Ilpeocmasnena memoourxa po3paxynxy Hanpy-
srceno-oepopmosanozo cmany (HJIC) xpyeoeux apox
i3 ypaxyeannam oOedopmauiii euzuny i posmsey-
6AHHSI-CMUCHEHHS, 30CepedyCceHUx ma po3nodiie-
HUX 306HIWNIX Hasanmadicenv. Bpaxyeanns ymoe
00NUPAHHA ONOPHUX NEPEeMUHIB BUKOHAHUU 6 pam-
Kax anzopummy “ucevbHO-AHATIMUMHO20 6apianmy
Memoody epanununux enemenmie (MIE). Pozenstymo
npuxaao pospaxyuxy HJIC apxu, de npeocmasene-
HO noeHe piuienns 0 KiHeMaAMUMHUX | CIAMUMHUX
napamempie cmany apKu

Kmouosi cnoea: memoo epanuunux enemenmis,
dynoamenmanvra cucmema pynxuii, apouni cucme-
Mmu, cneyianvhuil kpan, MATLAB

IIpeocmasnena memoouxa pacuema HanpsiceH-
Ho-0epopmuposannoezo cocmosinus (H/[C) kpyzoevix
apox ¢ yuemom depopmauuii uzeuda u pacmaHceHust-
cocamusi, COCPeOdOMOUEHHLIX U PACNPEOeNeHHbIX
BHEWHUX HAPY3OK. Yuumvlearue YCao6uli Onupanus
ONOPHBLIX CeueHUll BbINOJIHEHO 8 PAMKAX AJl2opum-
MA HUCTICHHO-AHATIUMUMECK020 8APUAHMA MeMooa
epanuunoix anemenmos (MI3J). Paccmompen npu-
Mmep pacuema HJIC apxu, 20e npedcmasneno noi-
Hoe pewenue 011 KUHEMAMUMECKUX U CIAMUMECKUX
napamempos COCmMosHus apxu

Knmouesvie crosa: memoo epanuunvix saemen-
moe, pynoamenmanvras cucmema QynKuuiL, apou-
Hole cucmemol, cneyuanvhotil kpaw, MATLAB

1. Introduction

Rods in the shape of an arc of a circle (circular arches) are
widely used in construction and industrial machine-build-
ing, particularly, in crane building when designing special-
ized cranes. Their application is predetermined by advantag-
es in comparison with the structures that consist of straight
rods, given the higher load-bearing capacity and rigidity [1].
In the present study, in order to calculate circular arches,
we applied a numerical-analytical variant of the boundary
element method. The use of this method is predetermined
by advantages over the existing methods of structural me-
chanics. In particular, the methods of force, displacements,
initial parameters, finite elements and others do not have
the possibility to accurately account for the concentrated
moment in the form of external load and exact solution to a
problem on the planar deformation of a circular arch. These
shortcomings are missing in the variant of BEM, developed
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in the papers of the authors of present work. Results of the
numerical-analytical variant of the boundary element meth-
od are distinguished by high accuracy and reliability.

The scientific literature typically reports solutions to
SDS of circular arches, obtained by known methods. It
is rather difficult, however, to estimate accuracy of the
obtained results and their reliability. Given this, a task of
applying BEM to the calculation of SDS of circular arches is
relevant for the following reasons:

1. There appears a possibility to obtain accurate results
for SDS of arches at different loads and boundary conditions
of support, which is problematic when employing the known
methods of structural mechanics.

2. It is necessary to make sure that BEM actually allows
obtaining accurate results for the calculation of SDS.

3. It is extremely useful to have resolving equations for
the boundary value problems of flat deformation of circular
arches under various supporting conditions.




2. Literature review and problem statement

Accurate calculation of SDS of circular arches causes
certain difficulties because one should take into account
bending, stretching-compression, and shear deformations at
the same time [2]. This is especially true for determining dis-
placements in the arches, to which a Vereshchagin formula is
not applicable since the load and single curves are nonlinear,
whereby one has to employ the Mohr’s integral, Castiglianos
theorem, and numerical methods [3].

