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1. Introduction

Diesel engines are the primary energy sources of a 
large number of cars, buses, almost all tractors, combines 
and other equipment used in the Ukrainian economy [1]. 
Constant process optimization of design and production of 
diesel engines is achieved by improving the parameters such 
as engine crankshaft speed, average effective pressure and 
essential reduction of harmful emissions of exhaust gases [2]. 
Any aspects of optimizing the operation of diesel engines are 
directly related to the increased requirements to fuel injec-
tion equipment, which provides fuel injection pressure and, 
in particular, to the main injector elements – nozzles.

High mechanical, hydrodynamic and thermal loads act-
ing in precision combinations of nozzles, insufficient lu-
bricating properties, fuel coking, poor fuel filtration lead 
to a significant reduction in operational parameters and 
life of injector nozzles. The short life of injector nozzles, in 
comparison with the life of other injector elements, requires 
research and works to ensure the appropriate effective life. 
Therefore, information about defects in injector nozzles and 
their impact on engine performance is a starting point when 
solving the problem of increasing the injector nozzle life, and 
is an urgent problem.

2. Literature review and problem statement

There are many devices for prompt diagnostics of diesel 
fuel injection equipment [3–5]. The key diagnosed parame-
ters of injector nozzles that can be monitored on these devic-
es and test benches are:

– the degree of fuel atomization – characterized by a 
particle diameter, fuel spray distribution;

– leak tightness of nozzles and injectors – the ability of 
adjacent surfaces of parts to resist fuel leakage between them;

– leak tightness of shutter cones of injector nozzles – the 
ability of cones to keep fuel from leaking between contact sur-
faces at a given pressure drop;

– starting fuel injection pressure – fuel pressure in the 
channel at the injector inlet at the time of nozzle needle 
opening;

– nozzle needle lift – needle movement from the closed 
position to the fully opened position;

– injector capacity – the value characterizing the injec-
tor hydraulic resistance to fuel passage.

It should be noted that the analysis of one of the key di-
agnostics parameters, namely the degree of fuel atomization 
by injectors, is currently carried out either using too compli-
cated and expensive methods, or at a basic, visual level at all 
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(Fig. 1). A literature review has not revealed works on the 
development of mechanisms for quantifying the quality of 
the fuel spray in case of repair when the injector is located 
on a test bench, and not in the engine.

 
Fig. 1. Visual assessment of the degree of fuel atomization 

by injectors

However, it is known that for some physical processes 
of mixture formation, even the parameters such as the area 
or the volume of interaction between the elements are not 
decisive, since they tell nothing about spatial particle distri-
bution. The volume and the area may be the same for both 
the steam and the puddle of a certain mixture.

On the other hand, fuel traces on paper during injection 
resemble a stochastic fractal, which a priori has fractal di-
mension. When studying a number of fractal values of the 
fuel spray or mixture spots obtained from the injection by 
nozzles of different designs, it is possible to instantly and 
quantitatively estimate the degree of fuel atomization by 
injectors. Thus, insufficiency and even lack of studies on the 
connection of fractal modeling methods with optimization 
of diagnostics of fuel injection equipment of diesel engines 
determine the relevance of this research.

Energy efficiency, environmental friendliness, power and 
other engine characteristics depend on the degree of fuel at-
omization. The degree of fuel atomization by diesel injectors 
is determined by droplet fineness, dispersion uniformity, and 
also uniformity of fuel droplet distribution in the jet volume.

The above characteristics are required, but they depend 
on a number of input characteristics. First of all, these in-
clude fuel injection pressure, fuel viscosity index, nozzle hole 
diameter, nozzle body flow channel geometry. In practice, 
the degree of fuel atomization by diesel injectors can be ana-
lyzed based on the results of studying the fuel jet structure, 
as well as on measurements of the nozzle body flow channel 
geometry, since the geometry has the greatest effect.

Existing computational and experimental methods for 
the fuel jet structure diagnostics can be divided into two 
groups: direct and indirect [6, 7].

The first group, that is, direct methods, includes:
– high-speed microfilming (photomicrography). In mi-

crofilming, photographing of a jet is carried out with a 
high-speed camera, followed by frame-by-frame analysis of 
changes in one jet in time and space;

– stroboscopy. In stroboscopy, synchronization of a stro-
boscope with the beginning of fuel leakage is carried out to 
record changes in a set of jets at a certain time point;

– taking droplet prints on a contact surface. The meth-
od of taking droplet prints on the perceiving surface has a 
drawback – fuel droplets are deformed due to the mechanical 
influence of the surface, which distorts measurements;

– the method based on solidification of atomized liquid 
droplets in a refrigerant gas medium. This method also has a 
drawback – it involves atomization not of fuel, but an easily 
solidifying liquid, such as liquid paraffin. This also distorts 
a jet atomization picture in real conditions.

