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Tomosornveckrne MHBAPUMAHTHI CJIOEHUA HA SKBUIIO-
TeHInaJbHbIe KPUBbIe (byHKIUM I'prHa MHO>KECTBa
2Kronuna

HUropsr FOpbeBuu Biacenko

Annoranmusa B romomopdHOT IMHAMHKE CTOEHHE Ha SKBUIOTEHIIHATbLHBIE
kpuBble dyrkiun ['puHa mHOXKecTBa 2KI0Ma KaK aHAIUTUYECKUN WHBAPUAHT
uzBecTHO saBHO. OxHako TOT (akr, 4r0 B 00J1ACTH LPUTHAKEHUSA CyIIEPIPU-
TATUBAIOIIETO TMUKJIA 3TO CJIOEHWE ABJIAETCS He TOJBKO AHAJIUTUYECKUM, HO U

TOIIOJIOTHYECKHUM WHBAPHUAHTOM, ObLI paHee HEn3BECTEH.

KuaroueBbie ciioBa rooMopdHbe 0TOOpaXKeHUs, BHYTPEHHUE OTOOPAXKEHWS,
KJIACCHI TOITOJIOTMYECKO CONIPAKEHHOCTH, 0Ty 2K 1AI0Iee MHOYKECTBO, MHOXKECTBO

QPary

VIK 517

Bcerynnenue.

TonmomopdabIe 0TOOparKeHNs SIBIASIIOTCS HA CETOTHSIIHUN TeHb OTHUM U3 Ca-
MBIX M3YYEHHBIX KJIACCOB HEOOPATMMBIX BHYTpEeHHHX OToOpaxkenuii. He Oyaem
371eCh TaBaTh 0030p 0OA30BBIX MOHATHI W OCHOBHBIX PE3yJILTATOB TON TEOpww,
OrPAHUYHUBIIUCH OTCHLIKON K IIOIYJIsIPHBIM y4eOHUKAM 10 TOJOMOP(HOI JuHA-
muke (cM. Hanpumep, [1]).

Cruenuduka 310l TEOPUM B TOM, YTO OHA TIOCTPOEHA, HA AHAJIUTUIECKUX NHBA~
pUaHTaxX ToJIOMOPGHBIX 0TOOpaXKeHnit, TakKnxX, Kak Muoxkecrsa ®@ary n 7Kionma,
a He TOLOJIOMMYECKUX MHBApUaHTaX (XOTs TO 2Ke pa3buenue Ha MHOxKecTBa Dary
u 2Kionma gBiisieTcs W TOMOJOTMYEeCKUM WHBAPUAHTOM TOJIOMOPQHBIX 0TOOpa-
skeruit). ONHAKO B 1IEJIOM TEOPHUsl TOMOJOIMYECKUX UHBAPUAHTOB OJIOMOP(OHDBIX

orobparkeHuit He Pa3BUTA.
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[TosToMy mpuMeHeHve K roJIOMOPMHBIM OTOOPAXKEHUSIM TOMOJIOTHIECKOM TEO-
pHUU JMHAMUKY BHYTPEHHUX OTOOPAzKeHUIi, HOCTPOEHHOI B 2], 1103BOJIs€T 11OILY-
YUTH HOBBIE PE3YJIBTATHI, OTHOCSIINECS K, KA3ATIOCH Obl, TABHO U XOPOIIIO U3y YeH-
HBIM OTOOpaYKeHUsAM. B OCHOBHOM, 9TO BOIIPOCHI, CBA3AHHBIE C TOTOJIOTHIECKIMHI
MHBAPUAHTAMH T'OJIOMOPMHBIX OTOOPAXKEHWUIH, T. €. KAKAE CBOMCTBA ITUX 0TODpa-
JKEHHUH COXPAHSATCs TPU HEMPEPBIBHBIX 3aMeHaX KOOPJAMHAT HA MHOrooOpa3uu,
U BOIIPOCHI O MTPUHAIEXKHOCTH BHYTPEHHUX OTOOPasKeHUil K KJ1acCy roaoMopd-
HOTOAOOHBIX OTOOPAXKEHUIH, T.€. BO3MOXKHO JIH, YTO JJisd JaHHOTO BHYTPEHHETO
orobparkenusi HalIETCst 3aMeHa KoopauHar (romeomopdusm) Takoii, 4To 1mosry-
YeHHOe COMpsizKeHHOe orobpazxenue (oupezeserue cM. [3]) Gyxer rosomopdHbIM.

[IpuBeem 37eCh OMUH TaKOH HOBBIHM PE3yIbTAT, OTHOCSIIIUNACS K TOMOJOTHIe-
CKOIf MHBAPUAHTHOCTH CJIOEHUs HA IKBUIIOTEHIIHATbHBIE KpUBbie (pyHKIHU ['pu-
Ha MHOXKecTBa 2Kro/ua (ele ncnosib3yercs Ha3BaHne KAaHOHUIECKUl HOTEHIUA,
a B QHIJIOSA3BIYHOM JIUTEpaType YacTo ucmonan3dyercs tepmun Douady-Hubbard
potential), nosydenublit npuMeHeHreM TeOpUH U3 [2] K U3BECTHBIM PE3YJIbTATAM

roIoMOpHOM TUHAMHUKH.
IlpeaBapuTenbHbIe CBEIEHUSI.

B [2] 6b10 yCTAaHOBIEHO, 9TO IS BHYTPEHHHX OTOOPAsKEHWH CyIIECTBYET
MHOT'O TOTIOJIOTHYECKN PA3JINIHBIX THIIOB MHOMKECTB, COOTBETCTBYIOIINX MHOKE-
cTBaM OJIy KIAIOMINX TOYeK roMeoMOPGMU3MOB B KIACCUYECKOM ONPEIEIEHNN.

OIupoxoit  rpaektopueit  Oy(r) TOUKEH &  HA30BeM  MHOMKECTBO
Umm>of "™ (f" ((x))). Hefirpasbupiv cedeHneM TOYKM & HA30BEM MHOZKE-
crBo {f~"(f™(z))| n > 0}. O6o3Hadumm ero dgepes Oj;(:n) Tax xak [ —
KOHEYHOKDPATHBIH 3MMMOPGU3M, TO €CTECTBEHHO STH MHOXKECTBA BOCIPHHIMATH

KaK HaOOPBI U3 OTAEJIHHBIX TOYEK.

Onpenenenue 1 Touxa x wnazweaemcs oaysrcdarowet moukol [, ecau Hat-
demes maxas ee oxpecmmocms U, wmo f™(U)NU = () das ecex m € Z. Huaue

MOYKA HA3BIBAENCA Hebaydcdarouwed.

O611ue onpeiesierns cynepOIy K IA0NIX ¥ PABHOMEPHO CynepOITy XK TATONTIX
TOY€EK JaHbI B [2]. [l KDATKOCTH W3JI0KEHUS JA/IUM 37€Ch YIPOIIEHHOE OIpe ie-
JIEHWE, UCTONBL3Ys TOT (PAKT, UTO B MOCTPOEHHBIX TPUMEPAX OJIy3KIAIOIee MHO-
ZKECTBO JIBYCBSA3HO U TOMEOMOP(HO MUJIAHIPY, & CYKEHHE DACCMATPUBAEMBIX

OoTODOpaKeHW# HA STOT MUIUHAP SABJISETCS JOKAJIBHBIM TOMEOMOP(MU3IMOM.

Omnpegenenne 2 Touka x Ha3b8AEMCA HEUMPANLHO OAYdcIarowel mowkol f,

ecau Halidemcs makas ee ceaduas oxpecmuocmv U, umo Yn > 0 omxpwimoe
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mmoorcecmeo f(f(U)) pacnadaemcs va KOMNOHEHMYL CBAZHOCTU MAKUM 00-
pasom, wmo cyoscerue f Ha Karncoy0 KOMNOKEHMY CEAZHOCTU ABAAETNCH 20MEO-
MOPPUMOM U KAHCOAA KOMNOHEHMA CBAZHOCTNY COOEPHCUM 8 TOYHOCTU 00HO
mouxy u3 muoorcecmea {f~" (f"(x))}. Hnave mouxa nasweaemca Heimparoro

Hnebayorcdarouset.

Omnpegenenne 3 Touka x naszwvieaemcs cynepbaysciarowets mowkold f, ecau

OHa OAYIHCOAIOULAA U HETMPAALHO OAYHCIAIOULAA.
TomoJiornyeckne MHBaApUAHTHI B MHO>kKecTBe Paty.

Hcnonn3yst onpejesennst u pesy/ibrarbl u3 [2], 1 u3BecTHble Pe3ysibrarbl U3
rosiomopdHO# auHamMuku, B MHO)KecTBe Dary MOXKHO BBIIEIUTH JOMOTHUTETb-
HBIE TOMOJIOTHYECKNE MHBAPUAHTHI.

[Iycts amanmutuyeckass GyHKIUS f UMeeT TPUTATUBAIONIYI0 KPUTHIECKYIO
(B TepMuHOJIOrHU 1OJOMOPQHO JUMHAMUKY — CYILEPIPUTATUBAIONLYIO) TOYKY.
Bceerma MmoxHO mOm00paTh TaKOH JTOKAMBHBIA YHH(POPMU3YOMNUHA MapaMerp Zz,
910 z = 0 OymeT CymepnpuTAruBarolieil HenoaABUKHON Toukoil dbyuxmuu f(2).

Torna f(z) umeer Buj
f(Z) = anzn + an+1zn+1 +. (1)
rme n > 2.

Teopema 1 (teopema Béxrepa) ITycmo dynryus [ umeem sud (1). Tozda
CYWECTNEYEM MAKAA AOKAALHAA 20A0MOPPHHAs 3amena woopdunam w = ¢(z),
ymo ¢(0) = 0, u omnocumesvro smoti 3amenvs [ conpasrcena omobPadrceHuIo
w = w" 6cr0dy 6 nexkomopoti oxpecmuocmu nyaa. Boaee mozo, ¢ eduncmeen-
MG C TMOYHOCTBIO 00 YMHONCEHUA Ha Hekomopbvil kopens cmenenu (n — 1) us

eOUHUUDL.

Orobpazkenust w — w", Kak HOKa3aHo B [2], obsiajlaer BecbMa ClenuallbHOI
CTPYKTypoOit Oiy)atomniero Maoxkectsa. s srux orobpakeHuit ¢ pacnaga-
erca Ha Gacceiin npursxkenust To9ku 0 (B HOJSAPHBIX KOODAMHATAX MHOMKECTBO
Touek ¢ p < 1), GacceilH NpUTAKEHHs TOUYKU 0O (B TOJSPHBIX KOOPAXHATAX
MHOKECTBO TOYEK C p > 1) M OTTanKuBamouyo HeGIyK ANy 0 OKPY2KHOCTD C
p = 1, Kaxnpiit u3 6acceiiHOB IPUTSKEHUsI COCTOUT U3 OCODOI HEITOIBUKHOMN
IPHUTATHBAOMEH TOUKH B HeHTPATLHO HeOTY K IATOIHX | 6Iy2K TAI0MIX> TOUeK B

CMBICJIE OTIpe/iesieHnit 3 [2] TakuX, UTO CJIOeHWe HA OKPYKHOCTH {p = const} B

1 Ompenenenue 2.
2 QOmnpepenenue 3.



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41431
10 U. FO. BraceHko

KOMTLIIEKCHBIX KOOPIUHATAX SABJISETCS TOTOJOTHIECKIM WHBAPUAHTOM: JIJIS JIO-
0oii Oy K maforeil Touky Dacceiina MPUTAKEHNS ee HeHTPAIbHOEe CeIeHne BCIOIY
IJIOTHO HA COMEPYKAIIEH 3Ty TOUKY OKPYKHOCTH.

Kaxk cnencTBue u3 aToro dhakrta u u3 TeopeMbl BéxTepa, Moy InM ciaemyioliee

yrBepzKaeHue.

Teopema 2 I[Iycmo dynxyus [ umeem eud (1). Toeda 6 nexomopot oxpecm-
Hocmu uyas [ obaadaem MONOAOZUMECKU UHEAPUAHTHBIM CAOEHUEM HA 20-
MEOMOPPHBIE OKDYIHCHOCTNAM 3GMBKAHUSL HETMPAALHOT ceueHul movex 2mot

OKPECTMHOCTNU.

D10 CcII0eHUE MOYKHO IPOJIOIZKUATH HA BCIO 0DJIACTH IPUTSKEHUS CyIEPIPUTSI-
TUBAIOIIEH TOYKHU, XOTsI, BO3MOXKHO, CJION yKe He OyayT roMeoMOpdHBI OKPY K-
HOCTSIM, TaK KaK, €CJIN B O0JIACTH TPUTSKEHUST €CTh Oy K TAIOIINE TOYKU BETBJIE-
HUs, TO B TAKUX TOYKAX IIPO0OPA3 OKPYKHOCTH IPEBPAINAETCHA B OyKeT OKDPY K-
Hocreil. 3amMeruM, 9TO KaK AHAJIUTUYECKUN WHBAPUAHT OOJIACTU HTPHUTIKEHUS
CYTIEPIIPUTATHABAIOIIEH TOYKH TO CJIOEHHE B TOJIOMOPMHOI JUHAMUKE JABHO W3-
BECTHO: TO CJIOEHVE HA YKBUIOTEHIHAIbHBIE KpUBbie (DYHKINK ['pruHA MHOMXKE-
crBa ZKrosma.

Oxrako TOoT (PakT, 9TO ITO CIOCHUE SABISIETCS HE TOJIBKO AHAJTUTUIECKUM, HO
¥ TOTIOJIOTHIECKUM WHBAPUAHTOM, ObLIT PAHEE HEW3BECTEH.

[Tpu 3TOM TOMOJOTUUECKUM WHBAPUAHTOM CJIOEHWE HA SKBUIOTEHIIHAIHHBIE
kpuBble pyuknuu ['pura MHOXKecTBa 2Kionmma sgBaseTcss TOIBKO Ha OacceifHax
MPUTSKEHUS CYTEePIPUATATUBAIONINX TOYEK.

Paccmorpum Gacceitt mpUTSKEHUsT TeOMETPUIECKHU TPUTITHBAIOIIErO IUKJIA.
Tak Kak MHOKECTBO OCOOBIX TOYEK OTOOPAKEHUST M30JIMPOBAHO, Y T€OMETPHUYE-
CKU TIPUTATUBAIONIETO IMKJIA MOXKHO HAWTH OKPECTHOCTb B €ro bacceiine mpu-
TSKEHWS, HE COMEPIKAIIYI0 0COOBIX TOYEK M TAKYIO, UYTO CyKEHUE OTOODaANKEHUsI
HA 3Ty OKPECTHOCTH Oymer romeomopdm3MoM Ha CBOM ob6pa3. Torma mpursaru-
BAIOIIMeCd K UKLy TOYKU ITOW OKPECTHOCTU IO OIPEIEJIEHUIO SBJIAIOTCH Cy-
mepoITy K TAIOIMINMHA, U, KaK CIeJCTBUE, B OacceiiHe MPUTIKEHNs T€OMETPUIECKI
MPUTATUBAIONIEH TOUKY TPUTATUBAIONIAECT K HEH TOYKU ABJISIOTCS CymepOJy K-
matorumu. [losromy Ha GacceifHax MPUTSAXKEHUS MeOMETPUYECKN TPUTITHBAIO-
IUX TOYEK CJIOEHUE HA HKBUIOTEHIMAJbHbIE KpuBble DyHKImu ['puHa MHOMXKE-
crBa 7Kiosna He SBIISIETCS TOMOJOTUYECKH BBIIEJIEHHBIM CJIOEHUEM U He COXPa-
HSIETCS TIPU COMPSZKEHUU TOMEOMOPMU3IMOM.

Kaxk ciencTBue, mosyanM cienyiomee yTBep:KIeHNe.

Teopema 3 Caoenue Ha IK6uUNOMEHYUAALHBIE Kpubie dynryuy ['puna muo-

ocecmea 2Krwoaua ABAAEMCH MONONOLUBECKUM UHBAPUAHTIOM 20./L0.M,0p¢H020
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0MObPAHCEHUS, TPU YEM MOALKO HG OACCEUHAT NPUMAHNCEHUS CYNEPNPUMALU-

GANOUUT TMOYEK.
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Igor Yu. Vlasenko

Topological invariants of equipotential foliation of the Green’s

function of the Julia set

It is shown that the well-known equipotential foliation of the Green’s function of

the Julia set (also known as equipotential foliation of Douady-Hubbard potential

of the Julia set) is in fact the topological invariant of holomorphic maps, but

only in superattracting basins.
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Tomosoriuaa crpyKrypa gedopmaliiii BeTOPHUX
nmoJriB Mopca-CwMmeitjia Ha TPpUBUMIPHUX MHOT'OBU-
Aax poay 2

I.M. Ipanmok, O.0. Ilpumaak

Amnoramis  Mu posmisiiaemo pedopmanii nossipaux nosiis Mopca-Cueitna
0e3 3aMKHEHHX TPAEKTOPi#i HA 3aMKHEHHX TPUBHUMIPDHMX MHOTOBHIAX POAY 2.
3a KOXKHMM TOJIEM OyIyeThes miarpaMa Xeropa. Mu OnmucyeMo mepeTBOpeHHS
Jiarpam, IO BiamosimaioTh gedopmariiam mosiB. Po3riasmaioThes mgiarpamu
Xeropa pojay 2, B sKAX He OibIlle Y0OTUPHOX TOYOK IIEPETUHY MiXK MEPH/IiaHAMH.
JlocmiIzKeHo CUTYAIIo, KOJIM BEPITMHU MOXKYTh MaTh mpocti merii. OmucaHo
BCl MOXKJIMBI IEPEXOIM BiJ OJTHI€T JiarpaMu 0 iHIIOI, BUKOPUCTOBYIOYHX OMepariil
KOB3aHHSI, BUTSTYBAHHS TETEJb, IEPECTAHOBKU BEPIIMH MiCIsIMU. 3HANIEHO BCi

HeromeoMopHi AiarpaMu Ta BCi IX MOXKJIMBI IepPEeTBOPEHHS.

Kurouosi cioBa liarpamu Xeropa - ¢ysakiii Mopca + TpuBHMIpHI MHOTOBHIH

- TOIIOJIOTIYHA €KBiBAJIEHTHICTH

VK 517.91

Beryn

Hiarpamu Xeropa € 3py<dHUM CIIOCOOOM 33IaHHS 3aMKHEHUX OPi€EHTOBAHUX

rpuBuMipHux MHOroBuiB. Haragaemo, o piiika (F, u,v) Ha3uBaeThes diazpa-
’

mo10 Xezopa muorosuny M, ne FF = OH = O0H — 3arajibHa TOBEPXHS POIY g

kpengenis, u = {uy,...,ug} — cucrema mepuaianis kpengenss H iv = {vy,...,v4}
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— cucrteMa MepuiaHiB Kpeugaens H /, HUH =M — po30uTTst Xeropa MHOTO-
Buna M.

Y poborax [4], [5] 3a BekropruM mosem Mopca-Cwmeiina 6e3 3aMKHEHNX TPAEK-
TOPiii HA TPUBUMIPHOMY MHOTOBHJI 0OyJI0 MOOYIOBAHO JiarpaMy Xeropa, To mo-
Ka3aHo, IO MOJisg Oy/IyTh TOMIOJOIiYHO €eKBIBAJEHTHI TOMl Ta TiIMbKH TO/i, KON
Biamosizni miarpamu Xeropa € romeomopduaMA. TakoXK miarpamMu Xeopa BHKO-
PUCTOBYIOTHCS JJIs TOMOJIOTIUHOT Kitacudikariii GyHKI HA TPUBUMIDHAX MHO-
rosugax. IIpoctip op6it dbyHKIi po3risganucsk y podori [3].

[Te giarpamu Xeropa pomy 2 mociimkysasuuch B [6], [8], 6ys0 moBeeno, mio
icHye CKiHYeHHE YHCJIO po30uTTiB Xeropa Jjisd KOKHOTO MHOTOBH/IA, pOay 2.

Hiarpamu Xeropa 3asaioTb po3kJiaj rpusuMipaoro Ha pyduku Cwmeitna. [lpu
nedopmariii BEKTOPHOTO TOJsT BiIOYyBA€ThCsI KOB3aHHs PYUOK, IO HA MOBi /ia-
rpaMm Xeropa O3Ha4Ya€ HAMIBI30TOINIO JiarpamMu 3a JIOMOMOIOIO JIOJABAHHS Me-
pugiaHiB, CKOpOUeHHS a00 YTBOPEHHS JBOKYTHHUKIB, MMEPECTAHOBKH MEPHUIiaHiB.

OcnoBHa Mera poboru — onucaru Bci Moxkiusi gedopmariii nmonis Mopca-
Cwmeilla Ha TPUBHMIDHUX MHOTOBHIAX 3& JOMOMOTIOI0 MEPETBOPEHHS iarpam
Xeropa poay 2; 3HAfTH eKBiBaJEHTHI JiarpaMu, CKJIQIHICTh AKUX HE TIEPEBU-

mye 4.

1 diarpamu Xeropa

TpuBuMipHMit MHOTOBH/I, BiTHOBJIIOETHCS 33 CBOEIO JiarpaMoi0 Xeropa o/-
HO3HAaIHO: KMo Tpifika (F,u,v) € giarpamoto Xeropa sik muoroenga M, rax i

mHOroBuma My, To icHye Hepyxomuit Ha moBepxHi F' romeomopdisam h : M — M.

Osuauenns 1 /liaepamu Xezopa (F,u,v), (F/, u/,v/) mnozosudie M, M nasu-
8G10MbCA TOMEOMOPMHUMU, AKULO TCHYE Makul 2omeomopdism h : F — F/, w0
h(u) =u', h(v) = v abo h(u) =0, h(v) = u (nopadox mepudianie npuyLoMy

HE MaAE SHQ“LGHH}Z).

Bynp-siknii romeomopdism b : (Fyu,v) — (F/, u/,v/) MIPOJIOBIKYETHCS JIO T'O-
meomopdismy h: M — M [1].

. ’ ’ ’ .
Osnauenns: 2 Jfiazpamu Xezopa (F,u,v), (F ,u ,v ) Ha3u6atomscs i30TOMHN-

MU, AKUO ichye maka i3omonis o : F — F,, wo ¢o = 1, ¢1(u) = o, p1(v) = v

. / 4 / .
Osnavenns 3 /iazpamu (F,u,v), (F ,u ,v ) Ha3u6a10MbCA HANIBI3OTONHUMH,
. . . .on / .
AKWO ichytomb maki isomonit o, Yy F — F, wo o =Y =1, p1(u) = u i

Vi(v) =,
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IIpwm i30oTomil BCi KpWBi AiarpamMu KOB3aIOTh IO TTOBEPXHI AK €IUHE IIijIe, TOi
AK TPHU HAMIBI30TOImIl KOXKHA CiM’sd PyXaeTbCsd MO-CBOEMY. I3oromHi i HamiBi3zo-
TOMHI JiarpaMyd BU3HAYAIOTH OJMH i TOW Ke TpUBUMIpHUI MHOroBuA. Mu He
minsiemo Kpengaenis H, H ' BiAmoBimHOrO PO30UTTSA Xeropa, a TIILKU 3aMiHIOEMO
B KOXKHOMY 3 HUX MepPHJIOHAJIbHI Jucku Ha i3oronni. Ouepalii 38’s43H0I cymu
MepHIiaHiB, TOOTO OmepaIiio JOJABAHHS OJHOIO MEPHIiaHa 0 iHIIOTO MOXKHA
3aCTOCYBATU J0 KOXKHOTO cimeiicTBa u, v miarpamu Xeropa. s mpocTotu mo-
3HAYEeHb TMOKJIAIEMO, IO KPUBA U JOJAETHCS J0 KPUBOI U .

Hexaii (F,u,v) — niarpama Xeropa i 8 — mpocra Kpusa, 110 3’€JHYE Me-
pUIiaHW U1, Us JiATPAMU i HE Ma€ 3 KPUBUMU iHIMUX CHijbHUX TOYoK. Hexait C'
— 3aMKHEHUI OKij 00’eananns u, Uus U S romeoMopdHuii 1UCKY 3 ABOMA, JipKa-
MH i He IepeTuHa€ IHIUX KPUBUX U. IJ03HAYMMO uqfus KOMIIOHEHTY Kpalo, sKa

He i30TONHA KpUBi#t Uy m Kpusiit uy. Cucremy {usfus, us, ..., g} MO3HATUMO U.

Osnavenns 4 /iazpama (F, @, v) ompumyemoves 3 diazpamu (F,u, v onepayiero

dodasarns Kpueoi us do Kpueoi uy 63006sic Kpusoi 3.

AmnajiorigyHo BU3HAYAETHCS Omepallis CyMu KpuBux cucremu v. Kpusi cucremu
U JTO KpUBUX CUCTEMHU ¥ 1 HABIAKY JIO/TaBaTH He MOXKHA. JlomaBanus o/iHiel KpuBoOi
CHCTEMHU JIO THIIIOI KPUBOI TOI'O 2K ciMeficTBa He 3MIHIOE HE TiJIbKK BiJIIIOBIIHOIO
MHOTI'OBHIa, ajie i #oro po3burtsa Xeropa — KpeHIaeai po30UTTs 3aTUIIAI0ThCs

HE3MIHHUMHA, 3MIHIOIOTHCSA TiTbKHU X MepUIiaJIbHI JUCKH.

. . ’ ’ .
Osnavenns 5 /[iazpamu (F,u,v) i (F,u ,v ) HA3U6aI0MbCA €KBIBAJICHTHUMM,
AKUWL0 610 00HIET MOJHCHA nepetmu 00 THWOoT 3a JOTMOMO02010 20MEOMOPPIZMIE, Ha-

nisisomonit i onepayiti dodasarms 00Ho20 mepudiara Ao iHUL020.

Hiarpamu Xeropa ekBiBaJeHTHI TO/Ii i TITLKY TOML, KO €eKBiBAJIEHTHI BiImO-
Bigni iM po3burts Xeropa. ExpiBasienTHi giarpaMu Jai0Th 3 TOYHICTIO 10 TOMEO-
Mopdizmy ozme i Te K po3duTTa Xeropa. Byab-aKy cucremy MepuaiaHiB MOBHOTO
KPEH/IEeJIs MOYKHA MEePEBECTH B iHIMY 3a JOMOMOrOI0 Omepariiii 38’s3HOI cymu Ta,
i3oroniii. Torenennst mboro B [1]

Hexaii (F,u,v) — 38’a3na giarpama Xeropa. [omeomopdni mucky obmacti,
Ha sKi rpad w U v po3pizae MOBEpXHIO , OyIeMO TPAKTyBaTU SIK KPUBOJIIHIiii-
Hi MHOTOKYTHHUKH, BBA2KAIOUU BEPIIMHAMU TOYKHU IEPETUHY MEPUiaHIB PI3HUX

cucreM. KoXHHMiI MHONOKYTHUK MAa€ MapHe YHUCJO CTOPIH.

Osnauenns 6 /[iazpama Xezopa (F,u,v) nasueaemves HOPMaJIi30BaAHOIO, Ak-

wo ceped obaacmeti, Ha AKi MePudiary PO3OUBLE NOBEPTHA, HeMA 08OKYMHUKIE.
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Bynb-ska miarpama Xeropa HamiBizoTomHa HOpMaJi3oBaHiit. AKIo aBi HOpMai-
30BaHi JlarpaMu HAMIBI30TOMHI, TO BOHY i30TOMHI. /loBemeHHs MHOro (DAKTY MOXK-
Ha 3ycrpitu B [1]

fxImo miarpaMa Ma€ XBUJIIO, MA MOXKEMO 3aCTOCYBATH JI0 JiarPaMU XBUJIHO-
Be TMEePEeTBOPEHHs. XBUJIHOBE TEPETBOPEHHS I JiarpaMu Xeropa TOJIArae B
TOMY,IIO OJIHY Aiarpamy Xeropa 3aMiHIOEMO Ha €KBiBaJsleHTHY iif miarpamy. Hosa
Jiarpama 3aBXKJM IMPOCTIIA MOMEePeIHbOl, TOMY IO MPU XBUIBOBOMY IIE€PETBO-
PEeHHi 3arajibHe YHUCJIO TOYOK MEePETUHY MEepPUIiaHiB CTpOro 3MeHmyeThes. Hexait

(F,u,v) — HopMasizoBaHa aiarpama.

