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UDC 539.3 This paper describes a technique for analyzing the phenomenon of static buckling of a
pre-loaded complex nano-composite shell. Most of the works devoted to the analysis of
STATIC BUCKLING complex structures consider vibration processes, while the phenomenon of buckling
OF A PRE-LOADED can be an important factor that limits the use of new materials in space-rocket

hardware. A nano-composite constant-thickness shell consisting of two spherical

COMPLEX NANO- covers and a cylindrical body is considered. It is acted upon by internal pressure and
COMPOSITE SHELL | an axial compressive force. This shell simulates the fuel tank of a launch vehicle.

Conditions under which the shell is deformed non-axisymmetrically, buckling

statically, are investigated. A technique is proposed that allows the problem to be
. divided into the analysis of the pre-loaded state of the shell and the analysis of
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structure is reduced to solving a system of linear algebraic equations with respect to
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also significantly affects the critical load.
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Introduction

Modern materials are widely used in the aerospace industry. The use of carbon nano-tubes (CNT) as
a reinforcing agent makes it possible to obtain materials with high specific stiffness and strength in compari-
son with the base material (matrix) [1].

The problem of analyzing the static buckling of nano-composite shells was solved in [2—13]. The
buckling of cylindrical shells was studied in [5-8, 10-13]. In these works, the longitudinal compression of
the shell is considered in combination with thermal and electromagnetic loading. Also, in [12], the buckling
of a pre-loaded shell is considered.

Most of the thin-walled structures used in the aerospace industry are composite. The analysis of such
structures in the scientific literature is mainly limited to vibration analysis and dynamic problems. Thus, in [14],
equations of motion were constructed for a conical-cylindrical-conical shell. The designs obtained as a result of
a combination of spherical and cylindrical shells are considered in [15, 16]. Here, the task is limited to the
analysis of free vibrations of structures. An analysis of the vibration dynamics of conical-cylindrical shells is
given in [17-19].

Most of the works devoted to the analysis of complex structures consider vibration processes, while the
phenomenon of buckling can be an important factor that limits the use of new materials in space-rocket hardware.

This paper considers the static buckling of a complex nano-composite structure under the action of
internal pressure and an external axial load. A method for determining the critical axial load on the shell,
based on the Ritz method, is proposed.

This work is licensed under a Creative Commons Attribution 4.0 International License.
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Formulation of the Problem

We consider the stress-strain state (SSS) of a thin-walled struc-
ture of constant thickness # (Fig. 1), consisting of two spherical covers
and a cylindrical body of length L. Such a geometric model is used to
represent fuel tanks for launch vehicles. In this paper, to simplify the
presentation, a symmetric construction is considered. Nevertheless, no
fundamental changes in the described methodology are required for the
analysis of an asymmetric structure. The radius of the covers is denoted
as R,, and the radius of the cylinder, as R. < R,. Further, the spherical Fig. 1. Sketch of the shell

covers and the cylindrical body will be called geometric primitives. At the point of their attachment, the an-
gle between the tangent to the sphere in the plane of the structure axis and the cylinder wall is a.

The position of a point in the shell is described by a bound coordinate system (s, 0, z): the coordinate s
(Fig. 1) is directed along the shell generatrix from the pole of one of the covers; the angular coordinate ¢ is
measured in the plane perpendicular to the shell axis counterclockwise; the z coordinate is directed along the
normal to the middle surface of the shell.

The structure is made of a nano-composite material, which is a PmPV polymer reinforced with
guided nano-tubes along the shell generatrix.

Two types of loads act on the structure: the internal fuel pressure py, uniformly distributed over the shell
surface, and the axial compressive load T\, uniformly applied to the attachment interface between the covers and
the body. The task is to find the minimum axial load, which leads to the static buckling of a given structure at a
given internal pressure. Thus, the pressure p acts as a preliminary load within the static stability analysis.

Material Properties

A nano-composite material (nano-composite) is a ma- < FGA 024 ,CNT volumetric fraction
trix, usually isotropic, reinforced with CNTs. In this paper, we \ . O‘fz ~FGO
consider a nano-composite material reinforced with the CNTs FGX Tl s
directed along the generatrix of the shell of revolution. The D \j;
definition of the characteristics of such a material is described S
in detail in the scientific literature [20, 21]. A nano-composite S e .
is an orthotropic material whose properties can change de- ey R I NN
pending on the z coordinate of the shell. The most common S i N
types of nano-composites are: UD, FGX, FGO, FGV, FGA. 4504 A3 02 010 01 02 03 04 05
The d.epenc.lence of the Yolumetric Co.nten.t of CNTson the z | ig. 2. Dependence of the content of CNTs on the z
coordinate in these materials is shown in Fig. 2. coordinate in different nano-composites

Solution method
The problem of the static buckling of a composite thin-walled structure is solved in four stages:
— expressions for the potential energy of the geometric primitives of a structure are derived;
— continuity of displacements at the attachment points of geometric primitives is ensured;
— a variational approach to assess the SSS of the structure under the action of internal pressure is used;
— critical longitudinal loads are calculated.

