid along di�erent axes is deter-

mined by the LE, it is clear that the smaller the amount of positive dimensions,

the more stable is a dynamic system. Consequently, it increases the predictabil-

ity of it. As the numerical calculation shows the presence of the two (from six)

positive λi (one LE pair for chaos regime: 0.151 and 0.0001; for hyperchaos :

0.517 and 0.192) suggests the system broadens in the line of two axes and con-

verges along four axes that in the six-dimensional space. The time series of laser

intensity in the chaos regime have the highest predictability than other time

series, for example, in the hyperchaos one.

3. Conclusions

In this paper we considered an advanced chaos-geometrical approach to nu-

merical modelling and analysis of nonlinear processes dynamics in quantum-

generator system on example of the semiconductor laser system. The approach

combines together application of the advanced mutual information approach,

correlation integral analysis, Lyapunov exponent's analysis etc.We have investi-

gated a chaotic behaviour in the time series of the laser intensity in two regimes

of chaos and hyperchaos and computed the key numerical parameters of chaotic

dynamics.
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Iíâàðiàíòíi ìiðè íà ñèñòåìàõ áàãàòîãðàííèêiâ

Ãåðàñií Îëåêñié Iâàíîâè÷

Àíîòàöiÿ Â ñòàòüå àâòîð ðàññìàòðèâàåò ìíîãîãðàííûå îáîáùåííî âûïóê-

ëûå ìíîæåñòâà. Ñâîéñòâà îáîáùåííî âûïóêëûõ ìíîæåñòâ èñïîëüçóþòñÿ

ïðè âû÷èñëåíèè èíâàðèàíòíûõ ìåð íà ñîâîêóïíîñòè ìíîãîãðàííèêîâ. Ïðåä-

ëàãàåìûé ìåòîä è ïîëó÷åííûå ðåçóëüòàòû âû÷èñëåíèé äàþò âîçìîæíîñòü

íàõîäèòü èíâàðèàíòíûå ìåðû ïðè ðåøåíèè ïðÿìîé è îáðàòíîé çàäà÷è

òîìîãðàôèè.

Êëþ÷îâi ñëîâà Èíâàðèàíòíàÿ ìåðà, ìíîãîãðàííèêè, îáîáùåííî âûïóêëûå

ìíîæåñòâà, òåîðåìà Êðîôòîíà, ìåðà ãèïåðïëîñêîñòåé, çàäà÷à òîìîãðàôèè.

ÓÄÊ 519.6

1 Âñòóï

Áiëüøiñòü ìiíåðàëiâ ìà¹ êðèñòàëi÷íó áóäîâó ó âèãëÿäi ðiçíèõ áàãàòîãðàííè-

êiâ. Äóæå ïëiäíèì ìåòîäîì âèâ÷åííÿ ãåîìåòðè÷íî¨ áóäîâè ïðèðîäíèõ îá'¹ê-

òiâ, êðèñòàëiâ îðãàíi÷íèõ òà íåîðãàíi÷íèõ ðå÷îâèí ¹ ìåòîä ðåíòãåíîñòðóê-

òóðíîãî àíàëiçó. Âií çàñíîâàíèé íà òîìó, ùî âñÿêà ðå÷îâèíà âîëîäi¹ çäàò-

íiñòþ ðîçñiþâàòè ïàäàþ÷å íà íüîãî âèïðîìiíþâàííÿ, çîêðåìà ðåíòãåíiâñü-

êå. Ïðè öüîìó ðîçñiÿííÿ ðåíòãåíiâñüêèõ ïðîìåíiâ êðèñòàëàìè çíàõîäèòüñÿ

â ïåâíié âiäïîâiäíîñòi ç ðîçòàøóâàííÿì àòîìiâ â êðèñòàëi. Îñòàííié ÷àñ

ðîçâèâàëàñü îáëàñòü ìàòåìàòèêè, ùî çàéìà¹òüñÿ ðîçðîáêîþ ìàòåìàòè÷íèõ

ìåòîäiâ i àëãîðèòìiâ âiäíîâëåííÿ âíóòðiøíüî¨ ñòðóêòóðè îá'¹êòó çà ïðîåê-

öiéíèìè äàíèìè. Çîêðåìà, ðiøåííÿìè ïðÿìî¨ i çâîðîòíî¨ çàäà÷i òîìîãðàôi¨.