Osuavenns 7 [Ipocma xpusa | C F nasuseaemovca u—xsuneo (abo npocmo
XBUIIEIO ), aKxwo: 1) i7 Kinyi aestcamod na 00nomy 3 mepudianis u; cucmemu u; 2)
THWUT CNIADHUT MOUOK 3 Mepudianamu u,v Kpuea | ne mae; 3) Kinyesi mowku
xpueot | Haaeorcamv do pisnux dye, Ha Akt mepudianyu v po3busarms mepudiah

ui; 4) 6 yux deox moukax xpuea | nidrodums do mepudiana 3 00WiEi cTNOPOHU.

Teomerpudnuii 3MicT XBUIBOBOTO MEPETBOPEHHSA. 306pa3zuMo Kpeuaens H y
BUTJIAA] chepr 3 pydKaMH’, B OCHOBI AKNX JIEXKATh MEPUIIAHU Ui, U2, ..., Ug. 110-
3HauMMO Yepe3 D auck Ha Kpaio cdepu, 0OMeKeHNH XBUJIEIO 1 Ti€l0 YaCTHHOIO
MepHIiaHa U;, TKA BiIKMUIAETHCSA MPU XBUILOBOMY IeperBopenHi. Tomi XBuibose
MMEPETBOPEHHS MOXKHA, IHTEPIPETYBATH K MPOTATYBAHHS MO PYUIll 3 HOMEPOM 1§

THX PYYOK, OCHOBA SIKHUX JeKNTh Ha aucky D (Puc.1).

2 CrpykTypa giarpam Xeropa poay 2

Hexaii (F,u,v) — nopmasnizoBana miarpama. ZIkmio nosepxuio F' pospizaru
MO MepHuIiaHax Uj,...,Ug, TO OTPAMaAEMO cdepy 3 2g aipkamu Dy, Da,...,Dyg, AKi

3PYYHO IHTEPIpeTyBaTh siK BUIIeH] qucku Ha cdepi. lipkn npupomgHiM anHOM
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po30uTH Ha mMapu — B KOXKHY napy Ds;_1, Do; BXOISATH MipKW, IO BiAMOBima-
I0Th MepHuIiaHy u;. Mepumgianu mpu MbOMY PO3PiXKYyThCAd HA AyTHU, SKi Pi3HAM
crrocoboM 3’€HyI0Th AipKu. i Toro, mob 3a TaKuM 300parkeHHAM BiIHOBUTH
miarpamy Xeropa OJHO3HAYHO, MOTPIOHO 3HATH, TK Kpail KOXKHOI MipKu Do;_1
CKJICIOETHCs 3 KPAEM JiipKu Do;. 3pyYHO 3aHyMeEPYyBaTH JIJisi LIbOI'O TOUKHU 1IEPETHU-
HY MEpPH/IiaHa U; 3 MEPUIIAHAMU ¥ B TOMY IOPAJIKY, B IKOMY BOHH 3yCTPi4alOThCH
pu OOXOIi MepHuIiaHa u;, 1 i HoMepHu 30eperTu Mpu pO3pi3aHHi.

Po3i6’emo BCi HOpMadtizoBaHi miarpamu Xeropa poay 2 Ha TpHU Kjacu. k ma-
pasieIbHUX JIyT, M0 3’€AHYIOTh OJIHY JIPKY 3 iHIOI0, Oy/1€eMO TTO3HAYATH OTHIEI0
JyTOI0, TIOMideHOI0 JucaoM k. B 3arambHOMy BHIIAIKY, KOMH HA Jiarpami HEMAaE

MPOCTHUX MeTeNb, @ =€, b= f

Osunauenns 8 /liazpama Xezopa (F,u,v) pody 2, wo 300pasiceni na puc.2, 6y-

demo nazusamu diazpamamu muny I, IT abo 111, eidnosido.

Teopema 1 ([1]) Bydv-axa nopmanizosana diazpama pody 2 eomeomopdna dia-

epami 00nozo 3 mumnie I, I abo III.

IToznasmmo wepes a;;(i < j) wmcso ayr, 3’eanye gipky D; 3 aipkoto D;. Ha xpa-
Ax aipok Di, Do NOBMHHO 3aKiHYYBATHCh OJHAKOBE YHCJIO YT, T€ CaMe CIpa-
BeauBo g JIipok Ds, Dy, Tomy umcena a;; TOBUHHI 33J0BOTBHATH CHiBBiJI-
HomeHHs a;; > 0 1 cucremy (*): a13 + a14 + @11 = a23 + aza + a2,
a1,3 +a23 +ag3z = a14 + A24 + Qg4 SIKIMO KOXKHY HipKy CTITHYTH B CBOIO
TOYKY 1 KOXKHHUU IIy9YOK MApaJIebHUX [yl 3aMiHUTH HA OJHY YTy, TO OTPH-
maemo rpad G C S?. Mu HOBHHHI 3a JOHOMOTOIO iHBAPIAHTHOIO Ha BepIIHHAX
romeomopdizmy cdepu nepesecru itoro B onut i3 rpadis Gr, Grr, Grrr (Puc.1).
Tomeomopdizm chepn MoxkKe TIEpECTABISITH BEPIIUHH, ajie TITHKU TaK, 00 Bep-
e oxHiel napu, Todro 11 2, abo 3 i 4, mepecraBiasauch sk eauue 1ijae. Takux
romeomopdi3zmiB 6araro. MoxKHa, HANPUKIIAI, OyaAb-AKYy IyTy, 10 3’€IHYE BEp-
mmH 11 2, mepeBecTH y BiIpi3oK, a Oyab-gKy MET/II0 3 KiHIISIMA B BEpIuHi 1, gKa,
BLIOKpeMJIIO€ BepIInHy 3 Bij BepmiuHu 2, 4 — B 3BUYAiHY IETIIIO, 10 OXOIIIOE
BepIIuHY 3.

MoxknuBi TpU BUITAIKU:

1) rpad G e mae nerensb i noasiiinux pebep;

2) Hemag neresn, ajne € nojsiiini pebpa,;

3) € merii.

I0i sunagku signosizaors tunam I, I, III. Posrignemo ix merasbhime. 1)
Hexait nemae merenn i mompiitamx pebep. Toxi 3 cucremn a3 = a24,814 =

a2,3- HOKJ'Ia,ZLeMO a = a13 = a2’4,b = a1,2,C = A34 id= a4 = a2,3- HKHLO
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Tun 1 Tun I Tin I O

Puc.2

a,b,c,d > o, To rpad G — 11e oWt rpad 3 YOTUPMA BepIIMHAME, TOOTO rpad
3 4 BeprmHaMu, Oyab-sKi ABi 3 gkuX 3’¢anani Tigbku ogauM pedpom. I'pad G
TAaKOXK Ma€ Taky BjacTuBicThb. OCKUIBKEU BCi BKJIaIEHHS Takoro rpada B cdepy
exBiBasienTHi (Big 0xHOro MOXKHA LIEpeiiTu 10 inmoro romeomopdizmamu cdepu),

10 romeoMopdizm, 3a monomoroio gkoro rpad G nepexomuts B rpad G icHye.

2) Hexaii nemae nerespb, aie € nozpiiini pebpa. Koxue noxsiitne pebpo mo-
BUHHO po30mBaTu cdepy Ha JABI YACTUHU, KOXKHA 3 SKUX MICTUTH TIIHKU OIHY
BEpIIuHY, B iHIMOMY BUMAJKY pebpa Oyau 6 mapasenbHi, i Mmu 3aminuan 6 X HaA
onme pebpo. MokHA BBazKaTH, IO 3arajbHUil MOYATOK Mapu MOABIfiHUX pebep
saaxomuThesa y BepmuHi 1. Tomi ix 3aranpHuii KiHenb He MOKe 3HAXOIUTHCH Y
BepimHi 3 abo 4, rak gk Toxi cucrema (*) Oyme mecymicuow. Tomy 3aranbHmit
KiHeIb MOABIHHOTO pedpa 3HAXOAUTHCS y BepiuHi 2 i romeoMmopdizmom chepn

ftoro MoxkHA 3’eaHaTH 3 MOABiHUM pebpom rpada Gij.

3) Hexaii € uerni. Koxkna neris po3busae cdepy Ha 4acTUHU, OJHA 3 AKUX
MICTHTB TiTbKU OIHY BepiiuHy. ByneMo BBazKaTH, 10 et/ MOYNHAECTHCS 3 Bep-
mman 1. Tonl BoHa He MOXKe OXOIIOBaTU BepiiuHy 2 — cucrema (*) Oyne necy-
wmicuoro. Bepmunu 3 i 4 piHonpasui. Tomy MOXKHa BBaXKATH, IO TTETIIS OXOTLTIOE
Bepimmay 3. 3a 10momMoron romeoMopdiszmy cdepu 1i MOKHA [IEPEBECTH B aHA-
morigay nermio rpada Grrr. G222 = G1,1,01,3 = 02,4, TET/A 3 KiHIAMEA B BePITHHI

2 TIOBUHHA OXOILTIOBATH BepIINHY 4.

Posrnsgremo, giarpamMu SKWX THINB JIOMYCKAOTh u-XBUIO. B miarpami Tumy
IIT xeuns € 3apxkau. B miarpami tuny II xBuss € tinpku 3a ymoBu a = 0 abo
d = 0. dkmo ¢ = d = 0, To u-xBusa € i B giarpami tuny I. Bunagku b = d =
0,a =b=0,a =c=0 0yayrs anajoriyui, 3a paxyHOK NePECTAHOBKH IEPIIOI i
JIpYToi mapu IipoK abo 3a PAXYHOK MEPECTAaHOBKY 3-11 4-1 mipKu MOKHA 3aBXKI1

3aminnTu @ Ha d 1 b HA C.
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Ao 6pary TiMFKU MHOTOBHIH, & HE 1X Jiarpamu, TO JiarpaMu 3 XBUJISAMU
MOXKHA, HE PO3IJISIIATH, OCKLIBKI BOHU CIIPOILYIOTHCH 33, JOIOMOIOI0 XBHUJIHOBUAX
nmeperBopenb. [Ipu 1boMy iICHYBaHHS HE TITBKH U—, aJie i v-XBHJI MOKHA, T00aTIn-
TH, BUXOIATH 3 Aiarpamu. Hampukiamd, aKIO OAWH 3 OPIEHTOBAHUX MEpPHUiaHiB
V; CUCTEMH U BXOJUTH B SIKYCh JIPKY B OAHiil Touwi, To v-xBusst icaye. Ha ocuo-
Bi ommcy CTpyKTypH AiarpaMu Xeropa pomay 2 iCHye Takwil aJrOpuUTM MEPesTiKy
3aMKHEHNX OPIEHTOBAHUX TPHUBUMIPDHHX MHOTOBHIIB, PiJl AKUX HE OiIbIme 2:

1. ITo 4ep3i nmepepaxyBaTn BCi HAOOPW 3HAYEHD MapaMerpiB a, b, ¢, d.

2. st koxkHOrO 3 HuxX 1odyaysarn giarpamy tuiy I abo II. IIlo6 3unaru, sk
OTOTOXKHIOIOTHCSI Kpal [ipoK, MOTPiOHO 3aHyMepyBaTH HA KOXKHill 3 HUX KiHII AyT
B IUKJIIIHOMY nopsaky. Ha mHemapHux mipkax MoyKHA BHOpaTH JOJATHIH HAIIPIM
0bxoy i mymepariil 3adikcyBaTu, TOII HA BiAMOBIIHUX TMAPHUX IiPKAX MOTPIOHO
BubOparu Bix’ eMHEI HAIPsM 00XOMy i IOCTIAOBHO mepedparTu BCi IMUKJITHI mepe-
CTAHOBKH.

3. 3’acyBaru, 9u AificHO moOymoBaHa miarpaMa Oyze aiarpamoro Xeropa. s
IhOTO, MOTPIOHO TepeBipuTH, Yu Oyae piBHO ABI KpWBI, i U1 He PO3OMBAIOTH BO-
HU TOBEpXHi. JIKIO I ABI yMOBM BHKOHYIOTHCs, TO JiarpamMa Oyze mgiarpaMoio

Xeropa IesKOro 3aMKHEHOTO OPi€HTOBAHOTO MHOTOBHIA POy He OiIbIme 2.

3 Hedopmaria giarpam Xeropa

Posrnaremo ma miarpami Xeropa Kpim merenb, gKi 00XOaATh iHII BEPITAHH,

e i mpocTi meTi.

Osnavenns 9 Ilpocroro merieo Ha diazpami Xezopa Hazsemo dyzy, MO%amor
1 KIHEUD AK0T HAAeHCaAmd 00HIT 8EPWUHIT, | AKG NPU UbOMY 60HG HE 00T00UMb

THWL 8EPUUHU.

C.B. MarBe€B BBIiB MOHATTS CKJIAIHOCTI JIJIS TPUBUMIDHUX MHOTOBH/B [9]. A Mu

ITiJ1, CKJTAHICTIO miarpamu Xeropa 0yaeMo pO3yMiTH Take:

Osznauennsa 10 Ckiagnicrio diazpamu Xezopa Ha36eM0 KiAbKiCMb MOUOK Ne-
PEMUHY MIdHC MEPUIIAHAMU, MOOMO CYMAPHY KIABKICMb 6CIT Y2 i Npocmux

nemeasv Ha 0iazpamsi.

Posrnanaemo miarpamu Xeropa poay 2, romeomopdui miarpamam tumy I, 11,

III ckmazgnocTi 4.

Teopema 2 Ichye 15 diazpam Xezopa crkaadnocmi 4, 6 diazpam ckaadnocmi 3,

odna cxaadnocmi 2. Bei sonu onucani 6 mabauyg.
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a,b,c,d,e,f — myru, mo 3’e¢amyrors Beprimam, 1,2,3,4 — HOMEp BEpIIUHU, B

TabMHIN BKA3YEMO KibKICTh IMIPOCTUX IETE b, 10 Bi/IMOBI A€ JaHiil BEPITUHI.

al|lblc|dle| f|]1]2|3] 4] Tun
112 |—-|—|1]|—-]|—=|—-|-1- I
2 (1|11 —=]1|=|=|=|=-|-11I
3|1 |1 |—-|—-|—=|—=-|—-|1]—-1= 1
4 11|11 |—-|1]|—=|=]—-|-1=- I
5 |1 1| -|—-]1|-]-]1-11 I
6 | — |22 |—|—|—|—|—|—1|- I
A e T T s T I B e e R I 1
8 |1 |—-—|—-|1T 1|1 |—-|—|—1|- I
9 | -1 (1|1 |—|1|—|—]—1- I
w|-{2|—-(1|—-—|1|—-—|—1]—-1- I
mj—-|1ry1j1|—-(1|=|—=1|=|-11I
2|-|1 |1 |—-|—-|—-—|—-]—]1/1 I
131111 —- 1 - =1 -1 - 1
1 e I R B R B A B O e e e I
LBl—-|1 2| —-|—-|—-|=-|—-1-1|- I
|1 |-|1|—-|1|—-|—=|—-|—-|—-11I
wi-|—-/1({1|—|1|—-|—-]-1=- I
8| -] -1 1|1 |=1|—=|—=|—-1|-1II
9| -|-12(1|=-|11|=|—=]-1=- I
D e I O B R e R e T e I
21| 1| = 2| —| 1| —=|—=|—=|—|—-| II
2| —| =121 |=|1]|=|=|=1|-=|1II

MoxknuBi HACTYIHI PyX®W [/ Jiarpam:

1) BuTAryBaHHS LPOCTHX IIETEIIb,

2)KoB3aHHA 3)monapHa mepecraHoBka BepimuH (1),(2) Mix coboro abo (3) i (4).

Teopema 3 Srxwo icuye dedopmauin, mo 6ona peanisyemocs pyzramu 1), 2),

3), Kooicen pyzr 3adaemo naporo diazpam, 6id odnict moocha nepetimu 00 iHuwot

nocaidoewicmio pyxie. Bei moorcausi pyzu: 1-10, 1-13, 1-15, 1-19, 2-11, 2-13,
2-15, 2-16, 3-5, 3-13, 3-14, 3-20, 4-9, 5-13, 5-17, 5-20, 8-9, 10-14, 10-15, 11-
14, 11-15, 11-16, 12-20, 153-14, 13-17, 13-20, 14-20, 16-18, 16-20, 17-20, 18-20,

21-15, 21-16, 22-15, 22-18

JHosedenms. Mu moxkemo nouapro minsaru Micusamu epumau (1) i (2) mix

coboro, a Takox (3) i (4), orpuMy0YH 1IPU IIBOMY eKBiBaJeHTHI aiarpamu Xero-

pa. Tak, axmio B giarpami 1 mominsaru micusvu sepmunu (3) i (4), orpumaemo

giarpamy 10, rakum yuHOM Jiiarpama 1 eksiBajienTHa jiarpami 10, 2 — aiarpami
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11,3 — 5,4 — 9,13 — 14, 13 — 17, 16 — 18, 19 — 1, 21 — 22. Buraryioun
MEeTJII0 3 BEPIINHYU KiLMbKICTh TOYOK ITEPETHUHY MEPHUIiaHiB Oyme 3MEHIIyBATHCH
Ha 2. Tak B rpadi 3, gKINO BUTATHYTH 3 BepuIMHU (2) METIIO, TO OTPUMAEMO
rpad 20; Buraraysinu neryo y rpadi 5 , mpuiinemo Takox 10 20 . Buraryioun
neryio y rpadi 12 oapady ckoporsithest 2 merii, i Buitae rpad 20. Posrisinemo,
AK OJHA JiarpaMa MepexonuTh B iHIMYy mIpu KoB3anHi. KoxkHa miarpama moBHH-
Ha micruru asi kpusi. g glarpamu 1 moxkiusi Bumaaku: 1) JIa pebpa, mo
3’eanyors Bepimau (1) 1 (2), mamexars pisaum kpusuMm. 2) IBa pebpa, mio
3’eanytors Bepmmam (1) i (2), nanexars oaniit kpusiit; Posriusimemo nepumit Bu-
naznok. B miarpami 1 gipku (1) i (3) 3’enmani pebpom. Bisememo Bepmmny (3) i
nporarueMo i1 depe3 Aipky (1), Buiize BoHa uepe3 BepiiuHy (2), TAKUM YUHOM
KiJIbKICTh TOYOK MEPETHHY MEpHU/IiaHiB 3MEHIUThca Ha 1, i Tpad 1 mepeiime y
13. ¥V apyromy Buuajky, sikiio pebpo upoiize kpisb Jipky (1), 1 Buiige uepes
(2), To orpumaemo miarpamy 15. s rpada 2 takok MOXKJIMBI Taki BUNAIKA
po3TalyBaHHs KpuBuX: 1) b — 1e nepiua KpuBa, a,c,¢ HAJIeXKaTh JI0 APyrol Kpu-
BOI; 2) b,c — mepina Kpusa, a,e — JIpyra 3) ¢ — Tepiia Kpusa, a,b,e — Apyra
ko b — okpema Kpusa, 10 Bepiuuna (3) Bxouurs y Bepuiuny (1), Buxoaurh i3
(2) i nepexomuth y rpad 13. Y apyromy Bumajiky IpU TAKOMY PYCi OTPUMAEMO
rpad 15. dkmo a,b,e HajexkaTh OnHINM KpuBiit, TO Mu nepeiinemo y rpad 16. Y
miarpami 3 mporaryoun sepriuHy (3) Kpisk (1), Buiimemo 3 (2), rpad nepeiize y
14. Takox BepimHa (4) mae cuinbuy ayry 3 (1). dkmo mu Gyaemo pyxaru (4)
kpizb (1), Buitmemo 3 (2), orpumaemo giarpamy 13. B miarpami 5 sepruuny (1)
OyZieMo mpoTATyBaTH Kpish (3), Buiimemo 3 (4), orpumaemo 17, TakoK BepIIuHU
(2),(3) 3’emnani myroro, onepaniero kos3aHus nepeigemo g0 13. Y 8 (1) i (3)
3’eaHaHi ayrowo, kop3awouu, sepiuna (1) suiize 3 (4), niarpama neperBOpUTHCs
Ha 9. Jua giarpamu 10 moxksusi Bunagku: 1) /Isa pebpa mixk Bepmmaamu (1) i
(2) manexars pisuum kpusuM. 2) JIBa pebpa mix sepmunavu (1) i (2) — e onna
kpusa; Bepumnu (1) i (4) 3’eqnani ayroro, y Bunaaky 1) upu kos3auni orpu-
maemo 14, y apyromy 15. B miarpami 11 moxkiinBe Take pO3TaIllyBaHHS KPUBUX:
a) b — okpema kKpuBa; 6) ¢ — OKpeMa KpuBa; B) b 1 ¢ Hasexkarh oxHiil Kpusiii.
VY Bunazaky a) npu ko3amui sepmman (3) mo (2) mepeiimemo 10 14, y 6) mo 18,

y B) 10 15

B nmiarpamax 13, 16 sepmuunu (1),(3) 3’c¢anani pebpom. Bepmuny (3) mpoTs-
ryemo Kpisb (1), Buxonumo i3 (2) i nepexoaumo no piarpamu 20. Y giarpam 14,
18 Bepumnnm (1) i (4) 3’eauani pebpom, Bepimna (4) pyxaoducs Kisb (1), Buiige
3 (2), B pesyabrari orpumaemo 20. Y 17 sepunu (2) i (3) MaioTh crinbhe pedpo,

pyxaemo (2) kpisb (3) Buiizemo vyepes (4), i nepeiigemo 10 20. Y 19 Bepumnn (3)
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i (4) 3’ennani gBOoMa pebpamu. SIKO BOHM 3 Pi3HUX KpUBHUX, TO nporaryoun (1)
Kpisb (4), siki MaroThb ciinbae pebpo, orpumaemo 17, sakuio (3),(4) — oaua Kpu-
Ba, To Maemo 15. ¥V miarpamax 14, 18 Bepmmnuu (1) i (4) marorh coiibHy ayry,
OTEpAIli€l0 KOB3aHHS y 000X BUIAIKAX KIJIBKICTh TOYOK TEPETHHY MEpHUIiaHiB
3MEHIINTHCS 3 TPHOX J0 BOX 1 orpumaemo 20. B 21-iit giarpami sepmmnn (1) i
(2) 3’ennani gBoMa myramu, fKi 00X04ATh BepiiuHy (4), BOHM MOXKYTb HAJIEXKATU
oznmiit abo pizaum KpusuM: 1) Bl Ayru ¢ — nepiua Kpusa, a, € — Apyra, 2) ogHa
JIyra ¢ — Heplla KpuBa, a, e 1 iHIa ayra ¢ — Apyra KpuBa. ¥ TEpIOMY BUIAIKY
aipka (3) npoiimosmm kpi3k Beprmuy (1) nepeiine y rpad 15, y apyromy —
y 16. Tloxnibua curyauis jms Ne22) ¢ cknagaerbes 3 aBox ayr: 1) aei ayru ¢ —
nepina Kpusa, f, d — apyra, 2) oaHa ayra ¢ — nepiia Kpusa, f, d ta inma myra
¢ — Jpyra KpuBa. Y TEpUIOMY BUMAIKY AipKa (3) MpoHIoBIM Kpi3h BepIIuHy

(1) uepeiine y rpad 15, y apyromy — y 18. Teopemy moseseno.

BucHoBkn

B pobori amst mocmimkenns gedopmariiii BEKTOPHAX MOJIB HA TPUBUMIPHAX
MHOTOBHU/IAX BUKOPHUCTAHO JiarpaMu Xeropa poiy JBa, B AKUX KiJTbKICTb TOYOK
nepeTuHy MepuIiaHiB He nepesulilye 4, onmucani ekpiBajgenTHi miarpavmu. Koxna
nedopmariisa 3aJa€ThCsA MOCIIOBHICTIO, OMUCAHOI0 B TeopeMmi 2. Byno 6 mika-
BO y3araJbHATHU OTPUMAaHI Pe3yJbTaTH JJId JiarpaMm Xeropa poxay 3. Mu takox
CIIO/TIBAEMOCH, 110 PE3YABTATH 1€l pOOOTH OYAyTh BUKOPUCTAHI JJIsT JOCJIIIKEH-

s gedopmariit GyHKINH HA TPUBUMIPHAX MHOTOBHIAX.

Jlireparypa

1. Marsees C.B., ®omenko A.T. AjuropurMuydecKkue u KOMIBIOTEPHbBIE METOABI B TPEXMEPHON
Tonosorun. M3garensctBo MockoBckoro yuuBepcurera, 1991, 301c.

2. Matveev S.V. Algorithmic Topology and Classification of 3-Manifolds. Second Edition /
Springer, 2007. - 492p.

3. Maksimenko S.I. Homotopic types of right stabilizers and orbits of smooth functions on
surfaces / Ukrainian Mathematical Journal, vol. 64, no. 9, 2012. - p.1186-1203

4. Mpumask A.O. Bekropusie mosiss Mopca-Cumeiina 6€3 3aMKHYTHIX TPAEKTOPUN HA TpPEXMep-
HBIX MHOroo6pas3usx // Mar. 3amerku, Tom 71, Boim. 2, 2002.-¢.254-260

5. pumaak A.O. Tonosormdeckast SKBHBAJIEHTHOCTE (DYHKINH U BEKTOPHBIX moJjeir Mopca-
CwMeiina Ha TpexMepHBIX MHOT0OOpasusax // Ilpani ykp. Mat. Kourpecy, 2001. — Kuis: 2003.
- ¢.29-38

6. Ilpaconos B.B., Cocunckuit A.B. V3isl, 3anenenns u TpexMepHble MHOroo6pasus // M:.
MITHMO, 1997, - 352c.

7. Ipumsak O.0O. Teopia Mopca. Kuis, 2002. - 65c.

8. Hass J. Genus Two Heegaard Splittings: Proc. of the Amer. Math. Society. - 1992. - Vol.114,
Ne2. - p.565-570.

9. Cattabrica M., Mulazzani M., Vesnin A. Complexity, Heegaard diagrams and generalized
dunwoody manifolds. Bologna, Univ.of Bologna, 2008. - p.2-15



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41573
22 I.M. Isanwoxk, O.0. Ipumiax

I.M. IBanurok, O.0O. ITpurmisak
Kuiscokuit nanionanbuwuit yaisepcurer imeni Tapaca [llesuenka, Kuis, Ykpaina.

E-mail: ivanna.ivanyuk@gmail.com, prishlyak@yahoo.com

Ivanna M. Ivanyuk, Alexandr O.Ptishlyak

The topological structure deformation functions of three-

dimensional manifolds of genus 2

We consider the deformation of polar Morse-Smale vector fields without
closed orbit on closed 3-manifolds. Heegaard diagram are building by the field.
We describe diagram transformation corresponded to deformation of field. We
conside Heegaard diarams of genus 2, which have four and less points of
intersection between meridians. The situation that the vertices have a simple
loop are investigated. All possible transformations of diagram was discribing,
using the operations of sliding, pulling loops, permutations of the vertices. Thus

we find all nonhomeomorphic diagrams and all possible transformations of it.
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IIpo po3B’sa3ku marpuunoro piBHaHHa X Ay = A; i3
3aJIaHNMHI XapPaKTEePUCTUIHUMYU MHOTOYJIEHAMU

B. M. Ilpokin

Awnorania JlocmmKyeTbcsd CTPYKTypa pO3B’s3KiB MATPUIHOIO PIiBHAHHSA
XAy = Ay, ne Ap i Ay — (n x m)-marpuni wazx momem F, X — Hesimoma
(n x n)-marpuna. Hexait d(\) = A" + diA" "t + -+ +d, 1\ +d, € F\] -
yHITaIbHUIT MHOTOYJIeH cremneHsi n. B crarTi BcraHOB/IEHO yMOBH, 338 AKUX JJIs

piBusung X Ag = A; icHye pO3B’s30K i3 XapaKTePUCTUIHUM MHOrOWIEHOM d(N).

