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1. Introduction

According to the systems approach, widely applied for
examining many classes of objects, measuring transducers
(MT) are the devices that serve for the perception and pri-
mary conversion of information on a physical magnitude to
be measured [1-3].

Dynamic models of stationary and non-stationary mea-
suring transducers are typically very different. At the same
time, each MT has its own operator that describes it. Such
an operator can be the law according to which each given
function that describes an input signal is associated with the
function that describes the output signal. These are the op-
erators that represent all the variety of dynamic properties
inherent to MT, if, of course, this operator is composed tak-
ing into consideration all important factors and regularities
that accompany MT operation [4].

We shall note that MT is stationary if its dynamic prop-
erties do not change over time. If such a change does occur,
MT is called a non-stationary. A consequence of constancy
in time of dynamic properties of MT is that the process
of conversion of the measured magnitudes (impacts) has
the property of invariance relative to the time-shift of the
measured impacts. Thus, the reaction of stationary MT does
not depend on the moment of application of the measured
impacts, and depends only on the difference between the
current time and the moment of application of the measured
impacts. Non-stationary MT do not possess the specified

property of invariance and reaction of these MT depends
on both the current time and the moment of application of
the measured impacts. The inputs of measuring transduc-
ers with lumped parameters can be represented by points.
Dynamic properties of these MT are typically described
by ordinary differential equations (DE) [5, 6]. The inputs
of measuring transducers with distributed parameters are
continuously distributed along a certain line or a surface.
Dynamic properties of such MT are most often described
by DO with partial derivatives or, in a generalized form,
by functional equations. We shall note a rather important
circumstance on that solving DO is a quite complicated
computational task [7]. A special feature is those cases when
it is required to determine a reaction of M T under a change
in the influence of external medium.

One of the ways to successfully tackle the above-indi-
cated problem is the extension of the class of mathematical
models to account for the peculiarities of modeling tasks of
the examined devices, specifically, through the application
of integral dynamic models (IDM) [8]. We shall note that
IDM have a number of such positive attributes as high
universality (the structure of the model is unchanged for
different classes of MT; the properties that are assigned by a
single function the core of the integral operator). IDM also
possess a potentially high adequacy of modeling processes,
a smoothing property when performing computations and
processing signals with high-frequency noise, high con-
vergence of iterative processes for solving computational




problems [9]. Thus, one can consider it a relevant task to un-
dertake research into formation of explicit integral dynamic
models of MT.

2. Literature review and problem statement

One should point to a certain conditionality of dividing
MT into different groups, which can be illustrated using a
temperature MT as an example [10]. One of the main facts
in the field of thermometry is that at the values of so-called
Biot criterion less than 0.02, temperature gradients within
the homogeneous thermal receivers are negligible. There-
fore, in order to describe dynamic properties of these MTs
with a high degree of accuracy, it is possible to confine our-
selves to normal first order DE. Accordingly, at the values
of Biot criterion larger than 0.02, temperature gradients
within thermal receivers are significant, which is why
when describing the behavior of these MTs over time, it is
required to pass over to the equation of heat conduction
in partial derivatives. Under a given geometrical size and
thermal conductivity coefficient of the material of a ther-
mal receiver, the magnitude of Biot criterion is fully deter-
mined by the value of a convective heat transfer coefficient.
In turn, the coefficient of convective heat transfer to a very
great extent depends directly on the external conditions
that accompany the temperature measurement. It depends
on the character of change in the measured temperature
and on the flow rate of a liquid or gas whose temperatures
must be measured. Therefore, one and the same thermal
receiver depending on the measurement conditions can be
interpreted as MT with lumped parameters or MT with
distributed parameters [11-13].

At the same time, any M T, having essentially distributed
parameters, depending on the required accuracy of analysis
of dynamic properties, can be described by a regular DE.
That is, it can be assigned within the range of required accu-
racy to MT with lumped parameters [14, 15].

Therefore, the fact of assigning a particular M T to any of
the groups is also determined by required accuracy of analy-
sis of dynamic properties of MT [16, 17].

In addition, the next postulate important for modeling is
that a certain MT, as an object with distributed parameters,
can be described by models completely different in form and
structure [18].

The obvious usefulness of various forms of description
is in that, for a specific case of measurements, there is some
well-chosen model that can ensure the best effectiveness of
analysis of dynamic properties of MT [12, 16, 17].

Traditional approach to solving the problems of dynam-
ics is typically based on the use of DE [5, 15]. Theoretical
positions and the practice of solving many problems show
that in some cases, specifically when building models based
on experimental data, it is appropriate to consider, instead of
models of the DE type, more common IDM [10, 12].