Öèì ïðîáëåìàì i ïðèñâÿ÷åíà äàíà ðîáîòà.
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1.1 Àíàëiç îñòàííiõ äîñëiäæåíü i ïóáëiêàöié

Â êëàñè÷íié çàäà÷i Áþôôîíà ïðî ãîëêó âæå íåÿâíî áóëà ïðèñóòíÿ iäåÿ ââå-

äåííÿ ìið â ïðîñòîði ïðÿìèõ íà ïëîùèíi. Ïiçíiøå "ïðèðîäíèì ðîçïîäiëîì"

ïðÿìî¨ g âèçíà÷èëè ìiðó, âiäíîñíî ÿêî¨ êîíãðóåíòíi ìiæ ñîáîþ ãåîìåòðè÷íi

ïîäi¨ îòðèìóþòü ðiâíi ìiðè.

Ïîòiì áóëî ïîêàçàíî ¹äíiñòü äèôåðåíöiàëüíèõ åëåìåíòiâ, ÿêi iíâàðiàíòíi

âiäíîñíî ãðóïè âñiõ òðàíñëÿöié i ïîâîðîòiâ íà ïëîùèíi (Ïóàíêàðå,1912 ð.) i

ïðîñòîði (Ïîéà,1917 ð.).

Çàäà÷ó ïðî iíâàðiàíòíi ìiðè íà ñèñòåìàõ îïóêëèõ ìíîæèí íà ïëîùèíi

ïîñòàâèâ, àëå íå âèðiøèâ àíãëiéñüêèé ìàòåìàòèê Ñiëüâåñòð [11]. Ïîâíiñòþ

çàäà÷à áóëà ðîçâ`ÿçàíà Àìáàðöóìÿíîì [1], àëå äëÿ ìíîæèí, ùî íå çíàõî-

äÿòüñÿ íà ïëîùèíi ó çàãàëüíîìó ïîëîæåííi (òîáòî æîäíi òðè âåðøèíè ãîë-

êè íå íàëåæàòü äî îäíî¨ ïðÿìî¨). Ïiçíiøå öÿ óìîâà áóëà çíÿòà i çðîáëåíî

óçàãàëüíåííÿ òåîðåìè Êðîôòîíà íà áàãàòîâèìiðíèé âèïàäîê [4,5].

Â ïðîöåñi äîñëiäæåíü, ïîâ`ÿçàíèõ ç äàíîþ ðîáîòîþ âèÿâèëîñü, ùî ïðè-

ðîäíèì àïàðàòîì äëÿ ðiøåííÿ çàäà÷ ïîâ`ÿçàíèõ ç iíâàðiàíòíèìè ìiðàìè, ¹

(n − 1)-îïóêëi ìíîæèíè, ÿêi çàïðîïîíóâàâ ó 1987 ðîöi Çåëiíñüêèé [8]. Âëà-

ñòèâîñòi (n− 1)-îïóêëèõ ìíîæèí äîñèòü äîñëiäæåíi [2,3].