KurrouoBi cioBa Martpuune jiHifiHe piBHSIHHS, XapAKTEPUCTUIHUN MHOTOUWICH

VK 512.643.4

Beryn

Hexaii F — nosne. Beegemo nacrynui nosnavennsi: My, , (F) ra M, ., (F[A]) — muO-
kunU (n X m) marpunp zHas noiem F ra kigbuem muorowienis F[A] Bianosiguo;
I,, — omunmana (n x n)-marpuns; 0, , — Hyab0Ba (n X k)-marpurs. Hazami gepes
d(:) (\) mozHauaTuMeMo HAROGLIBITHIA CIIIbHUI JUIBHUK (H.C..) MIHODIB k-TO MO~
panky marpuni A(A) € M, . (F[A]), ne k = 1,2,...,min{n,m}. dxmo B(\) €
M, (F[A]) — HEOCOGMMBA MaTpHIld, TO Yepe3 B*(\) nosHagarumemo (KIacHIHY)
npueaHany 10 Hei Marpuio, Tooro B*(A)B(\) = B(A)B*(\) = I,, det B(\).

Posrngaremo marpudne piBHAHHS

XAy = A, (1)
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e Ao, A1 € My, ., (F) 1 X meBinoma (n x n)-marpuns. Bizomo [1], mo piBusanms

(1) nan nonem F poss’sizue Toxi i Tinbku Toxi, KoK

rank Ay = rank Ao . (2)
Ay

Hespaxkaouu na e, 1o ymosa (2) po3s’s3nocri pisusung (1) € gocurs upo-
cTOt0, 6araTo aBTOPIB MOCIMKYBAJIH 3334y PO iCHYBAHHS PO3B’S3KiB IIHOTO
pIBHSIHHSA, sKI HasexXkaTh 10 HeBHHUX KiaciB. Tak B poborax [2]—[4] mociimxy-
BAJINCh YMOBH, 33 AKUX Ijis pisHsauusa (1) Ham mojgeM mifiCHUX YuCen iCHYIOTH
cuMerpudHi po3s’a3ku. JlasbHimmn [OCTIKEHHs IOMIYKY yMOB, 3a SAKHAX JIJIs
piBugung (1) Han nosem gificaux ab0 KOMILIEKCHUX YHUCEJ 1CHYIOTH JOAATHBO
(abo Bix’eMHO) BU3HAYEH], KOCOCUMETPUYHI, yHITAPHI, epMiTOBI, pediekcuBHi Ta
*KOHTpyeHTHI PO3B’sI3KH, HaBeAeH] B podorax [5]—[10].

3 orisi/ly HA CKAa3aHe BUINE, 3AKOHOMIDHO BUHUKA€E HACTYNHA 3ajada. Hexait
piBusaEa XAy = Ai, me Ao, A1 € M, n(F), cymicue. Hexait, nami, d(\) =
At +di AV 4 d, 1 A +d,, € F[\] - yHiTamsRi MEOTOYIEH cTenens n. Bkasa-
TH YMOBH, 32 AKuX Jist piBuanns X Ag = A; icuye po3s’s3oxk Xg = D € M, ,,(F)
i3 3aganuM xapakrepucTudHuM MHOrodieHom d(A), robro det(l,A — D) = d()).
SIKIMO K TaKwil pO3B 30K iCHY€, TO 3APOIIOHYBATH METOT fiOT0 3HAXOKeHHs. B
JaHiit cTaTTi BCTAHOBIEHO YMOBH, 3 SKUX JJIsi CyMicHOTO piBHsAHHS X Ag = A
icuye pose’sizok Xy = D i3 3a7aHUM XapaKTepUCTHYHUM MHOrousgeHoM d(N).
Kpim 115010, BKa3aHO KJIAC CYMICHHX MATPUYHUX PiBHAHBL HAJ mojeM I, ki ma-

I0Th PO3B’d30K i3 KOKHUM yHiTasibuuM MHOrowienom d(\) € F[A] crenens n.

1 . JomomixkHi pe3yJibTaTn

Marpuanomy pisusamio XAy = Ay, ne Ao, A1 € M, (F), mocraBumo y Biz-
nosiamicts Marpuumy B'si3ky A(N) = Agh — A1 € M, ., (F[\]). OueBusmo,
mo pisusnaa X Ao = A; poss’asse Toai i TiNbKKM TOAI, KOJIHM g MaTpud-
HOl B’a3ku A()) icuye 306pazkenus y surssiai po0oytky A(N) = (InA — D) Ay,
ae D € M, ,(F). Temep marpuumiit 8’s3mi A(\) Ta yHITaILHOMY MHOTOWIEHY
dA) = A"+ dy A"+ -+ d_1 )+ d,, € Flz] cTenens n nmoctaBuMo y BifMOBiI-

HICTH MaTPUILL
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N(A,d) = [AOdl + Ay Aodg . Aodn,1 AOdnj| .

Marpuri M (A) i N(A,d) eumipaocti n(n — 1) X mn ta n X mn BiAmosigHo.
Josenemo, mo i3 po3s’a3nocti piBuaans X Ag = Ay BummsBae po3s’a3HICTD

piBuguna ZM(A) = N(A,d).

JIema 1 . Hezati mampuysa D € M, ,(F) 3 zapaxmepucmuunum mro204ieHoM
det(I,A—D) =d(\) = N+ dy \" "+ -+ d,, — pose’asox pienanna X Ag = As,
de Ay, Ay € My, o (F). Hezati, dani,

B\) = LA 4+ BN 2 4 B\ o 4+ By oA+ B,y € M, (Fla))
— 83aemua mampuus oan mampuyi I, — D. Todi mampuus
Zo=|Bi By ... Bus B
€ pose’askom pienanna ZM(A) = N(A,d).

[Hosedenns . Hexait marpurs D € M, ,,(F) i3 xapaKTepHCTUIHIM MHOIOUICHOM
det(I,A — D) = d(\) € po3s’azkom piBusinua X Ay = Aj, 106ro DAy = Aj;.
Orxe, marpuuna B’a3ka A(\) = Ao\ — Ay nonyckae 300parkeHHs y BUIJIsiI
OOy TKY

A(N) = (I,A — D) Ao. (3)
Hexait, nani, B(A) = I,A""! 4+ BiN""2 + -+ 4+ By oA + By_1 € M, ,(F[\])
— mpueaHaHa Marpuia aas Marpuii I, A — D. [ToMHOXUBIM 0OMABI YaCTUHU

pisrocri (3) 3niBa Ha B(\) 3100yBaemo

Bukonapmmu MHOXKeHHsT B 000X 9aCTHHAX OCTAHHBOI PIBHOCTI Ta MPUPIBHIBIIN
KOeiTli€HTHN IPU OJUHAKOBUX CTEIeHs \ B JIiBiit Ta MpaBiil 9acTHHAX, OTPUMYEMO

cUCTeMy piBHOCTeM
B A = d1Ag+ Ay,
ByAy — BiA1 = dyAy,
B,_1Ay — Bp_2A1 = dn_14o,

- Bn—lAl = dnAO~

3BiicH BUILTUBAE, IO MATPHUIT Lo = [Bl Bs ... B2 Bn_l} 3a7I0BOJIBHSIE PiB-
HicTs ZgM (A) = N(A,d). Orke, piBustaus ZM (A) = N (A, d) po3p’s3ue. Jlemy

JOBEJIEHO.
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Temep BCTAHOBUMO 3B’si30K Mixk pose’si3uicTio piHsHHA ZM(A) = N(A,d)
Ta MarpuiHOKO B'a3k0i0 A(X) = Agh — A1 € M, ,(F[)]), axa nocrasnena y

BiANOBiAHICTL MaTpudIHOMY piBHsSHHIO X Ag = A7.

Jlema 2 . Hexati d(\) = A" + i\ L+ +dp 1)+ dp, € F[\] i mampuya
Zo=|Bi By ... Bus Buil,

de Bj € M, ,(F); j=1,2,...,n—1; — poss’azox pienannua ZM(A) = N(A,d).

Todi das mampuunoi 6’asku A(X) = Ao\ — A1 ma mHozousentoi mampuuyi
B(A) = LA" 4+ BIAN" 2+ BoA" 4 -+ By oA+ By
sukonyemoca cnissidnowenns B(A)A(N) = d(A)Ap.

Josedenns . Pisuicts ZoM(A) = N(A, d) pasom 3 ToroxuicTio Ag = Ag pisHo-

CUJIbHA CUCTeMi piBHOCTEN

AO = A07
BlAO — A1 = d1A07
BsAy  — BiA1 = daAo, (4)

— Bn—lAl = dnAO

[MomuOXKmBIIE 06MIBI JacTHHN k-ro piBHARHA i3 (4) Ha A" 7% k=0,1,...,n; Ta

CKJIABIIN TP ITHOMY JIiBi Ta TPaBi YaCTUHU OTPUMYEMO

A" + (B1Ag + AN + (ByAg — BiA)A 2 4 ...
+ (Bp—140 — Bp_2A1)A — B,_1A; =
A"+ d NP A2 dp i N+ d) Ay
3 mamoi piBrOCTI 3100yBagmMo, mo s MarpuaHOl B'ssku A(A) = Agh — A

ta MuEOTOUNeHHOl Marpuri B(\) = L,A""' + BA" 2 + ... + B, o\ + B,
BUKOHY€ThCs criBBimHOmeHHst B(A)A(N) = d(\)Ag. Jlemy moBeeHO.
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2 . OcHoBHI pe3yJsibTaTn

Hexaii marpuune piBasnus X Ay = A; cymicue (X — HeBizmoMa n X n Marpuis).
HeBaxkko nepekoHaTHCh B TOMY (AuB. IpUKJIaZ 1), M0 He JJisd KOXKHOTO yHITAb-
noro muorounena d(A) = A" + diA""! + ... + d,, A1 HBOTO PIBHAHHSA icHYeE
Po38’430K i3 xapakrepucruanum MHOrodaeHom d(A). B uiit yacruni BcranoBumo
YMOBH, 3a AKUX JJis piBHsaHHg X Ag = A icaye poss’sizok Xo = D i3 3amanum

XapaKTepUCTUIHUM MHOrowIeHOM d(\).

Teopema 1 . Hezali daa pisnanna X Ag = Ay, de Ay, A1 € M, ,(F),

A
rank Ay = rank [ Ol =n-1. (5)

1

Hrxwo dff_l)()\) =1, mo daa pienanna X Ay = A1 ichye poss’asox Xog = D €
M, o (F) i3 zapaxmepucmuunum mmozouaenom d(N) = N + di A"~ + - 4+ d,

modi i miavku modi, KoAu

M(A)

rank M (A) = rank
N(A,d)

Ipu yvomy wykaenut pose’asox Xg = D 00n03HawHO 8U3HAUWAEMDCA 3A0GHUM

mHozousernom d(N).

Josedenns . Heobrionicms. Tak sk Bukomyerbcs ymoBa (5), TO DiBHAHHSA
X Ay = Aq poss’sasue. Hexait marpung Xg = D i3 xapaKTepUCTUYHUM MHOIOYJIE-
HOM d(\) po3B’st30K 1poro piBHsiHHA. Ha mifgcrasi jgemu 1 piBasauaa ZM(A) =
N(A,d) po3s’asue, 0 i JOBOAUTL HEOOXITHICTS.

ZLlocmamnicme. Hexait marpuna Zg = [Bl By ... B, }, ne B; €
Mpn(F); j =1,2,...,n —1; — po3s’s30k piBuauua ZM(A) = N(A,d). 3rizn-
HO JjieMu 2 g MaTpudnoi B'a3ku A(\) = Ag\ — A; Ta MHOrOUYJIEHHOI MATPHUIL
B(\) = L A"+ BiA""2 4+ BoA" 3 + ... + B,,_1 BUKOHYEThCs CiBBiHOMICHHS

BO)A(N) = d(\) Ay, (6)

Bpaxosytoun pisaicts (5) orpumyemo rank A(\) = n — 1. Tak sk dff_l)()\) =
1, To ansg marpuunol B’si3ku A(A) icayrors marpuni U(M), V(A) € GL(n,F[A])
raki, mo A(\) = U(A) diag(1,...,1,0)V(\). Ha mincrasi mporo 3 piszocTi (6)
OTPUMYEMO

B\U(N) diag (1,...,1,0) = d(A\) AV 1 (N).

3Bigcu BUnIIMBaE

B\U(N) = W()) diag (d(N), . .., d()), 1). (7)
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Ockinbku degdet B(A) =n(n—1) 1 U(X) € GL(n,F[}\]), T0 nepeiimosmmu 10
BU3HAYHUKIB B 060X wacTunax pismocti (7), 3mobysaemo det B(A) = d"~1(\) i
W € GL(n,F[)\]). Otxe, nna marpuri G(\) = diag (1,...,1,d(A\))W~1()\) mae
MicIle CITiBBiTHOITIEHHS

BNUMNG() = Ld(\). (8)
Tak sk deg B(A) =n — 11 degb(\) = n, To 3 piBHOCTI (8) BHILINBAE, 110
UNGA) =I,A-De€ Mn,n(F[)‘]) 9)

— Marpu4Ha B'st3Ka 3 BusHagaukoM det(I, A — D) = d()\). BpaxoBywoun criBsiz-

Houwennst (8) pisuicrs (6) nepenuinemo rax

=
=
P
=
I
g
£
=
=
Q
=
e
I

B\ (In\ — D) A,.

3Bigcn 3mobyBaemo, mo st marpuunol B'siskm A()\) icHye 300paskerHs y
Buriisiai 100ytky A(A) = (InA—D) Ao, ne D € M, ,(F) — marpunsg 3 xapakrepu-
cruuruM muOrowieHoM d(A). Orke, marpuns D € po3s’s3kom pisasuas X Ag =
A;. Kpim nporo, wa migcrasi pisaocti (8) orpumyemo B(N)(InA — D) = I,d(N).
3Bigu 3100yBaemo, mo D = By — I,d;.

Hosememo, 110 myKauuii po3s’sa30k Xo = D 0IHO3HAYHO BU3HAYEHUH MHOTO-
wyieroM d(\). BpaxoBytoun ymMoBy (5) mpHILyCTHMO, 10 AJist piBHsAHHA X Ag = A
icHye€ ImIe OIMH PO3B’ 30K D e M,,(FF) i3 xapakTepucTHIHUM MHOTOUIEHOM d(\),

AKUHA BiAMIHHUI Bif MOmEpeaInbpOro, ToOTO D # D. Toui
A(N) = (I,A — D)Ag = (I,A — D) A.

Tak ax A(N\) = U(X) diag(1,...,1,0)V (), ne U(N),V(X) € GL(n,F[}]), To na

nigcrasi pisrocti (9) 3106yBaemo
IA—D=U(\ diag (1,...,1,d(\))W1(A) =
U(\) diag (1, ..., 1, d )W (NW LN W (N) =
(InA = D)Q(N),

ne Wi(\) € GL(n,F[N]) i Q(\) = W=L(A\)W1()). 3siacu sunsusae, mo pisHicTb
I —D = (InA — D)Q(N) moxkmmusa aute ipu Q(A) = I,.

Orxe, marpuna D € M, ,(F), saxa e po3s’askom pisusuusa X Ay = A;, ox-
HO3HAYHO BU3HAMEHA CBOIM XapakrepucTuaauM MHOrowieHoM d(A). OmrogacHo
3100yBaemo, mo piBuauua ZM(A) = N(A,d) mae eauumii po3B’a30K, TOOTO
M(A)

rank M (A) = rank
N(A,d)

= n(n — 1). Teopemy I0BezIEHO.
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3ayBaskuMO, 1[0 i3 JTOBEIEHHS JOCTATHOCTI TeopeMu 1 OTPUMYEMO METOT IMO-
OyznoBu po3B’s3Ky piBHsaAHHSA X Ag = A; i3 3aJaHUM XapaKTE€PUCTUIHUM MHOLO-

49JIeHOM, AKuil Oy yeMo 3a po3s’sa3koM piBasuHa ZM(A) = N (A, d).
Teopema 2 . Hezali dan pienanna X Ay = Ay, de Ay, A1 € My, o (F),

Ao

rank Ay = rank [ =n-—1 (10)

1

Axwo dasn mampuunot 6’asxu A(N) = Aph — Ay n.c.d. minopie (n — 1)—z0

—1 .
nopAIKY dff )(A) =1, Mo 0as KOHCHO20 YHIMAALHO20 MHO20UNEHA

dA) =N +d A" -+ d, € F[)

ona pienanna XAy = Ay icnye posé’asox Xo = D € M, ,(F) i3 zapaxme-
pucmusnum mrozouaenom d(N). Hpu yvomy mampuus D mmozounenom d(N)

6U3HAYEHA 00HO3HAYHO.

Josedenns . Ha nincrasi piBuocti (10) marpuune pisuanus X Ag = A; pos-

B’si3ne. Hexait marpuus Xg = D € M, ,,(F) i3 xapakrepucTuinum MHOrowIe-
noM det(I[,A— D) = d(A) = N +d; A" "1 +- - +d,, € pO3B’I3KOM IBOrO PiBHAHHS.
Orxe, A(X) = Agh— Ay = (In\— D) Ag. Tak 5K d%_l)()\) = 1, To 3rigHO TEOpe-
mu 1 Mmarpuns D XapakKTepUCTUIHAM MHOTOWIEHOM d()\) BUBHAYEHA OJHOZHAYHO.
Kpim nporo

M(A)
N(A,d)

Ockinpku rank Ag = n — 1, To mas Ag icaye marpuus T € GL(n,F) raxa,

rank M (A) = rank =n(n—1).

mo AgT = [ Ao On 1 } i (¢} Ap € M, n—1(F). Ha nigcrasi mporo 3m00yBaemMo
AT = (Iy) — D)A)T = (I,\ — D) [ Ao Ops } -
{Zo On,l]A* {Zl On,l} = [/Nl(m) On,l} )
e Ay = DAy € M, n—1(F). Orxe, marpung D € M, ,(F) — po3s’s3ok

piusuas XAy = A;. Tax sk dxkl)()\) = 1, TO Ay MATpUYHOI B’SA3KH

A(N\) € My, ,,_1(F[)])) Buxonyerscs d(;_l)()\) = 1. 3riguo Teopemu 1 ta Ha-
caiaky 1
M(A)

rank M (A) = rank ~
N(A,d)

=n(n—1).

Tak sx M (A) kBazparsa (n — 1)n X (n — 1)n-MaTpuis, T0 3 OCTAHHBOI PIBHOCTI

suisae, wo M(A) — neocobiuBa MaTpulst.
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Takum uwnHOM, piBHsiHHS ZM(A) = N (Z, d) po3B’s3He IJIs ITOBLIBHOTO
yHnitanbaoro muorodiesa d(\) crenenst n. Ockinbku Mmarpuuni piBasuusg X Ag =
Al XA = A, piBHOCHIbHI, TO Marpuune ZM(A) = N(A,d) poss’sa3ue mis
JOBLIBHOTO yHiTaNbHOrO MHOrOWIeHa d(A) crenens n. Ha migcrasi Teopevu 1,
po3B’si30k Xog = D piBasinns X Ag = A1 OIHO3HAYHO BU3HAYAETHCA XapPaKTEPH-

cruunum Muorowiesom d(A) = det(I,A — D). Teopemy noBeieHo.

Posrnsgaemo marpuyHe piBHSIHHS
X Ao = A, (11)

e Ao, Ay € M, ,,—1(F). PiBusnua (11) poss’s3ue Toai i Tinbku Toxi, Konu pos-

B’a3He piBHAHHT X {AO On,1 } = [Al On1 ] I3 Teopemn 1 orpumyemo.

Hacainok 1 . Hezati dasa mampuunoi 6 ’asku A(N) = Agh— Ay € M, 1 (F[A])
H.c.d. minopie (n — 1)—20 nopadky d(ffl)()\) = 1. dxwo rank Ag = n — 1, mo

0N KOHCHOZ0 ym’mammoeo MHO20MNEHA
dA) = A"+ d N\t dy A+ d, € T

ona pisnanna XAy = Ay icnye posé’asox Xo = D € M, ,(F) i3 zapaxme-
pucmusnum mrozovaenom d(N). Hpu yoomy mampuuys D mmnozownenom d(N)

6U3HAYEHA 00HO3HAYHO.

Hacuainok 2 . Hezatd das mampuwnoi 6 'asku A(N) = Aok — A1 € M, . (F[A]),
m > n, n.c.0. minopie (n — 1)—zo nopsadxy d%_l)()\) = 1. fdxwo rank Ay =

Ao
rank l =n—1, Mo 04n KOAHCHO20 YHIMANLHOZO MHOZOUAEHE
1

dA) = N"+ A"+ o+ dy A+ dy, € F[

daa pienanna XAy = Ay icnye pose’asox Xo = D € M, »(F) i3 zapaxmepu-
cmushum mrnozowaenom d(X). Ipu yvomy wykanud poss’ssox D zapaxmepu-

cmushum mrozouaenom d(N) eusnavenuti 00H03HAUHO.

Ao

Jlosedenns . Tak sk rank Ag = rank [
1

1 =n — 1, ro qusa marpunpb Ag, A1 €

My (F) icaye marpung W € GL(m,F) Taka, 1o

Ao
Aq

AW = [Zo on,m,n} i

AO On,m—n+1
i )
Al On,mfnJrl
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ze go,gl € My, n—1(F). OueBrano, mo d(gnfl)(/\) =1, me A(/\) = A\ — A, €
M, n—1(F[A]). Ha nixcrasi nacainky 1, ayist KOKHOrO yHITaJbHOIO MHOIOYJIEHA
d(X) = A"+ dy A"t + -+ d,, € F]A] qna pisusmns XAy = A icuye poss’s-
30k Xg = D € M, ,(F) i3 xapakrepuctuannm muorowienoMm d(A). Ilpu mnpo-
My Marpuns D muorousnesnoMm d(\) BusHadeHa ofHO3HAYHO. OCKIIBbKY DIBHSIHHS

XAy =A;1 XAy = A, piBHOCW/IbHI, TO HACIIIOK JIOBEIEHO.

3 . ITpukaaamn

Hexaii F = Q — noJie paujonaibHux dmcesi. PO3ryigsHEMO HACTYIHI HPUKJIAIM.

11
IIpukaan 1 . Hexati Ag = A; = ) 1] € M32(Q). Ouesudno, wo pienanmnsa

XAg = Ay posé’asue nad nosem Q. Ioxaosicemo, wo 0aa 0aHO20 DIBHAHHA He
icnye po3e’asky 3 Tapaxmepucmuurum mrozouserom d(N) = A2 + 2\ + 1. ITpu-
nycmumo, wo mampuya Xo = D € My 2(Q) i3 3adanum Tapamepucmuunum

mHo20unenom d(N) € po36°a3koMm Ub020 pieHaANHA. 32i0H0 aemu 1 0as MAMPUY-

11 11
noi 6’asku A(N) = L ) A— L 1] ma mrozouaena d(\) pienanna ZM(A) =
11-1-1
N(A,d) poss’asne. Ouesudno, wo rank M(A) = rank L 111 = 1. Ilpo-
11-1-1
M(A 11-1-1
me rank (4) = rank = 2. Tax ax pienanna ZM(A) =
N(A,d) 33 1 1
33 1 1

N(A,d) necymicne, mo das pienanns X Ag = A1 ne icnye pose’asky Xo = D 3

Tapaxmepucmunrum mrozouserom d(N) = A2 + 2\ + 1.

110
Ilpukaan 2 . Pozzasnemo mampuywne piehanna X Ag = A1, de Ag= (000
011
231 4
1 Ay = | 121 . Jleexo nepesipumu, wo rank Ag = rank [ 0] =214 0daa
121 !

mampuunoi 6’asku A(X) = Agh — A1 € M3 3(Q[A]) n.c.d. minopie 2—20 no-
padky df)()\) = 1. Omoice, 0ra KOMHCHO20 YHIMANDHOZ20 MHO20MAEHE MPEMBO20
cmenens d(A) € Q[N daa pienanna X Ag = Ay ichye poss’asox i3 capaxmepu-

emuunum mrozousernom d(N).
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Bxaotcemo p036’ﬂ307€? Uvozo piBHﬂHH.ﬂ 13 rapaxmepucmuTHum MHO20YNEHOM

d(\) = \3. Tenep nobydyemo mampuui

(110 —2-3-1 0
000 —1-2-1 0
001 -1-2-1 0
000 1 1 0 -2-3-1
000 0 0 0 —1-2-1

(000 0 1 1 -1-2-1 |

o O O
o o O

Aoy — A1 033

M(A) =
033 A9 —4

231000000
NMJ%:L%@+A1AMQAM3}=121mm000
121000000

2-51 0-22
Mampuys Zy = [1-31 0-11| = [Bl BQ] — P038°A30K PIBHAHHA
1-31 0-11
ZM(A) = N(A,d).
2-51
Tax ax By —D = Isdy, mo D = By —1Isdy = |1 -3 1| — wyxanut po3e’a3ox
1-31

pienanma i3 apaxmepucmudnum muozouserom d(X) = A3,

Hapani C — mosne koMIiekcHUX gucena. 3700yTi pe3yabrard MOXKYTh OyTH
BUKODPUCTAHI TP PO3B’A3yBaHHI CHCTEM JIHIWHUX AudepeHIiaaibHuX PiBHIHD 31
cramuMu kKoedinienTamMu. B mpoMy 3B’S3Ky PO3TJISHEMO CUCTEMY JIHIHHUX IU-
depeHIiaTbHAX PiBHIHD

dY (t)

A = Y (1A (12)

e Ao, Ay € M, (C)iY (t) = [yl () y2(t) ... yn(t)} — HEBiIOMUIT BEKTOP-PATOK
Big 3minnol t. QueBmano, sxkmo piBusaaa XAy = A; po3s’si3ne, TO cucre-
Ma Jiniliaux audepeniianbaux pisugaub (12) tex poss’ssua. Hexaii marpuns
D € M, ,(C) — poss’s3ok piusauus XAy = A;. Tenep cucremy nimifinux nu-
depenmianbaux piBagab (12) 3amumemo y BUTIAIL (%t(t) — Y(t)D) Ay = 0.

. . Y(t ;
OckinbKY piBHSIHHS d di ) = Y (t)D po3w’si3He, TO PO3B’SI3KM CHCTEMU DIBHSTHb

(12) Mmu MoxkeMO wiyKaTu 3 Hauepe] 3aganum ciuekrpom. Orke, pesysibraru 10-
MIEPEIHHOTO PO3ILTY MOXKYTh OyTH 3aCTOCOBAHI [I0 TOMIYKY PO3B’I3KiB cHCTEMHI
Jinitaux audepennianbuux piBasgub (12) 3 Hanepes 3aJaHUME XaPAKTEPUCTUY-

HUMU 3HAYEHHAI.
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V.M. Prokip
On solutions of the matrix equation XAy = A; with prescribed

characteristic polynomials

We investigate the structure of solutions of a matrix equation X Ay = A, where

Ay, Ay are n X m matrices over a field F and X is unknown n x n matrix. Let
d(A\) = A"+ di A"+ +d,,_1\+d,, € F[\] be a monic polynomial of degree n.
In this note we present the conditions under which for the equation X Ay = A;

there exists a solution Xy = D with the characteristic polynomial d(X).
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Correspondences of probability measures with re-
stricted marginals
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Abstract We derive the proof of continuity of the correspondence of probability
measures with restricted marginals from the property of bicommutativity in the

sense of E. Shchepin of probability measure functor.

Keywords probability measure, product, bicommutative functor

Mathematics Subject Classification (2010) 4B30, 54G60

1 Introduction

In [1] it is proved that the correspondence assigning to every probability mea-
sures on two coordinate spaces the set of probability measures on the product
is continuous. Earlier, a similar result was proved by Eifler [2] and Schief [6].
In this note we develop a different approach to this problem and apply some
known properties of probability measures in order to prove a more general re-
sult. Note that problems of this type arise in mathematical economy (see, e.g.,
introduction in [1]). Consider the income distributions at the time period & as
probability measures p on a space Y of possible incomes. Then any redistri-

bution policy can be interpreted as a probability measure, 7, on the product

Y x --- x Y such that the marginal distributions of 7 are p; and this leads
to the problem of welfare maximization for prescribed sequence u1, ..., u; and
dependence of this maximum on pq, ..., tg.