Structure Model
The deformation of the shell is described using the high-order shear deformation theory [22, 23], in
which the displacements of an arbitrary point of the shell are described by the following expressions:

u, = [1+R;ju +20, 2V Y uy = [1+RLJV+ W0, + 2, + 2 Uy =w,
1 2

where u, u,, us are the projections of displacements of an arbitrary point of the shell onto the associated coordi-
nate axes; Ry, R, are the radii of curvature of the middle surface of an undeformed shell along the corresponding
connected axes; z is the distance from an arbitrary point of the shell to the middle surface; y;; v; i = 1,2 are the
unknown functions to be determined. To define these functions, the following boundary conditions are used [22]:
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Yl3|z:i0.5h =03 723|z:$0.5h =0,

where 3, Y23 are shear stresses. Thus, the SSS of the shell is described by five independent functions: u, ¢, v, ¢, w.
The conditions for the continuity of the displacements of shell points at the attachment interface of
geometric primitives s =s. and s =s.+L =L, are as follows:

w? = cos(o)+u™® sin(a);  u® =u cos(o)—w sin(at);
s=5:+0 s=5:—0 s=5:—0 s=5:40 s=5:—0 s=5+—0
(2) —_,,M . w2 _ A2 (2) Ny .
% =y ; = ; = cosla); 1
5=5:+0 5=5:—0 1 5=5:+0 ! 5=5:—0 2 s=55+0 ¢2 s=s5,—0 ( ) ( )
w? =w? cos(oc)+ u? sin(oc) A =w? sin(oc)— u® cos(oc);
s=L,-0 s=L+0 s=L+0 s=L,—0 s=L+0 s=L,+0
) __,® e —_a® YE)) — <3>‘
% =—y ; =— ; =— cosla), 2
s=0,-0 s=L,+0 1 ls=1,-0 U le=1,40 ? s=1,-0 93 s=L,40 (o) 2)

where functions with superscripts " and ® correspond to the displacements and angles of rotation of the normal
on the spherical parts of the structure; superscript ’ corresponds to the cylindrical part of the structure.

Shell SSS Model

The deformation analysis of the structure is performed by the Ritz method. The potential energy of
the shell is constructed under the assumption that the displacements of the shell due to static buckling are
much smaller than those due to the action of internal pressure. Then these displacements can be considered
as independent quantities, similar to the approach used in the method of multiple scales

e T e e N T U N R T I T e e U
where L is a small parameter; u, vo, wo, §1, $20 are the displacements and angles of rotation of the normal
under axisymmetric SSS due to the action of internal pressure; u;, vy, wi, 01,1, ¢, are the displacements and
angles of rotation of the normal under axisymmetric SSS due to the buckling of the shell. Such an approach
allows us to separate the phenomena of the static deformation of the shell and its static instability.
To analyze the SSS of the shell, the shell model is discretized. For this, the displacements of the
structure are represented as an expansion in basis functions, and the expansion coefficients are the required

parameters that determine the SSS. The basis functions are chosen so as to satisfy the displacement continu-
ity conditions (1), (2).

Axisymmetric SSS Analysis

The analysis of the axisymmetric SSS of the shell due to the action of internal pressure is reduced to
minimizing the potential energy depending on the expansion coefficients. Since the potential energy is a quad-
ratic form with respect to the variables uo, vo, Wo, 910, 020, its local extremum corresponds to its minimum.
Thus, the axisymmetric SSS of the structure can be determined from the system of linear algebraic equations

)
24,

=0,i=1,..,N,,

where TT”’ is the potential energy of the structure under axisymmetric deformation; A; is the expansion coef-
ficients of the variables ug, vo, wo, 91,0, P20 in a given basis; N is the total number of the expansion coeffi-

cients. It should be noted that under axisymmetric SSS vy = 0; ¢, o = 0 which is why the unknown coefficients
should be sought only for the variables ug, wo, ¢;.0.