1.2 Ìåòà ñòàòi

Âèìîãà "ìíîæèíè, ùî íå çíàõîäÿòüñÿ ó ïðîñòîði ó çàãàëüíîìó ïîëîæåí-

íi" ïåðåäáà÷à¹, òàêå ðîçòàøóâàííÿ áàãàòîãðàííèêiâ â òðèâèìiðíîìó ïðî-

ñòîði, ùî íå iñíó¹ æîäíié ïðÿìié, â ïðîñòîði, ÿêà ïåðåòèíàëà á ìåæi òðüîõ i

áiëüø áàãàòîãðàííèêiâ. Ò. å. àïðiîði, ìåòîäèêà, ùî âèêîðèñòà¹òüñÿ [1] òà [9],

íå ïðèäàòíà äëÿ ìîäóëþâàííÿ êðèñòàëi÷íèõ ðåøiòîê. Äîñëiäèòè ìåòîäèêó

îá÷èñëåíü 2-ìið çà äîïîìîãîþ óçàãàëüíåííÿ òåîðåìè Êðîôòîíà íà ñèñòåìi

äâîõ áàãàòîãðàííèêiâ, âèêîðèñòàâ âëàñòèâîñòi 2-îïóêëèõ áàãàòîãðàííèêiâ i

ñïåöiàëüíèõ F -ìíîæèí. Öå äà¹ çìîãó, îòðèìàíi ðåçóëüòàòè óçàãàëüíèòè íà

ìíîæèíó, ùî ñêëàäà¹òüñÿ ñ áàãàòüîõ êîìïîíåíò-áàãàòîãðàííèêiâ, äîâiëüíî

ðîçòàøîâàíèõ.

2 Âèêëàä îñíîâíîãî ìàòåðiàëó

Âèçíà÷åííÿ îñíîâíèõ ïîíÿòü, ùî âèêîðèñòîâóþòüñÿ â ðîáîòi, ìîæíà çíàéòè

â [2 - 5]. Íàì çíàäîáèòüñÿ ïîíÿòòÿ (n − 1)-îïóêëî¨ ìíîæèíè [8] òà îïóêëî¨

îáîëîíêè [9].
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Îçíà÷åííÿ 1 Ìíîæèíà A ⊂ Rn ìà¹ íàçâó (n−1)-îïóêëà, ÿêùî ÷åðåç áóäü-
ÿêó òî÷êó x ∈ Rn \A, ìîæíà ïðîâåñòè ãiïåðïëîùèíó H, ùî íå ïåðåòèíà¹

A.

Îçíà÷åííÿ 2 Îïóêëèé ïåðåòèí óñiõ îïóêëèõ ìíîæèí, ùî ìiñòÿòü çàäà-

íó ìíîæèíó A ⊂ Rn, íàçèâàþòü îïóêëîþ îáîëîíêîþ ìíîæèíè A i îçíà÷à-

þòü

Â = conv(A) =
⋂
K⊃A

K,

äå K ¹ îïóêëà ìíîæèíà.

Òàê ñàìî ìîæíà âèçíà÷èòè ïîíÿòòÿ (n− 1)-îïóêëî¨ îáîëîíêè.

Ìà¹ìî âèçíà÷åííÿ F -ìíîæèí (Face of set).

Îçíà÷åííÿ 3 Íåõàé A, ìíîæèíà, ùî ñêëàäà¹òüñÿ ç äâîõ íå ïîðîæíiõ

îïóêëèõ êîìïîíåíò A1 i A2 òîäi äëÿ îïóêëî¨ îáîëîíêè Â ìíîæèíè ìà¹

ìiñöå ðiâíiñòü (äèâ. â [ 2 ])

Â = conv(A1 ∪A2) =
⋃

x1 ∈ A1

x2 ∈ A2

x1 x2.

Äëÿ êîæíîãî âiäðiçêà x1x2 âèçíà÷èìî òî÷êè f1 ∈ A1 i f2 ∈ A2 íàé-

áiëüø áëèçüêî ðîçòàøîâàíi äî òî÷îê x1 ∈ A1 i x2 ∈ A2 âiäïîâiäíî. Âèçíà-

÷èìî ìíîæèíè Fi, i = 1, 2, ÿê ñóêóïíiñòü òî÷îê, ïîáóäîâàíèõ äëÿ âñiëÿêèõ

âiäðiçêiâ x1x2.

Î÷åâèäíî, ùî F1 ⊂ ∂A1 òà F2 ⊂ ∂A2. Â [ 2,3 ] ïîêàçàíi âëàñòèâîñòi ìíî-

æèí Fi, i = 1, 2 äëÿ (n− 1)-îïóêëèõ ìíîæèí.