A part of this text circulated as a preprint of the second-named author (see
also the preprint [3]). In this note, we consider the problem not in full generality,

our aim is rather unveiling the basic idea, which consists in reducing the situation
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to the case of finite spaces. Remark that the methods used in this note are based
on general properties of functors in the category of compact Hausdorff spaces

and Shchepin’s theory of uncountable inverse spectra [7].

2 Preliminaries

By 1x we denote the identity map of X. Given a product [], X;, we denote by
m; its projection onto the ith coordinate.

Given a topological space X, denote by exp X its hyperspace, i.e., the set of
nonempty compact subsets in X endowed with the Vietoris topology. A base of

this topology consists of the sets of the form
(Uy,...,Up)={A€expX | AC U U;, ANU; # O for all 4},

where Uy, ...,U, are open subsets in X and n € N.

Given a compact-valued map (correspondence) F': X — Y, we regard it as a
(single-valued) map from X into exp Y. The continuity of the correspondence F
is equivalent to the continuity of f if we endow exp Y with the Vietoris topology.

Every continuous onto map f: X — Y determines the inverse map f~': Y —
exp X, y — f1(y). It is a well-known fact that f is open if and only if f~! is

continuous.

2.1 Inverse systems and bicommutative diagrams

A commutative diagram
X[ [dlyY [d]" Z[r], T (1)

is called bicommutative [5] if its characteristic map
x=(£9): X =2YxrZ={(y;2) €Y x Z | u(y) = v(2)}
is onto. The following lemma is proved by Shchepin [7].

Lemma 1 Suppose that in diagram (1) the spaces X,Y,Z T are compact, the
maps f,g,u,v are continuous and g,u are onto. If f is an open map, then so is

.

The necessary definitions and results concerning o-spectra (inverse systems) can
be found in [7]. Here we only recall that a morphism (f,)aca of an inverse
system S = {X,,pas; A} into an inverse system S’ = {X&,p;ﬁ;fl} is called

bicommutative if, for every o > [, the diagram

Xalrl[dlp,, X4 [d]P~> X[r] £, Xy
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is bicommutative.
In [7], it is proved that for any bicommutative morphism of o-spectra con-

sisting of open maps the limit map L fa): L mS — hm S’

2.2 Probability measures and bicommutative diagrams

By P we denote the probability measure functor in the category Comp of com-

pact Hausdorff spaces and continuous maps.

Lemma 2 For arbitrary maps f;: X; — X[, i=1,...,k, the diagram
P[] Xl mmﬂﬂ{WMHPMWWPmPHer% ,,,,, o TP

is bicommutative. We will use the fact that P is a bicommutative functor in the

sense that it preserves the class of bicommutative diagrams (see [6]).
Proof Given 7" € P([[ X/) and (u1,...,pr) € [ P(X}) such that

My xp (7)) = [T PUD (i) = (PR (), PUfi) ()

we proceed as follows.
For every j < k denote by D; the diagram

[Tx > X, foxty, o PTG s T Xrr]s, X
i<j i>j '
which is obviously bicommutative.

Since P(m)(7’) = P(f1)(p1), applying the functor P to the diagram D; we
find 71 € P(X7 x [[,»; X}) such that

1>1
P(mi)(ri) = p1, P(f1 < 1y, x)(1) = 7"

Consider natural [, 1 < [ < k, and suppose that, for every j < [, we
have defined 7, € P(Higj Xi x [lis; X{) such that P(m;)(r;) = p; and

P (fi x 117, X;) (15) = 7j—1. Note that

P(f) () =P(m)(r') = P(m) (P (£ x 111, x:) )
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Applying the functor P to the bicommutative diagram D; we conclude
that there exists 7, € P(HKIXi X [Lis X{) such that P(m)(m) =  and

P (Higz fi x 1ni>lxg> (1) = 7i-1.
It is easy to see that 7 = 75 has the following properties: Mx,  x,(7) =
(1, -, pr) and P (I] fi) = 7. This proves the bicommutativity of diagram (2).

3 Result

The following is the main result of this note.
Let X,..., Xy be a finite sequence of compact spaces. Then the multivalued

map assigning to every pq,. .., ug, where p; € P(X;), i =1,...,k, the set

M1y pe) = Mx,ox (1,5 ie) = {v € P(HXi) | P(m;) = pgy i =1,. ..

is continuous.

Proof Our proof consists of three steps.

1) Suppose that the spaces Xi,..., X}, are finite. Then the map Mx, . x,
is an affine surjective map of compact convex polyhedra. In order to prove that
every such map, say, f: A — B is open, it suffices to show that any point «
of A lies in the image of a selection of f. Denote by C the union of simplices
of the geometric boundary of B that do not contain the point f(a). For every
vertex c of a simplex in C let g(c) be an arbitrary point of f~!(c). Extend the
so-defined map g onto C' affinely onto every simplex of C'. Now, every point b in
B can be uniquely represented in the form tf(a) + (1 —t)c, where ¢ € C. Define
g(b) =ta+ (1 —t)g(c). We see that fg =1p and a € g(B).

2) Suppose now that the spaces X,..., X are zero-dimensional. Then, for
each i, there exists an inverse o-system S; = {X;q, Diag; A} consisting of finite
spaces and surjective maps such that X; = @16}, 1=1,... k.

By Lemma 2, the maps (Mx,_ .. x..)a form a bicommutative morphism of
the systems {P(][; Xia), P(I]; Piag); A} and {[[; P(Xia),[I; P(piag); A}. The
result of Shchepin mentioned above together with was proved in case 1) show
that the limit map of the morphism, namely, the map Mx, . x, is continuous.

3) Xy,..., Xy are arbitrary compact Hausdorff spaces. Then there exist maps
fi: Y = X, where Y; are compact Hausdorff zero-dimensional spaces. Conse-

quently applying Lemmas 1 and 2 we obtain the result.

ne can generalize the main result in different directions. First of all, the
products in Theorem 3 need not be finite. The proof requires transfinite induction

instead of finite one.
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Second, one can replace the probability measure functor by another functors
acting in the category Comp (see, e.g., the preprint [3]). Namely, consider the
functor ccP defined as follows. The space ccP(X) is the subspace in exp P(X)
consisting of convex sets; for a map f: X — Y, the map ccP(f): ccP(X) —
ccP(Y) acts by the formula ccP(f)(A) = P(f)(A), for A € ccP(X). The proof
that a counterpart of Theorem 3 holds also for the functor ccP consists in
establishing a counterpart of Lemma 2 for the functor ccP and finite spaces
X1,..., Xk Note that this approach leads to a proof which is simpler than that
in [3].

The second-named author considered the functor of idempotent measures
(Maslov measures) in the category Comp (see [8]). In [8], it is proved, in partic-
ular, that one cannot replace the probability measure functor by the idempotent
measure functor in Theorem 3.

A functor in the category Comp is said to be open-bicommutative if this
functor preserves the class of open-bicommutative diagrams, i.e., diagrams (1)
for which the characteristic maps are onto and open. A more general notion of

open multi-commutativity of functors is introduced in the preprint [4].
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Tomonornveckast Kinaccudukanus pyHknuii Mop-
ca poga 1 ma S°

A. B. Ceprerok

Annsoranmuas B mawHoll craThe paccMaTpHMBAETCS BOMPOC O TOMOJOTHYECKON
kiaccudukanusg ¢GpyHkmuit Mopca Ha TpexmepHO#l cdepe, BCe KPHUTHIECKHE
TOYKH KOTOPOH JIeyKaT HA PA3HBIX MOBEPXHOCTAX ypoBHs. Kiaccudukamnus mpo-
u3BOMTCH 110 oTHOMmeHuio K rpyrnne Diffo(S3) x Diffy (R) — rpymme coxpansiorux
opuenTarmio auddeomopduaMoB obacTeit ompeneaeHuss u 3HadeHuit. Onm-
caHbl cooTBercTByONMe opuenTupoBanbie rpadsl (rpadbr Kpoupona-Puba).
ITokazano, 4ro Ay yHKIW, KOMIOHEHTHI TIOBEPXHOCTEH YPOBHSI KOTOPBIX HE
CJIOJKHEE TOPA, OHU SABJIAIOTCS TOJHBIMA WHBApUaHTaMu. Bojee TOro, KazKIbIit
Takoit rpad Moxker ObITh peasm3oBaH dyHKIMEH poma 1, modromy st Oosee
CITOXKHBIX (DYHKIINH HA cdepe 3T OPUEHTUPOBAHLIE TPadbl y2KE HE PA3THIAIOT

WX TOMOJOTMYEeCKUHN THII.

KuaroueBsbie ciroBa dyukims Mopca - Tomoorngeckas KaacCupuKausa « TPex-

MepHas cdepa

VK 517.91

1 BBenenune

Bamadga o Tonosorndeckoil Knaccudukanuu dyskipit Mopca sBisgercs 4acTbio
obmmeit 3amaun 0 Kaaccupukanun audPepeHIupyeMbIX OTOOPaKeHnH MEK Iy
muoroobpaszusmu. Obrmee omnpenenenune, chopmynupoBanoe P. Tomom, 3Byunt

tak: jpa orobpaxenus f,g € CF(M,N) naswmsatorcs auddepennupyemo-
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SKBUBAJEHTHREIMI eci cymmecTByior CF-nuddeomopbusmer h: M — M u
k: N — N makue uro foh = kog, 0 < k < oco. AnamorudabiM 06pazom
9Ty 337a9y MOXKHO CPOPMYTHPOBATH KaK 33/a9y 00 ONMMCAHUNA OPOUT €CTECTBEH-
Horo neiicrus rpymmer JIu Diff® (M) x Diff*(N) ma muoroo6pazmu CF (M, N).
B caywae npocrpancTBa BemecTBeHHbIX raagknx dyuxumit C° (M, R) nmeercs
ero crparudukanus, upeiynoxentas u onucannas 2K.Cepdowm [6]. Crparom Fy
kopazmepHocTu () SBISIETCS MPOCTPAHCTBO (DYHKIHI C HEBBIPOK IEHBIMU KPUTH-
geckumu Toukamu (byuknuun Mopca), mpruueM HUKaKUe JBe KPUTHIECKUE TOIKI
HE JIEXKAT HA OJIHOM YPOBHE. DTOT CTPAT MMEET MHOI'O 3aMEYaTeIbHbIX CBOMCTB,
cum. [16]. @yukuuu u3 sroro crpara Mbl Oyuem Has3bBarh "dQyHKIUAMEU 00LIErO
mostoxkenusi". ECTeCTBEHHO HAYMHATH M3ydaTh TOMOJOTHYUECKYIO KJacCuduKa-
M0 UMEHHO C HUX, 33JaHHBIX HA KOHKPETHBIX MHOTOO0OPA3UIX, MPUYEeM WHOIIA,
B 3aBHCHMOCTH OT 33JIAHHOTO MHOIOOOpa3us, Pa3yMHBIM sIBJISIETCS OIDAHUYM-
Barb rpymy Diff* (M) x Diff*(R) o rpymmsr Diffg(M) x Diffg(R) — usoromnmbix

ToxkIecTBy nuddeomopdu3mos.

B.Apuonbnom Oblia u3ydeHa TOmojornueckas Kiaaccuduraims Gyukuit 06-
IIEro MOJIOZKeHMs Ha OKPYKHOCTH S' IIPH M30TONHBIX TOXKIeCTBY auddeomop-
dusmax [1]. dtu Gynkuuu kraccuduIUPyOTCs KOHEUHBIMYU [IOC/IEI0BATETHHO-
cTsiMU TIHI000PA3HOTO THMa, Ha3BaHubie uM "3mesmvu". OH Tak:ke MOACUYUTAT
KOJIMYECTBO HEIKBUBAJIEHTHbBIX (byHKL[I/Iﬁ C 3a1aHbIM KOJINYECTBOM KPDUTUYECCKUX

TOY€EK, BBIPA3UB €ro depe3 KoM UIUEHT pa3aoKeHus B P (pyHKIum tan.

B.Illapko mcememoBaa BOIPOC O TOMOJOIMIECKON KacCupUKAIAA B CIydae
noBepxHocreii [14]. VIM 6bu1 osrydeH TOHbIH nHBapuaHT MyHKIuMiT 1axke Gosee
HIMPOKOTO KJIACCA. DTUM MHBAPUAHTOM SIBJISETCS CIENUaIbHbIM 06PAa30M OpPUEH-
rupyembiii rpad ("rpad Kpoupona-Puba"). B nanbueiiem, ApHoJib, UCHOIDb-
3yt maBapuanT I1lapko, 3aHAJICS MMOACYETOM YHC/Ia HEIKBUBAJIEHTHBIX (DYHKHI
00IIEero MOIOKEeHUs Ha, IBYMEPHOii cdepe ¢ 3aJaHbIM KOJTWIECTBOM KPATHYECKAX
TO4YeK, C(POPMYJIMPOBAB TUIIOTE3Y O €0 ACUMIITOTUYECKOM pocre [2]. Dra runore-
3a BCKOpe ObLna gokasana Hukomaecky, KOTOPBIA TaKzKe BBIBE [T 9TOTO YUCIIA
pekkypenTHyio dbopmyiy [10],[11]. B.Aproabs cran pasBuBaTh 3TH HCCIEI0BA-
HUS IJI CJIy9ast JBYMEPHOTO TOPA, OTPAHNYIABASACH CIEMU(DATECKUMA KIACCAMA
dyHKIHHA, TaKKe OH M3ydasl CBI3U dTOH 3a/a<h C BEIECTBEHHOH ajredpamte-
ckoit reomerpueii [4], [5]. Csoitcra neiicrBus rpynusl Diff na nosepxmocTsx

u3ydasnch B padore [8].
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A TIpumisk uccieaoBasl ooyl BOMPOC O TOMOJOTHUECKON KIaCCUDUKAIIAN
dyuknuit Mopca na maoroobpasusix pasmepuoctu 3 u 4, cBa3as eé ¢ kiaccudu-
KaI[MsMI COOTBETCTBEHHO anarpaM Xeropa u Kép6u [12], [13].

Leawto dannoti cmamou SBISETCS PA3BUTHE ITOTO HATPABJIEHUS HA KOHKPET-
HbIH coryuait Tpexmepuoit cdepsr S3. Bonpoc o crpoennu rpados dyHkimit Ha
S$3 6bLT TaKzKe TIoCTaBaeH APHOMIB B ero aeknudax [5]. Orpanmausasch byHKIH-
simu Mopca, poj, KOMIIOHEHT TTOBEPXHOCTEH ypOBHEH KOTOPBIX He CIOXKHEe TOpa
(byukuuun Mopca poma 1), MBI HOKa3bIBAEM YTO COOTBETCTBYIOIIUH OPUEHTUPO-
BaHbI rpad, KaK u B ciayuae GyHKImi HA S2, TAKIKE SBJISETCS ITOIHBIM HHBA-
PHAHTOM W ONMHUCHIBaEM Bce Takue rpadbl. BMecTe ¢ TeM OKa3bIBAeTCsl, 9TO JIJIst
GyHKIMIT BBICIIUX POJOB OPUEHTUPOBAHBIE MPadbI yiKe He CIOCOOHBI PAa3InIUTh

WX TOTOJOTUYECKUMN THUII.

2 Tomosorua ¢pyHaKuii obmero nojoxeHns Ha S°

Iycrs 3anana dyrxnma Mopca f: S — R, Bce KpUTHIeCKHe TOUKH KOTOPOil JTe-
2KaT Ha pa3HbIX ypoBHsX. Takue PyHKUMKU Mbl TakzKe Oy1eM Ha3bIBATb PYHKUU-
amu obu,ezo nososicerus. OBO3ZHAYUM Yepes 1m,; KOJIMYECTBO KPUTHIECKUX TOUYEK
nnaaekca ¢. [lo Teopeme Mopca,

3

S (-1)im, = x(5%) = 0.

i=0
O6o3naunm yepe3 n = 2k = mg +mq + Mo + M3 KOJIUIECTBO BCEX KPATHIECKIX

rouek pyukuuu f. Torma mo =k —mg u mg = k — my.

Ilpengioxkenmne 1 Hmerom mecmo caedyroujue Hepasencmea

1 S mo S k
mo—lgmlgk—l,
npuvem mo U 1M1 M0O2Yym NPUHUMAMDb A100bLEe 3HANEHUA U3 IMO20 JUANA3OHA.

Jloxasameavcmeo @yHKUUs UMeeT HE MEHEee OJHOI0 MUHUMYMA, II09TOMY Mg >
1. Ilpeamonoxum 910 mg > k. Torga J0MKHO CyImecTBOBaTh KaK MHHAMYM k
KPUTHYECKUX TOYEK WHIAEKCA 1 9TOOBI HyJIeBOE UMCIO BeTTn paBHSIOCH HYJIIO,
MTOCKOJIBKY B COOTBETCTBYIOIIEM PA3JIOKEHUH Chephl HA PYYKU KAXKIONH KPUTU-
9ecKoi Touke mHaekca () COOTBETCTBYET CBOsI KOMIIOHEHTa CBA3HOCTH. [ljid mx
coeMHEHNsT HeOOXOMMMO KaK MUHUMYM k pydek muHAekca 1. Ho torma obmee
KOJIMIECTBO KPUTUIECKUX TOYEK Oymer mpesocxoauth 2k. [lostomy mg < k u

m1 > mgy — 1.
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PasenctBa mg = k, mqy = mog — 1 m m; = k — 1 BO3MOXKHBI, TOCKOJIBKY
TOrJA B COOTBETCTBYIOIIEM DA3JIOXKEHUU HA PydKd OyAyT cyiiecrBoBarh k — 1
pydeK mHIeKca 1, yMEHBIIAKMUX KOJTHIECTBO KOMIIOHEHT CBSI3HOCTH 0 €TUHH-
IIbI, BPE3Y/IbTATE YEr0 MOJIYIUTCS TPEXMEPHBIH TUCK, U TAKKe OyIeT OTHA PydKa,
MHJIEKCa 3, 3aKJIEMBAIOLIAs 3TOT JIMCK JI0 TPEXMEPHOI ¢hepbl — OHA COOTBETCTBY-
eT eJMHCTBEHHON KPUTHYECKON TOYKEe MHIEKCA 3.

HepagernctBo m; < k — 1 cimexmyer u3 Toro 9ro mz = k —my > 1, MOCKOTBKY
dyHKIIMS nMeeT He MeHee OTHOro MakcuMmymMma,. Ilycrs Teneps mo =1, 1 <1 < kwu
mp =p,l—1 < p < k—1-1pou3BoibHbIE 3HAYEHUS U3 JUATTA30HA HEPABEHCTB.
Torma mo =k —lumsg=k—p.

[Mokazkem, 9TO CyIIECTBYeT Pa3/IOKEHHe TPEeXMepPHOU chepbl HA PyUKH, KO-
JINYECTBO KOTOPBIX COOTBETCTBYET ITWM 3HAYEHWsIM. 1eM cambiM OyIeT JT0Ka-
3aHO cymecTBoBanue (yukimun Mopca Ha TpexMepHOi cdepe ¢ TaKuM UHCIOM
KPUTUYECKUX TOYEK COOTBETCTBYIONMIUX HUHJIEKCOB. MbI mMeem | pydek WHIEK-
ca 0. CoemmauM mx Mexkay coboit ¢ momornesio | — 1 pydek mumekca 1. ITomy-
qyuM Tpexmepubiii auck. Ocrambabie p — | + 1 pydek wmHmekca 1 mpukjaeeMm K
HEMy, [OJIyYMB TE€M CaMbIiM KpeHje/b poga p — [ 4+ 1. 3amerum, 4to J10 cuUx
[Op BCE NPHUKJIEHKH OCYIIECTBISINCH €IUHCTBEHHO BO3MOXKHBIM, C TOYHOCTHIO
10 m3oronuu, obpasom. Temepb MBI MOXKEM MPUKJIEUTh K HAIEMY KDPEHJIEIIO
p — 1 4+ 1 pydexk mHIEKCca 2 TaKuM 0OpPa30M, YTOOBI MOJYYUTh OMSITh TPEXMEpP-
ubiit guck. Craenarb 9TO MOXKHO, HAIPUMED, NMPUKJIEUBAs BJOJb CTAHIAPTHON
CUCTEeMbl HEPA3OUBAIONINX OBEPXHOCTHh KPEHIEsl CUCTEMbI KPUBbIX. IIpukieem
ocrasbibie k —1 — (p—1+1) = k—p—1 pyuek uniexca 2 e HapyIas OPUECHTH-
pyemocts. Iomyuanym cdepy S° ¢ BLIpe3aHBIMHI U3 Heé TPEXMEPHLIME THCKAMI B
KoJmgecTBe k — p mTyK. 3aKJIerM UX BCEMU Py9IKAMM HMHJEKCA 3 B COOTBETCTBY-

formeM Kommdectse. [lomyanm chepy S°.

Jlamee MBI yCTaHOBMM CBOHCTBO '"He3ay3jeHHOCTH''TOBEPXHOCTEHl YpOBHsI
dbyukuuit obmero nosozkenus na S°. [Tox "kpermesnem " Mbl 6y1eM IIOHAMATD JIIO-
6oe 3-mepHOe MHOroobpas3me, 0OPa30BaHOE NMPUKJIEHKON K TPEXMEPHOMY MIHUCKY
pydek mHIeKca 1. AHAJOrHYHO, KPEHIEIh — 9TO PeryJspHas OKPECTHOCTH JIIO-

6OTO KOHETHOTO OHOMEPHOTO KOMTIIeKca B S°.

Onpegenenne 1 Konewnwii odrnomepnniti komnaexc (2pad) K 6 S® nasviea-
emca nesaysaenmvim ecau 6 S° cywecmeyem enosicennasn deymepras chepa S*

maxas, wmo K C S2.

3aMKHyTas OpHEHTHpYeMas MOBePXHOCT, BIOYKeHHasA B S, pazbuBaer eé Ha

JIBE KOMIIOHEHThI. 3aMbIKAHUE 110 KpaifHeil mMepe OMHOM M3 KOMIIOHEHT BCerja
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SIBJISIETCST KPEHeIeM. ByneM Ha3bIBaTh €ro Kpexdesem, 02DAaHUYEHHbIM JaHHOT
noseprrocmuro. Ocmosom Kpemness 6y1eM Ha3bIBATb OYKeT OKPYZKHOCTElH B 52,

peryndapHOi OKPECTHOCTBIO KOTOPOT'O OH ABJISAETCH.

Omnpegenenne 2 3aMEHYMAA OPUEHMUPYEMASL NOBEPTHOCTD, BAONHCEHHAA 6
S3, nasvieaemcsa Hne3ay3nennoti ecal 0Cmoe Kpendeas Komopviti OHa 02PaHu -

eaem ABAAECMCA HE3AY3NEHHDIM.

IIpensnoxenue 2 Beakasa pezyiapras no6eprHocms ypoeHsa PyHKyuy obuiezo

NONOAHCEHUA HA mpeac./wepnoﬂ cgﬁepe ABAAECTNCA H€3ay3A€HHOﬂ.

Zloxasameavcmeo TlocTponm mo yHKIMM pa3jIOKeHWE TPeXMepHOi cdepbl Ha
pyuku. Paccmorpum obObeauHenme Bcex pydek mHiaekca 0 m 1 — peryasipHyio
OKPECTHOCTb 3aMbIKAHUS WHTErPAJbHBIX TPAGKTOpUil rpajauenta GyHKIud f,
BBIXOISIINX U3 KPUTHYECKUX TOUEK HHIeKCa () U BXOJANUX B KPUTHIECKHE TOY-
KU WHAEKCA 1. DTa OKPECTHOCTH SABJISETCS KPEHIEIeM. 3aMbIKAHNE TOMOJTHEHUS
K 3TOMY KPEHJIEJI0 TAaKXKe siBJISeTCs KPEHJEJIEM, [OCKOJIbKY €0 MOXHO IIPeJl-
CTAaBUTh KAK AHAJIOTUYHYIO PETYJISIPHYI0O OKPECTHOCTH yiKe i (pyHKiuu — f.
OO6mmit Kpait 3TUX KpeHereil TakuM 00pa3oM siBJISETCS TIOBEPXHOCTHIO Xeropa
F B TpexmepHoii cdepe. ITo Teopeme Basbaxaysena, [18], mobbie qBa pasbuenne
Xeropa TpexMepHoil ¢epbl IMOBEPXHOCTAME OJIMHAKOBBIX POJOB 9KBUBAJIEHTHBI:
cymectByer auddeomopdu3M TpexMepHo# cepbl, TEPEBOMAIIII OIHY IOBEPX-
HOCTB B Jpyryio. [Ipu 3TOM, 00pa3 0CcTOBA EPBOIi MOBEPXHOCTH OYyAET, OYE€BUIHO,
octoBoM it BTopoii. CyrecTByer crangapTHOe pa3buenne Xeropa TpexMepHoi
cdepnl HE3ay3/I€HHOH MOBEPXHOCTDHIO J1000r0 poaa. Ecim 661 moBepxHOCTL F ObI-
J1a 3ay3JI€HHOi, TO He CyIecTBOBAIO ObI aud deomopduzma TpexMepHoit cdepsbl,
KOTOPBIH OBbI IEpEeBeI HE3ay3JIEHHBIN OCTOB CTAHIAPTHOM MOBEPXHOCTH B 38y 3JI€H-
HBIN OCTOB MOBEPXHOCTH F', MOCKOJBLKY JAByMepHas cdepa, Ha KOTOPOM JIEKHUT
MEePBBIA OCTOB, mepeiiner B AByMepHYIO chepy. Takum obpaszom mosepxHoctb F

ABJIAETCA HE3ay3JI€HHOM.

PaccMOTPHM Temepb MPOH3BOJIBHYIO DECYISAPHYIO MOBEPXHOCTh ypOBHS I
dbynxmum f, oramanyio or S2. Ona ABIAETCA CBA3HOM 9aCThIO Beeil TOBEPXHOCTH
F:F=X #F #Y, caenoBaTesbHO OCTOB KPEHEss KOTOPBI OHA OrPAHUINBAET
SABJIsIeTCsT MOArpadoM OcTOBa KpEHesisi KOTOPLI OrpaHHYMBAET MOBEPXHOCTH
F. UssecrHo ([17]), uro ecau rpad HeszaysneH, To M BCAKHil moarpad takke

ne3ayssen. OTciona cieyer He3ay3/I€HHOCTh TTOBEPXHOCTH ypoBHS F.
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3 Teopembl 0 peanau3anuu u KJjaccuukanum

Onpenenenue 3 ['pagom zaadkoti pynryuu f: X — R na samrrymom xom-
NAKMHOM MH02000pa3uy X HA3b6EMCA NPOCNPAHCINGEO, MOUKAMU KOMOPO2O A6~

AANOMCA KOMNOHERMBL C8A3HOCTIU YPoBHetl pynryuy f.

DTO MPOCTPAHCTBO MEHCTBUTENHHO SIBJIETCS KOHEYHBIM rpadom. /letanbaee
06 srux rpadax cu. [15]. Ha rpade G dbyuxiuu obuiero nosoxkenus f cyiue-
CTByeT KaHOHUYecKas opuentamus: a < b, a,b € V(G), ecniu f(a) < f(b). Ilycrs
f: 8% = R — dynxnus obmero nomoxkennsa u G — eé OPHEHTHPOBAHHLIH Ipad.
B s1om ciiyuae G sinsiercs gepesom. KOHIEBbIE BEPIIUHBL 9TOIO JE€PEBA COOT-
BETCTBYIOT JIOKAJIbHBIM MHUHUMyMaM u Makcumymam byHkimu f. Bayrperube
BEPIIUHBI UMEIOT BAJTEHTHOCTH 2 WU 3.