It is obvious that in a general case, when choosing meth-
ods for constructing models of dynamic objects in advance,
regardless of the subject of the task, it is difficult to compare
approaches based on models of DE or IDM [4, 5, 19]. On can
note such advantages of IDM as its great generality and the
absence of a differentiation operation.

In addition, it is known that for quite broad classes of
MT the use of IDM and, in particular, the models of equiv-
alent DE, makes it possible to receive the basis for building

highly stable numerical algorithms for analysis and calcula-
tion of their parameters [8, 20, 21].

At the same time, the application of IDM has its pecu-
liarities, consideration of which requires conducting a series
of theoretical studies and practical developments [14, 16, 19].
Specifically, it concerns the problems of formation of IDM
by the characteristics of MT based on known differential
models, since a significant portion of the physical laws are
described by differential equations, as well as based on ex-
perimental data [ 12, 14, 19].

3. The aim and objectives of the study

The aim of present study is to improve effectiveness of
the methods and tools for mathematical modeling of pro-
cesses in measuring transducers by devising alternative
approaches to the formation of dynamic models of MT in the
form of explicit integral models.

To achieve the set aim, the following tasks had to be
solved:

— further development and improvement of the theory of
measuring transducers, including devising the methods for
compiling a mathematical description of dynamic character-
istics of measuring transducers;

— design of analytical methods for obtaining pulse
transition functions of measuring transducers with both
lumped and distributed parameters obtained by the means
of a priori data;

— verification of the theoretical results obtained by re-
search using specific transducers as an example.

4. Integral modeling method in the problems of dynamics
during formation of integral dynamic models of measuring
transducers

When modeling problems of dynamics and creating in-
tegral dynamic models of MT, as well as in analysis of the
dynamics of any other systems, a determining role is played
by the impulse transition function of the modeled object [17].

A dynamic model of the measuring transducer can be
represented in the form of some operator A(¢), which sets
the dependence of scalar input data X(¢) on the output data
Y(¢) at any given time ¢ [8]. This dependence, input — trans-
formation operator, which is a scalar function — output,
typically represented symbolically in the form

Y(O=AX(). (1)

If one knows the pulse transition function g(¢, t) from
linear MT, then expression (1) takes the form

y(z):jf g(t, )X (1)dx, @

where g(¢, 1)=A8(t—1), 3(t—1) is the delta function, which
is the core of IDM.

A pulse transition function of MT is the reaction of MT,
not excited in advance, on the input signal that takes the
form of pulse 8-function, and is essentially a universal dy-
namic characteristic of the device.

In a general case, the pulse transition function depends
on two arguments: T is the moment of application of pulse



J-function, and ¢ — current monitoring moment of MT indi-
cations. Based on the principle of causality, the reaction of
MT can occur only after the application of an input impact,
which is why

g(t,1)=0 at t>¢ (6))

a condition for the physical possibility of the system’s exis-
tence. If a transducer starts operation at some time moment
to, the integrand expression in (2) is zero also at T<t.

Thus, for physically possible MT, relationship between
measured signal X(¢) and indications Y(z) of MT is deter-
mined from ratio

Y(0)=[ (e, )X ()de )

ly

If the moment of the beginning of the measurement is
taken as t=0, then it is possible to apply expression

v(0)=J e, )X (), ®)

0

which in a general case is the integrated dynamic model.

4. 1. Formation of explicit integral dynamic MT mod-
els with distributed parameters

We shall note a very important circumstance in the de-
scribed process of formation of the mathematical description
of a dynamic system. Its essence is that it is not required to
specify what type of dynamic objects is being considered —
with lumped or distributed parameters. Suffice it to say that
we considered measuring transformations with lumped pa-
rameters, since behavior of the indicated MT, as it followed
from relation (1), was characterized by only one independent
variable z. However, the pulse transition function is a uni-
versal dynamic characteristic also for PIs with distributed
parameters. In a general case, the concept of pulse transition
function for MT with distributed parameters can be illustrat-
ed as follows. We shall introduce a multidimensional pulse
3-function, specifically, four-dimensional pulse §-function

S(t, X X x3)=8(t)8(x1)8(x2)8(x3),

where spatial coordinates are denoted as x, x9, x3.
Let the behavior of MT with distributed parameters be
described by the operator equation

A~X(x1, Xy, X, t):X(x1, Xy, Xy, t). (6)

In this case, by analogy with a one-dimensional ratio,
we have

X(x1, Xy, Xy, t)=

=I°T T T5(361—361')~5(x2—x;)-8(x3—x§)~5(t—1)x

XX (x], 5, x5, 7)dadwgdacdr, (7)

where a7, &3, x5 are the points of application of pulse §-func-
tions relative to spatial coordinates x1, x9, x3.