Îçíà÷åííÿ 4 Íåõàé µ2, σ-ñêií÷åííà ìiðà ó ïðîñòîði ïëîùèí, iíâàðiàíòíà

âiäíîñíî ãðóïè âñiõ òðàíñëÿöié i ïîâîðîòiâ ó R3. Ç [1] çâiñíî, ùî

µ2(K) =
1

2π

π
2∫

0

2π∫
0

l(ρϑϕK) sinϑ dϕdϑ, (1)

äå K ⊂ R3 - êîìïàêòíà îïóêëà ìíîæèíà, µ2(K) - ìiðà ïëîùèí, ÿêi ïå-

ðåòèíàþòü ìíîæèíó , l(ρϑϕK) - äîâæèíà îðòîãîíàëüíî¨ ïðîåêöi¨ K íà

ïðÿìó, ùî ïðîõîäèòü ÷åðåç (0,0,0) ó íàïðÿìêó (sinθcosϕ, sinθsinϕ, cosϕ).
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Îçíà÷åííÿ 5 Äëÿ áàãàòîãðàííèêà M ⊂ R3 ¹ ôîðìóëà ìiðè ìíîæèíè âñiõ

ïëîùèí, ùî ïåðåòèíàþòü M .

µ2(M) =
1

4π

n∑
i=1

(π − αi)li, (2)

äå li äîâæèíà i-ãî ðåáðà, αi � äâîãðàííèé êóò ìiæ ãðàíÿìè, ÿêi óòâîðþþòü

i-¹ ðåáðî.

Ìiðó ïëîùèí ó òðèâèìiðíîìó ïðîñòîði áóäåìî íàçèâàòè 2-ìiðà, àáî µ2.

Ìiíêîâñüêèì âèçíà÷åíà ñóìà âèïóêëèõ ìíîæèí A⊕B [9].

Îçíà÷åííÿ 6 Íåõàé A i B � íåïóñòi îïóêëi ìíîæèíè ó R3, ðàäióñ-âåêòîðè

òî÷îê a ∈ A i b ∈ B ñïiââiäíåñåíi äî ïî÷àòêó êîîðäèíàò 0. Òîäi (çàëåæíó

âiä âèáîðó 0) ìíîæèíó

A⊕B = {z ∈ Rn|z = a+ b, a ∈ A, b ∈ B}

áóäåìî íàçèâàòè ñóìîþ A i B.

Ïîçíà÷èìî ÷åðåç KS ìíîæèíó, ñèìåòðè÷íó îïóêëié ìíîæèíi âiäíîñíî

öåíòðà âàãè ìíîæèíè [5].

Îçíà÷åííÿ 7 Íåõàé B ⊂ Rn - ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç äâîõ îáìåæå-

íèõ îïóêëèõ ìíîæèí B1 i B2 , O1 i O2 � öåíòðè âàãè òië B1 i B2, âiäïîâiäíî

i íåõàé BN2 = t(B2 ⊕ BS1 ) (i = 1, 2), äå t � òðàíñëÿöiÿ ìíîæèí (B2 ⊕ BS1 )
, ïðè ÿêié öåíòð òÿæiííÿ éîãî ñïiâïàäà¹ ç öåíòðîì òÿæiííÿ ìíîæèíè

B2. Ïîçíà÷èìî ÷åðåç B
D
2 ìíîæèíó conv(0 ∪BN2 ), à µn−1(> B1, B2 <) ìiðó

ãiïåðïëîùèí, ùî ðîçäiëÿþòü ìíîæèíè Bi (i = 1,2) [5].

Äàëi ìà¹ìî óçàãàëüíåííÿ òåîðåìè Êðîôòîíà íà áàãàòîâèìiðíèé ïðîñòið.

Òåîðåìà 1 Íåõàé B ⊂ Rn - ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç äâîõ îáìåæå-

íèõ îïóêëèõ ìíîæèí B1 i B2. Òîäi ìiðà ìíîæèíè âñiõ ãiïåðïëîùèí, ùî

ðîçäiëÿþòü ìíîæèíè B1 i B2, äîðiâíþ¹:

µn−1(> B1, B2 <) = µn−1(BD2 )− µn−1(BN2 ). (3)

Äîêàç íàäàíî [5].