Bepiuabr BajeHTHOCTH 3 COOTBETCTBYIOT KDUTUIECKUM TOYKAM WHIEKCA 1 u
2, TIOCJIE TTPOXOKIEHNH KOTOPBIX YHCJIO KOMIIOHEHT YPOBHS (DYHKIIUW YMEHbBIIa-
ercs ubo yBEJIMYUBACTC HA €IMHUILYy COOTBETCTBEHHO. B mepBoM ciiydae mpo-
UCXOIUT MPUKJIEHKA PYIKH HHIAEKCA 1 CBOMMHU KOHIIAMY K PA3HBIM KOMITOHEHTAM
ypoBHsi. Bo BTOpoM cilyuae NpUKJIENBAETCA PYUIKA WHIEKCA 2 BIOJb ITPOCTOI 3a-
MKHYTON KPHUBOM, OrPAHUYUBAIOINIEH IUCK. Y YUTHIBAS OPUEHTAIWIO, IJIST STUX
BEPIIMH BO3MOXKHbBI JBE CHUTYyaluu — Jubo J1Ba pedpa sBJISIOTCS BXOAAIMIAMU a
TPeTbe — UCXOASIIMM (COOTBETCTBYIOIIAA KDUTUIECKAsE TOYKA UMEET UHIEKC 1),
60 HAOGOPOT (COOTBETCTBYIOMIAA KPUTHYECKAs TOUKA UMeeT uHjeKe 2). uc-
JIO BEPUINH BaJIECHTHOCTU 3, COOTBETCTBYIOIIUX KPUTUYECKUM TOYKAM WHJIIEKCaA
1, paBHO Mg — 1, a YUCJIO BEPIIUH, COOTBETCTBYIONMX KPUTHIECKUM TOUYKAM
WHJEKCa 2, paBHO mg — 1.

Bepiuabl Bas€HTHOCTH 2 TaKXKE COOTBETCTBYIOT KPUTHYECKAM TOYKAMU
UHIEKCa 1 ¥ 2, HO PU MTPOXOXKIEHUH WX YHCJIO KOMIIOHEHT HE MeHsieTcs. B aTom
CJIydae COOTBETCTBYIOINIAsl PydYKa MHAEKCA | NPUKIIenBaeTcss ODEMMHU KOHIAMY
K OTHON KOMIOHEHTE CBS3HOCTH W PYYKA WHIEKCA 2 NPUKJIEUBAETCS BIOJb
MIPOCTOI 3aMKHYTOW KPWBO#, He OrpaHUUYMBAONIeHl nucK. B 3Tux TOYKax OmHO
pedPO SABJSIETCS BXOASIINM, 8 APYroe — UCXOAAINM. UMCI0 BEpIInH BaJeHTHO-
CTHU 2, COOTBETCTBYIOIINX KPUTHYECKUM TOYKAM HHJIEKca 1, paBHO my — mg + 1,
a COOTBETCTBYONIUX KPUTHYECKUM TOYKAM HWHjekca 2 — mgo — mg + 1. Obree

9HCJI0 TAKUX BEPIIUH YeTHO, IpudeM m; — mo + 1 = mg — m3 + 1.

Teopema 1 Paccmompum konewHoe 0epeso, umerulee nomumo KoHUEssx eep-
WUH 0OHOZHAYHO OTPEDEAEHHOE YUCAO BEPULUH BAAECHITVHOCTNU 3 U YETMHOE YUCAO

B8EPULUH BANEHMHOCTIU 2. YNOopsdowum e20 eepuwurv, MaKum 00pazom, wmobovs



DOI: http://dx.doi.org/10.15673/2072-9812.4/2014.41443
46 A. B. Cepreok

YUCAO BTOOAUUT U UCTOOAUUT Pebep 68 6ePULUHAT BANEHMHOCTNU 3 OMAUYAAOCH
POBHO HG eOUHUYY, G 8 GEPUUHAT BaseHMHOCTU 2 6blA0 00uHarosb.m. Tozda
A10b60e MaKoe oPpuEHMUPO8aHOE JePe8o ABAAEMCA 2padom Hexkomopol PyHryuw

obuiezo norosicenua na S°.

Jloxazameavcmeo COMOCTABUM KOHIIEBOU BEPINUHE C BXOAAINM PEOPOM PYUKY
MH/IEKCA 3, KOHIIEBOW BEPINWHE C UCXOAAnmM pedbpom — pydky uuaekca 0, Bep-
IITUHE BAJIEHTHOCTH 3 C IBYMS BXOAAIIAMA PEOPAMU — PYUIKY WHIEKCA 1, BepiinHe
BAJIEHTHOCTH 3 C ABYMS$ UCXOAAIIUME PEOpAMU — PYUKY WHIEKCA 2.

KonmyecTBo BEpIMH BaJEHTHOCTH 2 SIBJISETCS Y€THBIM. Pa300beM ux Ha JaBe
PaBHOMOIIHBIE YacTh. [Ipu 3TOM, KayKIasi BEPINUHA W3 TEPBOI YACTH TOJIXKHA,
OBITH MEHbIIE KayKJI0H BePIIMHBI U3 BTOpoil yactu. ConocTaBuM TOYKaM HepBOit
9acTU PYYKHU WHAEKCA 1, a TOYKAM BTOPOI YaCTH — PYYKHU WHJIEKCA 2.

Torma rpad Oymer 3amaBaTh pas3/IOKEHHE TPEXMEpPHOil cdepbl Ha PYyIKH —
JIOCTATOYHO JIAITb KOHTPOJUPOBATH CIOCOD MPUKJIEHKH DYIKH HWHIEKCA, 2, OT-
Bedalollell BePIIMHE BAJEHTHOCTU 3, TaKUM 00pa3oM, 4robbl B pe3yJibrare pofl
KOMIIOHEHT YPOBHsI ObIJI DPABEH YHCJIy OCTABINHUXCsI BEPIIWH BAJETHOCTH 2, OTBE-
YAIOIMINX KPUTUIECKUM TOYKAM UHIEKCA 2, Ha COOTBETCTBYIOIINX BETKAX /IEPEBA.
DTO pa3IOKEHNEe HA, PYUKH OyIeT 33aBaTh HEKOTOPYIO (DYHKIIUIO OOIIETO MO0~

JKeHus Ha S°.

g byHKIMiE Ha 3aMKHY THIX KOMIIAKTHBIX TPEXMEPHBIX MHOTO00Pa3UIX, M0~
MUMO TaKO# XapaKTEPUCTUKN €€ TOTIOJIOTHIECKO! CJIOKHOCTU KaK YUCJIO KPUTHU-

YeCKUX TOYEK, y/0OHO BBECTH €Ille U [IOHATHE POJIA.

Omnpegenenne 4 Bydem 2080pums wmo PyuHKyus 00uULe20 NONONHCEHUS HA
mpexmepnoti cepe umem pod g ecau pod aw0bol €€ pe2ysapHoti NOBEPLHOCMU

YpPOoBHA HE npeeocwoaum g.

3ameuanne 1 Fcau opuenmuposanvili epagd us npedvdyuiets meopems, He ume-
em 8ePULUH BANEHMHOCTIU 2, MO OH PEANUSYEMBCA AUWD PYHKUUAMYU poda 0.
Ecau orce on umeem no kpatineti mepe 2 6eEPUUHDL 8AAEHMHOCTIU 2 O €20 6ce2da

MOIHCHO peanudosams Pynkyuetd poda 1.

Cuenyroias reopeMa JaeT TOMOJOMHIecKy o Kiaccudukanuio GpyHKIuit poia
1 B TepMmHax wx opmeHTHPOBAaHBIX rpacdoB. bepsi Bo BHuMaHuWe mnpeabiayiiee
3aMedaHue, TOMOJOTUIECKUH Tull (DYHKIWI BBICITAX POJIOB 3TH Tpadbl yKe HE
Ppa3InYaIoT.

Haaum onpeaesieHue.
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Onpegnenenne 5 /se dynryuu obwezo nososcenua f,g: S° — R 6ydem na-
3bL8aMb MONOAV2UNECKU IKGUBAAEHMHBLMU, ECAU CYULLCTNEYIOM COTPAHANOULUT
opuenmavuro duggpeomoppusm h € Diff,(S3) u corpamarowsuti opuenmanyuio
dugipeomopdpusm k € Diffy(R) maxue wmo foh=kog

Teopema 2 Jse dynxyuu obuiezo nososcenus f,g: S — R poda 1 monosozu-
YeCckU IK6UBAAEHMVL MO020a U MOALKO Mo2da, 0206 UT 0PUEHMUPOSAHBLE 2Padbi

U3OMOPPHHBL ¢ COTPAHEHUEM OPUEHMAUUL.

Jloxazameavcmeo Heobxodumocms. Ilycrs ByHKUIUU TOIOJOrMYECKU SKBUBa-
nerTHbl. Toraa OHE 337a10T OIHHAKOBBIE TIPEACTABICHAS S° B BHUIE KOMIIO3UIIH
3JIEMEHTAPHBIX KOOOPau3MOB. [10 3TOMY pa3IOKEeHUIO0 OHO3HAYHO, C TOYHOCTHIO
110 u3o0Mopdhu3Ma C COXPAHEHHEM OPHEHTAIUU, BOCCTAHABJIUBAIOTCA UX I'PadBbI.

ZLlocmamounocme. Ilycts rpadbl n30oMOpdHBI ¢ COXpPAHEHHEM OPHUEHTAIINH.
Torga OHI 3a7al0T OJHHAKOBBIE PA3JIOKEHHS S° B KOMIOBHITHIO 3JeMEHTAPHLIX
kobopau3mos. C nomomnpio muddeomopdbusma k € Diffy(R) moxHO 106UTDH-
€ TOTO YTO HA COOTBETCTBYIONIMX I'PAHUIAX KOOOPAM3MOB ODOUX PAa3JIOKEHUit
GbyHKINY TPUHUMAIOT OAMHAKOBbIE 3HAYeHNsA. [I0CKOIbKY MOBEPXHOCTU YPOBHS
dbyHKIIME HA TPEXMepHOil cdepe sABIAI0TCA HE3AY3TEHHBIMA U JBOCTOPOHHUMM,
TPAHUIIBI 3JIEMEHTAPHBIX KOOOPAW3MOB OJHOTO PA3JIOKEHWS MOXKHO HU30TOMUEH
[IEPEBECTU B COOTBETCTBYIOIINE IPAHUIIBI IJIEMEHTAPHBIX KOOOP/IU3MOB APYTOro
paszsioxkenus. 3a TEOPEMOIl O MPOJJIEHUU H30TOIHH, CyIecTByer mauddeomop-
busm b € DIffy(S?), peammsytommit 3Ty H30TOMHIO.

PacemoTpum 31eMenTapHbiit Tpexvephbiii kobopausm (- W, W, 0, W) C S3,
POZL KOMIIOHEHT IPAHHI, KOTOporo He mpesbumaer 1. ycrs f u § — ase dyHk-
nmuu Mopca Ha HEM, WMEIOIIHe POBHO IO OJHOW KPUTUYECKONH TOYKHA BHYTPHU
nero. Hycrs taxme f(O_W) = g(d_W) = const; u f(O, W) = G0, W) =
conste Ilokaxkem, dro cymecrByer auddeomopdusm s xkobopmaumsma W, uzo-
TOIHBIN JTOK/IECTBEHHOMY U TOXKJIECTBEHHBIH Ha ero rpaxunax. s 3Toro mo-
CTATOYHO MMOKA3aTh YTO COOTBETCTBYIOIINE KPUTUIECKUM TOYKAM XapaKTEpPU-
CTUYECKNE TUCKU U30TOMHBI. Takmx KOOODAU3MOB CYINECTBYeT 8 IITYK. 3a-
najuM ux, ykaseisag mapy (O-W,0.W): (0,52),(S2,0),(S?%, S U S?),(S% U
S2,5%),(8%,T?),(T?,5%),(T?%,S?UT?),(S?UT?,T?). B nepsoM cirydae Xapak-
TEPUCTHYECKAM [UCKOM SBJIACTCA IMYCTOE MHOXKECTBO (), a BO BTOPOM — Tpex-
Mepubrit auck D3. JIio6ble 1Ba TaKUX JNCKA M30TOMHEL. B TpeTheM ciydae Xa-
PAKTepUCTHYECKUM JIMCKOM ABJIAeTCd AByMepHblii auck D2, nepecexaromuii S?
BJIOJIb IIPOCTOH 3aMKHYTON KpuBoii. JI10ObIe 1Ba TakuX AuCKa M30TONHBI. B wer-
BEPTOM CJIy9ae XapaKTEePUCTUIKUIN JUCK TTPEICTABIIAET COOO0M OMHOMEPHBIH TUCK

D', nepecexarommuit kaxyio u3 komnonent S2 L S? B oxHOlt Touke. JIrobbie gBa
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TaKUX JIUCKA TAK¥Ke M3OTOMHBI. B mATOM ClIlydae XapaKTEePUCTUUIECKUM TUCKOM
ABJgeTca oaHoMephbrii auck D', nepecekarouuii cdepy S? B ayx Toukax. Jlio-
Oble /1Ba TAKWX JUCKA TaKKe M30TOMHbBI. B 1mecTom ciydae XapakTepUCTUIECKIM
JIMCKOM ABJISETCA ABYMepHBIH auck D2, mepecexaromuit Top T2 BIOIb IPOCTOL
damkHyTOIt KpuBoit . [Iycts D? x St — OJIHOTOPUI, OrPaHUYEHbI 3TUM TOPOM
u D? x S'NW = (). Xapakrepucrudeckuii quck D? BIOXkKeH B JOIOTHEHHN K 3TO-
My mosHotopmio: D? C (S% — D? x S'). EquncTBeHO BO3MOMKHOM, ¢ TOYHOCTBIO
JI0 W30TOMHH, KpUBOil v C T? aBigeTcsa ero mapaJenb, IOCKOIbKY JI00ad Ipy-
rasg kpusas B S5 — D? x S ue orpanmunsaer guck. Ciie[0BATEILHO, BCE TAKHE
XapaKTEPUCTUIECKHE TUCKU TaKyKe M30TOMHBI. B ceabMoM ciydae XapakTepu-
CTHYECKAM JIICKOM ABJIZETCA IBYMEpHEIH TucK D?, mepeceKalonmii MoBepXHOCTD
TOpa BJOJIH MTPOCTON 3aMKHYTO# KPUBO#l, TOMOTOITHOM HY/I0. Bee Takme KpuBbie
HA TOpPE M3OTOIHBI, [I03TOMY H30TOLHBLI M Xapakrepucrudeckue mucku. U Ha-
KOHEI[, B BOCbMOM CJIy4ae XapaKTePUCTUIECKUM JUCKOM SBJISETCs OTHOMEPHBIN
muck D', mepecekaromuit Kaxayro m3 xKommoHenT S? LI T? B omHoif Touke. Bee
TaKWe JUCKU TakKe m30TOMHbI. CTOUT OTMETHTH, YTO MPU PACCMOTPEHUU TUX
BAPUAHTOB MbI HESBHO OIATH ITOJIH30BAJIUCH YTBEPAKICHUEM O HE3Ay3JIEHHOCTHU
MMOBEPXHOCTENR yPOBHA.

Taxkum obpazom, mocse npumenenus: guddeomopdu3mos k u h MBI TIPUMEHSI-
em eme Audpdeomopdu3Mbl THIIA S HA KAXKIOM U3 JIEMEHTAPHBIX KOOOPIAN3MOB.
Kowmmnosunusa h srux auddeoMopdu3MoB SBISETCST N30TOMHBIM TOXKIECTBY Aud-

deomopduszmom. [loxyaaem, aro Gpyukimu f v g TONOJIOrHIeCKN SKBUBATICHTHBI.

3ameuanne 2 I'pago. Pynryul poda 0 He umerom eepwur 6aseHMHOCTIU 2,
NOIMOMY MONOAOLUNECKUE KAGCCH, MAKUT PYHKUUT HATOOAMCHA 60 63GUMHO-
00HOZHAYWHOM COOMBEMCMEUL ¢ TONOAVZUNECKUMU KAACCAMU GyYnKyull obusez2o

noaoocenus na S2.
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Topological classification of genus 1 Morse functions on S

We study the question about a topological classification of Morse functions
on the 3-sphere, all critical points of which lie on a different level surfaces. The
classification provides with respect to the group Diffo(S?) x Diffy(R) — the group
of orientation-preserving diffeomorphisms of the source and the target. We give
a description of a corresponding oriented graphs (Kronrod-Reeb graphs). It is
shown that these graphs completely classify genus 1 functions. These functions
has a property that the genus of all the components of their level surfaces is not
greater then 1. Moreover, all these graphs can be realized by a genus 1 functions,

thus they can not distinguish a topological type of a more complex functions.
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BaactuBocTti mceBmorapmonidHoi dyHKII Ha 3a-
MKHEeHiii obJiacTi

I.A. FOpuyk

Awnoramia Hexait f : D — R — ncepmorapmoniuna (pyHKITsI, SKa 3aIaHa Ha
k—3B’sa3miit opienToBaniit 3aMmkuewiit odacti D C C, oOMmerkeHiil KOPJAHOBUMHA
KPUBUMH Yo, Y1, --- Yk 0 < k < oo. Haramaemo, mo Kjaac mceBIOTapMOHIY-
HuX (QYHKIIHA CIiBIaIae 3 KIacoM HemepepBHuX PYHKINH TaKWUX, M0 Y BHYTPIIlI-
HOCTI 0071aCTi MiCTUTHCA CKIHYEHHE UHUC/I0 KPUTHUIHUX TOYOK, KOXKHA 3 SIKHX €
cimmoBoro, a 3By:keHHs (DYHKINI HA 11 MEXKY Ma€ CKIHUYEHHE YHMCJIO JIOKAJBHUX

€KCTPEMYMIB.

B pmamiit crarTi moBemeHo, IO 3aMHUKAHHSA KOXKHOI 3B’SI3HOI KOMITOHEHTH
cim’l, ska € pizHumero objacti D Ta TUX 3B'A3HUX KOMIIOHEHT JIHIH piBHS
KPUTHYHMX Ta HAIBPEryJspHuUX 3Ha4YeHb (QyHKMil f, gKi MiCTATb KPUTHYHL
Ta MEXKOBI KPHUTHYHI TOYKH, € 3aMKHEHOI0 O00JIaCTIO OJHOrO 3 TPHbOX THIIB
(xinbIe, cMy:KKa uu ceKTop). Ilepumuii THN XapaKTepUu3yeThCA THM, II0 MEXKa
obJsTacTi CKIAMAEThCA 3 [ABOX 3B’A3HUX KOMIIOHEHT, fKi HE MalOTh CINJIbHHUX
TOYOK 3 MEXKOBHMM KPUBUMH 7;, i = 0, k, a Bci nimii piBua y i1 smyTpimmocti
romeomopdui Kogam. pyruit Ta Tperiit Tunu objacTeil MAaTh OAHY 3B SI3HY
KOMTIOHEHTY Me€Ki, & BCi JIiHil piBHSA y X BHYTPIITHOCTI roMeoMOopdHi Bigpizkam.
Pisaumsg mik HEME MOJArae y KiJAbKOCTI YT, IO HAMEXKATH MEKOBHM KPHUBUM
Yi, i = 0,k. YV Bunmajaxy obmacti TuIy cMy»kKa, ii Mexka MiCTHTBH ABi jyru, mo
HasIexkaTh abo OfHiil 1 Tiit ke MeXKOBiit KpuBiii, a00 pizamM. AKIIO X 0071aCTH
THITYy CEKTOp, TO TaKa Jyra OmHA. ABTOPOM TaKOXK IOBEJIEHO DSl TBEDIKEHD,

SKI BUKOPUCTOBYIOTbHCS MDY JOBEJIEHHI OCHOBHOI TEOPEMHU.

KurrouoBi cioBa 1icesiorapmoniuna pyHkiis, k—38’sa31a 0bsacTb
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VK 515.173.2

1 Beryn

HocuikenHio ncesorapMoniunux (yHkIii npucsadeni poboru B.Kamnana [1],
M.Mopca [5], FO. Toxi [3], €.Iloaynsaxa [2,6] Ta in., g6 10BemeH] OCHOBHI TOHOJIO-
ridHl XapaKTepUCTUKH JTAHOTO Kjaacy (PYHKIH Ha AUCKY, IIOMIKHI Ta TOBEPXHI.
3okpema, y mororpadbii [2] H0ciIzKeHO BIACTUBOCTI IICEBAOrapMOHIYHUX (DYHK-
il Ha 3aMKHEHOMY JBOBUMIDHOMY JIMCKY Ta JOBEIEHO KPUTEPiil TOMOJIOTidHOL
eKkBiBasIeHTHOCTI maHoro Kiacy GyHKIHA. Y podori [6], aBTOpOM BHBUYAIOTHCS
[ICEBAOTaPMOHIYHI PYHKIII Ha IJIOMIKHI Ta JOBEIEHO JIOCTATHIO YMOBY peaJiza-
il gepeBa sK X MHOXKWUHU PiBHS.

B maniit poboTi po3rIgMA0THCA MCEBAOTapMOHIYHI (DyHKIHI, M0 3a7aHi HA
k-3B’a3Hiit opieHTOBaHIN 3amKkHeHiit oomacti D, D C C. Arropom nosemeno Teo-
peMy 2 mpo CTPYKTYPY 3B’SI3HHX KOMIIOHEHT CiM’i, sIka € 3aMUKAHHSIM Pi3HUIIL
obsracti D Ta THX 3B SI3HAX KOMIIOHEHT MHOXKHWH PiBHS KPUTHIHUX Ta HAIIIBPEry-
JISpHUX 3Ha4eHb (DYHKIT f, SKi MICTATH KPUTHYHI Ta MEXKOBI KPUTHIHI TOUKH.

ABTOD BUCJIOBJIIOE TIOISIKY CTAPIIOMY HAYyKOBOMY CIIBPODITHUKY Biziiay TO-
nosiorii Tncruryry maremaruku HAHY Tlomynsxy €sreny 3a KopucHi 06roso-

PEHHsI Ta IiKaBiCTh J0 JIAHOI TEMATHKU.

2 ITonepeaui BimomocTi

IToznaunmo wepes D, D C C, k-3B’a3Hy Opi€eHTOBaHYy 3aMKHEHY O0JacCTb, SIKa
00MeyKkeHa, KOPIAHOBUMHU KPUBUMHU g, V1, - - -, Yk, 0 < k < 00.
Hexaii f: D — R — nesika ncesaorapMoniuia ¢yukiisa. Haramzaemo ocHoBHL

O3HaYeHHs, M0 OB s13ani 3 JanuM kiaacom byHkuii [5,2,4].
Osnavennss 1 Qynkyia f(x,y) eapmoniuna 6 mowyi (o, Yo), AKUO
0% f 0% f
@(5507110) + TyQ(an Yo) = 0.

Osnauenns 2 Qyuxuyia f(z) ncesdozapmoniuna 6 mowyi zg = (xo,Yo), AKWO
icnye oxin U(zg) ma 2omeomopdiam @ oxony U(zo) 6 cebe makxudi, wo ¢(z9) = 2o

ma f(e(2)), z = (x,y), — eapmoniuna i f(p(z)) # const.

OyuKIisa f mceBmIorapMOHIYHA B 3AMKHEHBIH 00J1aCTi, SIKIO BOHA TICEBIOTap-

MOHIYHA, B KOXKHIiH 11 TOYIIi.
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Osuavenns 3 Touka zg € D € peeyaaproro mouxor [, axwo ichye eidkpumud
i oxin U C D i 2omeomopdizm o : U — D maxuii, wo p(z9) =0 i fop 1(z) =
Rez + f(z9) dan scix z € U.

Oszuauennsa 4 Touka zg € 0D € pe2yaaphoro mescosor mowkoio f, axuwo icuye
it oxin U 6 D ma 2omeomoppiam h : U — Dy ybo20 oxory 6 6epriit Hanieduck
Dy manuti, wo h(z0) = 0, h(U N f~1(f(0)) = {0} x [0, 1), h(U N &D?) =

(—1,1)x{0} i pynxuia foh™t e cmpozo moromonna na inmepeani (—1,1)x{0}.

dAruo Touka zg € D He € PeryispHOI0 TOYKON f, TO BOHA HA3UBAETHCH
KPUMUYHOIO.

3a o3HAUEHHSIM BCi KPUTHYHI TOUYKYW [ € CiIIOBUMH, TOOTO JJIsT KOYKHOI 3
nux icaye okt U C D i romeomopdizm ¢ : U — D rakuii, mo ¢(z9) = 0
i fopl(2) = Rez" + f(z0) nna Beix z € U. Yucao n Ha3BeMO KpPaTHICTIO

Ci/IJIOBOT TOYKH Z(.

Oszuauenusa 5 Touxu meorci 0D, U0 He € Hi MEHCOBUMU PE2YAAPHUMU, Hi 130-
ABOBAHUMY MOYKAMU IT AIHIT PIBHA HA3UBANOMBCA KPUMUYHUMY MEHCOBUMIU,

moykamu.

Osznauenns 6 Yucao ¢ e wpumuunum snavennam f, axwo f-1(c) micmumo

NPUHATMHI 00HY KPUMUYHY MOYKY.

Osznauenns 7 Yucao c € peayaaprum snanennam f, axwo f~1(c) ne micmumo
KPUMUYHUL TMOY%0K | 20MEOMOPPHE HE36 A3HOMY 00 ’€OHAHHIO THMEPBAAis, AKI

nepemuHamMbes 3 mexcero 0D auwe 6 C60IT KIHUAL.

Oszunauenns 8 Yucao ¢ € naniepeeysaprnum 3nauennam f, AKU0 80HO He € Hi

PE2YAAPHUM, HI KPUMULHUM.

JIinil piBHA HAMIBpPEryJspHOTO 3HAYEHHS MICTATL JIUIIEe MEYKOBI KPUTHYHL

TOYKH Ta JIOKAIbHI eKCTpeMyMu [ |op.

3 BaactuBocTi nceBaorapMoHidHUX (DYHKIIH

Hexaii zg — nesika Touka 3amMkHeHOI obacti D, a f — nceBaorapMonigHa (DyHKITIS,
o 3ajana Ha uiit. [Toznauumo yepes O(zp) Ty 3B’43Hy KOMIOHEHTY Jiiniil piBHs
DN f~1(f(20)), aKa MicTHTb TOUKY 2zp. 3ayBarKHMO, IO AEKOTH B TEKCTi MU
OyZeMO CIPOIIyBaTH 3aMucC 10 Bupasy 6.

Sk zg € 0D € 130IbOBAHOI0 KPUTHYIHOIO TOYKOI flap, TO O(z0) = {20}-

B ycix inmmx Bunagkax, ©(zp) € KOMIAKTHOIO JiHIHO-3B’13HOI0 MHOXKHMHOIO.
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OsuavenHs 9 /[yz0t0 o deaxoi 3aMKrHEHOT H#COPIAHOBOT KPUBOT Y HA3UBAEMBCA
o6pa3s nenepepenozo eidobpasicenns s(t) : [0;1] — v marud, wo s(0) # s(1) abo

s(0) = s(1).

Mexero nyru da Oyayrs Touku s(0) ra s(1). Ckaxkemo, 1o ayru « ta 3 pishi,
axmo Inta N Int3 = (.

dAxmio zg — perynspra touka QyHKIil f, Tak caMoO dK i JOBiIbHA TOYKA Z,
z # zp Taka, mo z € O(zp), To O(2y) romeomopdHa Komy abo Bimpizky. Y
nepmomy Bunaaky O(zg) N 0D = () i ckaxemo, mo O(zy) € muoKHHOL [ Muny,
a B apyromy O(zp) NOD = {z1, 22}, e z1 Ta 29 — pisui Toukn JD. Ko z; Ta
Zo HaAJIEXKATHh ONHIH Jy3i a ;mesiKoi MexkoBoi KpuBoi y; C 0D, 10 O(2)) Ha3BeMO
MHOKHHOIO I] muny. Y BULAIKY, KOJIU Z] Ta Zy HAJEXKATb PI3HUM Jyram, TO
O(zp) — muoxkuna III muny. 3ayBaKuMo, IO TYT MOMKJIUBO IBA BULAJKM: JyTU
HaJIeXKaTh OHIN 1 Ti#f camiit MexkoBi#t KpuBiit abo pizHUM.