Static Buckling Analysis

Under the action of an axial load, a cylindrical shell can buckle, which leads to non-axisymmetric
deformation and a sudden loss of structural rigidity [11]. The analysis of nonaxisymmetric SSS due to the
static buckling of the shell under the action of the axial forces T, on it also begins with discretizing the sys-
tem. The variables u;, vy, wy, 01,1, 0., are represented as expansions in the basis functions
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ZBRM cos(ng): wy = ZBL R (s)cos(no);

Ly Ly
Vi = ZB L,+L, +1R1( )( )Sin(”¢)§¢1,1 = ZIBL“,+L +L, +1R,( )( )COS(”q)); 01 = ;BLW+L“+LV+LX+1R1( )( )cos(nq)),

where R[(W), Rf”), Ri("), RfX ), R[(Y ) i=1,2,... are the basis functions that satisfy conditions (1), (2); (B,

By,....By), M =L, + L, + L, + Ly + Ly is the vector of unknown expansion coefficients.
The potential energy of the system has the form

Ey =Ty -V (3)

L 2 2)? @)?
=x .[ dx .[ awl + oy + o, R.do,
° ox ox

where Il is the potential energy of the shell; V; is the potential energy of the axial load T, [24]. The equi-
librium position of the system is characterized by the minimum potential energy (3), which enables us to

formulate a homogeneous system of linear algebraic equations E)_BE =0;i=1,...,M , which makes it possible
to construct the eigenvalue problem in the form

B, Vi Vi, Vis 0 O} B
Kll KIS_ Bu V21 V22 V23 00 Bu
| B, |=T.|Vy Vi, Vi3 O Of B, |,
K, K | By 0 0 0 0 OBy
| By | 0 0 0 0 O] By |
where Ky,..., Kss, Vip,..., V33 are matrices. The vector of the coefficients is presented in matrix form

(By,..., By) =B, B, B, Bx By]. Since the matrix on the right-hand side of (4) is a degenerate one, the eigen-
value problem cannot be solved in form (4). This is due to the fact that the parameters B,,, B,, B, are linearly
dependent on the parameters By, By. To search for this dependence, consider the last two lines of equation (4)

B

|:K4l K42 K43:| BW =_|:K44 K45:||:BX:|
KSl KSZ K53 B K54 KSS BY

v

=

-1 B,
Thus {Bx}z_[l(m K45} {Kéu Ky, K43} B
By Ksy Kss K5, K5, K3 Bu

Substitution of this relation in the first three lines of (4) allows us to construct the well-posed eigen-
value problem

B, Vi Vi. Vi3 | B,
[F] B, |=T|Vy Vy Vo | B, |
Bv VSI V32 V33 Bv

Kll KlZ Kl3 K14 KlS

-1
Ky Kis| |Ku Ko Ky
where [F] =| Ky Ky Ky |—| Ky Ky [K K K5, K5, K
Ky Ky Ky |[Ky Kyl o0 7% L0 e s
3t B B U

From this eigenvalue problem, critical axial loads and buckling patterns are determined.
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Results

The analysis of the static buckling of the nano-
composite shell was carried out (Fig. 3).

The structural parameters are as follows:
R;=R.,=025m; h=5mm; L=1m, a=0°. The dependence
of the critical pressure on the type of nano-reinforcement and
the value of the internal pressure was investigated.

A comparison was made with the results of calculat-
ing the critical pressure on the structure that were obtained
using the ANSY'S package for the UD nano-composite.

Fig. 3. Shell picture

The calculation results are shown in Fig. 4. The solid line shows the results of calculations by the
developed method, the symbols m, A, and ¢ show the results of finite element analysis, the numbers 0.28,
0.17, 0.12 indicate the results corresponding to these volume fractions of nano-tubes in the material.

The results of calculations by the developed method and the finite element method are close (Fig. 4).

The dependence of the critical pressure on the type of a nano-composite and internal pressure for
composites with a nano-tube volume fraction of 0.28 is shown in Fig. 5. It is seen that the type of a nano-
composite can significantly (up to 1.5 times) affect the critical pressure; in this case, the type of the depend-
ence of the critical pressure on the internal one remains practically unchanged.
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Fig. 4. Comparison of the developed and finite element Fig. 5. Dependence of the critical pressure on the type
methods of a nano-composite

Conclusions

A method for analyzing the static buckling of a pre-loaded complex nano-composite shell under the ac-
tion of a compressive axial load is proposed. The method is based on the high-order shear theory and the Ritz
method. The comparison of this method with the finite element analysis shows a high accuracy of results.

The analysis of the dependence of the critical pressure on the type of a nano-composite shows that a
rational choice of the type of nano-reinforcement without changing the volume fraction of CNTs in it can
increase the critical pressure up to one and a half times.