Ó [10] ñòîð. 194�197 âêàçàíi iíòåãðàëè ñåðåäíüî¨ êðèâèçíè M(K) äåÿêèõ

îïóêëèõ ìíîæèí. Iñíó¹ íàñòóïíå ñïiââiäíîøåííÿ ìiæ iíòåãðàëàìè ñåðåäíüî¨

êðèâèçíè òà µ2(K) ìiðîþ ìíîæèíè âñiõ ïëîùèí, ùî ïåðåòèíàþòü ìíîæèíó

K.

µ2(K) =
M(K)

2π
.
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Ìà¹ìî íàñòóïíi µ2(K) îïóêëèõ áàãàòîãðàííèêiâ K ⊂ R3.

Ïðèêëàä 1.

à) Äëÿ òåòðàåäðà ç äîâæèíîþ ðåáðà a òà ðàäióñîì îïèñàíî¨ ñôåðè R:

µ2(K) =

√
6R arccos(− 1

3 )

π
=

3a arccos(− 1
3 )

2π
.

á) Äëÿ êóáà ç äîâæèíîþ ðåáðà a:

µ2(K) =
3a

2
.

â) Äëÿ ïëîñêî¨ îïóêëî¨ ìíîæèíè K ç ïåðèìåòðîì P , ÿêó ðîçãëÿäà¹ìî ÿê

îïóêëó ìíîæèíó ó R3, ìà¹ìî:

µ2(K) =
P

4
.

Ïðîïîçèöiÿ 1 Ìiðà ìíîæèíè âñiõ ïëîùèí, ùî ïåðåòèíàþòü ïðÿìó ïiðà-

ìiäó âèñîòîþ H = λa. λ ≥ 0, îñíîâà ÿêî¨ ïðàâèëüíèé òðèêóòíèê çi

ñòîðîíîþ a, äîðiâíþ¹:

µ2(P ) =
3

4π

(
a
√

3(1 + 3λ2)

3
arccos

(1− 6λ2)

(1 + 12λ2)
+ a arccos

(
− 1√

1 + 12λ2

))

äå λ = H
a .

Äîâåäåííÿ 1 Ïîçíà÷èìî âèñîòó ïiðàìiäè H = λa, λ ≥ 0, äëÿ òåòðàåä-

ðó λTET =
√
6
3 . Âèêîðèñòàâøè ôîðìóëè àíàëiòè÷íî¨ ãåîìåòði¨, çíàéäåìî

âåðøèíè ïðÿìî¨ ïiðàìiäè :

P0 = (0, 0, 0), P1 = (λa, 0,

√
3

3
),

P2 = (λa, −a
2
, −a

√
3

6
), P3 = (λa,

a

2
, −a

√
3

6
).

Äëÿ îá÷èñëåíü êóòà ìiæ ãðàíÿìè çíàéäåìî âåêòîðè, ùî âèõîäÿòü ç

âåðøèíè P0 :

V0 = (λa, 0, 0 ), V1 = (λa, 0,

√
3

3
),

V2 = (λa, −a
2
, −a

√
3

6
), V3 = (λa,

a

2
,−a
√
3

6
), .

Ïîòiì çíàéäåìî âåêòîð íîðìàëi äî ïëîùèíè, ùî ïðîõîäèòü êðiçü òî÷êè

P0, P1, P2 :

n2 1 = [V2 × V1] =

∣∣∣∣∣∣∣
i j k

λa −a2 −
a
√
3

6

λa 0 a
√
3

3

∣∣∣∣∣∣∣ = −
a2
√
3

6
i − λa2

√
3

2
j +

λa2

2
k
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Òà âåêòîð íîðìàëi äî ïëîùèíè, ùî ïðîõîäèòü êðiçü òî÷êè P0, P1, P2 :

n1 3 = [V1 × V3] = −a
2
√
3

6
i +

λa2
√
3

2
j +

λa2

2
k

Îá÷èñëèìî êîñèíóñ êóòà ìiæ öèìè âåêòîðàìè çà äîïîìîãîþ ôîðìóëè

êîñèíóñà.

Ñêàëÿðíèé äîáóòîê

(n21 · n13) =
a4

12
− λ2a4

2
.