The second group includes the methods based on the 
use of different patterns depending on the droplet size dis-
tribution function: photometry, holographic method, optical 
methods (diffraction).

Optical methods are the most effective. They use the 
effects of a disperse flow on light radiation, since in this 
case there is no any mechanical influence on the atomiza-
tion process under study. One of the most common optical 
methods for determining the jet particle size distribution 
function is small-angle scattering (SAS) [8]. It is based on 
measuring the function of scattering of a plane light wave 
at small angles after passage through a medium containing 
disperse particles.

For investigations of the fuel jet structure, a so-called la-
ser knife is used, which provides longitudinal (Fig. 2, a) and 
cross (Fig. 2, b) jet sections. The advantage of this method is 
the absence of influence on the physical processes that occur 
in a fuel jet.

 

                                  a                             b

Fig. 2. Examples of visualization of the fuel jet section: 	
a – longitudinal section; b – cross section

On the other hand, since the end of the last century, the 
subject of the practical use of fractal structures for the anal-
ysis of various complex processes has confidently occupied 
one of the leading positions. Moreover, different structures 
are considered, ranging from traditional (geometric) up to 
those that have become popular rather recently (geophysical, 
economic, medical, physical, thermodynamic).

In [9], the effectiveness of leakage in radial permeability 
and relative permeability for spherical leakage in porous 
media has been studied using the theory and the method of 
fractal action for porous media. In [10], a mercury intrusion 
test for pyrosimetry has been conducted, a comprehensive 
examination of fractality in a cement particle, which could 
be a pore mass fractal, pore surface fractal, or solid fractal 
has been carried out. In [11], various fractal/multifractal 
models based on scale characteristics of geochemical data for 
quantification of the spatial distribution of geochemical data 
have been proposed.

The Higuchi fractal dimension is a very good, fast and 
universal method for modeling the evolution of trends in the 
national economy concentration. In [12], the fractal dimen-
sion has given information on more or less chaotic distribu-
tion in space according to the number of companies, profit, 
number of employees, and turnover.

Fractal structures and fractal dimension were used in 
medicine [13], where fractal models of normal contact stiff-
ness between two spheroidal joint surfaces were studied, 
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taking into account the coefficient of friction. Numerical 
results show that the relationship between normal contact 
stiffness and normal load is a direct or inverse relation, 
determined by the magnitude of fractal dimension. In [14], 
the method of oriented analysis, combining an anisotropic 
fractional model of Brownian motion with effective fractal 
dimension estimation, called anisotropic piecewise Whittle 
estimator (ap-WhE), has been proposed for better character-
ization of trabecular changes in bone radiographs.

The fractal theory is of equal importance in such fields 
of science as physics and thermodynamics. In particular, 
the model of fractal continuum considering the topological, 
metric and dynamic properties of a deformed physical fractal 
medium has been proposed in [15]. In [16], the Newtonian 
grid has been replaced with a fractal grid and the effect of 
damage has been considered, which resulted in a new consti-
tutive model in terms of fractal time derivative to describe 
the entire area of granite creep.

The works on thermodynamics deal with fractal models for 
effective thermal conductivity of the porous medium [17] and 
airgel with silica, taking into account the heat transfer channel 
sinuosity and the secondary particle microstructure [18].

However, no works on the interrelationship between 
the fractal dimension of point geometric structures and the 
degree of fuel atomization by injectors on different contact 
surfaces have been found.

3. The aim and objectives of the study

The research was aimed at elaborating a method of frac-
tal diagnostics of the degree of fuel atomization by diesel 
engine injectors and developing an algorithm for computer 
implementation of the proposed approaches. This will allow 
a prompt and thorough fractal diagnostics of injectors to 
assess the degree of fuel atomization.

To achieve this aim, the following objectives were ac-
complished:

– to analyze the known methods of fractal modeling of 
objects with fractal dimension in order to use their compo-
nents for the development of algorithms for fractal diagnos-
tics of fuel atomization spots;

– to develop a method and an algorithm for quantitative 
fractal diagnostics of the efficiency of diesel engine injector 
nozzles;

– to carry out computer implementation of algorithms 
for estimating the fractal dimension of spots of fuel atomized 
by injectors.

4. Materials and methods of research on  
fractal diagnostics of the degree of fuel atomization  

by diesel engine injectors

4. 1. Method of determining the fractal dimension of 
spots of fuel atomized by injectors

As a rule, fractal structures are generated by complex 
systems, the description of which in the form of differential 
equations or discrete mappings is challenging. However, it 
is well established that such geometric objects are usually 
fractals [19]. This means that, despite the extreme irregular-
ity, their behavior remains unchanged on all scales, up to the 
minimum [20].