There are known solutions to different problems on the
flat deformation of circular arches that consider bending
deformations only [4]. There is also a solution derived to
the problem on flat deformation of a circular rod taking
into account deformations of bending and stretching-com-
pression only for the case of loading ¢, (ot)=g=const [5].
The absence of sufficiently accurate analytical solution to
the problem of flat deformation of arches contributed to the
fact that authors of a number of papers recommend replacing
curved rods with a set of straight rods. Article [6] shows that
the benefit of such an approach is the smaller number of alge-
braic equations to which the resolved problem is reduced. It
should be noted, however, that the given model yields error
not exceeding 1 % under condition that the straight rod
tightens the arc of the curved rod less than 5°. This means
that the ring can be represented by a regular polygon con-
sisting of 72 rods, arch in 180° — by 36 rods, etc.

The arched elements of construction can also be calcu-
lated using the classical methods of structural mechanics
(displacements, initial parameters, forces) or numerical
methods. In the first case, classical methods do not belong
to computer methods as they possess a complex logic and a
small number of arithmetic operations. For this reason, they
do not have professional packages of applied programs [7].

At present, the most common numerical method is a
finite element method (FEM) [8]. This method corrects
shortcomings of the classical methods, it has a relatively sim-
ple algorithm logic and a large number of arithmetic opera-
tions. The method is implemented in a variety of professional
packages of applied programs. It should be noted, however,
that FEM allows obtaining accurate and reliable results of
the estimation of arches’ SDS only if there is an exact matrix
of the rigidity of a circular arch. Regrettably, due to the
complexity of its formation, no exact rigidity matrix of the
flat deformation of a circular rod has been built up to now. A
major problem for FEM is the problem of convergence of the
obtained solution, error estimation, associated with discret-
ization of the original geometric model, artificial limit for a
computation area, etc.

The search for alternative approaches resulted in the
development of BEM [9]. In it, not the entire examined
region undergoes discretization, as is the case for FEM, but
its boundary only. BEM qualitatively outperforms FEM. It
employs exact solution to the flat deformation of a circular
rod with respect to bending and stretching. A new variant
of BEM was devised [10], numerical-analytical, which has
a number of advantages in comparison with the classical
variants of BEM. The method implies working out a fun-
damental system of solutions (analytically) and the Green’s
functions (also analytically) for each considered problem. In
order to account for certain boundary conditions, or condi-
tions of contact between separate modules, a small system
of linear algebraic equations is constructed, which must be

solved numerically. The value of the method is predeter-
mined by several reasons. Discretization of only the bound of
the region occupied by an object drastically reduces an order
of the system of solving equations; there is a possibility to re-
duce dimensionality of the problem to be solved. In addition,
as shown in paper [11], this method is strictly substantiated
mathematically as it employs fundamental solutions to dif-
ferential equations. This means that within a framework of
the accepted hypotheses it makes it possible to obtain exact
values for parameters of the problem (efforts, displacements,
strains, frequencies of native oscillations, critical forces of
stability loss, etc.) inside the region. At the same time, the
method possesses simplicity of the algorithm logic, good
convergence of the solution, high stability, and insignificant
accumulation of errors in numerical operations.

However, in terms of calculating arch structures for
specialized cranes, there are no at present solving equations
of boundary value problems for determining the unknown
initial parameters of arches under existing conditions for
bearing the boundary sections.

3. The aim and objectives of the study

The aim of present work is to identify conditions for
accounting the concentrated moments when solving analyt-
ically a state of arch structures, as well as present a calcula-
tion of kinematic parameters of circular arches, conducting
of which is based on the exact solution of flat deformation.

To accomplish the set aim, the following tasks have been
considered in the study:

— to obtain solving equations of boundary value prob-
lems for determining the unknown initial parameters of
circular arches under existing conditions for bearing the
boundary sections;

— to develop a procedure for calculating SDS of circular
arches;

— to perform calculation of a circular arch, taking into
account the action of distributed and concentrated loads.