Substituting (7) in (6) and considering it possible to
change a sequence of activities on integration and transfor-
mation, we shall obtain

X (), x5, 2, t)= T T T ]:X(xi,’ x5, 4, )

><A[8(Jc1 - )8 (x, —25)- 8 (e, — ) 8(¢ - ‘t)] dae/dojdacsdr,

X(x1, Xy, Xy, t):

= J J. J. J.g(x1, X[, Xy, X5, Xy, X5, T, ’c)x

’ ’ ’ 7 ’ ’
xX (xf, x5, a5, 7)dx{dxsdxsdr,
where function
g(xv X, Xy, Xy, X3, X5, €, T):

= A[8(x, —at7)-8(ac, = )-8, =) -8(¢ 1) ®)

is the pulse transitional function of the measuring transduc-
er with distributed parameters.

For MT with distributed parameters, to be considered
below, as follows from the equations and boundary condi-
tions given to them, it is possible to confine ourselves to a
one-dimensional pulse 3-function. Consequently, also the
pulse transition function of the form g(¢, t). However, if need
be, for MT with distributed parameters, it is expedient con-
sider a local pulse transition function g(z, 1, x1, x9, x3), which
shows a reaction of each point (x1, x5, x3) of the M T, not ex-
cited in advance, on the input signal of the §-function type.

4. 2. Formation of explicit integral dynamic models of
stationary measuring transducers

Since the reaction of stationary MT does not depend
on the moment of impact application, the pulse transitional
function of stationary MT also does not depend on the mo-
ment of impact application and depends only on the differ-
ence of the arguments, that is

g(t, 1)=g(t-1), )

g(t, 1) is the function of two parameters; expression (5) takes
the form

Y(0)=Jg(t-tx (e)dn

0

(10)

or

t

Y(t)= _[g(T)X(t—r)dT.

0

(11)

In the analysis of dynamic properties of linear M T, along
with pulse transition function g(¢, t), they often use the
so-called singular transition function 4y(z, t) [17], intercon-
nected by ratio

t

hy(¢)= jg(t—r)dr.

0

When one sends a signal to the MT input, which the form
of a singular function, one will receive at the MT output a
transition function, by differentiating which one will find
the pulse transition function.

Thus, the dynamic characteristics considered fully de-
termine dynamic properties of linear MT and are the basis



for obtaining integral dynamic models for different types of
measuring transducers.

4. 3. Relationship between a pulse transition function
and the Green’s function

Since each characteristic unambiguously describes a
model of MT, these characteristics need to be interconnect-
ed and expressed one through the other.

We shall consider a linear ordinary differential equation
of the n-order [15]

L[Y(¢)]=X(2), (12)
under initial conditions
d'Y (¢)
— =0, i= N
ar - i=0,12,...,n—1, 13)

that is, a linear model of MT with lumped parameters.
Linear differential operator L[ Y(¢)] takes the form

d"y

d"y
n—1 (t) : dtnf1 +

LY()]=a,(0) 4  +a

"y
ra, () S

dy
+a1(t)~E+ao(t)~Y.

A general solution to equation (12) is determined from
equation

Y(0)= G, (e, ©) X (1), (14)

0}

which satisfies sufficient conditions for the existence of Y(¢).
Gy(t, 7) is called a one-side Green’s function for differential
operator L[ Y(?)].

Green’s function Gy(Z, 1) is expressed through the funda-
mental system of solutions to equation L[ Y(¢)]=0 using ratio

0l) 0l . 0
R
()T jei(n) el @, (7
G Oa@ e el e [
o9 o) o

where functions @1(¢), @2(t),..., ¢»(t) form a fundamental
system of solutions to equation L[ Y(¢)]=0; Ao(t) is the Wron-
skian, which is determined from formula

0, (T)
(P;(T) D, (T)

Green’s function satisfies homogeneous equation

LIGo(@®)]=0
and initial conditions
LA G| T AP
dt' -

a6 (67|
- . 16
@ | e (16)

As it follows from (15), Green’s function can be repre-
sented in the form

G,(1.1)= 2w, (90, (1) 17

where y;(7) is derived by substituting (17) in the initial con-
ditions (16).
By comparing (14) with the previously described relation

Y(0)=[ (e, DX (2)de,

it can be concluded that Green’s function Gy(z, 1) coincides
with the pulse transition function only at #>1, that is exactly
in the region where the pulse transition function, being dif-
ferent from zero, makes sense and describes the physically
possible systems. As far as the region ¢>1 is concerned, here
the pulse transition function is identically equal to zero
whereas the Green’s function can vary from zero.