[Mosnaunmo vepe3 £(f) MHOKUHY THX 3B’sI3HMX KOMIIOHEHT JIiHIl PiBHS KpH-
TUYHUX Ta HAMIBPEryJsApHUX 3HAaYeHb (DYHKINI f, M0 MIiCTATH KpUTHUYHI abo
Mexo0Bl Kputnuni Touku. Posrisnemo 38’a3ui xkomunonentu D; cim’i D\ £(f).
3po3ymiso, 1o iX cKiHYeHHa KiTbKiCTh, KOXKEHA 3 SKUX € BIIKPUTOI 00JIACTIO.
IMo3raunmo wepe3 A ciM’io, MmO CKIATACTHC i3 D;.

Hexait D’ — 3amknena obnacts 3 A. 3rigao mobymosu D’, mosinbHa TOYKaA

z € IntD’ € peryastproio Touko0 dyHKII f.

Teopema 1 Hexatl zg € IntD’, D' € A. Todi, daa dosiavnoi z € U(zy), 20 # 2,
muoorcuny O(z) ma O(zg) marome mol camut mun, de U(zy) — kanoniunud

0KINA MOUKUY 2(.

JHosedenns ko z € O(zp), T0 TEOpEMa CLIPABEJIUBA.

Hexait z ¢ O(z). 3posymino, mo O(zp) N O(z) = ), 60 B upormieKHOMY
BUNAJIKY icHye TouKa 2z € O(z9) N O(z), dKa € KPUTUIHOIO TOYKOI QyHKIIl f, a
e cynepeanTh nobynosi D’.

He obmexyroun 3aranbHocTi, ipuiryctumo, mo f(z) > f(zo).

JoBemeMo MeTosoM Bij cynpoTuBHOrO, mo ©(zp) ta O(z) MaoTh ToOil cammuit
Tun. IIpunycTumo, Mo B KaHOHIYHOMY OKOJIi TOYKH 2( 3HAHIEThCA TOYKA 2 TaKa,
mo O(zg) Ta O(z) matore pisawii Tnm. PosrusiHeMo MOXKINBL BUNAaIKN:

Bunadox 1: O(zp) mae mun I, a O(z) — mun II. Hexaii z; Ta 2o — TOUKH, IO
HAJeXKATh mesaKiil my3i o C ;1 {21, 22} = 00(z) . Ockinbku f|p/ € HEIEPEPBHOIO,
JI0 TSl JOBLIBHOTO 3HAYeHHS ¢ Takoro, mo f(zg) < ¢ < f(z) icHye KoMmoHenTa
©' raka, mo ©' NU(z) # 0 1 for = c. 3riguo npunymenns @' ¢ MHOKUHOW |
abo IT rumy.
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Axmo Bei @ ¢ mAoxkuAaMu I Tumy, TO 27 Ta 2o HAJEKATH MEXKi IyTH Q.
3Biaky, 21,20 € 0D 1 21, 29 € £(f). Toui, 3HauenHst ¢ € KpUTUIHUM YK HAILBDPE-
ryaspHuM 3uadenaaM GyHkiil f. OTpumanu cymepedHicTb.

Axmo cepen Beix © € muoxkman 11 Tumy, To 3HAMmETHCT MHOXKKHA O Taka,
wo 90" C da. 3Biakn BUILIMBAE ICHYBaHHS KPUTUYHOIO YU HAIIBPEryJisipHOIo
sHadeHHa ¢, ¢ < ¢, Takoro, mo for = ¢’. 3HOBY OTpUMAaJU CyNEpPEYHIiCTDb 3
nobymosoro obmacri D',

Bunadox 2: O(zg) mae mun I, a ©(z) — mun III. [JoBoauMO aHAIOTIYHO 10
MOIEPEHBOIO BUTIAJIKY.

Bunadox 3: ©(zy) mae mun I, a O(z) — mun III. Hexail Me;KOBUMHU TOUKAMHE
O(2) € Toukn 2 Ta 29, mo manexkaTh Ay3i p, a MexkoBuMm TouKamu O(z) €
TOYKHM 21 TA 23 Taki, O 21 € qp Ta 23 € ag. Tomi, icuye 3uadenns ¢, f(z) < ¢ <
f(2) i komnonenTta @' Taki, mo fo = ¢ i 00’ € day. 3BigKu BuIMBAE, MO ¢ —

KPUTHYHE 9M HAIIBPEryJapHe 3HA4YeHHd, a e CynepeduTh no0ymosi obmacri D’.

Hacainok 1 Jas dosiavhur mouwok 21,29 € IntD’', D' € A, mmoorcunu O(21)

ma O(z2) maroms mod camul mun.

JIema 1 /las dosinvrux mouwok z1, 22 € IntD'; D' € A, maxux, wo z1 ¢ O(z2)

i 23 ¢ O(21) cnpasedauso flo(.,) 7 flo(z)-

Aosedenna Tosenemo meromom sig cynporusuoro, mo flo,) # flo(z,). [pn-
MyCTUMO, IO ICHYIOTH TOYKH 21,29 € IntD’, D' € A, Taki, mo z; ¢ O(z3),
22 & O(21) 1 floz) = flo(z)- Axuvu 6 we 6ymu O(22) i O(z1), KoxKHa 3 HAX
po3buBae obnactb D’ wa nBi 38’a3ui komnonentu (y Bumaaky tunis 11 Ta ITT,
KOXKHA 3 KOMIIOHEHT € PO3Ppi3omM 00/1acTi, & JJIst BUMTAAKY, KON KOMIIOHEHTA MA€
tun I, cupasengmsa reopema 2Kopaauna). ITosnauemo yepes A ra B 38’5311 KOM-
norern MHOXKuHA D’ \ ©(z1). Brinno Jlemu 4 (mus. [3,c1.103]) m1st qoBigbHOI
Touku z € A cnpasenimBo f(z) < f(z1) abo f(z) > f(z1). He obmexkyroun 3a-
rasbHoCTi, upuiycrumo, wo f(z) < f(z1). Toai, sriguo Teopemu 1.(vii) (nus. [3,
c1.106]), anst z € B cupasennuso f(z) > f(z1). 3 iHmoro 6oky, B ouiit 3 obra-
creii A abo B jexuTh KOMIOHEHTa O(z3), TOOTO 29 € A abo 23 € B, a 3riaHo

npunyients f(z1) = f(z2). Orpumanu cynepedHicTs.

Posrngremo 3amady mMpo CTPYKTYpy MexXKi 3aMKHeHOl obmacti D’ i3 cim’T A.
3rigro mobynosu obmacti D', KorKHA 3B’A3Ha KOMIOHEHTA, 11 MKl CKIaZAEThCs
3 ABOX BHUJIB AyTr: AyTH, IO € 9aCTUHAMH MEXKOBHX KpuBux <y; obsmacri D, ta
JYTH, MO € YaCTUHAMH JIiHIfl PiBHA KPUTUYHUX Ta HAMIBPEryJIAPHUX 3HAYECHBb
dbyukmii f. [lepmri no3aagnmo gepe3 a;, a apyri gepe3 [;. Ockinapku, obmacts D

€ opieHToBaHOIO, TO i Ha D’ icHye opieHTallisi, iKa NOPOUYKYE LUKJIIUHUIA 0PI 0K
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IyT Ha KOXKHIH 3B’s3HIN KOMMOHEHTI Mexi obmacti D'. B manwx mo3HAYeHHSX
KOXKHY 3B’S3HY KOMIIOHEHTY MexKi JI0BiIbHOI obacTi D' MOxKHA pejiCTaBUTH K
CKiHYEHHY TOC/iIOBHICTh, Ha AKifl 3aJaHuil MUKIIIHAN Topsa0K. [lokaxkemo, 1110

B TaKi#t mOCHiIOBHOCTI ayru «; i B; 9epryoThes, TOOTO

(a1, Bi, a2, ..., Br)- (1)

Ao nupunycrurm, mo a1 ( Bir1) caimye 3a «; ( i), TO iCHY€E ClIlIbHA TOYKA
Z = o1 Noy (Z = ﬂi+1 n 61), e z € day iz € 8041-“ (Z € 861 iz e 85i+1),
SIKa OJJHOYACHO HAJIEKUTD JBOM DI3HUM MEKOBUM KpUBUM (JIiHifAM piBHS pi3HUX
KPUTHIHUX 3HAUEHD ), [0 HE MOXKJIMBO, 00 ME¥KOBI KpuBi Kopaanosi (JiHii pisms
PI3HMX KPUTHYHHMX 3HAYEHb HE € 3B’sg3HuMM) ab0 OuHil MexkoBi Kpusiii (oxuiit
Jiinil piBHs) 1 JaHa TOYKA He MAE€ HISIKOrO 3MICTOBHOIO HABAHTAXKEHHs, 6O JIErKO
MOXKHA, BBECTH HOBe mosHaueHHs «; = a; Uy (B; = B U Bit1)-

JJ1st KOKHOTO 3 TPHOX THIIB KOMIOHEHT O(z) y BHyTpIIHiX TOUKax 001aCTi
D’ zanmmemo Bursim Mexki B Tepminax mocaimosrOCTi (v1, 1, Qg - . ).

Hexait Bci xommonentn ©O(z) BHyTpinmmix Todok obmacti D' mators Tum 1.
Toni, Mmexkero 06J1acTi € CKIHYEHHA KiJIbKICTh YaCTHH JEAKUX 3B I3HIX KOMIIOHEHT
ninift pisnis DN f=1(ep), ..., DN f~Y(cy), ne ¢; — xpurnani un nanisperysispHi
snauenns dpynkuii f upu i = 1,n. Tomy, flap: = const. Bigowmo [5,cr.55], mio s
MICEBAOTAPMOHITHIX (DYHKITIH, IKi HE MAIOTH MTOJIOCIB Ta CTaJi HA BCIX MEXKOBHUX
KPUBUX, MAE MiCIe PiBHICT 2 = v — S, 76 V — KUIBKICTh MEXKOBUX KPUBUX, & S —
KUIbKiCTh KPDUTUIHUAX TOYOK Y BHYTPIMIHOCTI 00/1aCTi, KO?KHA 3 IKAX ITIOPAXOBAHA,
3 11 kparnicrio. Ockinbku, Bei Toukn obnacti D' perynsapni, To S = 0. 3Biakm
BUIIJINBAE, IO 2 = v, a OTKe i n = 2.

Taky 3aMKHEHy 06/1acTh OymeMo HazuBaTh 00JacTio R-tumny (muny kisvue)

CkazkeMo, 10 JIyru o Ta Q41 € Cyciaaimu, gkiio y nociaigzosrocti (1) mixk

HUMU MICTHTbCS JIUIE OTHA JIyTA.

Jlema 2 Hezati a; ma o1 — cycioni dyeu mesnci obaacmi D'. Todi ichyroms
MOYKY 21, Zo MaKi, wo 21 € da;, 2o € Oayyr 1 f(z1) = f(z) = C, de C
— xpumuune abo Haniepezysapne 3navenna Gynxuyii f, ma mouxu z', 2", de

2 eU(z)Nay, 2" € U(za) Nayy1, aki € mescero dearoi komnonenmu © maxoi,
wo fle > C (fle <C).

Josedenns Ockinbku o; ta a1 — cycigni myru, To icHye jayra [;, dKa € 9acTu-
HOIO 3B’SI3HOI KOMIIOHEHTH JTiHil PiBHS JE€IKOr0 KPUTHIHOTO YU HAIIBPEryaspHO-
ro 3uadenus C'. Iloznaunmo vepes z1 = a;NG; 1 20 = a1 N P;. Ockinbku, TOUKN

z1 Ta zo Hanexarb B, 1o f(z1) = f(z2) = C.
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Ockinbku #Ha 0D OOBIIbHA TOYKA € PErYASPHOI0 TOYKOK ab0 JIOKATBHUM

ekcrpeMyMoM HenepepBHOl MYHKIET f|gp, TO PO3IISHEMO HACTYIIHI BUIIAIKK:

Bunadox 1: z1 ma zo — peeyaapri mouku. s q0BIIBHOTO € iCHYIOTH OKOJIA
U(z1) COD i W(z2) C 0D TouOK 21 Ta 29, BiMOBIIHO, Ta Pery/IsapHi TOYKM 21 €
U(z1), 23 € U(21), 23 € W(z2) i 23 € W(22) Taki, mo C < f(2}) = C; < C +¢,
C>f(z3)=02>C—-6,C<f(zd)=C1<C+eiC > f(z})=Cy >C —¢.
Ockinbku z]’, i,j = 1,2, — perynsapni Touku byskuii f|gp, TO 3rimHO 03HAYEHHS 4
icuyrors komnonentn O, Oy, O} ta O} Taxi, mo z1 € 001, 22 € 00, 21 € 00
i 22 € 00). 3posywmino, mo O Ta Oy (O] Ta O)) Hanekarh PI3HUM 3B’ A3HUM
koMioneram mMuoxkuuu D \ 3;, ockinbku (; — po3pis objacti D Mixk Toukamu z;
Ta 72, AKi HaJeKaTh Mexki. 3Biaxu, @1 C D' (0] C D’) abo O C D' (05 C D’).
He o6mexyroun 3arambroCTi mpumycrumo, mo O C D', dxmo ©) C D', to 3
Jlemu 1 punsusae, mo O = O4. Jlai, MO3HAYAMO TOYKH 2| Ta z4 [depe3 2’ Ta
2", Bigmosinuo, a ©1 uepes O, Ta orpumaemo flg > C. dxkmo x O4F C D', To
B obsacti D’ icHyIOTH TOUKM 3HAUeHHs (DYHKIII B AKUX SK MEHI Tak i OLIb

uixk C, a ne cynepeunts Jlemi 4 (gus. [3,c1.103]).

Bunadox 2: z1 — peeyaapna mowka, a za — A0kaAvhul excrnpemym. He obme-
KYIOUHN 3araTbHOCTI, MPUTYCTUMO, IO 2o — JOKATbHUHE MakcuMmyM. Tomi, mas mo-
BlabHOrOo £ icuyorb okosu U(z1) C 0D 1 W(ze) C 0D rouok 21 Ta 2o, BLANOBiA-
HO, Ta perynsapHi Touku 21 € U(z1), 27 € U(21), 25 € W(22) i 25 € W (z2) Taki,
mo C < f(21) =C1 <C+e,C> f(22)=Cy>C—¢,0C> f(2d) =Cy >C—¢
iC > f(22) = Cy > C — . Toni, icuytors O, Oy, Of Ta O raxi, mo 2; € 004,
22 € 00y, 23 € 00} i 23 € 00),. 3posywmino, mo O ta O (O] Ta O)) HanexaTh
pi3HuM 3B’g3HUM KOoMIOHeTaM MHOxkuHU D \ f3;, ockinbku [; — po3pi3 obsacti
D wmix TOuKaMu 21 Ta zp, sSKi HajexaTh MexXi. 3Biaku, O C D' (0] C D’) abo
O, C D' (O, C D). dxkmo npunycrutu, mo @y C D', ro ©1 D' 1 ©,D’, 60 B
OPOTHUJIEZKHOMY BHIIAJKY OTPUMAEMO cynepeunicTs 3 Jlemoro 4 (aus. [3,cr.103]).

3Bizcu BumuBag, mo Oy C D'. Orxe, O = O} abo Oy = 6.

Bunadox 3: z1 ma zo — aokaavHi excmpemymu. Ko z, Ta zo — JIOKaJbHI
MakcuMmyMu (MiniMywmu), TO mis goBinbHOrO € icmytors okomm U(z) C 0D i
W(z2) C 0D Touok z; Ta z2, BiAmOBimHO, Ta perynapi Touku zi € U(z1),
22 € U(z), 25 € W(z) i 23 € W(z) raki, mo C > f(z1) = Co > C —¢
(C<f(z})=C1<C+e),0>f(2?)=Ca>C—c (C< f(z})=C, <CH+oe),
C>f(zd)=Co>C—-c(C<f(A)=Ci1<C+e)iC>f(z3)=Cy>C—¢
(C < f(22) = Cy < C +¢). Toai, no anaorii, icayiors O1, Oy, O] Ta O Taxi,
wo zi € 961, 2 € 90y, z5 € O] i 25 € 904 dxmo ©; C D' O C D', ne
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1,7 = 1,2, o 3riguo Jlemu 1 ©; = @9. 3Bigku BumIMBaE icHyBaHHsS @ TAKOI, 110
f‘@ <C (f|@ > C).
3ayBaykKuMO, 110 BUMAIO0K, KOJIU 2] — JIOKAJbHUN MIiHIMyM,a Z — JIOKAJbHUIA

MAKCUMYyM HE MOXKJMBHI, OcKiibKu 1e cyunepeunts Jlemi 4 (aus. [3,cr.103]).

Hacuignok 2 Sdrxwo «;_1, o ma a1 — cycioni dyeu mesici obaacmi D', a Ci_q
ma C; — KpumuvHi “wu HANIBPE2YAAPHT 3Ha%eHHA Pynryii [ 6 moukar meorci
dyeu a; maxi, wo Ci—y1 < C; (Ci—1 > C;), mo Ci—1 < Ci_o (Ci—1 > Ci—2)
i C; > Ciy1 (C; < Ciz1), de Ci—o ma Ci_y — KPpUmusHi “u HANIGPELYALPHI

3nauenna Gynkyii f 6 moukax meoci dyeu o;—1, a C; ma Ciyq — dyeu ayq.

Hexait Bci kommoHenTrn ©(z) BHyTpimHIX To4ok obmacti D' mators tum II.
JloBenemo, 1o MexKa, Takoi 00IaCTi MICTUTD YTy JIUINE OJHIET 3 MEKOBUX KPU-
BUX, 1110 00Mexyiorh D. Ilpumycrtumo, Mo Takux Iyr CKiH9eHHa KiTbKICTD ,. . .,
ay. Posrngnemo cycimni myru o; Ta ;1. 3rigmo Jlemn 2 icuye kommonenTa O’
raka, mo 00" € a; ta 00" € a;y1. 3Biaku Bummsae, mo O mae Tun 111, a ue
cynepeunth Hacminky 1 Teopemu 1. Ockinbku He iCHy€ >KOTHOI MapH CyCimHIX
Zyr, TO Taka myra exuna. Tomy, 0D’ = (aq, 1) 1 Taky 3amkreny obmacts D' € A
6yaemMo HazuBaru obsacTio Se-ruity (muny cexmop).

Hexait Bci kommonenTn ©(z) BHyTpinmHix To49ok obmacri D’ marors Tum I11.
Hosememo, 1o Mezka Takoi 00/1acTi MicTUTD He OijIblne ABOX YT, M0 HAJIEKATD
onHi#t 200 IBOM PI3HUM MEXKOBUM KPHUBHM.

[Ipunycrumo, mo Takux JAyr CKiHYEHHA KIIbKICTh (q,. .., (, T POZTJISTHEMO
TPHU IyTH (1, Q; T (;y1. LIPUIIyCTUMO, B MEKOBUX TOYKAX JAYIU (v; 3HAYEHHS
c;—1 Ta ¢; Gyskmii f Taki, mo ¢;—1 < ¢;. 3rizno Hacniaky 1 Jlemu 2 g perru

KPUTHYHUX 3HAYEHb BUKOHYIOThCA HACTYIHI HEPIBHOCTI: ¢;—1 < ¢j_2 1 ¢; > Cjy1-

Hexait O, s = 1, k, koMmmnonenru taxi, mo 00, € a;_1, 005 € a4, s = 1, k, i
JUIs IOBUIBHOTO 2z € O Bukonyerbes f(z) = A. 3posymino, mo A € [¢;—1;¢i—2]
i A€ [ci—1;¢]- Toni, npu goBinbHuX 3uadennax X rakux, mo A < X < ¢; icHye
KoMmrmoHeHTa O Taka, mo 00’ € a;, 00’ ¢ ;1 1 nns Beix z € O cnpaBeIUBO
f(z) = X. Bposymino, mo A He HOPIBHIOE KOAHOMY 3 KPUTHYHUX 3HAYEHb HA

A+4min{c;,c;_2} .
I — OCKIJ'H)-

Kinngx ayr. OTxke A < ¢;_o. Po3rnsnemo 3uadenns B =
ku, A < B < ¢;_o, TO 3HaNIETHCA KOMIIOHEeTa © Taka, IO JJIsd TOYKH 2 € @
cipaBeineo f(z) = B, 00 € a;_1 Ta 00 € «p, ne | # i. 3 inmoro GoKy,
ockimbku A < B < ¢; icaye kommnorenta ©” rtaka, mo 00" € «a;, 00" ¢ oy,
ae m # i — 1,1 mua Beix z € @ cupasemuso f(z) = B. 3Biacu BUILIUBAE,
mo B obmacti D’ icHye mBi pi3Hi KOMIOHEHTH, 3HAYEHHS (DYHKIII B TOYKAX AKUX

CriBIaIAIoTh, a mne cynepednicrs Hacominky 2 Teopemu 1.
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3i ckazanoro Bume cuigye, mo 9D’ = (B1,aq, B2, ). Taky 3amkueny o6-
nacte D' € A Gynemo masmBaTu obnactio St-tumy (muny cmysicra).

Mu nokazaju CrpaBeJinBiCTh HACTYITHOI TEOPEMU.

Teopema 2 Sdxwo D' € A, mo D’ e obaacmio abo Se-, abo St-, abo R-muny.

4 BucuoBku

B mamiit poboTi MOCTiIKEHO BIACTHBOCTI ICeBIOrapMOHiUHOI ByHKIT f, 1Mo 3a-
nana Ha k-3B’s3Hiit opienToBaHil 3aMKHeHi# obmacTi D. JloBemeHo, o 3aMUKaH-
HsI KOXKHOI 3B’s13H0I KoMIOHeHTH 13 cim’T D \ £(f), ne £(f) — MuHOXKuUHA THX 3B’513-
HUX KOMIIOHEHT JIiHIfl piBHS KPUTUYHUX Ta HAIIBPEryIapPHUX 3HaYeHb (PyHKIHI f,
110 MIiCTATH KPUTHIHI a00 MEXKOBi KPUTHIHI TOUKH, € 0071aCTI0 aD0 TUITy CEIMEHT,
abo Tumy cmyKKa, abo Tumy Kijibie. Ileprmuit Tun XapakTepuU3y€eThCs THM, IO
Merka 00JIACTI CKIIAIAEThCA 3 IBOX 3B’SI3HUX KOMIIOHEHT, sTKi HEMAIOTh CILILHUX
TOYOK 3 MEKOBHMH KPUBHUMH i, i = 0, k, a Bci minmii piBua y Ii BHyTpimmocti
romeomopdmi Komam. pyruit Ta Tperiit Tumm oOJACTEH MAOTHh OIHY 3B’ SI3HY
KOMTIIOHEHTY Me€XKi, a BCi JIiHil piBHS y IX BHYTpPIimmHOCTI romMmeoMopdHi Bigpizkam.
Pizaums mik HEME mossitae y KiJABKOCTI JIyT, IO HAJIEXKATH MEKOBUM KPUBUM
Yi, i = 0,k. YV Bunmajaxy obsacti Tuiy cmy»kKa, ii MexKa MiCTHTbL ABi jyru, mo
HaJeXkaTh abo OfHii i Tiif ke MexKOoBi#t KpuBiit, abo pizauMm. AKIIO K 007IaCTH

THITYy CEKTOp, TO TaKa JIyra OTHA.
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Iryna Iurchuk
Properties of a pseudo-harmonic function on closed domain

Let f : D — R be a pseudo-harmonic function defined on k—connected
oriented closed domain D C C whose boundary consists of closed Jordan curves
Y05 V15 - -+ Yy 0 < k < 0o. We remind that this class of functions coincides with
continuous functions which have a finitely many critical points at the interior of
D each of them is saddle point and finitely many local extrema on its boundary.

In this work, it is proved that closure of any component of family which is a
diference between D and such connected components of level curves of critical
or semiregular values of f which contain critical and boundary critical points is
a closed domain having one of three types (a ring, a strip or a sector). For the
first, its boundary consists of two connected components that have no common
points with 0D and level curve at any inner point is homeomorphic to circle. As
well as the second and third, their boundaries have one connected component
and their level curves at any inner point are homeomorphic to a closed segment.
There is diference between a number of arcs of boundary curves. If a domain is a
strip, then its boundary contains two arcs that belong either one or two different
boundary curves ;. If a domain is a sector, then its boundary contains one arc
of some boundary curves. By author some statements used for main theorem
proof are proved.

Keywords. Pseudo-harmonic function, k—connected domain.
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approach to dynamics of quantum systems in elec-
tromagnetic field and uniformity and charm of a
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Abstract Work is devoted to the development of the theoretical foundations of
the universal new relativistic chaos-geometric and quantum-dynamic approach
that consistently includes a number of new relativistic quantum models and a
number of new or improved methods of analysis (correlation integral, fractal
analysis, algorithms, average mutual information, false nearest neighbors,
Lyapunov exponents, surrogate data, non-linear prediction, spectral methods,
etc.) to solve problems of complete modelling relativistic chaotic dynamics in an
electromagnetic field. For a number of atomic systems there are firstly discovered
availability of a relativistic quantum chaos and obtained the corresponding
quantitative data on the chaos characteristics.

Keywords relativistic quantum chaos, quantum systems in field, chaos-
geometric and quantum-dynamics approach

Mathematics Subject Classification (2000)55R01-55B13

Introduction

At present time one of the extremely important and too complex areas of
elements, systems theory is study of regular and chaotic dynamics of nonlin-
ear processes in the different classes of quantum, quantum-generating systems

(atomicr systems in an external electromagnetic field) [1-14].
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It is worth to remind that dynamics of the cited systems in external electro-
magnetic field has features of the random, stochastic kind and its realization does
not require the specific conditions. The importance of mathematical studying a
phenomenon of stochasticity or quantum chaos in dynamical systems is provided
by a whole number of technical applications, including a necessity of understand-
ing chaotic features in a work of different electronic devices and systems. New
field of investigations of the quantum and other systems has been provided by
a great progress in a development of a chaos theory methods. In previous our
papers [2-4] we have given a review of new methods and algorithms to analysis
of different dynamical systems. In this paper we present the theoretical foun-
dations of the new universal relativistic chaos-geometric and quantum-dynamic
approach to modelling chaotic dynamics of heavy complex relativistic quantum
systems in an external electromagnetic field, opening a new field of relativistic
quantum chaos in geometry of a chaos. Chaos-geometric block includes a set of
new or partially improved non-linear analysis methods (such as correlation (di-
mension D) integral, fractal analysis, average mutual information, false nearest
neighbours, Lyapunov exponents (LE) and Kolmogorov entropy (KE) , power
spectrum analysis, the surrogate data, nonlinear prediction, predicted trajecto-
ries, neural network methods etc), quantum-dynamical block — new relativistic
approach to systems in a field. For a number of heavy systems there are firstly
theoretically discovered availability of a relativistic quantum chaos and obtained
the corresponding quantitative data on the chaos characteristics.

2. Chaos-geometric approach to treating a chaos dynamics

As our approach has been presented earlier [1-3], here we are limited only by
the key moments. Let us formally consider scalar measurements s(n) = s(to +
nAt) = s(n), where ty is the start time, At is the time step, and is n the number
of the measurements. Further it is necessary to reconstruct phase space using as
well as possible information contained in the s(n). Such a reconstruction results
in a certain set of d-dimensional vectors y(n) replacing the scalar measurements.
Packard et al. [9] introduced the method of using time-delay coordinates to
reconstruct the phase space of an observed dynamical system. The direct use of
the lagged variables s(n -+ 7), where 7 is some integer to be determined, results
in a coordinate system in which the structure of orbits in phase space can be

captured.
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I. Preliminary study and assessment of the presence of
chaes

1. Test Hottvod-Melben

K — 1 - chaos

2. Fourier decompositions, irregular
nature of change - chaos

3. Spectral analysis, Energy spectra statistics,
the Wigner distribution, the spectrum of
power,

"Spectral rigidity"

4

IL. The geometry of the phase space. Fractal Geometry

4. Computation time delay t
using autocorrelation function or mutual
information

5. Determining embedding dimension dz
by the method of correlation dimension or
algorithm of false nearest neighboring points

6. Calculation multi-fractal spectra.
Wavelet analysis
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III. Prediction

7. Computing global Lyapynov dimensions 7..; Kaplan-
York dimension dz, KE, average predictability measure
Primax

8. Determining the number of nearest neighbor points
NN for the best prediction results

9. Methods of nonlinear prediction. Neural network
algorithm, the algorithm specified trajectories, ...

Figure 1. Chaos and neural network-geometric approach to nonlinear analysis
and forecast chaotic dynamics processes in complex systems (devices). Then

using a collection of time lags to create a vector in d dimensions,
y(n) =[s(n),s(n+7),8(n+27),...,s(n+ (d— 1)7)], (1)

the required coordinates are provided. In a nonlinear system, the s(n+jr) are
some unknown nonlinear combination of the actual physical variables that com-
prise the source of the measurements. The dimension d is called the embedding
dimension, dg.