Êóò ìiæ íîðìàëÿìè

∠(n12, n13) = arccos
(n12 · n13)
|n21| · |n12|

, = arccos
(1 − 6λ2)

(1 + 12λ2)

Òåïåð îá÷èñëèìî êóò ìiæ áîêîâîþ ãðàííþ òà îñíîâîþ, äëÿ öüîãî îá÷èñ-

ëèìî êîñèíóñ êóòà ìiæ âåêòîðàìè V0 = (λa, 0, 0 )òà n21 = [V2 × V1] :

∠(V0, n21) = arccos
(V0 · n21)
|V0| · |n21|

= arccos

(
− 1√

1 + 12λ2

)

Äîâæèíà áîêîâî¨ ãðàíi äîðiâíþ¹
a
√

3(1+3λ2)

3 . Â îñíîâi êâàäðàò çi ñòî-

ðîíîþ . Ç ôîðìóëè äëÿ áàãàòîãðàííèêà ìà¹ìî:

µ2(P ) =

=
3

4π

(
a
√
3(1 + 3λ2)

3
arccos

(1 − 6λ2)

(1 + 12λ2)
+ a arccos

(
− 1√

1 + 12λ2

))

Äëÿ òåòðàåäðó λTET =
√
6
3 , êóò ìà¹ çíà÷åííÿ arccos(− 1

3 ) . Äèâ. ïðèêëàä 1,

à.

Ïðîïîçèöiÿ 2 Íåõàé B ⊂ R3- ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç äâîõ îáìå-

æåíèõ îïóêëèõ ìíîæèí B1 � ïðàâèëüíèé òðèêóòíèê çi ñòîðîíîþ a i B2

- òðèêóòíèê ïåðåòâîðåíèé ç òðèêóòíèêà B1, çà äîïîìîãîþ öåíòðàëüíî¨

ñèìåòði¨ òà ïàðàëåëüíèì çñóâîì ïî îñi OY íà âiäñòàíü H = λa. λ ≥ 0.

Òîäi ìiðà ìíîæèíè âñiõ ãiïåðïëîùèí, ùî ðîçäiëÿþòü òiëà B1 i B2 äîðiâ-

íþ¹:

µ2(> P1, P2 <) =

=
3

4π

(
a
√
3(1 + 3λ2)

3
arccos

(1− 6λ2)

(1 + 12λ2)
+ a arccos

(
− 1√

1 + 12λ2

)
− a

2

)
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Äîâåäåííÿ 2 Ç ïðîïîçèöi¨ 1:

µ2(PD2 ) =

=
3

4π

(
a
√

3(1 + 3λ2)

3
arccos

(1 − 6λ2)

(1 + 12λ2)
+ a arccos

(
− 1√

1 + 12λ2

))

Ìíîæèíà PD2 ïðàâèëüíèé òðèêóòíèê çi ñòîðîíîþ 2a, òîìó

µ2(PN2 ) =
3a

2

Ç òåîðåìè 1, ìà¹ìî µ2(> P1, P2 <) äîðiâíþ¹

µn−1(PD2 )− µn−1(PN2 ) =

=
3

4π

(
a
√

3(1 + 3λ2)

3
arccos

(1− 6λ2)

(1 + 12λ2)
+ a arccos

(
− 1√

1 + 12λ2

)
− a

2

)

äå λ = H
a .

Çàóâàæåííÿ 1 Ïðîïîçèöiÿ 2 äà¹ çìîãó îá÷èñëèòè iíâàðiàíòíi ìiðè äëÿ

äâîõ áàãàòîãðàííèêiâ, F -ìíîæèíè [4] ÿêèõ ñêëàäàþòüñÿ ç ïðàâèëüíèõ

òðèêóòíèêiâ. Ïîòiì, ìîæëèâî óçàãàëüíåííÿ ðåçóëüòàòiâ íà ñóêóïíîñòi

êiíöåâîãî ÷èñëà áàãàòîãðàííèêiâ.

Ïðîïîçèöiÿ 3 Ìíîæèíè B1 i B2 - äâà êâàäðàòè çi ñòîðîíîþ à , ùî ñòâî-

ðåíi ïàðàëåëüíèì çñóâîì íà âiäñòàíü H = λa, λ ≥ 0:

B1 = {(x, y, z) : x = 0;−a
2
≤ y ≤ a

2
a;−a

2
≤ z ≤ a

2
}

B2 = {(x, y, z) : x = H;−a
2
≤ y ≤ a

2
a;−a

2
≤ z ≤ a

2
}.