Now, after establishing a relation between the Green’s
function and the impulse transition function, it can be ar-
gued that Green’s function at £>7 is also a solution to the
inhomogeneous equation

L[G,(t, 1)]=8(t-7),
under initial conditions

3G, (¢, 1)

- =0, i=0,12,...,n-1.
ot'

t=t,

On the other hand, it can be assumed that the pilse
transition function pulse g(¢, 1) is a solution to homogeneous
equation L[g(t, 1)]=0, under conditions

L-{CR))| RIS
|
d"'g(t, 1:)| 1
_ b 18
dr"! LZI a,(t) (18)

Finally, we shall note that as it follows from relation
(17), a pulse transition function can be always represented
in the form

g(t. 7)= 21\11 (t)-9,(¢), 19)

in this case, the number of terms in the expansions of this
type coincides with the order of the appropriate linear dif-
ferential equation that describes behavior of the measuring
transducer.

One of the methods for determining pulse transition func-
tion of MT follows from the results of this comparison. Upon
finding a solution to the homogeneous equation that corre-
sponds to the non-homogeneous one, we shall obtain a general
solution with arbitrary constants. Upon deriving the arbitrary
constants from conditions (18), we shall obtain the desired



pulse transition function. The result will be the same as when
solving a non-homogeneous equation with the right-hand side
in the form of pulse n-function and under zero initial conditions.

5. Analytical procedures of obtaining pulse transition
functions of measuring transducers

5. 1. Obtaining a pulse transition function of measur-
ing transducers with lumped parameters

We shall consider analytical procedures to build pulse
transition functions of M T, that is, the cores of explicit inte-
gral dynamic models.

The method formulated above makes it possible to find
the cores of integral models (dynamic characteristics) by the
assigned differential equations. The easiest way is to obtain
indicated functions in an analytical form for MT of the first
and second order, which is possible to perform using specific
transducers as an example.

For a group of measuring transducers with lumped pa-
rameters of the first order described by equation [15]

Y
TE 4y = kX (t),
=" ()

the pulse transition function takes the form

P

g(t—r)z?e T, (20)

Equation for MT with lumped parameters of the second
order of the aperiodic type
TTY”+(T,+T,)Y’ +Y =kX(t),

Ty, Ty are some parameters of the transducer) makes it possi-
ble to obtain a pulse transition function of the form

=T 1 _t=
e+ e ™ |

L-1,

g(t—r)=k[ 1)

L1,

For measuring transducers with lumped parameters of
the second order of the oscillatory type, we have equation

TY” +2¢,TY' +Y =kX(¢),

that is equivalent to the previously described (if one accepts
T=1/o0, at k=T} for accelerometers, k=T7-H,/] for
angular velocity MT, etc.) and makes it possible to obtain a
pulse transition function

k —%"(t—x) .
—_—c Sin
Ty\1-€

g(t-1)= (t—’t)], (22)

that is the core of the integral dynamic model with lumped
parameters.

5. 2. Obtaining a pulse transition function of MT with
distributed parameters

3. 2. 1. Pressure MT

Under actual conditions, widespread are the pressure
MT that employ a circular membrane [1]. The equation for
these MT [10] will be given in the form

*W (r, t oW (r, t
BEQ )+25° Egt -
O*W(r,t) 10W(r,¢)| 1
=qa’ ’ ’ —P(¢). 23
i or? +r or +ps ( ) 23)

We shall accept zero initial conditions with boundary

=0.

r=R

W (r, t)

We shall determine relationship between W(r, t) and P(z).
A solution to equation (23) will be searched for in the form

W (r, t)=2T,(0)- Jo (k)

n=1

(24)

where_Jj is the Bessel function of the first kind of zero order;
kn=Mn/R, 1, is the roots of equation

Jo(w)=0.

Substituting (24) in (23), by multiplying all terms of
received ratio by r:Jo(k,,7), and upon integration in the range
from 0 to R, and considering that

-}fr~]0(/enr)dr=7‘]1 (1) -R?,

0 un

(25)

R 0

Jo (k) Jo(kyr)dr =1 g2
!r Jo(kr)-Jy (kyr)dr k?]f(un) atk, =k,

We shall obtain

atk, #k,,

T7+28,T +alk’T, = 2
px”’n ]1 (”'n)

P(¢). (26)

Solving this equation, we shall come to expression

__ 2 1
PN, 1, Jy(1,)

7,(1)

[e P sinm, (t-1)P(r)dr, (27)
0

Therefore, the solution to the original equation takes
the form

2 1 Jo(kr)
W(r, t)==Y —
(1) Py MM, J1(un)X

t

x[esinn, (¢~ 1)P(t)dr,

0

(28)

where

n, =yak; 8.