According to Mane and Takens [12], any time lag will be acceptable is not
terribly useful for extracting physics from data. If 7 is chosen too small, then the
coordinates s(n+ j7) and s(n+ (j+ 1)7) are so close to each other in numerical
value that they cannot be distinguished from each other. Similarly, if 7 is too
large, then s(n+j7) and s(n+(j+1)7) are completely independent of each other
in a statistical sense. Also, if 7 is too small or too large, then the correlation
dimension of attractor can be under- or overestimated respectively [3]. It is
therefore necessary to choose some intermediate (and more appropriate) position
between above cases. First approach is to compute the linear autocorrelation
function
& L [s(m +0) — 5)[s(m) — 3]

LS [s(m) — 3]

where 5 = & 22:1 s(m) and to look for that time lag where Cp¢ first passes

Cr (5) = ’ (2)

through zero. This gives a good hint of choice for 7 at that s(n + jr) and
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s(n+ (j+ 1)7) are linearly independent. However, a linear independence of two
variables does not mean that these variables are nonlinearly independent since
a nonlinear relationship can differs from linear one. It is therefore preferably
to utilize approach with a nonlinear concept of independence, e.g. the average
mutual information. Briefly, the concept of mutual information can be described
as follows. Let there are two systems, A and B, with measurements a; and by.
The amount one learns in bits about a measurement of a; from measurement of

by, is given by arguments of information theory [3,7]

P ai,b
Isp(a;i, by) = log, < a5(i, be) > ;

Pa(a;)Pp(bk) ®)
where the probability of observing a out of the set of all A is P4(a;), and the
probability of finding b in a measurement B is Pg(b;), and the joint probability
of the measurement of a and b is P4p(a;,b). The mutual information I of two
measurements a; and by, is symmetric and non-negative, and equals to zero if only
the systems are independent. The average mutual information between any value
a; from system A and by from B is the average over all possible measurements

of Iap(as, by),
Iap(r) = Y Pap(ai,b)Iap(ai,by) (4)

ai,bi
To place this definition to a context of observations from a certain physical
system, let us think of the sets of measurements s(n) as the A and of the mea-
surements a time lag 7 later, s(n+ 7), as B set. The average mutual information

between observations at n and n + 7 is then

Iap(1) = Z Pap(ai, bk)Iap(ai,by) (5)
ai b

Now we have to decide what property of I(r) we should select, in order to
establish which among the various values of 7 we should use in making the data
vectors y(n). One could remind that the autocorrelation function and average
mutual information can be considered as analogues of the linear redundancy and
general redundancy, respectively, which was applied in the test for nonlinearity.
The general redundancies detect all dependences in the time series, while the
linear redundancies are sensitive only to linear structures. Further, a possible
nonlinear nature of process resulting in the vibrations amplitude level variations

can be concluded.
The goal of the embedding dimension determination is to reconstruct a Eu-
clidean space R? large enough so that the set of points d4 can be unfolded

without ambiguity. In accordance with the embedding theorem, the embedding
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dimension, dg, must be greater, or at least equal, than a dimension of attrac-
tor, dA, i.e. dg > d4. However, two problems arise with working in dimensions
larger than really required by the data and time-delay embedding [1,7,13,19].
First, many of computations for extracting interesting properties from the data
require searches and other operations in R* whose computational cost rises ex-
ponentially with d. Second, but more significant from the physical point of view,
in the presence of noise or other high dimensional contamination of the observa-
tions, the extra dimensions are not populated by dynamics, already captured by
a smaller dimension, but entirely by the contaminating signal. In too large an
embedding space one is unnecessarily spending time working around aspects of
a bad representation of the observations which are solely filled with noise. It is
therefore necessary to determine the dimension d 4. There are several standard
approaches to reconstruct the attractor dimension (see, e.g., [3,7-12]), but let us
consider in this study two methods only. The correlation integral analysis is one
of the widely used techniques to investigate the signatures of chaos in a time
series. The analysis uses the correlation integral, C(r), to distinguish between
chaotic and stochastic systems. To compute the correlation integral, the algo-
rithm of Grassberger and Procaccia [10] is the most commonly used approach.

According to this algorithm, the correlation integral is

co)=Jm o X Ho-lw-ul) ©
2V
(I<i<j<N)
where H is the Heaviside step function with H(u) = 1foru > 0 and H(u) =0
for u <, r is the radius of sphere centered on y; or y;, and N is the number of
data measurements. If the time series is characterized by an attractor, then the

integral C(r) is related to the radius r given by

d= lim M, (7)

logr
r—0 &
N —

where d is correlation exponent. The method of surrogate data [3,7-11] is
an approach that makes use of the substitute data generated in accordance to
the probabilistic structure underlying the original data. This means that the
surrogate data possess some of the properties, such as the mean, the standard

deviation, the cumulative distribution function, the power spectrum, etc., but
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are otherwise postulated as random, generated according to a specific null hy-
pothesis. Here, the null hypothesis consists of a candidate linear process, and
the goal is to reject the hypothesis that the original data have come from a
linear stochastic process. One reasonable statistics is obtained as follows. If we
denote (QQorig as the statistic computed for the original time series and @); for
ith surrogate series generated under the null hypothesis and let us and o4 de-
note, respectively, the mean and standard deviation of the distribution of @,
then the measure of significance S is given by S = @”j‘#’“l An S value of
~ 2 cannot be considered very significant, whereas an S value of ~10 is highly
significant. To detect nonlinearity in the amplitude level data, the one hundred
realizations of surrogate data sets were generated according to a null hypothesis
in accordance to the probabilistic structure underlying the original data. Often,
a significant difference in the estimates of the correlation exponents, between the
original and surrogate data sets, can be observed. In the case of the original data,
a saturation of the correlation exponent is observed after a certain embedding
dimension value (i.e., 6), whereas the correlation exponents computed for the
surrogate data sets continue increasing with the increasing embedding dimen-
sion. The high significance values of the statistic indicate that the null hypothesis
(the data arise from a linear stochastic process) can be rejected and hence the
original data might have come from a nonlinear process. It is worth consider
another method for determining dg that comes from asking the basic question
addressed in the embedding theorem: when has one eliminated false crossing of
the orbit with itself which arose by virtue of having projected the attractor into
a too low dimensional space? By examining this question in dimension one, then
dimension two, etc. until there are no incorrect or false neighbours remaining,
one should be able to establish, from geometrical consideration alone, a value

for the necessary embedding dimension. Advanced version is presented in Ref.

[3]

The LE are the dynamical invariants of the nonlinear system. In a general
case, the orbits of chaotic attractors are unpredictable, but there is the limited
predictability of chaotic physical system, which is defined by the global and lo-
cal LE. A negative exponent indicates a local average rate of contraction while
a positive value indicates a local average rate of expansion. In the chaos the-
ory, the spectrum of LE is considered a measure of the effect of perturbing the
initial conditions of a dynamical system. In fact, if one manages to derive the
whole spectrum of the LE, other invariants of the system, i.e. KE and attractor’s

dimension can be found. The KE, K, measures the average rate at which infor-
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mation about the state is lost with time. An estimate of this measure is the sum
of the positive LE. The inverse of the KE is equal to an average predictability.

Estimate of dimension of the attractor is provided by the Kaplan and Yorke

conjecture:
T A
dL :j_’_iz:a:l (17 (8)
[Ajl
where j is such that 37 _ A, > 0 and S7*\ A, < 0, and the LE ), are

taken in descending order. There are a few approaches to computing the LE.
One of them computes the whole spectrum and is based on the Jacobi matrix
of system [3]. In the case where only observations are given and the system
function is unknown, the matrix has to be estimated from the data. To calculate
the spectrum of the LE from the amplitude level data, one could determine the
time delay 7 and embed the data in the four-dimensional space. In this point
it is very important to determine the Kaplan-Yorke dimension and compare it
with the correlation dimension, defined by the Grassberger-Procaccia algorithm.
The estimations of the KE and average predictability can further show a limit,
up to which the amplitude level data can be on average predicted.

3. Relativistic quantum chaos in atomic dynamics in a DC electric
and electromagnetic fields

Further we present a new relativistic quantum approach to modeling the
chaotic dynamics of atomic systems in a dc electric and ac electromagnetic fields,
based on the theory of quasi-stationary quasienergy states, optimized operator
perturbation theory, method of model-potential, a complex rotation coordinates
algorithm method. The universal chaos-geometric block will be used further to
treat the chaotic ionization characteristics for a number of heavy atomic systems.

Let us remind that in the case of the electromagnetic field atomic Hamiltonian

is usually as follows:

1
H= 5p2 + Var(r) + 2Fp cos(wt) (9)

The field is periodic, of course one should use the Floquet theorem; then the
eigen Floquet states g, (r,t) > and quasienergies £ are defined as the eigen
functions and eigen values of the Floquet Hamiltonian Hr = H — i9;. In the
general form with using the method of complex coordinates the problem reduces
to the solution of stationary SchrCtdinger equation, which is as follows in the

model potential approximation:

(=1/2-V? 4+ Ve (r) + wL, + Fy2)¥p(r) = EWg(r) (10)
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i.e. to the stationary eigen value and eigen vectors task for some matrix A
(with the consideration of several Floquet zones): (A — —E;B)E; >= 0. As a
decomposition basis, system of the Sturm functions of the operator perturbation
theory basis is used.

In our new theory we start from the Dirac Hamiltonian (in relativistic units):
H=ap+f—aZ/r;++aFz, (11)

Here a field strength intensity is expressed in the relativistic units (F,¢; =
/2 Fy un.; @ is the fine structure constant). One could see that a relativistic
wave function in the Hilbert space is a bi-spinor. Using the formal transformation
of co-ordinates r — rexp(if) in the Hamiltonian

(?7), one could get:
H(0) = (aep — Z/r) exp(—if) + B — /aFzexp(if), (12)

In comparison with an analogous non-relativistic theory, here there is arisen
a technical problem. In formulae (11) there is term [, which can not be simply
transformed. One of the solving receptions os a limitation of a sub-space of the
Hamiltonian eigen-functions by states of the definite symmetry (momentum J
and parity P ). Thus states can be described by the following functions:

_ fFY (n,0)
o e (1)) 3

Here I(I') and spin P... in the coupling scheme give a state with the total
momentum J and its projection M; = M. Action of the Hamiltonian (11) on
the functions (13) with definite J results in:

H (0) Y, = o, (p, =22 gy exp(—ig) W +

+(8 — 2Z exp(—if) — /aFzexp(—if)) ¥, 4
0....on 1....0 . — v/ o -
where a, = (Un...O ), 8= (0” B 1), pr = —i(1/r)(d/dr)r, n =r/r,

the Pauli matrices; parameter w =—1,ifl=J —1/2and w=1,if l = J+1/2.
To further diahonalizuvaty Hamiltonian selecting the correct basis functions
in subspace, including selecting the following functions (sleterovskoho vodnye-

podibnoho or type):

RTE (f;wmfz’ (n, a)) (150)
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bM _ 0
vy =1/ <z‘G<rm%<n,a>> (156)

It is easy to see that the matrix elements (14) will be no-zeroth only between
the states with the same M. In fact this moment is a single limitation of the
whole approach.

Transformation of co-ordinates in the Pauli Hamiltonian (in comparison with
the Schrodinger equation Hamiltonian it contents additional potential term of
a magnetic dipole in an external field) can be performed by the analogous way.
However, procedure in this case is significantly simplified.

As illustration, below we present some results of our numerical modelling
ionization dynamics for Rydberg atoms Rb, Cs, Fr (Rb: n = 50—80; C's, F'r : n =
60 —80) in a microwave field (F = (1.2—-3.2).10 %a.u.;w/27 = 8.87,36 HGz). In
particular, in Table 1 we present, our new relativistic theory data on dependence
of the Rb ionization probability P upon the F, interaction time “atom-field”.
For comparison there are listed the non-relativistic theoretical data by Krug-
Buchleitner [15]; Th2 — Glushkov,Prepelitsa etal [3].

Table 1. Dependence of ionization probability P for Rb (lp = 0,m¢ =
0,n9 = 60 —66) on ng, F' (at.units), (other parameters: ¢t = 327.27 /w; frequency
we = w/2m = 36GHz,8.87GHz): Thl- numerical simulation of the SchrC{dinger
equation by Krug-Buchleitner [15]; Th2 — Glushkov,Prepelitsa etal [3]; Th3 — this

work

Th.1 Th.2 Th.3 Th.1 Th.2 Th.2
n|l¥F¥ =|F =|F =|F =|F=31-|F=31-
3.1 |31 -] 3.1 128 -] 1079 10~

107° 107° 107° 1079 we = 8.87 | w. = 8.87
We=236 | we=36 | w. =36 | we =
8.87
60| 0,25 0,252 0,27 0,20 0,21 0,24
63| 0,36 0,358 0,38 0,30 0,31 0,33
647 - - 0,36 - - 0,31
65| 0,34 0,347 0,37 0,28 0,29 0,32
66| 0,36 0,371 0,39 0,34 0,35 0,38

Comparison of theoretical results with experimental data by Munich group
for Rb: (ng > 60, FF = (1.2 — 3.2).107° a.u., w/27 = 8.87GH?z) [15,16] shows
that all listed data are in a reasonable agreement with experiment, however, the
best accuracy is provided by relativistic theory. In table 2 we firstly present new

data on dependence of the Fr ionization probability P upon the F, interaction
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time “atom-field” (the same parameters as in table 1). Unfortunately, here there
are no any alternative theoretical or experimental results.

Table 2. Dependence of ionization probability P for Fr ( Iy = 0,mo = 0,19 =
76 — 80) on ng, F' (the same parameters as in table 1): this work

this work this work this work this work

no F =28 |F =31-|F =28 .| F=3.110"°
107? 1077 107? 8.87TGHz
w/2r =36 | w/2r =36 | 8.87TGHz

7 0,47 0,50 0,43 0,46

80 0,58 0,61 0,54 0,56

83* 0,56 0,60 0,51 0,53

86 0,67 0,69 0,62 0,66

In whole, our modeling relativistic dynamics of ionization Rb, Cs, Fr Rydberg
states in the microwave field for main quantum numbers ng(ng ~ n*) there are
the local violations of probability smooth growth associated with the complex
Floquet spectrum, link between the quasi-stationary states and a continuum, the
growing influence of multiphoton resonances. The picture becomes by more com-
plicated due to the single-photon near-resonance transitions with quasi-random
detuning from resonance and quantum phase shift due to scattering Rydberg
electron on the atomic core. It is in agreement with alternative comments in
[3,15]. In conclusion we have used the chaos-geometric approach (ch. 2) to es-
timate parameters of relativistic chaotic dynamics for the Rydberg atoms Rb,
Cs, Fr in microwave field: correlation dimension, LE, KE. In Table 3 there are
listed the numerical LE values, Kolmogorov entropy K, , for three atomic
systems Positivity first two LE showers certainly evidence of chaotic dynamics
for studied systems in a microwave field.

Table 3. Numerical data for Hottvod-Melben parameter K, Lyapunov expo-
nents \;, Kolmogorov entropy Ke, (our data)

Regim Pn A1 Ao Kentr
Chaos (Rb) 085 |021 |006 |0.27
Chaos (Cs) 0.87 0.22 0.09 0.31
Chaos (Fr) 080 |0.25 |011 |0.36

We have constructed the quantitative diagram of effects of the quantum
fluctuations, stabilization, destabilization, delocalization and performance of the
Kolmogorov-Arnold-Mozer theorem in relativistic atomic dynamics. We have
found that the regime of the chaotic ionization for the Li, Rb in a microwave field
at w, = wn3 > 0.29(Rb),0.25(Cs),0.16(Fr) switches to dynamic stabilization

one. In whole using the new relativistic chaos-geometric and quantum-dynamical
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approaches there have been results, which confirm an universality and charm of

relativistic chaotic phenomena.
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Abstract Within quantum geometry it is presented an advanced energy
approach in scattering theory and its application to calculation of cross-sections
for some complex atomic systems. The improved numerical data for electron-

collisional excitation cross-sections are presented for barium.
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functions and energy eigen values
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1 Introduction

At present time a great progress can be noted in development of a quantum
geometry and quantum mechanics [1]-{12], that is mainly provided due to the
carrying out more correct and effective mathematical methods of solving eigen
function and eigen values tasks for multi-body complex quantum sustems in
relativistic approximation and new algorythms of accounting for the complex
exchange-correlation effects. Nevertheless in many calculations there is a seri-
ous problem of the gauge invariance,connected with using non-optimized one-
electron representation. In fact it means uncorrect accounting for the complex
exchange-correlation effects (such as polarization and screening effects; a con-
tinuum pressure etc.). In this paper, which goes on our studying [4]-[10], we
present an advanced energy approach in scattering theory and its application to

calculation of cross-sections for some complex atomic systems.It is based on the
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relativistic many-body perturbation theory (PT) and more correct numerical ac-
counting for the complex polarization, screening effects and continuum pressure.
The improved numerical data for electron-collisional excitation cross-sections are

presented for sodium-like barium.

2 Formal energy approach in scattering theory

We start from the formal energy approach presented in ref.[1]. The new original
moment of our scheme is in using more corrected in comparison with [3], [10]
gauge invariant procedure for generating the atomic functions basis’s (optimized
basis’s) The lather includes solution of the whole differential equations systems
for Dirac-like bi-spinor equations [10].

As an example, we consider the collisional de-excitation of the Ne-like ion:
((2i0) " 3jic[JiM;), €in) — (@0, €sc)- Here @, is the state of the ion with closed
shells (ground state of the Ne-like ion); J; is the total angular moment of the
initial target state; indices iv, ie are related to the initial states of vacancy and
electron; indices ¢;, and €, are the incident and scattered energies, respectively
to the incident and scattered electrons.

Further it is convenient to use the second quantization representation. In

particular, the initial state of the system “atom plus free electron” can be written

as
|I> = a:”;L Z ajeaivdsoc’r{;;j\/,[’rfliv (1)
My, Mije
Here C’,{%%L“ is the Clebsh-Gordan coefficient.
Final state is:
|F) = al.Po, (2)

where |I) represents three-quasiparticle (3QP) state, and |F") represents the one-
quasiparticle (1QP) state.

The justification of the energy approach in the scattering problem is in details
described in ref. [2]. For the state (1) the scattered part of energy shift Im AF
appears first in the second order of the atomic perturbation theory (fourth or-
der of the QED perturbation theory) in the form of integral over the scattered

electron energy e, [2]:

/dgscG(giva EiesEins 53(:)/(53(: — Eiv — Eie — Ein — ZO) (3)

with
ImAE = 7G (g4, €icy Ein, Esc)- (4)
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Here G is a definite squired combination of the two-electron matrix elements of

the interelectron interaction. The value
o= —2ImAFE (5)

represents the collisional cross-section if the incident electron eigen-function is
normalized by the unit flow condition and the scattered electron eigen-function
is normalized by the energy J function.

The collisional strength 2(I — F) is connected with the collisional cross

section o by expression [2]:
oI = F) =02 — F)r/((2J; + Ve ((02)%eim +2)) . (6)

Here and below the Coulomb units are used; 1 C.u.~27.054Z2 eV, for energy; 1
Caux 0.529 - 1078 /Z cm, for length; 1 C.u.~ 2.419 - 10717 /Z? sec for time.

The collisional de-excitation cross section is defined as follows [2]:

o(IK 5 0) =~ > (2sc+1) | Y (Oljin, decldies divs Ji) BES, | - (7)

JinsJsec JiesJiv

Here B.E  is a real matrix of eigen-vectors coefficients, which is obtained af-

ter diagonalization of the secular energy matrix. The amplitude like combination

in the above expression has the following form:

<|jin7jsc‘jieajiva Jz> = SQTt(zj'Le + 1)(2]21) + 1)(71)ji5+1/2) Z(fl))dnli
A

'in 'sc Jz .o .
X <5)\:Ji/(2‘]i + 1)Qx(sc, ieyiv,in) + (j, ! ) Q,\(ze,m;w,sc)> . (8)
Jie Jiv

Here values Q?“l and Q/\BT are defined by the standard Coulomb and Breit
expressions [2]. For the collisional excitations from the ground state (inverse

process) one must consider a;’ @, as the initial state and
—at + ~J g My
|F> - asc Z afea’fUQOCmfevmfu (9)
Mfe,Mfy

as a final state. The cross-section is as follows:

o(0—=TF)=27(2J;+1) > Cjsc+1) | D B, Gresdrodsliims jsel0)
JinsJse Jfesdfo

(10)
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Table 1 Comparison of measured and calculated electron-collisional excitation cross-sections
(o) for Ne-like barium for two values of incident electron energy 5.69 keV and 8.20 keV (Units
are 10721 ¢m?).

Level J  Measured Calculated Calculated Calculated Calculated
Marrs et al.  Ivanov et al. Zhang et al.  Glushkov et al  present
2] 4] 2] 7] paper
E¢; = 5.69 keV
2p3/23ds/2 1 3.98+0.56 3.20 3.44 3.25 3.62
2p1/23d3/2 1 2.1240.30 1.78 2.42 1.84 2.06
FEe = 8.20 keV
2p3/23d5/2 1 3.30+0.46 2.87 2.99 2.93 3.25
2p1/23d3/2 1 1.82+0.25 1.64 2.10 1.64 1.81
with

(ferdos Tpljin: Jsc0l) = sqrt(2jpe +1)(2 0 + 1)(=1)77 /23 " (—1)2r
A

x (aA,qu/(sz +1)Qa(se,ies iv, in) (‘7 e Jf) Qa(fe,se: fv,m>><11>
Jfe Jfv A

The different normalization conditions are used for the incident and for the

scattered electron wave functions. Upon the normalization multipliers one gets

symmetrical expressions for the excitation and de-excitation, saving the weight

multiplier (2J;+1) in (17). To calculate all necessary matrix elements one must

use the basis’s of the one-particle relativistic functions. In next section we briefly

consider our idea to generalize an approach and give some conclusions.

3 Some examples and conclusions

We applied our approach to estimate of the electron collisional excitation cross-
sections, strengths and rate coefficients for electron-collisional excitation for Ne-
and Ar-like ions. To test our theory we compare our calculations on collisional
cross-sections for Ne-like iron with known calculations [2], [12]. Table 1 compares
the experimental results with our calculations and with those of three other
theoretical works [2], [5], [7].

It should be noted that the experimental information about the electron-
collisional cross-sections for high-charged Ne-like ions is very scarce and is ex-
tracted from indirect observations. In any case implementation of such new ele-
ments as indicated above, allows to meet more fine agreement between theoretical
relativistic energy-approach data and empirical results.

Acknowledgement. The author would like to thank Prof. A.Glushkov for

useful advices and critical comments.
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and analysis of nonlinear processes dynamics in quantum-generator system
(time series of laser intensities). The approach combines together application
of the advanced mutual information approach, correlation integral analysis,
Lyapunov exponent’s analysis etc.

Keywords geometry of chaos, non-linear analysis, quantum-generator system

Mathematics Subject Classification: (2000) 55R01-55B13

1. Introduction

This paper goes on our work on development an advamsed version of non-
lienar analysis tool and its application to studying dynamics of nonlinear pro-
cesses in complex chaotic systems. Earlier [1]-[8] we have developed a new, chaos-
geometrical combined approach to treating of chaotic dynamics of complex sys-
tems and forecasting its temporal evolution. Here we use this approach to carry
out an analysis of nonlinear processes dynamics in quantum-generator system
(on example of laser system). The approach combines together application of the
advanced mutual information approach, correlation integral analysis, Lyapunov
exponent’s analysis etc. Let us rimend that during the last two decades, many
studies in various fields of science have appeared, in which chaos theory was
applied to a great number of dynamical systems, including those are originated
from nature [5]-[16]. The outcomes of such studies are very encouraging, as they

reported very good predictions using such an approach for different systems.
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2. Advanced chaos-geometrical approach to quantum-generator dy-

namics: Data

In this studying we study dynamics of quantum-generator system on example
of external cavity semiconductor laser of the hydrological systems, in particular,
variations of the laser intensity, by using the non-linear prediction approaches
and chaos theory method (in versions) [1]-[8]. The time series of the laser inten-

sity are described and listed in [9].

As the fundamental aspects of chaos-geometric approach have been in details
presented earlier, here we are limited only by key moments. Following to [1]-]9],
further we formally consider scalar measurements s(n) = s(tg+ nAt) = s(n),
where ty is a start time, At is time step, and n is number of the measure-
ments. In a general case, s(n) is any time series (f.e. atmospheric pollutants
concentration). As processes resulting in a chaotic behaviour are fundamen-
tally multivariate, one needs to reconstruct phase space using as well as pos-
sible information contained in s(n). Such reconstruction results in set of d-
dimensional vectors y(n) replacing scalar measurements. The main idea is that
direct use of lagged variables s(n + 7), where 7 is some integer to be defined,
results in a coordinate system where a structure of orbits in phase space can
be captured. Using a collection of time lags to create a vector in d dimensions,
y(n) =1[s(n),s(n + 7),s(n + 27),..,s(n +(d— 1)7)], the required coordinates
are provided. In a nonlinear system, s(n + j7) are some unknown nonlinear
combination of the actual physical variables. The dimension d is the embedding

dimension, dg.

Let us remind that following to [1]-[8], the choice of proper time lag is important
for the subsequent reconstruction of phase space. If 7 is chosen too small, then
the coordinates s(n + j7), s(n +(j +1)7) are so close to each other in numerical
value that they cannot be distinguished from each other. If 7 is too large, then
s(n+j47), s(n+(j+1)7) are completely independent of each other in a statistical
sense. If 7 is too small or too large, then the correlation dimension of attractor
can be under-or overestimated. One needs to choose some intermediate position
between above cases. First approach is to compute the linear autocorrelation
function C'1(6) and to look for that time lag where C(d) first passes through
0. This gives a good hint of choice for 7 at that s(n 4 j7) and s(n+ (j + 1)7)
are linearly independent. It’s better to use approach with a nonlinear concept
of independence, e.g. an average mutual information. The mutual information [
of two measurements a; and by is symmetric and non-negative, and equals to 0

if only the systems are independent. The average mutual information between
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any value a; from system A and b; from B is the average over all possible
measurements of I 45(a;, by). Earlier it was suggested, as a prescription, that

it is necessary to choose that 7 where the first minimum of 7(7) occurs.

In [5]-[6] it has been stated that an aim of the embedding dimension determina-
tion is to reconstruct a Euclidean space R¢ large enough so that the set of points
d 4 can be unfolded without ambiguity. The embedding dimension, d g, must be
greater, or at least equal, than a dimension of attractor, d 4, i.e. dg > da.In
other words, we can choose a fortiori large dimension dg, e.g. 10 or 15, since
the previous analysis provides us prospects that the dynamics of our system
is probably chaotic. The correlation integral analysis is one of the widely used
techniques to investigate the signatures of chaos in a time series. If the time

series is characterized by an attractor, then correlation integral C(r) is related
to a radius r as d = lim lolgoﬁ
g

r—0,N— o0

, where d is correlation exponent.

As input data we have used measured data for the temporal dependences of
the intensity of the laser [9]: i) - time series, showing the random walk between
the ground state and state of third harmonics of the laser system; ii) - the time

series for the system in a state of a global chaotic attractor.

It table 1 we list the values of the autocorrelation function Cj and the first

minimum of mutual information I,,;,; for the laser intensity.

Table 1. Time lags (hours) subject to different values of C'r, and first minima

of average mutual information,/,,;,1, for the laser emission intensity.