The main characteristic of such self-similar structures 
is known to be the dimension D, introduced by Hausdorff 
for compact sets in an arbitrary metric space. If an approxi-
mation of the graphs of fractal objects is considered as com-
plexes consisting of simple two-dimensional figures (e. g., 
cells) with a geometric index δ, then, as follows from the 
Hausdorff definition, the dimension D is determined from 
the power law:

δ δ( ) ~ (1/ )DN  with δ → 0,  	 (1)

where N(δ) is the number of cells in the complex with a scale δ.
However, in the practical attempt to find D directly from 

the formula (1), there is a serious problem. It is due to the 
fact that, on the one hand, real point sets always have the 
minimum scale of the structure δ0, and on the other hand, 
for all known approximations, asymptotic approximation (1) 
is usually very slow.

In [21], an approach where such a sequence of cell ap-
proximations for fractal point sets occurs automatically has 
been proposed. The idea is to introduce a new concept: the 
fractality index μ and the minimum cover dimension Dμ. It 
is shown that the use of the index μ allows revealing a power 
law for these discrete sets, which is fulfilled with incredible 
accuracy. When comparing the index μ with other fractal 
indicators, it turns out that reliable determination of this 
index with an acceptable accuracy requires two orders of 
magnitude less data than, for example, determination of the 
Hurst index H.

If both parts of (1) are multiplied by δ2, the definition of 
dimension can be rewritten in the form of a power law for the 
approximation area S(δ):

-δ δ2( ) ~ DS  with δ → 0.  	 (2)

Note that this form, in contrast to (1), does not require 
that the simplexes of approximation are the same. It is 
enough that they have the same geometric factor δ. This 
will allow using the approximations, which, at a given δ, in 
a sense, best approximate the initial function. However, the 
mathematical description of discrete fractal sets and calcu-
lation of the areas by the proposed simplexes are ineffective.

At the same time, such fractal structures can be de-
scribed rather easily by the method of discrete vector mod-
eling of geometric images proposed in [22, 23]. In this case, 
it is proposed to determine local geometric parameters of 
fractals by characteristics of forming forces [24] of the stat-
ic-geometric method, and determine the fractal dimension 
of either given or modeled fractal sets through the values of 
forces in the nodes.

Suppose the method [24] models a section of the bound-
ary of a fractal point set that characterizes the degree of 
atomization by diesel engine injectors. By analyzing the 
boundary of the set (Fig. 3, a), we allocate the section with 
an affinity-like structure for the entire boundary series 
(Fig. 3, b), that is, a certain interval A – ti-1……tm (Fig. 3, c).

Then the geometric characteristics of the cell’s scale will 
be determined by ti–ti-1=g=(ti–t0)/n (i=1, 2, …, n) (Fig. 4). 
For a set of allocated points of a discrete series, we construct 
a system of finite-difference equations of the static-geomet-
ric method:

- +- + + =1 12 0,x
i i i ix x x kP
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- +- + + =1 12 0,y
i i i iy y y kP 		  (3)

whereby we find the values of the components of the forming 
forces ,x

iP  y
iP  in the nodes of the boundary broken fractal 

structure (Fig. 4).

   
 

                  a                                  b                            c

Fig. 3. Characteristic boundary of a point set of the 
atomization spot: a – spot boundary; b – local spot section; 

c – certain spot interval 
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Fig. 4. Model of characteristic boundary series

The graph of these vectors indirectly characterizes the 
“fractality value” of the allocated fragment. The greater the 
oscillation of the forming load values relative to the axis, 
the greater the fractal dimension of the geometric object 
(Fig. 4), ranging from 1 to 2.

In [24], the graph of the allocated area has been covered 
with rectangles so that this cover had the minimum area in 
the class of rectangle covers with a step δ. The behavior of 
the minimum δ( )S  on the graph on the double logarithmic 
scale gave the effect of rapid approach to an asymptote even 
at high values of the step δ. The areas of cover were found 
using the fractal object amplitude.
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In the expression (4), we see that the minimum cover 
dimension is practically expressed and depends on the dis-
tribution of the external forming load y

iP (δ) in the nodes of 
the fractal structure (Fig. 4).

The fractality index, which is the point boundary series 
identifier, is determined from the expression: μ=Dmin–1 
(Fig. 5), after which it is possible to construct the local frac-
tal analysis of a point discrete series using the function μ(t).

Test cases have shown that, with different methods of 
calculating the fractal dimension of the same fractal object, 
the fastest approach to an asymptote occurs when using the 
proposed method.

 

Fig. 5. Determination of the fractal dimension index

4. 2. Experimental research on the degree of fuel at-
omization by injectors using the developed method

According to the proposed method of fractal diagnostics, 
we conduct the experimental research of the degree of fuel 
atomization by diesel engine injectors. To do this, we diag-
nose different types of diesel injector nozzles on the КI-562D 
device (Fig. 6).