We obtain a local pulse transition function from rela-
tion (28)

2 —8y(t-1) - 1 JO (knr) .
r,t—T)]=—e " —_— sinm, (Z—1).
g( ) ps ;nnun -]1 (l“l'n) ( )

The pulse transition function, corresponding to the in-
dications of MT, is derived from the expression for g(r; t—7)
at =0, that is

(29)



|

glt-1)=2e Y

P, S, Ji(w,)

sinm, (¢ —1). (30)

In practice, the magnitude § is often neglected, assum-
ing damping to be small, in this case, we have from (30)

2R &1 1
t-1)= Y=
8(t=) a,-p, Z‘ui Ji(w,)

To resolve the issue of how many terms in a series should
be left during specific calculations, it is necessary to know
the roots of equation (25). The first roots of the equation:
W1=2.4048, py=>5.5201, u3=8.6537. For subsequent roots, the
approximated relation p,+1—u,=n holds.

-sinak, (t—1).

3D

5. 2. 2. Chemotronic measuring transducers
For the first model of a chemotronic MT with flat elec-
trodes [10], we have the original equation in the form

9C(x, y, t)+1) , aC(x, y, t) D 9°C(x, y, ¢)

\ - i , 32
ot () dy S Y
90(x, ¢ 0°Q(x, ¢
gt )_Do 3562 )=1)(t)(C0—C1), (33)
where
Q. 0)=JC(x 4 1)y,
0
Q(x’ t)|z:0 = 0
Let
Q(w, t)= iTn(t)cosk,,x, (34)
n=0
where
kn =(n+l)£7 n:()y 1,2, ceey
2)r

W, are the roots of equation Jy(u)=0 for flat thermal receiv-
ers, given in Table 1.

Here the flow velocity profile in a channel of the trans-
ducer is accepted to uniform.

By integrating all terms (32) by y within a range from
zero to [y and by considering the boundary conditions de-
scribed above, we shall obtain

Q(x, t)

Substituting (34) in (33), we multiply the result by cosk,x
and integrate by x with a range of —r¢ to r, it will yield

=0.

x=t1,

2

Tn,+D0kn2Tn =(C0_01) (_1)n D(t)’
7bk%
hence
T,=(C,-C )i(—i)" e‘D“'kf"j'eD“'kf"n(t)dr,
! 0 ! ,bkn 0

here we took into consideration zero initial conditions.

Therefore, we have

Q (x7 t) = M X
T
oo t
xY (-1)" kicos knxe’DO'k'%'tJeD“'k'z‘"u(r)dr. (35)
n=0 n 0
Table 1
Values of roots y, for flat thermal receivers
Bi M M2 M3 Mg

0.000 0.0000 3.1416 6.2832 9.4248
0.002 0.0447 3.1422 6.2835 9.4250
0.004 0.0632 3.1429 6.2838 9.4252
0.006 0.0774 3.1435 6.2841 9.4254
0.008 0.0893 3.1441 6.2845 9.4256
0.010 0.0998 3.1448 6.2848 4.4258
0.020 0.1410 3.1479 6.2864 9.4269
0.040 0.1987 3.1543 6.2895 9.4290
0.060 0.2425 3.1606 6.2927 9.4311
0.080 0.2791 3.1668 6.2959 9.4333
0.100 0.3111 3.1731 6.2991 9.4354
0.200 0.4328 3.2039 6.3148 9.4459
0.300 0.5218 3.2341 6.3305 9.4565
0.400 0.5932 3.2636 6.3461 9.4670
0.500 0.6533 3.2923 6.3616 9.4775
0.600 0.7051 3.3204 6.3770 9.4879
0.700 0.7506 3.3477 6.3923 9.4983
0.800 0.7910 3.3744 6.4074 8.5087
0.900 0.8274 3.4003 6.4224 9.5190
1.000 0.8603 3.4256 6.4373 9.5293

Now we shall find diffusion flow I(¢) arriving onto both
plates of the electrode. Because

’

I/
-y — 30
I(t)5= bel"lch/::-_ZZBIZ)zi;f

x=r,

where

aC
i—_p 2-
J 0 EXK

x=1

is the density of the diffusion flow on the electrode,

b, - = ) 2
1(0)= Mz&ewﬂ [er v (z)de. (36)
0 n= 0

It follows from equation (36) that the pulse transi-
tion function, corresponding to the diffusion flow, takes
the form

DG C) S ol p(e—v)]

Tb n=0

g(t-1)= (37)

(37) shows that the character of the transition process
of MT is fully determined by criterion F=Dt/7y>. However,
if the value of criterion is F>0.5, it is possible, with a high
degree of accuracy, to neglect all terms, except for the first,
since the second term turns out to be vanishingly small. It
is therefore possible to confine ourselves to only the first
term at F>0.5.



Next, we shall obtain the required ratios for a model of
chemotronic MT, having a cylindrical electrode. Upon per-
forming a similar transform, similar to the previous case, we
shall obtain the following equation:

9Q(r ), |9Qr 1) 19Q(r, t)]=v(t)(co—c1)’

ot ot r o or

Q(r, t)L:U =0, Q(r, )

Solution to this equation will be searched for in the form

=0. (38)

r=ny

Q(r 0)=2.7,(6)Ju (k1)

n=1

(39)

where k,=p,,/70, Un; Ha are the roots of equation Jo(u)=0
given in Table 2.