4. Development of a mathematical model

We shall represent mathematical modeling of SDS of
circular arches in the MATLAB programming environment
in a static statement.

4. 1. Calculation procedure and basic equations
Consider the calculation scheme of a circular arch (Fig. 1)
with an arbitrary combination of static load.




A system of differential equations for the flat deforma-
tion of a circular rod considering the deformations of bend-
ing and stretching relative to the radial 9(a) and tangential
u(a) displacements takes the form:

2 2 4
13IV(Oc)+ EAR 1?)(0()+1/”(0€)— E.;lIR u,( ) ﬁl q, (OL)
@
EAR*) , - EAR* _, R*

where EA is the arch cross-section rigidity under stretch-
ing-compression, kN; EI is the arch cross-section rigidity at
bending, KNm?; R is the arch axis radius, m; o is the angular
coordinate, rad.; g, (o) is the radial load of the arch (along
a normal to the axis), kN/m; ¢, (o) is the tangential load of
the arch, kN/m.

Solution to the Cauchy problem on the flat deformation
of an arch can be represented in a matrix form as follows [12]:
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where EI¢(ot) is the rotation angle
of the arch cross-section, kNm?;
M (o) is the bending moment in
a cross-section, kNm; Q(a) is the [1 El )
shear force in a cross-section, kN; By, =M-
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functions and terms from the radial
load (Fig. 1) after integrating take
the form [10, 11]:
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4. 2. Accounting for boundary conditions of bearing
the arches

In order to determine parameters of the arch SDS, it is
necessary to construct and solve a boundary value problem,
taking into account conditions for bearing the boundary
points. In BEM, this equation takes the form:

A-X.=-B, %)
where A, is the matrix of boundary values of fundamental
functions that takes into consideration boundary conditions
of the arch; X, is the matrix of initial and final parameters
of bending and stretching of the arch; B is the load matrix at
a boundary value of variable o.

We shall consider different conditions for bearing an arch.



4.2.1. Hinged bearing
Calculation scheme of the arch with a hinged bearing is
shown in Fig. 2.

Fig. 2. Hinged fastening of the arch

We shall construct matrices of initial X and final YV
parameters of the arch, which take into account a hinged
bearing of two boundary cross-sections

EI9(0)=0;EI¢(c,) EI%(a,)=0
EI$(0) El¢(o,)
| MO)=00(«,) | ., _| M(e)=0
e [ o) | @
EAu(0)=0;N(o.,) EAu(a,)=0
N(0) N(e,)

Matrix X shows that at hinged bearing, rows 1, 3, 5
are equal to zero. Since these rows are associated with the
columns of matrix A with the same numbers, it is necessary
to reset to zero columns 1, 3, and 5. The zero rows of ma-
trix X can be substituted with non-zero parameters of ma-
trix Y. Such a shift should be compensated for by introduc-
ing nonzero elements to matrix A. According to the theory
of a numerical-analytical variant of BEM, such elements will
comprise A (2.1)=-1; A (4.3)=-1; A (6.5)=—1.

Matrix equation for a boundary value problem for the
arch in Fig. 2 will take the form
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After solving equation (6), reactions of the arch will
be equal to H,=Q,; R,=Ng; My=M,; H;=Q,;
R, =N, while SDS in the inner points is determined from
equation (2).

4.2. 2. Rigid pinching and hinged bearing
By analogy, constructing matrices X,, Y, we proceed
to the equation of the right problem for this case of bearing

(Fig. 3).
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After solving (7), reactions of the arch will be equal to

H():Q(O); ROZN(O); HK:Q(N); RK:N(n)'

4.2. 3. Rigid pinching of two boundary points
Matrix equation for a boundary value problem of the
given case of bearing takes the form (Fig. 4).

Ho Hx
o M
Fig. 4. Rigid pinching of the arch
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The arch reactions will equal

Hy=Q) Ry=Ny; My=Mg);

H,=Qu; R(=N,; M,=M,,
We shall draw an example of applying BEM technology

to calculate a state of the arch under the action of concen-
trated moments, force, and distributed load.