Òîäi ìiðà ìíîæèíè âñiõ ãiïåðïëîùèí, ùî ðîçäiëÿþòü ìíîæèíè B1 i B2

äîðiâíþ¹:

µ2(> B1 , B2 <) = µ2(BD2 ) − µ2(BN2 )

µ2(BD2 )− µ2(BN2 ) =
1

π
(arccos(

1

12+, 4λ2
) · a

√
2 + λ2 + 2a(π − arctg(λ))− 2a

äå λ = H
a .
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Äîâåäåííÿ 3 Çãiäíî ç òåîðåìîþ 1, ìà¹ìî:

BN2 = {(x, y, z) : x = H;−a ≤ y ≤ a; = −a ≤ z ≤ a}

BD2 - ïiðàìiäà ç âåðøèíîþ ó òî÷öi (0,0,0) i îñíîâîþ - êâàäðàòîì , ç

ñòîðîíîþ 2a. Áîêîâi ðåáðà ïiðàìiäè ìàþòü äîâæèíó :

|L | =
√

2a2 +H2 = a
√
2 + λ2.

Âèêîðèñòàâøè ôîðìóëè àíàëiòè÷íî¨ ãåîìåòði¨, àíàëîãi÷íî ïðèêëàäó 1,

çíàéäåìî âåðøèíè ïðÿìî¨ ïiðàìiäè. Ïîòiì îá÷èñëèìî âåêòîðè íîðìàëi äî

ãðàíåé i âiäïîâiäíi äâîãðàííi êóòè. Ìà¹ìî:

µ2(BD2 ) =
1

π
(arccos(

a2

a2 + 4H2
) ·

√
2a2 + H2 + 2a (π − arctg(H

a
)))

Òîáòî

µ2(BD2 ) =
1

π
(arccos(

1

12 + 4λ2
) · a

√
2 + λ2 + 2a (π − arctg(λ)))

Âèêîðèñòàâøè ôîðìóëó ïðèêëàäó 1, âèïàäîê â), ìà¹ìî

µ2(> K1,K2 <) =
1

π
(arccos(

1

12 + 4λ2
) · a

√
2 + λ2 + 2a (π − arctg(λ)− 2)

äå λ = H
a .

Ïðîïîçèöiÿ 4 Íåõàé K ⊂ R3 - ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç äâîõ K1 i K2

êóáiâ, ùî ñòâîðåíi ïàðàëåëüíèì çñóâîì íà âiäñòàíü:

K1 = {(x, y, z) : −a ≤ x ≤ 0;−a
2
≤ y ≤ a

2
a;−a

2
≤ z ≤ a

2
}

K2 = {(x, y, z) : H ≤ x ≤ H + a;−a
2
≤ y ≤ a

2
a;−a

2
≤ z ≤ a

2
}.

Òîäi ìiðà ìíîæèíè âñiõ ãiïåðïëîùèí, ùî ðîçäiëÿþòü òiëà K1 i K2 äîðiâ-

íþ¹:

µ2(> K1,K2 <) =
3a

π
(arccos(

1

12 + 4λ2
) · a

√
2 + λ2 + 6 (π − arctg(λ)− 2)

Äîâåäåííÿ 4 Âiäìiòèìî, ùî äëÿ òië K1 i K2 F-ìíîæèíè ¹ äâà êâàäðàòè

B1 i B2, âiäïîâiäíî ( Ïðîïîçèöiÿ 3). Ç öüîãî ñëiäó¹ ôîðìóëà.

