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1.  Introduction

Nowadays, a numbers of available oil reserves are be-
coming lesser and lesser. Therefore, it is difficult to imag-
ine a modern process of oil production without methods 
of increasing oil recovery in the reservoir [1, 2]. These 
methods allow to get maximum oil volumes from old fields 
and develop hard reaching oil reservoirs. In the case of 
high-viscosity oil, reservoir heating methods are very ef-
fective [3, 4]. The most common methods, there are in-
jection into the reservoir of hot water with a tempera-
ture of several hundred degrees, or heated steam [5, 6]. 
This procedure significantly reduces the viscosity of the 
oil and increases its pore mobility. Displacement by hot 
water or steam works effectively at high temperatures in 
relatively homogeneous formations. At the temperatures 
below 80 °C, a negative effect can be obtained: when the 

viscosity of the oil reaches the value required for impreg-
nation of the capillaries of the rock, but not enough to 
get out of this rock. On the other hand, methods of the 
oil reservoirs heating with hot water or steam are quite 
energy-consuming, so it’s important to study the processes 
very carefully for effective applying in practice. Nowadays, 
there are many methods of physical and computer model-
ling of oil reservoir heating, which allow to solve various 
practical problems [7–9]. However, the accuracy of these 
methods remains relatively low and therefore the results 
are mainly qualitative.

Presented in this work combined finite-element-difference 
method of solving the nonstationary thermal conductivity 
problem, allows to take into account the heterogeneous 
distribution of different thermal parameters inside and on 
the boundaries of the oil reservoir [10]. Therefore, it allows 
adequately on the quantity level to describe the temperature  
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distribution in real complex oil production conditions, so 
it has a number of advantages among the same methods.

Thus, the object of research is optimal installation of 
the heat injection wells for reservoirs heating in order to 
increase oil recovery and, accordingly, support oil produc-
tion in the hard-reaching heterogeneous reservoirs.

The aim of research is mathematical modeling of the 
reservoir heating process in order to optimize oil recovery 
and, respectively, improvement of oil production in the 
hard- reaching heterogeneous reservoirs.

2.  Research methodology

Further let’s consider productive oil reservoirs with 
a thickness not lesser than a few meters, assuming that 
the average thickness of the reservoir is much smaller than 
horizontal dimensions of the considered area. Then let’s 
assume that the heat does not spread to the roof of the 
reservoir and use a two-dimensional non-stationary model 
of thermal conductivity [9, 10]. In this case, the general 
formulation of the nonstationary thermal conductivity prob-
lem, taking into account the heat exchange at the reser-
voir boundaries, in the Cartesian coordinate system (x, y)  
associated with the reservoir, has a view [10]:
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where (1) – the equation of thermal conductivity; (2) – initial 
condition; (3) – boundary condition of the heat exchange 
with the environment; T x y t( , , )   – temperature as a function 
of coordinates and time; a  – thermal conductivity coefficient; 
q – power of the heat source; c – volumetric heat capacity; 
T0 – initial reservoir temperature; λ – coefficient of thermal 
conductivity of the reservoir; α – heat transfer coefficient 
at the boundary of the reservoir; Tb – temperature at the 
boundary of the reservoir; ρ – reservoir’s rock density.

For solving the nonstationary problem of thermal con-
ductivity (1)–(3) let’s use the variational finite-element 
method, which leads to the solution of the variational 
equation of thermal conductivity:

dI T( ) ,= 0  (4)

where I(T) – functional of the thermal conductivity prob-
lem (1)–(3), which can be presented in the form [10]:
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where S – cross-sectional area of the study area; L – contour 
of the area S; dl – contour’s element. 

For solving the variational equation (4), let’s use an 
eight-node isoparametric quadrilateral finite element [10].  

