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THE DEVELOPMENT OF THE
MATHEMATICAL MODEL OF

A NONLINEAR ELECTRICAL CIRCUIT
WITH AN INDEPENDENT CONTROLLABLE
ELECTROMECHANICAL ENERGY
CONVERTER

O6’cxmom darnozo docuiddcenns € neriniiine erexkmpuune Koo 3 AMOHOMHUM Pe2YTbOBAHUM eACKMPOMEXAHIUHUM
nepemeopiosauem enepeii. Taxe Koo Ha cb0200HiULHIlL Oetb MAE WUPOKE NPAKMUIHE 3ACTOCYBANHSL 8 PISHUX PAHCNOPI-
HUX 3aC00aX, PO3POOHUKU SKUX NPOBOOSIM® QOCHIOHCEHHS MA PO3PAXYHOK MAKUX KL HA 6CIX eMmanax npoeKmyeanHs.

O0nuMm 3 nPodIEMHUX MiCUb MAK020 KOIA € CKAAOHICMb 1020 pos3paxyhky. Kono micmums pso neninitinux Qisuu-
HUX eLeMENMIG: eLeKMPOOSUZYIL, AKYMYIAMOP, cynepkondencamop. Yucrosi pospaxynxu maxozo xoaa 6yoymn oyice
CKAQOHUMU A BUMAZAIOMDb BEIUKOT 06UUCII08ANbHOT nomyxcrocmi. Ak naciioox, 6azamo icnyiouux mooeietl ois 0o-
CIONCEHHS MAKUX KL € CUTLHO CRPOULCHUMU, ULO He A MONCIUBOCMI 30LHCHIOBAMU MOYUHI eHeP2emuyii PO3PAXYHKIU.

B x00i darnozo docnioaceniisa 6ynia cmeopena MameMamuuna Mooeib 0arnozo Koid, A0eKeamuicmo aKkoi 00Cmamis.
OLsL eHepzemUUHUX POSPAXYHKIE NPU MIHIMAIbHIT ckaadnocmi. Jlist 4020 6yau docuionceni icnyoui mooeli ene-
MEHMIB KOIA, 8 AKUX OYL0 3HEXMYBAHO NAPAMEMPAMIU 3 HECYMMEBUM 8NIUBOM HA eeKkmpomaznimui npoyecu. I[Tpu
UbOMY KOPOMKOUACHT eDeKmiL, Maxi sx iMRYJbCHUL XapaKmep nepemeopenis erekmpuyunoi enepeii ma 000amxosi
empamu enepeii 6 eremenmax, 6yau épaxosani. Ha ocroei mamemamuunoi mooeni cmeopena Komn omepna mooenn
HEMIHIIH020 eleKMpUun020 KOAd 3 ABMOHOMHUM PE2YAbOBAHUM eJIeKMPOMEXAHIYHUM NePemeoprosaueM enepeii, aKa
3a0080IbHE BUMOZU TMOYHOCT OISl EHEPLEMUYHUX PO3PAXYHKIE MA NPU UbOMY € NOMIPHO CKAAOHOIO.

Ompumana mooev € MoUHi010 O NPOBEOCHIS eHEP2ZEMUUHUX POIPAXYHKIE 34 GLILUWICID ICHYI0UUX MOOeNeT 34
PAXYHOK BPAXYCANHS IMNYIbCHUX PENCUMIB POOOMIU eLeKMPUUHLOZ0 NEPEMBOPIOBAYA MA EACKMPOMAZHIMHUX GMPAM
eeKMPOMEXAHTUHO20 Nepemsoprosaud. Taxoxi 3a60sKU 3HEXMYBAHHIO NEBHUX NAPAMEMPIE OHCePeNa HCUBLEHHSL, K]
He3HAUHOI0 MIPOIO BNIUBAIOMb HA 6MPAMU enepzii, 0ana Mo0elb MAE€ MeHULY CKAAOHICMY, Hidc THud mouni modeni
4020 Kona. Taxum uumnom, ompumana mooens 6yoe onmuMAaIbHoI0 came OJLs eHePLeMUUNUX POIPAXYHKIG HENIHIIN020
EAeKMPUUH020 KON 3 ABMOHOMHUM PE2YIbOBAHUM ELeKMPOMEXAHIUHUM NePemeopIosaueM.

Kmovosi cnosa: reiniine erexmpuune K00, HMiid-ioHHui akyMyasmop, CyYneproniencamop, AacunXpOHHuL 06uzym.
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— source of electrical energy — usually lithium-ion bat-
teries, a battery of supercapacitors often being con-
nected in parallel;

— electric energy converter — semiconductor converter
with transistors, which provides current parameters on
the energy source being equal to current parameters
on the consumer;

— electromechanical converter — electric motor.