5. Results of determining the SDS parameters of arches

We shall consider example of determining the SDS pa-
rameters of the arch (Fig. 5) with an arbitrary loading and
fastening.

The results will be presented numerically (in a tabular
form) and visually (in the form of diagrams).

Ho=20,0 kN /J Hi=6,96 kN
Mo=147,14 kNm\:f/
Ro=200,88 kN Ri=210,08 kN

Fig. 5. Calculation scheme of the arch

Angular coordinates for the concentrated time and con-
centrated force



Angular coordinates of the uniformly distributed load.

o,=0; o, =m.

At the specified initial data, values of the boundary pa-
rameters after solving equation (7) will be equal to (Table 1)
Reactions of the arch supports will equal, respectively,
H,=20.00 kN, R,=200.88 kN, M =147.14 kNm, H,=6.96 kN,

R,=210.08 kN.

The SDS parameters’ values are summarized in Table 2.
Data in Table 2 indicate that the obtained results are accurate.
This conclusion is justified by that the arch SDS was calculat-
ed by equations from the method of initial parameters (2), in
which initial parameters were taken from Table 1. If the solu-

tion is exact, boundary conditions for bearing must hold at the
right support, which is confirmed by data in Table 2.

Table 1
Value of boundary parameters of the arch in Fig. 5
No. of entry Parameter Value
1 EIo(m), kNm? -958.34
2 Q(m), kN -6.96
3 M(0), kNm 147.14
4 Q(0), kN ~20.00
5 N(rt), kN -210.08
6 N(o), kN ~200.88

Diagrams of the arch SDS parameters in Cartesian coor-
dinates are shown in Fig. 6—11.

Table 2
Results of calculating the arch in a numerical form
Angular coordinate Parameters of the stressed-deformed state

Rad. Degrees EA0-107%, KNm? EA$-10% kNm? M, kNm Q, kN Eau-10*, kNm N, kN

0.0 0.0 0.0 0.0 147.14 -20.0 0.0 -200.88
0.09 5 0.133 1.86 119.79 -19.15 -0.033 -202.59
0.17 10 0.497 3.35 93.72 -18.16 —0.092 —-204.22
0.26 15 1.038 4.48 6915 —-17.02 -0.200 -205.76
0.35 20 1.703 5.28 46.24 -15.76 -0.371 -207.19
0.44 25 2.445 5.78 25.19 -14.38 -0.617 -208.50
0.52 30 3.214 6.00 6.15 -12.88 -0.943 -209.69
0.61 35 3.970 5.96 -10.74 -11.29 —-1.348 -210.75
0.70 40 4.673 5.71 —25.34 -9.61 -1.831 -211.66
0.79 45 5.289 5.27 -67.55 —7.86 -2.383 —214.30
0.87 50 5.760 4.25 —77.16 -5.89 -2.993 -214.90
0.96 55 6.036 3.12 -83.98 -3.87 -3.643 -215.33
1.05 60 6.100 1.92 -87.96 -1.83 -4.310 -215.57
1.13 65 5.945 0.68 -89.07 0.24 -4.973 -215.64
1.22 70 5.570 —0.54 -87.30 2.30 —5.608 -215.53
1.31 75 4.980 -1.73 -82.67 4.34 -6.192 -214.24
1.40 80 4.189 —2.84 -75.20 6.35 —6.704 -214.78
1.48 85 3.219 -3.82 -64.9 8.31 —7.124 -214.14
1.57 90 2.095 —4.64 -52.03 10.21 —7.433 -213.33
1.66 95 0.853 -5.26 —-36.50 12.03 -7.618 -212.36
1.75 100 —0.468 -5.65 —18.48 13.76 —7.668 -211.23
1.83 105 —1.824 -5.77 1.87 15.38 -7.578 —-209.96
1.92 110 -3.165 -5.59 24.41 16.89 —7.345 —208.55
2.01 115 —4.435 -5.08 48.96 18.26 -6.975 -207.02
2.09 120 -5.578 -4.21 -75.35 19.50 —6.478 -205.37
2.18 125 —6.534 -2.96 103.36 20.59 -5.871 -203.62
2.27 130 —7.240 -1.32 132.79 21.53 -5.175 -201.78
2.36 135 -7.635 0.74 163.40 22.30 —4.421 —-199.86
2.44 140 -7.673 2.85 139.20 -16.95 -3.645 -201.38
2.53 145 -7.383 4.63 116.14 -16.07 —2.882 -202.82
2.62 150 -6.813 6.10 94.39 -15.06 -2.165 -204.18
2.71 155 —-6.008 7.28 74.13 —-1394 -1.520 —205.44
2.79 160 -2.016 8.18 55.50 —-12.72 -0.970 -206.61
2.88 165 -3.879 8.83 38.66 -11.40 —0.532 -207.66
2.97 170 -2.638 9.27 23.72 -9.99 -0.219 -208.59
3.05 175 -1.334 9.51 10.80 -8.50 -0.040 -209.40
3.14 180 0.0 9.58 0.0 -6.96 0.0 —-210.08
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5. Discussion of results of mathematical modeling of
the stressed-deformed state of circular arches