 Fig. 6. General view of the КI-562D device

Using this device for injector testing, it is possible to 
adjust the pressure of opening of the injectors examined, and 
also to check leakage, atomization and noise.

The device was fitted with a reference injector. The 
required injection pressure was generated and a number of 
spots of diesel fuel atomized by reference injector nozzles 
were obtained on paper. All basic geometric parameters such 
as the angles of inclination of the test sample to the spot 
application surface and the distance from the injector nozzle 
to this surface were measured.

Further, with fixed geometric parameters of all distances 
and angles, images of reference spots were obtained using a 
camera, the examples of which are shown in Fig. 7 a, b.

 

  
 
                             a                                         b

Fig. 7. Samples of spots of fuel atomized by reference 
injector nozzles: a – atomization spot from the first 

injection of the reference injector; b – atomization spot from 
the second injection of the reference injector
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Similarly to the procedures with the spots of fuel atomized 
by the reference injector, studies with the spots of fuel atom-
ized by two repaired injectors were carried out (Fig. 12, a, b).

 

a

  
 

 
 b

Fig. 12. Result of the program of calculating the fractal 
dimension of the spots of fuel atomized by the repaired 
injectors: a – the first repaired injector; b – the second 

repaired injector

The fractal dimension of the spots of fuel atomized by two 
different repaired injectors (1.7–1.83) is much greater than 
the dimension in case of the reference injector (1.29–1.31).

6. Discussion of the results of the research on 
quantitative fractal parameters of fuel atomization  

by injectors

As a result of the experimental research using the pro-
posed method of fractal diagnostics, it was found that the 
value of the fractal dimension of the spots of fuel atomized 
by the reference injector ranged from 1.29 to 1.31 fractal 
units. The fractal dimension of the spots of fuel atomized by 
the repaired injectors ranged from 1.67 to 1.85 fractal units. 
These results confirmed the expectations and the results 
of operation of nozzles on the uniform distribution of fuel 
droplets in the jet volume by the reference injector. So, the 
structure and boundaries of the spray for the reference injec-
tor in the images of the spots were regular and characterized 
by a low fractal dimension.

During the operation of engine nozzles, the nozzle ge-
ometry, the nozzle body flow channel, as well as the bedding 

degree of precision pairs, change. The structure of the spots of 
fuel atomized by the repaired injectors becomes irregular, and 
the boundaries of the spots become scattered, which affects 
the growth of the fractal dimension of the object under study.

In the process of experiments and using the developed 
method of fractal diagnostics of injectors, it was revealed 
that the accuracy of determining the fractal characteristics 
of atomization objects significantly depends on:

1. Physical characteristics of diesel fuel (color, content of 
impurities, additives, etc.), used on a laboratory installation 
for injector testing.

2. Physical and geometric parameters of the surface, on 
which the fuel was atomized by the injectors examined.

3. Clarity and identity of the processes of photometry 
and computer-aided preparation of images of the spots of fuel 
atomized by injectors for determining the fractal dimension 
parameters.

The experiment and subsequent attempts to use the re-
paired injectors showed that when they formed atomization 
spots with a dimension of up to 1.38 fractal units, the normal 
performance of the repaired injector is restored by washing 
the elements of precision pairs and cleaning the nozzles.

With the fractal dimension of the spots of fuel atomized 
by the repaired injector greater than 1.40 fractal units, the 
injector nozzle should be replaced for further operation.

Additional research is planned to be carried out in the 
direction of generalizing the dependencies of the fractal 
dimension of atomization spots on the wear rate of precision 
pairs in the repaired injectors with the construction of spe-
cial diagnostics schedules.

7. Conclusions

1. The method of quantitative fractal diagnostics of diesel 
engine injector nozzles is proposed. It is based on the analysis 
of the known methods of fractal modeling of objects with 
fractal dimension and the correction of fractal algorithms for 
evaluating the fractal characteristics of point sets that can 
serve as a model of fuel droplets in the atomization spots of 
engine injectors.

2. The computer implementation of the algorithm for 
estimating the fractal dimension of point sets with fuzzy 
boundaries is proposed. Its feature is the identification of im-
ages of fuel atomization spots, based on the theory of fractal 
modeling and the concept of fractal dimension.

3. The experimental research of the degree of fuel atomi-
zation by the repaired injectors was carried out, which con-
firmed the hypothesis of a direct dependence of the fractal 
dimension of spots on the wear rate of precision pairs used in 
fuel injection equipment. The experimental research showed 
that the fractal dimension of the spot of fuel atomized by 
the diagnosed injector allows drawing conclusions about the 
readiness of operation on an engine or about the need for 
repairing such an injector.
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