Table 2
Values of roots y, for cylindrical thermal receivers
B i M2 M3 M4
0.00 0.0000 3.8317 7.0156 10.1736
0.01 0.1412 3.8343 7.0170 10.1745
0.02 0.1995 3.8369 7.0184 10.1754
0.04 0.2814 3.8421 7.0213 10.1774
0.06 0.3438 3.8473 7.0241 10.1794
0.08 0.3960 3.8525 7.0270 10.1813
0.10 0.4417 3.8577 7.0298 10.1833
0.15 0.5376 3.8706 7.0369 10.1882
0.20 0.6170 3.8835 7.0440 10.1931
0.30 0.7465 3.9091 7.0582 10.2029
0.40 0.8516 3.9344 7.0723 10.2127
0.50 0.9408 3.9594 7.0864 10.2225
0.60 1.0184 3.9841 7.1004 10.2322
0.70 1.0873 4.0085 7.1143 10.2419
0.80 1.1490 4.0325 7.1282 10.2519
0.90 1.2048 4.0562 7.1421 10.2613
1.00 1.2558 4.0795 7.1558 10.2710

Substituting (39) in (38), by multiplying the expression
obtained by 7/y(rk,) and by integrating within the range
from zero to ry, we shall obtain as the result

S
”’n-]1 (l“l'n)

A solution to this equation is the expression

Tn,+D0kn2Tn = 2D(t)(C0 _C1)

— 2(Co _C1) e’D“ks'ljeD“’ks'TU(I)d't.
l“l'n-]1 (Hn) 0

Therefore, the solution to equation (38) is represented

7,(0)

in the form
Q(r, t)=
- Jo(un :) e
=2(c, -ci)gmewﬂ ! ety (1) dr, (40)

The diffusion flow arriving onto a cylindrical elec-
trode is

Q|
or

1(t)==2mr,D,

r=ry

= 4D, (C, —C1)ie'D°k5”JeD°k3‘D(t)dt, (41)
0

n=1

hence, for the pulse transition function of the diffusion flow
we have

g(t—7)=4nD, (C,~C,) Y exp[ Dk (t 1))

n=1

(42)

As follows from the equations for a chemotronic MT
given above, flow velocity profile, generally speaking, is dif-
ferent from the uniform and for the sake of accuracy it should
be accepted that

2

(x, t)=1>0(t)[1—x—2),

o

for a channel of the flat shape and

2

o(r, t)=uo(t)[1_’_2j,

n

for a channel of the cylindrical shape.

This would mean that we accepted a Poiseille profile of
hydrodynamic flow velocities. Consideration of the non-uni-
form distribution of the flow velocity profile does not lead to
additional difficulties.

6. Discussion of results of the proposed method for
the formation of explicit integral dynamic models of
measuring transducers

We shall note that for measuring transducers with dis-
tributed parameters we used series by certain functions of
spatial coordinates. The choice of these functions is far from
arbitrary, specifically, they must be eigenfunctions of the
corresponding problems. In addition, we found in the above
chapters a general correlation between the measured magni-
tude and the indications of the measuring transducer, which
was followed by one or another structure of pulse transition
function. Naturally, it was possible to not search for these
relationships but rather build a pulse transition function. To
do this, it would be sufficient to find a solution to the homo-
geneous equations corresponding to the original non-homo-
geneous equations with the arbitrary constants to be found
from the conditions that must be fulfilled by the pulse tran-
sition function, namely, from conditions (18). We shall illus-
trate this using a chemotronic MT with flat electrodes as an
example. Solve the homogeneous equation corresponding to
equation (33). Because the input magnitude is v(¢), rather
than (Cy—Ci)v(¢), the received pulse transition function
must be multiplied by a scale multiplier (Cy—Cy). Local pulse
transition function will be searched for in the form

g(x, t-1)= iTn(t—r)coskﬂx.
n=0

As before, we obtain from a homogeneous equation

dT,
—+ DT, =0.
dt 0"n"n



Hence

T (t—1)= A, (t)e "k

n

and

glx, t-1)=Y A, (t)e ™M cosk, .

n=0

In this case, the condition g(x, t—t)=1 must hold, which is
why the derived conditions for A(t) will take the form

A, (t)=——(=1)" ™",
Now, given the multiplier (Co—Cy), we shall obtain the
following expression for g(x, t—1):

1
g(x, t-1)= r zk——

0 n=0

n oD
V) o, .