Series 1 | Series 2 | Series 3 | Series 4
CrL=0.1 | 67 82 112 124
Cr=0.5 | 10 12 9 21
Lyina 12 14 18 28

The values, where the autocorrelation function first crosses 0.1, can be chosen
as 7, but in [10]-[12] it’s showed that an attractor cannot be adequately re-
constructed for very large values of 7. So, before making up final decision we
calculate the dimension of attractor for all values in Table 1. The large values of
7 result in impossibility to determine both the correlation exponents and attrac-
tor dimensions using Grassberger-Procaccia method [12]. Here the outcome is
explained not only inappropriate values of 7 but also shortcomings of correlation
dimension method. If algorithm [4] is used, then a percentages of false nearest
neighbours are comparatively large in a case of large 7. If time lags determined by
average mutual information are used, then algorithm of false nearest neighbours

provides dg = 6.
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The fundamental problem of theory of any dynamical system is in predicting
the evolutionary dynamics of a chaotic system. Let us remind following to [14]—
[16] that the cited predictability can be estimated by the Kolmogorov entropy,
which is proportional to a sum of positive LE. As usually, the spectrum of LE
is one of dynamical invariants for non-linear system with chaotic behaviour.
The limited predictability of the chaos is quantified by the local and global
LE, which can be determined from measurements. The LE are related to the
eigenvalues of the linearized dynamics across the attractor. Negative values show
stable behaviour while positive values show local unstable behaviour. For chaotic
systems, being both stable and unstable, LE indicate the complexity of the
dynamics. The largest positive value determines some average prediction limit.
Since the LE are defined as asymptotic average rates, they are independent of
the initial conditions, and hence the choice of trajectory, and they do comprise
an invariant measure of the attractor. An estimate of this measure is a sum
of the positive LE. The estimate of the attractor dimension is provided by the
conjecture dj, and the LE are taken in descending order. The dimension dj, gives
values close to the dimension estimates discussed earlier and is preferable when
estimating high dimensions. To compute LE, we use a method with linear fitted
map, although the maps with higher order polynomials can be used too. Non-
linear model of chaotic processes is based on the concept of compact geometric
attractor on which observations evolve. Since an orbit is continually folded back
on itself by dissipative forces and the non-linear part of dynamics, some orbit
points [4]-[6] y"(k), r = 1, 2, .., N g can be found in the neighbourhood of any
orbit point y(k), at that the points y” (k) arrive in the neighbourhood of y (k) at
quite different times than k. One can then choose some interpolation functions,
which account for whole neighbourhoods of phase space and how they evolve
from near y(k) to whole set of points near y(k + 7). The implementation of this
concept is to build parameterized non-linear functions F(x, a) which take y(k)
intoy(k+ 1) = F(y(k), a) and use various criteria to determine parameters
a. Since one has the notion of local neighbourhoods, one can build up one’s
model of the process neighbourhood by neighbourhood and, by piecing together
these local models, produce a global non-linear model that capture much of the
structure in an attractor itself. Table 2 shows the correlation dimension (ds2),
embedding dimension (dg), Kaplan-Yorke dimension (dy), and average limit of
predictability (Prmqz, hours) for time series of the laser intensities.
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Table 2. The Time lag (7), correlation dimension (dz), embedding dimension
(dg), Kaplan-Yorke dimension (dj) for time series of the laser intensity (chaos

and hyperchaos regimes).

Chaos Hyperchaos
T 6 10
(d2) | 2.2 7.4
(dp) | 4 8
dyp, 2.16 7.18

The sum of the positive LE determines the Kolmogorov entropy, which is in-
versely proportional to the limit of predictability (Pry,q.. Let us remind since
the conversion rate of the sphere into an ellipsoid along different axes is deter-
mined by the LE, it is clear that the smaller the amount of positive dimensions,
the more stable is a dynamic system. Consequently, it increases the predictabil-
ity of it. As the numerical calculation shows the presence of the two (from six)
positive \; (one LE pair for chaos regime: 0.151 and 0.0001; for hyperchaos :
0.517 and 0.192) suggests the system broadens in the line of two axes and con-
verges along four axes that in the six-dimensional space. The time series of laser
intensity in the chaos regime have the highest predictability than other time
series, for example, in the hyperchaos one.
3. Conclusions

In this paper we considered an advanced chaos-geometrical approach to nu-
merical modelling and analysis of nonlinear processes dynamics in quantum-
generator system on example of the semiconductor laser system. The approach
combines together application of the advanced mutual information approach,
correlation integral analysis, Lyapunov exponent’s analysis etc. We have investi-
gated a chaotic behaviour in the time series of the laser intensity in two regimes
of chaos and hyperchaos and computed the key numerical parameters of chaotic

dynamics.
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IaBapianTHI Mipu Ha cucTeMaX daraTorpaHHUKIB

I'epacin Ousekciii IBanoBu4

Amnoramnia B crarbe aBTOp paccMaTpuBaeT MHOTOTPAHHBIE ODOOIIEHHO BBHITYK-
sbie MHOKecTBa. CBOMCTBAa OOOOIIEHHO BBIMYKJIBIX MHOYKECTB HCIOJIb3YIOTCS
[P BBIYUCIEHUN WHBAPUAHTHBIX MEP HA COBOKYITHOCTH MHOIOIPAHHUKOB. [Tpe-
JIaraeMblii METO, U MOJIy9YeHHBIE PE3YJIbTAThl BHIYUCJIEHUH JAI0T BO3MOXKHOCTH
HAXOINUTh WHBAPUAHTHBIE MEpPBI MPH PENIeHUW TPsSMOil u 00paTHON 3aJadun

ToMmorpadun.

Kurrouosi ciioBa luBapranTthas Mepa, MHOTOTDAHHUKY, OOOOIIIEHHO BBITYKJIbIE

MHOXKECTBa, Teopema KpodToHna, Mepa rumepijiocKoCTei, 3a1a4a TOMOrpad .

VIK 519.6

1 Beryn

BinpmmricTs minepaniB Mae Kpucraaidny OyI0BY y BUDVIS PI3HUX OaraTorpaHHU-
KiB. Jly»ke mIiIHUM METO0M BUBUYEHHS T€OMETPUIHOI Oy/I0BU TPUPOIHUX 00’€K-
TiB, KPUCTAJIIB OPraHigYHUX Ta HEOPTAHIYHUX PEYOBUH € METOJ PEHTTEHOCTPYK-
TypHOro anasi3y. BiH 3acHoBaHuii Ha TOMY, IO BCIKA PEYOBUHA BOJIOIIE 3/1AT-
HICTIO PO3CiIOBAaTH IaJlal0dye Ha HHOTO BUIIPOMIHIOBAHHS, 30KpeMa PEHTTeHIBCh-
ke. [Ipu mboMy pO3CigHHS PEHTTEHIBCHKUX MPOMEHIB KPUCTAJAMU 3HAXOIUTHCS
B TEBHIN BiAMOBIAHOCTI 3 po3ramyBaHHSM aToMmiB B kKpucrtaui. Ocranniii gac
pO3BHUBaJIACh 00JIACTH MATEMATHKHY, 10 3afiMAETHCA PO3POOKOI0 MATEMATUIHUX
METO/IiB i aArOPpUTMIB BiJHOBJIEHHST BHYTPIIIHBOI CTPYKTYPH 00’€KTY 3a MPOEK-
miHUME JaHUMA. 30KPEeMa, PIMIEHHSIMH MPSIMOI 1 3BOPOTHOI 3a1a49i Tomorpadii.

ITnm mpobitemam i mpucBsiyeHa gaHa pobdora.
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1.1 Awmani3 ocTanHixX AOCTIAXKEHD 1 myOmiKartiii

B xnacuuniit 3ama4qi Broddona mpo ronky Bke HeaBHO Oysia MPUCYTHS i/1es BBe-
JIeHHSI Mip B TIpocTOpi mpsMux Ha momuHi. [1i3uime "opupomsamm posmomiaom"
MPAMOl g BU3HAYMINA Mipy, BITHOCHO sIKOI KOHI'DYEHTHI MizK CODOI0 reOMeTpUYHi
1o/l OTPUMYIOTH PiBHI Mipu.

[Torim Oys10 MOKa3aHO €AHICTH AUdEPEHIiaIbHUX €JIEMEHTIB, SIKi iHBapianTHI
BIZITHOCHO Tpymu BCIX TpaHCcadAiiii i mosoporis ua miomuti (Ilyankape,1912 p.) i
upocropi (Iloita,1917 p.).

Bagady mpo iHBapiaHTHI MipW Ha CHCTEMAaX OMYKJNX MHOXKWH Ha, MJIOIIWHI
HOCTABUB, ajie He BupimuB anriiickkuit Maremaruk Clabsecrp [11]. Tlosuicrio
3aza4a Oyna po3s‘s3ana AmbapuymsaoM [1], ase s MHOXKHH, IO HE 3HAXO-
JIAThCSA Ha TUIONIMHL Y 3arajibHOMY MOJIOXKeHHI (TOOTO YKOAHI TP BEPIIUHU [OJI-
KU HE HaJexkaTh 10 OnHOl mpgamoi). Ilizuime g ymosa Oyna 3usaTa i 3pobaeHo
y3arajibaenus reopemu Kpodrona na 6ararosumipuuil unajiok [4,5].

B mporeci mocaigzKeHb, MOB A3aHAX 3 JIAHOI0 POOOTOI0 BUSBUJIOCH, IO TPH-
POIHWMM anaparoM JJjisi PillleHHs 3344 MMOB si3aHUX 3 IHBAPIAHTHUMU MipaMu, €
(n — 1)-onykui MHOXKUHH, #Ki 3anpononysas y 1987 poui 3esincokuii [8]. Baa-

cruBocti (n — 1)-0myKInX MHOKHH JOCHTDb JOCTiIKeH] [2,3].

1.2 Mera crarti

Bumora "MHOXKHHU, 0 HE 3HAXOAATHCS Yy MPOCTOPL y 3arajibHOMY IMOJIOXKEH-

" mepembadae, Take po3TallyBaHHsS OAMATOrPAHHUKIB B TPUBUMIDHOMY MPO-

Hi
CTOPi, 110 He iCHy€ KO/HIN npsiMmiil, B TpOCTOpI, KA mepeTuHaa O MeXi TPhOX i
6inbimn Gararorpanuukis. T. e. anpiopi, MeTonnka, 10 BUKOpHcTaeThes [1] Ta [9),
He MPUIATHA /I MOJIYJIIOBAHHA KpucTaiidaux perritok. Jocainuru meromuky
00YMCIeHDb 2-Mip 3a JOMOMOrOI0 y3arajibHeHHs Teopemu KpodToHa Ha cucremi
JBOX OAaraTOrpaHHWKIB, BUKOPUCTAB BJIACTUBOCTI 2-OMyKJIMX OaraTOrpaHHUKIB i
crierianbanx F-muOoXKUH. Lle mae 3Mory, oTpuMani pe3yabTaTh y3arajJbHUTH Ha,
MHOXKWHY, 10 CKJIAJAETHCA C 6ararboxX KOMIIOHEHT-DAraTorpaHHUKIB, [TOBLIHHO

PO3TallIOBaAHUX.

2 BukJsag ocHOBHOroO marepiaiy

Bu3HaueHHs OCHOBHHX NOHSATD, 10 BUKOPUCTOBYIOTHCS B POOOTI, MOKHA 3HATH
B [2 - 5]. HaM 3Ham00uThes monarts (n — 1)-onykaoi muoorcunu [8] ta onykaoi

obosonxkuy 9]
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Osnauennsi 1 Muoowcuna A C R" mae nassy (n—1)-onykaa, axwo wepes 6yov-

aky mouky x € R™\ A, moorcna nposecmu ginepnaowuny H, wo ne nepemunae

A.

OszuaueHHs 2 Onykautl nepemun YciT ONYKAUL MHONCUH, UL MICMAMD 3000~
HYy muoocuny A C R™, nazusaroms onyx.ao1o 060401K010 mHuosicuny A i 03nava-
10Mb

A= conv(A) = ﬂ K,
KDA

de K € onykaa MHOHCUHA.

Tak caMo MOXKHA BU3HAUNTH MOHATTS (N — 1)-0MyKJoi 060JIOHKH.

Maemo Busnauenns F-muoxun (Face of set).

Osnavenns 3 Hexati A, MHOMCUHG, WO CKAGIGEMBCA 3 080T HE NOPONHCHIT
onykAur xomnonwenm Ay i As modi das onykaoi 0bosoHKU A MHOMCUHU MaE

micue pisnicmo (dus. 6 [ 2 ])

A= conv(Ay U Ag) = U T To.
r1 € Al
To € A2

Jas kooicHo20 6i0piska x1Ty 6usnavumo mouku fi € Ay i fo € Ay mail-
Oiavw 6AU3bKO posmawosani 0o movwok x1 € Ay 1 x9 € Ay 6idnoeiono. Busha-
yumo mroocunu Fy, 1 = 1,2, ax cykynuicmo mouwok, nobydosanus oit 8CIAAKUT

610pi3Ki6 T1To.

OueBnzno, mo Fy C JA; ra Fy C 0As. B [ 2,3 | nokasaHi BiracTuBOCTI MHO-

ke Fy i =1,2 nas (n — 1)-omyKanx MHOXKWH.

Osnauenns 4 Hexat (2, o-ckinuenna Mipa y npocmopi naouyum, iHeapianmma

6i0MOCHO 2pYnu 6CiT mpancaaiti i nosopomie y R3. 3 [1] seicno, wo

™

2

2m
1
12K = 27/ l(po,K)sind dp dv, (1)
0

de K C R? - xomnaxmmna onyxaa mmosicuna, po(K) - mipa naowgun, awi ne-
pemunaromv muoocury , (py,K) - dosorcuna opmozonasvroi npoexyii K na

npamy, wo npoxodumsv wepes (0,0,0) y nanpamxy (sinbcosep, sinfsing, cosy).
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Osnauenns 5 /aa 6aeamozpannuxa M C R3 e opmyra mipu MHOAHCUHY 6CIT

NAOULUH, UL0 Nepemunaroms M.

P20 = 23— el @

i=1
de l; dosorcuna i-20 pebpa, o; — 0602PaHHUT KYM MINHC 2DAHAMU, AKT YMEOPITY

i-€ pebpo.

Mipy mJIOMuH y TPEBAMIpHOMY HpocTOpi 6ymeMo HasuBaTH 2-Mipa, abo p2.

MiHKOBCHKMM BH3HAYEHA CyMa BHUIYKJINX MHOXKMH A & B [9)].

Osnauvenns 6 Hexaii A i B — nenycmi onyxai mnosicuru y R, padiyc-eexmopu
mowox a € A 1 b € B cnissidneceni do nowamky xoopdunam 0. Todi (3anesrcny

610 eubopy 0) mroorcuny
A®B={z€eR"|z=a+bac Abe B}
bydemo nazusamu cymoro A i B.

[ozmaunmo depes K° MHOKUHY, CHMETPHUHY OLYKJIifi MHOXKHUHI BiJHOCHO

[EHTpA BarW MHOXKHHK [5].

Osuavenns 7 Hexati B C R" - MHOooCUHRG, AKaG CKAGIGEMDBCA 3 080T 0bMmedce-
HUT ONYKAUT MHootcun By 1 By , O1 1 Oy — yenmpu eazu mia By i Bs, 6i0nosidno
i nexati BY = t(By @ BY) (i = 1,2), de t — mpancasvia mnoocun (Bs @ BY)
, MPU AKIT YEeHMP MAKCIHHA U020 CNIBNA0AE 3 UECHMPOM MAHCIHHA MHOHCUHU
Bs. IToznawumo wepes BY mmoorcuny conv(0U BY), a u"~1(> By, By <) mipy

2inepniowun, wo poadiasoms muoocuny B; (1 = 1,2) [5].
Haini maemo y3aranbuenns Teopemu Kpodrona Ha 6araToBuMipHUii mpocTip.

Teopema 1 Hexait B C R"™ - muootcuna, axa cxaadaemovcs 3 980x obmesice-
HUT ONYKAUL MHoocun By @ By, Todi Mipa MHOMCUHU 6CIT 2iNEPNAOUWUH, U0

posdiaaroms muoscunu By i B, dopienioe:
p" (> Bi, By <) = "N (BY) — u"H(BYY). 3)

Joxa3 namamno [5].

VY [10] crop. 194-197 Bxasanui interpanu cepeaubol Kpususuu M (K) nesaxux
ONYKJIUX MHOXKHWH. [CHY€ HACTYIIHE CIiBBIHOINIEHHS MiXK iHTerpajiaMu CepeTHbOT
kpubm3Hn Ta 2 (K) MipoI0 MHOKWHE BCiX TIJIOMINH, IO TIePeTHHAIOTH MHOMKIHY

K.
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Maewmo nacrynui p2(K) onykaux 6ararorpannukis K C R3.

ITpukaan 1.
a) uga Terpaenpa 3 J0BKUHOIO pebpa a Ta paiiycom onucanol chepu R:

V6R arccos(—3) _3a arccos(—3)

T 21

i (K) =

6) st xyba 3 JOBKUHOKW pebpa a:

B) s ntockol ouykiiol muoxkunu K 3 nepumerpom P, siky po3riisiaeMo sk

onykiy MHOXKHHY y R3, Maemo:

IIponosuris 1 Mipa MHONCUHU 6CIT NAOULUH, ULO TEPEMUHAIOMH TPAMY NiIPG-
Mmidy eucomoro H = Ala. A > 0, ocnosa axoi npasusvbHul MPuKymuur 3i

CMOPoHot0 a, JOPieHIOE:

3<a 3I+3N) (1-6))

1
2
P) = ~ 7 .
e (P) yym 3 arccos 15122 +aarccos< 1+12/\2>>

de N = I,

a

HoBenenus 1 Iosnavwumo sucomy nipamiou H = da, X > 0, daa mempaed-

PYATET = é . Buxopucmaswu Gopmysu aHaAimuNHot 2eomempii, 3Hatidemo

8EPULUHY NPAMOT NIPAMIOU ;

PO = (Oa Oa O)7P1 = (Aav 07 ?)7

a aV3 a aV3
Py = (ha, — 2, 22 py = (e, 2, -2V,
2 (CL, 27 6 )7 3 (CL, 2a 6 )
JTas obuucient KYma Misc 2PaHAMU 3HATO0eMO 6eKMOPU, U0 SUTO0AMYL 3

sepwuny Py :

V3

Vo= (A, 0,0),Vi = (a, 0, 5°),
a aV3 a aV3
‘/2 - ()‘av 755 77)7‘/3 - ()‘aa 5777)7 .

Homim snatidemo 6exmop Hopmani 0o NAOUWUHU, U0 NPOTOIUMD KPIZb MOUKU
Py, P, Py :

i g k , ,
nzl:[l/ngl]:)\a_g_i :_a\/§ )\a\[ k

6 2
Xa O a‘f
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Ta sexmop HOPMGAT D0 NAOUUHY, UL NPOTOOUMD KPi3L mowkyu Py, Py, P :

23 Aa?V3 . Aa?
,“g[zwr a2\fg+%k

niz = [Vi x V5] =

Ob64UCAUMO KOCUHYC KYMA MINHC UUMYU BEKMOPAMU 36 00NOMO2010 POPMYAU
KOCUHYCa.

Cranapruti dobymorx

a* At
(n21 'n13) 12 - B
Kym miotc HOpMaAAMU
(n12 - n13) (1 —6)2)
/ 3) = ~ s Y = Sl
(n12,m13) arccos 1| sl arccos 0T 1209

Tenep 06uuUCAUMO KYM MidHc OOK0B010 2DAHHIO MaA 0CHOB010, AL Ub020 0b6wUC-

AUMO Kocunyc Kyma mioie eexkmopamu Vo = (Aa, 0, 0) ma ngy = [Vo x V] :

Z(Vy,ng1) = arccos (16 - nz1) = arccos < 1>
v Vol - [n21] V1 + 12X2

.. . . ay/3(1+3A2) ) .
Aosoicuna 6oxosoi epani dopienioe ————. B ocnoei xeadpam si cmo-

PoHoIO . 3 Popmysu dan 6a2aMOLPAHHUKAE MAEMO:

P (P) =
_ 3 (aB043) e (6N eeos (- L
T Arw 3 (1 + 12)2) V1 + 12)2
s rerpaenpy Arpr = ?, KyT Ma€ 3HAUECHHS arccos(—%). Hus. npukiazn 1,

a.

IIponosuris 2 Hexat B C R3- mmoosrcuna, axe crxaadaemovcsa 3 deox obme-
HCEHUT ONYKAUT MHOHCUH B — npasuibhul mpuxymuur 3i cmoponoro a i Ba
- mpukymruk nepemeopenull 3 mpukymuuka B, 3a donomoz0t0 yenmparvroi
cumempii ma napasesvrum 3cyeom no oci OY na eidcmany H = da. A > 0.

To0di Mmipa MHOHCUHY BCIT 2INEPNAOUWUH, W0 PO3disstoms misa By i By dopis-

HIWE:
/J2(> PlaPQ <) =
— 3 ay/3(1 +3?) arccos (1-6)%) + a arccos _é -5
= 3 (1 n 12>\2) 1+ 12)2 2
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HoBenenus 2 3 nponosuyii 1:

pA(Py) =
3 [ a\/3(1+3)\2) (1 —6)2) N 1
= — | —————arccos ——— a arccos Iy ————————————y
4 3 (1 + 12)2) V1 + 122

Mmootcuna PP npasuavnuti mpukymmus 3i cmoponoto 2a, momy
2/ pN

p(Py) = —

3 meopemu 1, maemo (> Py, Py <) dopisnioe

PP =R =

3 1+ 3)\2) arccos (1 — 6>\2) -+ a arccos ( ! > a4
= — T ——— 4 aaar —_— | — —
A7 (1+12)2) V1+12)2 2

de \ = H

BayBaxkeuus 1 IIponosuuis 2 dae 3mo02y 06MUCAUTNY THEAPIGHTHT MIPU 0N
deoxr bazamoezpannukie, F-mmooicunu [4] axux cxaadaromves 3 NPasUALHUT
mpurkymnukie. IIomim, MOAHCAUBO Y3A2ANOHEHHA PESYADMAMIE HA CYKYNHOCIE

KIHUEB020 YUCAG DA2AMOZPAHHUKILE.

IIponosuttia 3 Mnootcunu By i By - déa xeadpamu 3i cmoponoto a , wo cmeo-

PEHI NAPASEALHUM 3CY68oM Ha idcmany H = Aa, A > 0:

a a a
Bl {(.’L’,y,Z) z Oa 2 SYS 2@, 9 = Z S

NGRS
-

a a a a
By={(z,y.2) v =H;—5 <y< Sa-5 <2< T}

T00i Mipa MHOHCUHU BCIT 2INEPNAOULUH, WO PO3AIALIOMD MHOMCUHU By i By

dopieHIOE:

p?(> By, By <) = p?*(BY) — p?(BY)

1
p?(BP) — p2(BY) = ;(arccos(m caV2+ A2+ 2a(rm — arctg(N)) — 2a

de ) = &,

a
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Hosenenns 3 3zidno 3 meopemoro 1, Maemo:
Bév = {(z,y,2):x=H;—a<y<a=-a<z<a}

BzD - nipamida 3 eepwunoto y mowyi (0,0,0) i ocnosoro - keadpamom , 3

cmoponow 2a. Boxosi pebpa nipamiou maromsv 006xHcuHy :

|L|=+2a? + H?> = av2+ )\

Buxopucmaswu Gopmyast aHarimuwHoi 2eomempii, anano2ivio npukasady 1,
3natidemo sepwuny npamoi nipamiou. Ilomim 064uUCAUMO 8eKMOPU HOPMAAT 0O

epanets 1 6idnosidni deozpanni kymu. Maemo:

H
- V24?2 + H? + 2a(w —arctg( )))

1
,LLQ(BzD) = ;(arccos(m

a2 + A% + 2a(m — arctg(N)))

Buxopucmaswu gopmyay npuksady 1, eunadok 8), maemo

1
‘u2(B2D) = ;(arccos(m

cav2 4+ A%+ 2a(m —arctg(N) — 2)

1
2 —
1 (> Kl,KQ <) = ;(arccos(m

de )\ = &

IIponosuria 4 Hexai K C R? - muoorcuna, axe ckaadaemvea 3 deox K i Ko

KY0i6, WO CMBOPEHT NAPAAEALHUM 3CYEOM HA 6IOCTNAHD:

Q

Ki={(z,y,2): —a <z < 0;—= <y< ga;—% < z< %

[\)

Ko={(@,y,2): H <o < H+ai—5 <y< ai—3 <2< ).

2
Todi Mipa MHONUCUHU BCIX 2iNePNAOUUHN, U0 PO3disatoms misra K1 i Ko dopis-

HI0€:
a2 + A2+ 6(m —arctg(\) —2)

HoBemgennss 4 Bidmimumo, wo das mia K1 i Ko F-mmuooicunu € dea keadpamu

3a
2 —
12 (> K17K2 <) = ?(arccos<m

B i Bsy, sidnosidno ( IIponosuuia 3). 3 yvozo caidye dopmyaa.

3a J010MOro 1PONO3uLii 4 MU MAEMO [IPOBECTU HACTYIIHI 0OYUC/IEHHS .
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IIponosuria 5 Hexat K C R? - muoocuna, axa cxaadaemoca 3 8 xybie K;,
1 = 1,8, 3t cmoporoto , W0 CMBOPEHT NAPANEALHUM 3CYBOM & UEHMPU AKUL,
3HAT00AMBECA Y 6ePWUHAT KYbY 3i cmoponor a+b, 0 < b < a. Todi mipa mHo-
JHCUHY BCIT 2IMEPNAOULUH, WO NEPEMUHAIOMY MHodcuny K i ne nepemunaromo,

mobmo poadiasroms kyou K;, i =1,8. Hopienrwe

p2(> Kii=1,8 <) =

_ 6(A+a+0) 1 3
= - (arccos(1+4)\2) V2 + A2+ 6(m —arctg(N) — 2)
de A = GL_H).

HoBenenus 5 Bidcmans Mix Kybamu, wWo 3HATO0AMGCA Ha pebpi Kyba dopis-
e b, 0 < b < a. Hockinvku b < a, ichye mpu muoorcuny Aq, As, A3 naowun,
wWo po3diasms Kyou Ha cucmemu no womupu kyba. I mHoscuny marwms Ha-
36y amomu [9]. 3natidemo onykay 060A0HKY, 0Af KOJHCHOL CUCTIEMU 3 YOMUPBOT
xybis. Ile 360dumv dosedennsa do eunadky npuksady 2, xeadpamu By i By ma-
10Mb CMOPOHY, W0 dopieuioe a+b, a eidcmans misic Humu b. Y eupas meopemu 4
nidemasasemo 6i0noeidni snauenms a ma A. Ilommosrcyrouy 020 HG KiAbKICTD

amomis, mobmo 8, mMaemo opmyry nponosuyii 4.

3 BucHoBknu

B crari Bukopucrano y3aranbaerHs TeopeMu KpodTona Ha TpUBUMIpHUI BUIa-
J0K. BUKOpHCTOBYI0YM BIACTUBOCTI y3arajbHEHO OIyKJIUX MHOXKWH, OOYHCIIeH]
imBapianTHi 2-mipu [J1st 1BOX OAraTOrpaHHUKIB, F-MHOXWHYM SKUX CKJIAIAI0Th-
Cs 3 MPABUJIBHUX TPUKYTHUKIB, a00 KBajapariB. Jlesaki iHMN BUMAIKU OMYKJIAX
MHOXKHH, F-MHOXKHMHY SKUX MAIOTh y CKJIal Koo, pparmentTu Kyl aus. [7]. do-
Ka3aHi TeopeMu I IBOX OAraTOrPAHHUKIB JO3BOJISIOTH y3arajJbHUTU PE3YIIb-
TaTH HA CyKYIHOCTI KiHIeBOro umcsia Oaratorpanuukis. IIpormonoBanuit meTos
Ta OJePIKAHWI PE3yIbTAT O0UNCIEHD, TaI0Th 3MOI'y 3HAXOJAUTHU iHBAPiaHTHI Mipu
CYKyIHOCTI 6araTorpaHHUKIB, IO MOXKe OyTH BUKOPUCTAHO IPHU PIIlleHH] MPIMOl

i 3BOpoTHOI 3a7a4i ToMorpadii.
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