It follows from Table 2 and diagrams in Fig. 611 that
SDS of the arch obtained using a calculation technique is
accurate. The calculation employed initial parameters of
the arch from Table 1. Boundary conditions for the hinged
bearing must be fulfilled in the final cross-section, which
is confirmed by data in Table 2 and diagrams in Fig. 6-11.
This outcome is explained by the fact that we applied a
technology for solving boundary value problems for arches
using a numerical-analytical variant of BEM and exact
solution to the problem on flat deformation of a circular
rod considering the deformations of bending and stretch-
ing-compression. This indicates a large advantage of the
proposed procedure over the methods of forces, displace-
ments, and FEM. Typically, a circular rod is replaced with
a polygonal model of rectilinear rods; the accuracy of such
a model does not exceed 1 % if a straight rod tightens the
arc of 5 degrees. For the considered problem, it is necessary
to calculate a system of 36 rods. Should FEM be used, it
would require solving a system of 105 linear algebraic equa-
tions, while in the case of BEM, it will be needed to solve a
system of 6 equations only. To calculate the ring applying
FEM, one has to solve 213 equations, when employing
BEM - only 6 equations again. An even bigger difference
in the number of equations will emerge when estimating
the arched systems.

As an improvement of the proposed approach to the
calculation of arch structures, it is possible to point out the
applicability of BEM to solving boundary value problems for
arches with variable parameters (for instance, rigidity and
radius of curvature). Such arches have differential equations
with variable coefficients. In this case, a body of the arch is
split into n parts; all parameters of the arch are considered
constant within the limits of every part. That is why the
equation of the stressed-deformed state will hold in each of
the n parts (2). Next, a BEM technique may be applied to
the system of n parts. The practice of solving such problems
demonstrates that at n>30, results of BEM almost coincide
with the known precise solutions (error is less than 1 %).

6. Conclusions

1. We obtained solving equations of the boundary value
problems for determining the unknown initial parameters
of circular arches under existing conditions for bearing the
boundary cross-sections. They represent systems of linear
algebraic equations that take into account different bound-



ary conditions for bearing and were obtained in accordance
with the theory of BEM.

2. A procedure for calculating SDS of circular arches
was devised. Its special feature is in the fact that one applies
an exact solution to the problem on planar deformation of
a circular rod considering the deformations of bending and
stretching-compression. For this reason, it makes it possible,
in contrast to the existing methods (forces, displacements,
FEM, initial settings), to obtain exact solutions of SDS at a
minimum number of solving equations.

3. We performed calculation of a circular arch, taking into
account the action of distributed and concentrated loads. The
calculation showed that using BEM can help obtain exact solu-
tions to the problems of flat deformation of arches at a minimal
number of solving equations. It is also demonstrated that BEM
makes it relatively simple to take into account the concentrated
moments in the form of an external load and to have a complete
solution of SDS in the form of power and kinematic parameters.
These issues cause difficulties in the existing methods and they
are typically not reflected in the relevant publications.
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