We have for the pulse transition function by diffu-

sion flow

4bD

Ty

g(t-1)= (c,-¢) Zexp[ D,k (¢t - ‘c)]

which implies the identity of results.

Thus, the basis for solving the problems of dynamics
of measuring transducers over a temporal domain is the
dynamic characteristics that display the physical principle
of aftereffect of dynamic objects and the patterns arising
therefrom.

Constructive concepts of the pulse transition function
and the transition function lead to the formation of MT
operators in the form of integral mathematical dependences,
that is, integral dynamic models.

An advantage of this type of models is a single structure
for describing the dynamic properties of MT with lumped
and distributed parameters. The presence of transient char-
acteristics, obtained analytically or experimentally, unam-
biguously leads to the formation of models in the form of
integral dependences (operators). The concept of the pulse
transition function of MT is inextricably linked to the
concept of the Green’s function in the theory and practical
methods for solving differential equations.

A technique to obtain analytical expression for the pulse
transition function of MT with lumped parameters is solv-
ing a homogeneous differential equation corresponding to
the assigned non-homogeneous differential equation. This
technique is easily illustrated on the example of MT of the
first and second order. The principle of determining a pulse
transient characteristic for MT with distributed parameters

by the assigned equations in partial derivatives remains
the same as in the case of MT with lumped parameters.
The difference is in the more complex analytical notations,
corresponding to the method of integral representations to
solve equations in partial derivatives. According to a given
approach, transformations imply reducing a problem to the
ordinary differential equations whose analytical solution
is represented in the form of the integral operator that
connects the desired function to the right-hand side of the
original equation. The specified operator thus represents the
integral, essentially explicit, dynamic model of MT, based
on which we determined the pulse transition function. The
technique was applied to specific, widespread pressure MT,
and to a chemotronic measuring transducer (with flat and
cylindrical electrodes).

7. Conclusions

1. We analyzed current state of the problems on the
dynamics of measuring transducers. An analysis reveals
alternative descriptions, that is, the possibility of applying
various forms of mathematical models. Given this, there is a
choice, in a sense, of the “best model”, providing, for exam-
ple, the most beneficial ratio between complexity and qual-
ity. This position is a factor for the rationale of employing
various alternative forms of dynamic modeling, including
the integral dynamic models. In this regard, constructively
relevant is the method for creating explicit integral models
of measuring transducers, as well as, in the future, methods
and means of their numerical implementation.

2. The method designed in present paper is suitable for
practical application when creating explicit integral dynam-
ic models of MT. When analyzing dynamics of the systems, a
determining role is played by dynamic characteristics (pulse
transition and transition functions) of the modeled object.
The principle of formation is to determine a pulse transient
characteristic (function), which is the core of an explicit in-
tegral model of MT with distributed parameters and lumped
parameters by the assigned differential equations.

The dynamic characteristics obtained fully determine
dynamic properties of MT and could form the basis for
obtaining integral dynamic models for different types of
measuring transducers.

Thus, integral dynamic models make it possible to
expand the tools of computer simulation in the tasks on
studying measuring transducers based on their numerical
implementation.

3. The relevance and effectiveness of the technique for
the formation of explicit integral dynamic models of MT
are demonstrated by applying them to specific widespread
pressure MT and a chemotronic transducer (with flat and
cylindrical electrodes).

References

1. Capenko, M. P. IzmeriteI'nye informacionnye sistemy: Struktury i algoritmy, sistemotekhnicheskoe proektirovanie [Text] /

M. P. Capenko. — Moscow: Energoatomizdat, 1985. — 440 p.

2. Granovskiy, V. A. Dinamicheskie izmereniya: Osnovy metrologicheskogo obespecheniya [Text] / V. A. Granovskiy. — Leningrad:

Energoatomizdat, 1984. — 224 p.

3. Rudenko, V. S. Preobrazovatel'naya tekhnika [Text] / V. S. Rudenko, V. I. Sen’ko, I. M. Chizhenko. — Kyiv: Vishcha shkola,

1978. — 424 p.

4. Lega, Yu. G. Modelirovanie processov v tekhnicheskih sistemah [Text] / Yu. G. Lega, A. A. Sytnik, V. E Yuzvenko, O. V. Podgorniy. —

Cherkassy: CHGTU, 2004. — 183 p.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Close, C. M. Modeling and Analysis of Dynamic Systems [Text] / C. M. Close, D. K. Frederick, J. C. Newell. — 3th ed. — Wiley,
2001. — 592 p.

Hayrer, E. Reshenie obyknovennyh differencial'nyh uravneniy. Nezhestkie zadachi [ Text] / E. Hayrer, S. Nersett, G. Vanner. — Mos-
cow: Mir, 1990. — 512 p.