As a global coordinate system, where all finite elements, which 
divide area S, are united, let’s use the Cartesian system (x, y)  
as a local coordinate system, where the approximation 
functions ji are defined within every finite element and 
numerical integration takes place, let’s use a normalized 
coordinate system (ξ, η) [10]. In this system, coordinates, 
temperature, initial temperature, surrounding temperature, 
heat transfer coefficient of the environment, and derivatives 
of the temperature over coordinates are approximated on 
the base of quadratic polynomials in such way:

∂
∂

=
∂
∂

=

=
∂
∂

∂
∂

−
∂
∂

∂
∂





= =
∑ ∑

T

x
T

T

y
T

J

y y

i
i

i i
i

i

i
i i

1

8

1

8

1

Ψ Φ

Ψ

; ;

j
η ξ

j
ξ η

=
∂
∂

∂
∂

−
∂
∂

∂
∂







;

,Φ i
i i

J

x x1 j
ξ η

j
η ξ  (6)

where

J
y x y x

=
∂
∂

∂
∂

−
∂
∂

∂
∂ξ η η ξ

– Jacobian transition between systems (x, y) and (ξ, η).
Using the variational equation (4) and assuming that 

the nodal values of the temperature derivatives over time 
dT dti  are known values and can’t be variated, it is pos-
sible to obtain a system of differential equations for the 
k-th node of the p-th finite element in the form:
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To resolve the system of linear differential equations 
of the first order (7) with the initial conditions of (6), 
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let’s use the finite difference method, in which the time 
derivative is approximated on the base of an implicit dif-
ference scheme:

dT
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Substituting expression (8) into system (7), let’s obtain 
the following system of linear algebraic equations:
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By adding equations (9) to all finite elements, let’s 
obtain a global system of linear algebraic equations that 
allows to determine the unknown values of temperature 
at the time t+Δt via their value at the previous moment 
of time t. The resolving of the global system of equa-
tions is based on the numerical Gaussian method without 
choosing the main element [10]. As a result of the resolv-
ing, the temperature can be determined at all nodes of 
the finite element grid. Due to the found nodal values, 
the temperature can be determined at any points of the 
reservoir at any moments of time.

3.  Research results and discussion

Let’s consider medium and weakly wet oil-bearing 
reservoir areas with sizes of 90×90 m2. Let’s choose the 
average thermal parameters for medium and weakly wet 
oil reservoirs, respectively [1, 2, 10]: thermal conducti-
vity – 3.0, 5.0 W/m·deg; volumetric heat capacity – 2.0, 
1.0·106 J/m3· deg. Let’s suggest in modelling the initial 
temperature in the reservoir equals 50 °C. Let’s also as-
sume that the average power of the injection well is 2 kW, 
which roughly corresponds to the injection of water with  
a temperature of 200 °C. To minimize the edge effects in the 
modelling let’s choose at the boundaries of the considered 
area the heat transfer coefficients equals 0.01 W/m2·deg.  
The modelling results show that the process of heating 
of the oil reservoirs is quite slow and energy consuming. 
Fig. 1 presents the process of heating of homogeneous 
weakly wet oil reservoir with a heat source of 2 kW dur-
ing for 1, 5, 15, 30 days. It is possible to see that over 
one day the effective heating area (with a temperature 
exceeding 80 °C) in the vicinity of the heat injection 

well has a radius of about 2 m, after 5 days – this ra-
dius increases to 3 m, after 15 days – this radius is 7 m, 
after 30 days – up to 15 m. Fig. 2 shows the process 
of heating a homogeneous medium-humidity oil reservoir 
with a similar source for the same periods of time. Over 
day, the effective heating area does not exceed 1 m, after 
5 days – 2 m, after 15 days – 5 m, after 30 days – 10 m. 
So, it is possible to see that reservoir heating process is 
very energy-consuming and for profitability increasing it 
is necessary to use concomitant products, for example, 
concomitant gas. Also, it is possible to see than lesser 
wet layers are better heating. Another hand, it’s clear 
from economic reasons that there is no need to heat the 
reservoir more than two weeks. Further, let’s consider the 
heating of a homogeneous medium-humidity oil reservoir 
by systems of heat-injection wells during for 15 days. 
Fig. 3 presents the heating process in reservoir around 
several heat-injection wells. Analysis of the Fig. 3 shows 
that in the case of two heat-injection wells installation at 
a distance of 20 m (Fig. 3, a) there is a more elongated 
effective heating area in comparison with Fig. 3, b (wells 
located at a distance of 10 m), but in the latter case there 
is a more concentrated-symmetric heating of the local 
section of the reservoir. Location case (Fig. 3, c) – more 
effective for heating of compact area, location (Fig. 3, d) –  
can be useful for heating an elongated area. Obviously, 
for the largest number of oil production wells installation, 
the configuration in Fig. 3, c is more favourable. Fig. 4 
presents the heating of the reservoir place by the system 
of heat-injection wells. The least profitable combination 
here is (Fig. 4, a), because in this case two strips of 
located heat-injection wells don’t interact one with other 
and so heat a smaller area of the reservoir. As for the 
combinations (Fig. 4, b–d), they are all effective for large 
heating area and, accordingly, for the largest number of 
located production wells and can be used in a respective 
practical cases.