If, when developing a mathematical model of such an

1. Introduction

Nonlinear electrical circuits with independent regulated
electromechanical energy converters today are widely used.
The most common of these is autonomous electric transport:
electric cars, electric scooters, electric buses, segways and
the like. To improve their competitiveness, it is necessary
to improve energy efficiency, including achieving the least
possible energy consumption in the dynamics of movement.

For this, it is necessary to have a reasonably accurate and
at the same time simple model of an electrical circuit for
conducting research at the design stage.

Therefore, the actual task is development of a mathe-
matical model that is sufficiently adequate for accurate
energy calculations of a nonlinear circle.

2. The ohject of research
and its technological audit

The object of research is a nonlinear electric circuit
with an independent controllable electromechanical energy
converter, which simulates the drive of autonomous electric
vehicles. Such a circle contains the following components:

electrical circuit, to take into account all the parameters
of its components, then the complexity of the system of
mathematical equations not only fails to obtain an ana-
lytical solution, but also leads to a high complexity of
calculations for its numerical solution. Simplification of the
model by neglecting certain parameters can significantly
simplify the system of equations while maintaining the
required accuracy of calculations.

3. The aim and ohjectives of research

The aim of research is development of a mathematical
model of a nonlinear electrical circuit with an indepen-
dent controllable electromechanical energy converter as
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simple as possible in order to reduce the search time for
numerous solutions. But in the same time it should be
sufficiently accurate for carrying out energy calculations
at the design stage.

To achieve this aim it is necessary to:

1. Create a mathematical model of the real elements
of the electrical circuit.

2. Determine which parameters in these models are
insignificant enough to be neglected.

3. Complete the development of a mathematical model
of the circle, creating a corresponding computer model.

4. Research of existing solutions
of the prohlem

To date, a number of studies have been conducted
on nonlinear electrical circuits with independent control-
lable electromechanical energy converters as a whole and
their elements separately. For these studies, a number of
mathematical models were created with an emphasis on
one or another element.

In particular, various mathematical models of asynchro-
nous motors are presented in [1], but without reference to
a power source. In the work [2], the most convenient of
these models is selected, but it does not take into account
the energy losses in the motor magnetic circuit.

In [3], the battery model is presented du- i
ring its long operation, taking into account its
discharge. It also takes into account the voltage C =
drop across the active resistance of the battery,
but doesn’t take into account the transients oc- L%
curring in this element. They are shown in [4, 5],
but without reference to the load.

The study of the battery on the load, including electric
motors is presented in [6, 7]. Current trends show that, in
addition to the battery, a supercapacitor connected in parallel
with it is often used, which was not investigated in one of
the above works. The mathematical model of the supercapaci-
tor is given in [8], but without reference to other elements.

A complete electric circuit with a battery, a superca-
pacitor and a load is investigated in [9]. However, atten-
tion is focused solely on the power source, and the load
model is very simplified, inadequate to be considered as
an electric motor. The motor model is applied in [10],
but the control system is simplified to speed up the cal-
culations. Such a model can be sufficiently accurate for
dynamic calculations of the electric drive, but it gives
a large error in the energy calculations, since it does not
take into account the energy processes in the pulse mode
with pulse-width modulation.

Thus, the question of creating an adequate model of
a nonlinear electrical circuit with an independent con-
trollable electromechanical energy con-
verter for energy calculations remains
promising.

5. Methods of research

From the point of view of mathemati-
cal description, the most difficult ele-
ment of this circle is the electric motor.
The mathematical model for it will differ
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the induction motor (IM). This is the most common type
of motor today; it is very common in electric vehicles.
It is also possible to switch from IM models to models
of other types of motors.

To reduce the number of equations in the work, the
model is considered not in natural three-phase coordinates,
but in an orthogonal two-phase coordinate system. Also,
for simplicity, we will ignore the loss of energy in the
magnetic core of the motor at the moment. The electrical
circuit for replacing a single phase of such a system is
shown in Fig. 1, where indicated:

R,, R, — active resistances of stator and rotor motor
windings;

L,, — the mutual inductance of the stator and rotor
windings;

Ly, L — the leakage inductors of the stator and rotor

windings, respectively;

Asd, hsgy May, Asq — the electromotive force (EMF) of
the induction of the stator and rotor windings in projec-
tions on the d- and g-axes;

®, — rotation speed of the magnetic field,

usy — voltage at the stator winding clamps projected
on the d-axis.