Stoian, V. A. Modeliuvannia ta identyfikatsiya dynamiky system iz rozpodilenymy parametramy [Text]: navch. pos. / V. A. Stoian.
— Kyiv: VPTs «Kyivskyi universytet», 2003. — 201 p.

Sytnik, A. A. Matematicheskoe opisanie mnogoparametricheskih izmeritel'nyh preobrazovateley posredstvom integral’'nyh modeley
[Text] / A. A. Sytnik // Modeliuvannia ta informatsiini tekhnolohyi. — 2005. — Issue 34. — P. 75-80.

Verlan’, A. F Integral’nye uravneniya: metody, algoritmy, programmy [Text] / A. E Verlan’, V. S. Sizikov. — Kyiv: Naukova dumka,
1986. — 544 p.

Babak, V. P. Teoreticheskie osnovy informacionno-izmeritel'nyh sistem [Text]: ucheb. pos. / V. P. Babak, V. S. Eremenko; V. P. Baba-
ka (Ed.). — Kyiv: TOV «Sofiya-A», 2014. — 832 p.

Sytnik, A. A. Approksimaciya mnogoparametricheskih pervichnyh izmeritel'nyh preobrazovateley na osnove metoda naimen’shih
kvadratov [Text] / A. A. Sytnik // Visnyk Cherkaskoho derzhavnoho tekhnolohichnoho universytetu. — 2003. — Issue 4. — P. 86—89.
Sviatnyi, V. A. Stan ta perspektyvy rozrobok paralelnykh modeliuiuchykh seredovyshch dlia skladnykh dynamichnykh system z
rozpodilenymy ta zoseredzhenymy parametramy. Vol. 1 [Text] / V. A. Sviatnyi, O. V. Moldovanova, A. M. Chut // Sbornik trudov
konferencii “Modelirovanie-2008 (Simulation-2008)”. — Kyiv, 2008. — P. 25-37.

Hulké, G. Control of technological and production processes as distributed parameter systems based on advanced numerical mod-
eling [Text] / G. Hulko, C. Belavy, K. Ondrejkovig, L. Bartalsky, M. Bartko // Control Engineering Practice. — 2017. — Vol. 66. —
P. 23-38. doi: 10.1016/j.conengprac.2017.05.010

Murtaza, S. S. Mining trends and patterns of software vulnerabilities [Text] / S. S. Murtaza, Wael Khreich, Abdelwahab Hamou-
Lhadj, Ayse Basar Bener // Journal of Systems and Software. — 2016. — Vol. 117. — P. 218-228. doi: 10.1016/j.jss.2016.02.048
Sytnik, A. A. Algoritm formirovaniya differencial'nogo uravneniya izmeritel'nogo preobrazovatelya [Text] / A. A. Sytnik, A. V. Kozak //
Visnyk Cherkaskoho derzhavnoho tekhnolohichnoho universytetu. — 2006. — Issue 3. — P. 84-87.

Lal, H. P. Reduced Order Models in Analysis of Stochastically Parametered Linear Dynamical Systems [Text] / H. P. Lal,
S. M. Godbole, J. K. Dubey, S. Sarkar, S. Gupta // Procedia Engineering. — 2016. — Vol. 144. — P. 1325—1331. doi: 10.1016/j.pro-
eng.2016.05.161

Protasov, S. Yu. Dinamicheskie harakteristiki lineynyh ob’ektov s peremennymi parametrami [Text] / S. Yu. Protasov // Modeliu-
vannia ta informatsiyni tekhnolohyi. — 2010. — Issue 56. — P. 64-71.

Faraji, M. Nonparametric dynamic modeling [Text] / M. Faraji, E. O. Voit // Mathematical Biosciences. — 2017. — Vol. 287. —
P. 130—146. doi: 10.1016/j.mbs.2016.08.004

Tkonnikov, O. A. Issledovanie neparametricheskih modeley dinamicheskih sistem [Text] / O. A Tkonnikov // Vestnik Sibirskogo
gosudarstvennogo achrokosmicheskogo universiteta im. akademika M. E Reshetneva. — 2013. — Vol. 47, Issue 1. — P. 36-40.
Sytnik, A. A. Primenenie integral’nyh dinamicheskih modeley pri reshenii zadachi identifikacii parametrov ehlektricheskih cepey
[Text] / A. A. Sytnik, K. N. Klyuchka, S. Yu. Protasov // Izvestiya Tomskogo politekhnicheskogo universiteta. — 2013. — Vol. 322,
Issue 4. — P. 103-106.

Annunziato, M. Asymptotic stability of solutions to Volterra-renewal integral equations with space maps [Text] / M. Annunziato,
H. Brunner, E. Messina // Journal of Mathematical Analysis and Applications. — 2012. — Vol. 395, Issue 2. — P. 766-775.
doi: 10.1016/j,jmaa.2012.05.080