The simulation results show that the process of heating 
of the oil reservoir is quite slow and energy-consuming, so 
it requires careful study. In Fig. 1 it is possible to detect 
the degree of intensity of the thermal process around the 
heat-injection well in a weakly wet oil reservoir during 
for 1, 5, 15, 30 days, respectively. In Fig. 2 presented the 
same thermal processes in a moderately wet oil reservoir. 
As it is possible to see, the heating of the oil reservoir 
is quite expensive and for increasing profitability, it’s 
necessary to use associated oil production products, for 
example, such as associated gas.

Fig. 1. Temperature distribution near heat-injection well with power of 2 kW in the weak wet homogeneous oil reservoir  
over different time intervals: а – 1; b – 5; c – 15; d – 30 days

a b c d
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Fig. 3. Temperature distribution near a few heat-injection wells with power of 2 kW installed in the middling wet homogeneous oil reservoir  
over 15 days: a – 2 wells (w) over 10 m; b – 2 w – 20 m; c – 4 w – 20 m compact; d – 4 w – 20 m strip

Fig. 2. Temperature distribution near heat-injection well with power of 2 kW in the middling wet homogeneous oil reservoir  
over different time intervals: а – 1; b – 5; c – 15; d – 30 days

a b c d

a

c

b

d
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It is also seen that less wet reservoir layers are better 
heated. Another hand, it’s clear that no sense to heat the 
layer for more than two weeks, because increasing of the 
effective radius in this case is not essential. Fig. 3 pres-
ents the heating process in reservoir around several heat-
injection wells. Analysis of the Fig. 3 shows that in the 
case of two heat-injection wells placing at a distance of 
20 m (Fig. 3, a) there is a more elongated effective heat-
ing area in comparison with Fig. 3, b (wells located at  
a distance of 10 m), but in the latter case there is a more 
concentrated-symmetric heating of the local section of the 
reservoir. Location case (Fig. 3, c) – more effective for 

heating of compact area, location (Fig. 3, d) – can be useful 
for heating an elongated area. Obviously, for the largest 
number of oil production wells installation, the configura-
tion (Fig. 3, c) is more favourable. Fig. 4 presents the heating 
of the reservoir place by the system of heat-injection wells. 
The least profitable combination here is (Fig. 4, a), because 
in this case two strips of located heat-injection wells don’t 
interact one with other and so they heat a smallest area of 
the reservoir. As for the combinations (Fig. 4, b–d), they 
are all effective for large heating area and, respectively, 
for largest number of located production wells and can 
be used in a respective practical cases.

Fig. 4. Temperature distribution near the systems of heat-injection wells of power 2 kW installed in the middling wet homogeneous oil reservoir  
over 15 days: a – two strips; b – two close strips; c – star; d – two triangles system

a b

c d
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Thus, it is possible to make the general conclusions. 
The operation of heat-injection wells is more profitable 
with their joint interaction, in this case the effective heat-
ing area of the oil reservoir and, accordingly, the number 
of production wells will be the largest. Another hand, 
the main factor for optimal location of the heat-injection 
wells is the calculation of specific characteristics of the 
oil reservoir in each practical case. The configurations of 
the location of heat-injection wells presented in this paper 
demonstrate the most effective cases of the hard-reaching 
oil reservoirs heating for improvement of the oil recovery 
and can be used in oil production practice.

The limitations of this study – productive oil reser-
voirs with a thickness not lesser than a few meters are 
considered, assuming that the average thickness of the 
reservoir is much smaller than horizontal dimensions of the 
considered area. And then it is assumed that the heat does 
not spread to the roof of the reservoir and used a two-
dimensional non-stationary model of thermal conductivity.