After mathematical transformations, it is possible to
get a complete system of differential equations for IM [2]:

-1

R, +sL, -,L, sL,, -,L, Uy
-o,L; R +sL; -o,L, sL,, Uy
sL, (0,-0,)L, R+sL (o,-0,)L | |u, (D
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3
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where iy, igy, i4s, iqr — the currents in the stator and rotor
windings in projections onto the d- and g-axes; ®, — rotor
speed; T, — the electromechanical torque of the motor; T} —
the static torue of the load on the motor shaft; p — the
number of pairs of motor poles; / — the reduced moment of
inertia of the motor-drive system; W, Wan — flux linkages
in projections onto the d- and g-axes; s — Laplace operator.

This system of equations has a fifth order, but nonlinea-
rity arises in the last equation, which means the system is
not to be solved analytically. When creating such a model,
the saturation of the magnetic circuit, the non-sinusoidal
distribution of the magnetic field, the unevenness of the
air gap and the energy loss in the magnetic circuit for
hysteresis and eddy currents are rejected.

WeAsq
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depending on the type of this motor.
The most universal is the description of

Fig. 1. Equivalent IM replacement circle projected on the d-axis
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The latter two are quite significant. In energy calcu-
lations, it becomes necessary to take them into account;
therefore this will be done later.

The electric circuit of battery replacement is shown
in Fig. 2, where it is shown:

U, — battery voltage depending on the state of its
charge;

R, — internal battery resistance;

Ci, R, — capacitance and resistance associated with
intercalation and mass transfer of lithium;

Cy, Ry — the electrochemical capacitance and resistance
of the double layer;

U, — voltage at the battery output.

CL
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|

Fig. 2. Equivalent electric circuit of accumnulator

In the diagram in Fig. 2 battery voltage is variable and
it depends on the state of charge of the battery. This de-
pendence can be expressed with the Shepherd equation [3]:

U.=E, —K(Qq_que +A[exp[—Bg]—1}

where Ej — the battery EMF; Q — maximum battery capacity;
q — a full charge, the battery is given while it is working;
i, — current through the battery; K, A, B — experimental
constants.

Equations derived from this mathematical model also
have nonlinearities. However, they can be simplified assu-
ming that calculations at the design stage are carried out
for modes that do not exceed dozens of seconds in duration.
In this case, with sufficiently high accuracy, it is possible
to assume that the state of charge of the battery during
this time will not change, and therefore U,=const. In this
way, nonlinearity in the battery model can be eliminated.
In addition, capacitive circuits in the equivalent circuit
can be neglected. Preliminary calculations have shown that
their influence on the magnitude of the current will be
much weaker than the influence of the electric motor.

For a supercapacitor, there are a number of equivalent
circuits. The most common of them is shown in Fig. 3 [9],
where it is shown:

Ci_3 — constant supercapacitor capacity;

Ry 3 — resistances of capacitive branches of the super-
capacitor;

R4 — self-discharge resistance;

Cy — capacity, the value of which depends on the voltage;

U — voltage on the plates of the supercapacitor.

The diagram in Fig. 3 shows three capacitive branches
with different time constants, which grow with an increase
in the index number of the branch. Capacity Cy(U;) is
a voltage dependent capacity. The dependency function
can be taken as linear:

2)

INDUSTRIAL AND TECHNOLOGY SYSTEMS: D

ELECTRICAL ENGINEERING AND INDUSTRIAL ELECTRONICS

Cy=kev|U|, 3)
where kcy — proportionality coefficient, which is determined
experimentally.

The mathematical model of the supercapacitor is the
following:

Ie=L+1L,+1;+1,

d(U.-LR
I1=(c1+kcv\Uc—11R1\)%,
d(U;-1,R d(U;-I,R
I,=C, ( Ldt - 2)7 3=C; ( (/dt ’ 3),
Ue
Li=g (4)

where I; — the current of the i-th branch of the circuit; I, —
the total current flowing through the supercapacitor.

Tl

Fig. 3. Supercapacitor equivalent circuit

So, having models of each of the elements, it is pos-
sible to draw an equivalent circuit of the electric circuit
(Fig. 4), which shows the pulse-width modulator (PWM),
which performs the conversion of electrical energy and coor-
dinates the current parameters on the battery and motor.

In addition to the models described above, the circuit
has two additional elements: R, and R,, are resistances
that take into account loads and magnetic losses. Both
of these resistances are nonlinear. Load resistance R, can
be determined from the mechanical power of the load:

()

where Py — the mechanical power, which is set by the load
characteristic for the desired modes of operation; U, — the
voltage at the output of the equivalent circuit of the motor,
which can be determined from system (1).