The proposed method makes it possible to analyze large-scale thin-walled structures, as well as
structures made of functional-gradient materials. These objects are a traditional weak point of finite element
analysis methods.
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Brpara craTu4HOI cTiliKOCTI MONMEepe HL0 HABAHTAKEHOI CKJIaJeH0l HAHOKOMIIO3UTHOI 000JI0HKH
K. B. ABpamos, H. I'. CaxHno, b. B. Ycnencbkuii

[HcTHTYT IpOGIeM MammHOOYAyBaHHS iM. A. M. ITinropaoro HAH VYkpainwu,
61046, Ykpaina, m. Xapkis, Byin. [Toxxapcekoro, 2/10

Y ecmammi onucano memoouky ananisy aeuwa empamu CMamuyHoi cmitikocmi nonepeoHbo HABAHMANCEHOT Ha-
HOKOMNO3UMHOI ckaadenoi oboaonxu. binbuwiicmes podim, sKi NPUCBIYEHO aHAI3Y CKIA0EHUX KOHCMPYKYIl, pO32ns0aromy
sibpayitini npoyecu. BooHouac Asuuje empamu CMIlKOCMI MOXdce Camu 8ax3CIUBUM QAKIMOPOM, WO 0OMENHCYE BUKOPUC-
TAHH HOBUX MAMEPIANI8 Y PAKEMHO-KOCMIUHIN mexHiyi. Po3ensanymo nanokomMno3ummuy o6010HKy ROCMIUHOT MOGWUHU,
SKA CKIA0AEMbCA 3 080X CepUtHUX KPUUOK ma YyuriHOpuuHnozo Kkopnyca. Ha 06010nKy die 8Hympiutii muck ma ocbo8a
cmuckaroya cuna. Taka oOONOHKA MOdHCe MOOemo8amu NAIUsHULl 6ax pakemu-Hocis. [locnioxicyromscsa ymosu, 3a aKux
00010HKA OehopmyembCa HegicecUMempUuyHO 8HACTIOOK 8MPAMu CMamuyHoi cmitikocmi. 3anponoHo8ano Memoouxy, sKda
003601€ PO30IMUMU 3A0ayy HA AHATI3 NONEPEOHbO HABAHMANICEHO20 CMAHY 0DONOHKU MA AHANI3 GMPAmu CMIUKOCMI.
Tlooanviuuil ananiz 30iUCHIOEMbCSE OONOMO2010 MEMOOUKU, KA OA3YEMBCIL HA MeOopii 3CY8Y BUCOKO20 NOPSOKY Ma Memooi
Pimya. IIposooumuvcs ouckpemuzayis 3a0a4i WisAXoM ROOAHHS 3MIHHUX, WO SUHAYAIOMb CIaH 000JIOHKU, 8 (PopMi PO3K-
Aa0eHsb 3a 6A3UCHUMU QYHKYIAMU 3 HegiooMUMU Koeiyicnmamu. Takum YuHoM, HegiooOMUMU 3a0ayi cCaroms KoepiyicH-
mu po3Kkiadens. 3a0aya ananizy nonepeoHsbo HABAHMANCEHO20 CIMAHY KOHCMPYKYIL 3600umbcs 00 po36’A3aHHsA cucmemu
JHIUHUX aneeOpaiuHux pieHAHb GIOHOCHO Koehiyicnmie po3kiadenv. 3adauy awanizy empamu CMIUKOCmi mooice 6ymu
38e0eH0 00 3a0auyi 61ACHUX 3HayYeHb. Po38’a3aswiu yio 3a0a4y, MOXCHA 3HAUMU MIHIMATbHE 3HAYEHH CIUCKAI0Y020 HABA-
HMANCEHHA, WO NPU3Booums 00 8mpamu CMiuKocmi 006010HKU, a maKoxc gopmu empamu cmilikocmi. Pesynomamu 3a-
CcmMocy8antsa po3poobreHoi MemoouKku 6y10 NOPIBHAHO 3 pe3yTbMmamamiy CKiH4eHHOeIeMeHMHO20 MOOeNI08AHHS HA KOHC-
MPYKYii 3 HAUNPOCMIUI020 HAHOKOMNO3UMHO20 Mamepiany. Pe3yismamu nopisHAHHA c8iouams Npo 8UCOKY MOYHICb
onucanoi memoouxu. Ilpu ybomy euUKoOpucmanus mMemooy CKiHUeHHUX efleMeHmie O aHani3y MACUmMAaOHUX MOHKOCMIH-
HUX KOHCMPYKYILL 3 OYHKYIOHATLHO 2PAJICHMHUX MAMEPIANi6 € HAO38UYAIHO YCKIAOHEHUM, HA GIOMIHY 8I0 MEMOOUKU, SIKY
3anpononogano y cmammi. Tlopieusanms piznux 6udié HaHOAPMYBAHHS CIOYUMb PO Me, WO PAYIOHATLHUL GUOIp muny
APMYBAHHA MOJCE CYMMEBO NIOSUWUMU KpUMUYHe HaganmaxcenHs. IIpu ybomy Ha KpumuuHe HABAHMANCEHHS MAKOHC
SHAYHO BNIUBAE BHYMPIWHIL MUCK HA 0O0JIOHKY.

Kniouosi cnosea: cmamuuna nHecmiukicms, CKIA0eHa 0O0NIOHKA, HAHOKOMNO3ZUMHUL Mamepian, eyzleyesi Ha-
Hompy6Ku, memoo Pimya.
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