In further it is possible to develop this method for 
investigation of heating processes near heat-injection wells 
in the hard-reaching oil reservoirs with heterogeneous and 
anisotropic heating properties.

4.  Conclusions

The developed finite-element-difference method for 
solving the nonstationary problem of thermal conducti-
vity in heterogeneous oil reservoirs allows adequately on 
a quantitative level to describe the temperature distribution 
around heat-injection wells in real oil production condi-
tions for improvement of the oil recovery. The simulation 
results show that process of heating of the oil reservoirs 
is quite slow and energy-consuming and requires careful 
study. Thus, to increase profitability, it is necessary to use 
associated oil production products, such as associated gas.  
Also, it is possible to see that less wet reservoir layers 
are better heated. Another hand, it’s clear that no sense 
to heat the reservoir for more than two weeks, because 
increasing of the effective region radius (with a tempera-
ture above 80 °C required for exit of high-viscosity oil 
from the rock) in this case is not essential. Therefore, 
it is possible to with their joint interaction, in this case 
the effective heating area of the oil reservoir and, accord-
ingly, the number of production wells will be the largest. 

Another hand, for optimal location of the heat-injection 
wells it’s necessary to calculate the specific characteristics 
of the oil reservoir in each practical case. The configura-
tions of the location of heat-injection wells, which pre-
sented in this paper, demonstrate the effective cases of 
the hard-reaching oil reservoirs heating for improvement 
of the oil recovery. So, this information can be used in 
hard reaching oil production practice with the purpose 
of increasing of the oil recovery.

References

1. Kudinov, V. I. (2002). Razrabotka slozhnopostroennyh mesto-
rozhdenii s viazkimi neftiami. Interval, 6, 13–22.

2. Mihailov, N. N. (2008). Fizika neftianogo i gazovogo plasta. 
Moscow: MAKS Press, 448.

3. Mishhenko, I. T. (2015). Skvazhinnaia dobycha nefti. Moscow: 
Izdatelskii centr RGU nefti i gaza im. I. M. Gubkina, 448.

4. Ruzin, L. M., Chuprov, I. F. (2007). Tehnologicheskie principy 
razrabotki zalezhei anomalno viazkih neftej i bitumov. Uhta: 
UTGU, 244.

5. Muslimov, R. Kh., Musin, M. M., Musin, K. M. (2000). Opyt 
primeneniia teplovikh metodov razrabotki na neftianykh mesto-
rozhdeniiakh Tatarstana. Kazan: Novoe znanie, 226.

6. Slabnov, V. D. (2014). Matematicheskoe modelirovanie tekhnolo-
gii regulirovaniia protcessa izvlecheniia nefti iz neodnorodnykh 
plastov. Kazan: Izd-vo Kazan. un-ta, 187.

7. Chuprov, I. F. (2008). Modelirovanie temperatury plasta pri 
zakachke para v vodonosnyi proplastok. Izvestiia vuzov. Neft 
i gaz, 4, 60–64.

8. Kanevskaia, R. D. (2003). Matematicheskoe modelirovanie raz-
rabotki mestorozhdenii uglevodorodov. Moscow: In-t kompiut. 
issled., 128.

9. Ertekin, T., Abou-Kassem, J. H., King, G. R. (2001). Basic 
applied reservoir simulation. Texas: Richardson, 421.

10. Lubkov, M. V. (2014). Modeliuvannia teplovykh protsesiv 
u zoni suchasnoi aktyvizatsii Dniprovsko-Donetskoi zapadyny. 
Heoinformatyka, 49 (1), 46–53.

Michail Lubkov, Doctor of Physical and Mathematical Sciences, 
Professor, Departments of Oil and Gas Engineering and Technolo-
gies, National University «Yuri Kondratyuk Poltava Polytechnic», 
Poltava, Ukraine, ORCID: https://orcid.org/0000-0002-2680-9508

*Kateryna Mosiichuk, Postgraduate Student, Assistant, Depart-
ments of Oil and Gas Engineering and Technologies, National Uni-
versity «Yuri Kondratyuk Poltava Polytechnic», Poltava, Ukraine, 
e-mail: karoleana2004@gmail.com, ORCID: https://orcid.org/0000-
0002-6704-4652

*Corresponding author