The expression for determining the resistance value R, is
found from the equality of the power of the electric losses
on the support and the power of the magnetic losses in
the motor and has the following form:

Ut . Ut
o mwzfl'sy Rm = kmwszSv

Rm
where U; — the voltage at the PWM input; ¥ — magnetic flux,
which is defined by space-vector control; f — the frequency
of the current in the AM circuit, which is set by space-vector
control; k,, — proportionality coefficient, which is determined
experimentally.

(6)
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Fig. 4. Simplified equivalent electrical circuit: PWM — pulse-width modulator

6. Research resulis

The resulting system of mathematical equations con-
tains four nonlinearities: the products of flow coupling and
currents in an induction motor, nonlinear capacitance of
supercapacitors and nonlinear resistors R, and R,. There-
fore, to solve such a system, it becomes necessary to ap-
ply numerical calculations. For this purpose, a computer
model of this circle is developed in the Matlab Simulink
software package (Fig. 5).

This model allows with sufficient accuracy to conduct
research and calculations of the parameters of the circle
at the design stage. As a motor load, the user can spe-
cify either a constant moment of resistance, or a moment
proportional to the square of the speed (fan characteris-
tic), or their sum. The control of the electromechanical
converter is performed according to the laws of space-
vector control by setting the speed of rotation of the
motor rotor and magnetic flux. The study of the model
shows the adequacy of electromagnetic processes in the
developed equivalent electric circuit to processes in a real
circle with an independent controllable electromechanical
converter.

7. SWOT analysis of research resulis

Strengths. In the course of the research, mathemati-
cal and computer models of a nonlinear electric circuit
with an independent controllable electromechanical energy
converter were developed. In contrast to the already exis-
ting models, this model helps to carry out more accurate
calculations of the energy processes and efficiency of the
circle, taking into account the pulsed modes of operation
created by the pulse-width modulator. It also takes into
account the loss in the magnetic circuit of the motor for
hysteresis and eddy currents. Due to this, when using the
model for calculations at the design stage, it is possible
to choose more rational parameters of the circuit elements
to improve its efficiency.

Weaknesses. The model is due to accuracy and, as a result,
complexity, more cumbersome for assessing the dynamic
performance of an electrical circuit with an adjustable elec-
tromechanical converter, because simpler existing models
allow this to be done at much lower computational costs.

Opportunities. The model is developed with taking into
account electromagnetic processes in the circle of the most
common induction electric motor. The development of

a similar model taking into
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account electromagnetic
processes in other types of
motors, in particular, step
motors and synchronous
motors with permanent
magnets, is promising.
Threats. The model is
not confirmed experimen-
tally at full strength. The
adequacy of only the basic

elements is experimentally
confirmed; therefore, for
carrying out calibration
experiments, it can’t be
considered reliable.

Calculate Steel Loss R

Fig. 5. A computer model of a nonlinear electric circuit with an independent controllable electromechanical
energy converter: 1 — accumulator battery; 2 — induction motor (IM); 3 — the constant component of
the load torque; 4 — the variable component of the load torque, proportional to the square of the rotor
speed of the motor; 5 — supercapacitor; 6 — pulse-width modulator (FWM); 7 — space-vector PWM control unit;
8 — blocks for setting the speed and magnetic flux for space-vector contral; 9 — nonlinear resistor that simulates
the loss in IM steel; 10 — blocks of resistance calculation of the nonlinear resistor; 11 — capacitive filter

1. A mathematical mo-
del of a nonlinear elec-
trical circuit with an in-
dependent controllable
electromechanical energy
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converter is created. The model is designed to meet the
accuracy requirements required for energy calculations.

When developing a circle model, the existing mathemati-
cal models of individual elements of the real circle were
investigated: an induction motor, a lithium-ion battery and
a supercapacitor, and on the basis of them the most optimal
models for these elements in this circuit were compiled.

2. During the analysis of these models, it is found that
to speed up the calculations it is possible to simplify the
accumulator battery model, while the motor model is not
accurate enough because it did not take into account the
losses in the magnetic circuit. These losses are taken into
account in the equivalent circle model by including a non-
linear resistor in it.

3. Based on the mathematical model in the Matlab Simu-
link software package, a computer model of this circle is
developed. The model allows conducting research and calcu-
lations of a circle with an accuracy sufficient to determine
its energy characteristics at moderate computational costs.
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