Çà äîïîìîãîþ ïðîïîçèöi¨ 4 ìè ìà¹ìî ïðîâåñòè íàñòóïíi îá÷èñëåííÿ.
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Ïðîïîçèöiÿ 5 Íåõàé K ⊂ R3 - ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç 8 êóáiâ Ki,

i = 1, 8, çi ñòîðîíîþ , ùî ñòâîðåíi ïàðàëåëüíèì çñóâîì i öåíòðè ÿêèõ,

çíàõîäÿòüñÿ ó âåðøèíàõ êóáó çi ñòîðîíîþ a+ b, 0 < b < a. Òîäi ìiðà ìíî-

æèíè âñiõ ãiïåðïëîùèí, ùî ïåðåòèíàþòü ìíîæèíó K i íå ïåðåòèíàþòü,

òîáòî ðîçäiëÿþòü êóáè Ki, i = 1, 8. Äîðiâíþ¹

µ2(> Ki, i = 1, 8 <) =

=
6(λ+ a+ b)

π
(arccos(

1

1 + 4λ2
) ·
√

2 + λ2 + 6(π − arctg(λ)− 2)

äå λ = b
a+b .

Äîâåäåííÿ 5 Âiäñòàíü ìiõ êóáàìè, ùî çíàõîäÿòüñÿ íà ðåáði êóáà äîðiâ-

íþ¹ b, 0 < b < a. Ïîñêiëüêè b < a, iñíó¹ òðè ìíîæèíè A1, A2, A3 ïëîùèí,

ùî ðîçäiëÿþòü êóáè íà ñèñòåìè ïî ÷îòèðè êóáà. Öi ìíîæèíè ìàþòü íà-

çâó àòîìè [9]. Çíàéäåìî îïóêëó îáîëîíêó, äëÿ êîæíî¨ ñèñòåìè ç ÷îòèðüîõ

êóáiâ. Öå çâîäèòü äîâåäåííÿ äî âèïàäêó ïðèêëàäó 2, êâàäðàòè B1 i B2 ìà-

þòü ñòîðîíó, ùî äîðiâíþ¹ a+b, à âiäñòàíü ìiæ íèìè b. Ó âèðàç òåîðåìè 4

ïiäñòàâëÿ¹ìî âiäïîâiäíi çíà÷åííÿ a òà λ. Ïîìíîæóþ÷è éîãî íà êiëüêiñòü

àòîìiâ, òîáòî 3, ìà¹ìî ôîðìóëó ïðîïîçèöi¨ 4.

3 Âèñíîâêè

Â ñòàòi âèêîðèñòàíî óçàãàëüíåííÿ òåîðåìè Êðîôòîíà íà òðèâèìiðíèé âèïà-

äîê. Âèêîðèñòîâóþ÷è âëàñòèâîñòi óçàãàëüíåíî îïóêëèõ ìíîæèí, îá÷èñëåíi

iíâàðiàíòíi 2-ìiðè äëÿ äâîõ áàãàòîãðàííèêiâ, F -ìíîæèíè ÿêèõ ñêëàäàþòü-

ñÿ ç ïðàâèëüíèõ òðèêóòíèêiâ, àáî êâàäðàòiâ. Äåÿêi iíøi âèïàäêè îïóêëèõ

ìíîæèí, F -ìíîæèíè ÿêèõ ìàþòü ó ñêëàäi êîëî, ôðàãìåíòè êóëi äèâ. [7]. Äî-

êàçàíi òåîðåìè äëÿ äâîõ áàãàòîãðàííèêiâ äîçâîëÿþòü óçàãàëüíèòè ðåçóëü-

òàòè íà ñóêóïíîñòi êiíöåâîãî ÷èñëà áàãàòîãðàííèêiâ. Ïðîïîíîâàíèé ìåòîä

òà îäåðæàíèé ðåçóëüòàò îá÷èñëåíü, äàþòü çìîãó çíàõîäèòè iíâàðiàíòíi ìiðè

ñóêóïíîñòi áàãàòîãðàííèêiâ, ùî ìîæå áóòè âèêîðèñòàíî ïðè ðiøåííi ïðÿìî¨

i çâîðîòíî¨ çàäà÷i òîìîãðàôi¨.
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Invariant measures on set of polyhedrons.

In this article the author consider the polyhedral generalize convex sets.

Properties generalize convex sets are used for the calculation of invariant

measures on set of polyhedrons. O�ered method and got results of calculations,

enable to �nd invariant measures at the decision of direct and reverse task of

tomography.
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