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Pozenanyma sadana gopmyeanns eubdipro-
B8UX OUIHOK KOpenauitinoi mampuui cnocmepe-
JCeHb 3a Kpumepiem <0O0uUCTI08ATIbHA CMili-
KiCmb — CHPOMOJCHICb> Ma NPoaHaNi308ana
CNPOMONCHICM® CMIUIKUX OUTHOK NPU CIAMUMHIl
peeynspusauii. Busieniena npoonema 3adaui peey-
aapu3auii ouinoK, 0N eupiuenns AKoi 3anpo-
NOHOBAHO AJILMEPHAMUCHUIL MeMOo0 OUHAMIMHOT
peeynapusauii. Ompumana onmumanvHa QYHK-
Ui Ounamivnoi peyaapusauii 6UGIPKOBUX OUTHOK
6 YMoeax anpiopHoi HegusHaAMEeHOCME MA HAOAHT
HUCeNbHI pe3yivmamu

Kniouosi cnoea: cmamuuna peeynapusauis,
Junamiuna pesynapusauis, cmiixicmo, 301%c-
HICMb, CHPOMONCHICMD OUIHOK, KOpeaauilina
Mmampuys

Paccmompena 3adaua popmuposanus 6o100-
POUHLIX OUEHOK KOPPEAAUUOHHOU MAMPUlbl
HAOMO0EHUTL NO KPUMEPUIO <CbIMUCTUMETILHAS
Ycmouuueocms — COCMOSMENAbHOCMb> U NPoa-
HAIU3UPOBAHA COCMOSAMENLHOCMb YCMOUMU-
8bLX OUEHOK NMPU CMAMUYECKOU PeYnapu3auuu.
Boiasaena npobnema 3adauu pezynspusauuu
0UeHoK, 01 peuleHus KOmopoi npeodJiodicet atb-
mepHamueHvLil Memoo OUHAMUMECKOU pe2YNApU-
sauuu. Ilonyuena onmumanvnas Qynxyus ouna-
MUMECKOU PeYNaPU3AUUU 8b100POUHBIX OUCHOK 6
YCIOBUSAX ANPUOPHOU HeONPeOesIeHHOCU U npeo-
cmasjienvl HUCIeHHbLIE Pe3YTbmambl

Kmouesoie crosa: cmamuueckas peeynapusa-
UUsL, OUHAMUMECKAS PeYAAPUIAUUSL, YCMOUU-
80CMb, CX00UMOCMb, COCMOAMENLHOCHTL OUCHOK,
KOppensyuoHHas mampuua

1. Introduction

Inversion of the correlation matrix of observations be-
longs to the class of problems associated with the reversion of
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cause-effect relationships. This procedure is the basis for solv-
ing inverse statistical problems in applications of spectral anal-
ysis, space-time processing of multidimensional signals, control
theory, identification, prediction and decision making [1-8].




The practical solution of the problems of this class in-
volves the replacement of the asymptotic form of the N-di-
mensional correlation matrix of observations by its sample
estimate, generated on a finite time interval [0, T] over L
iterations according to the known algorithms [6—12]. Such
algorithms are characterized by a monotonic increase of the
rank of the evaluation matrix to the full value, in the case
when L=N. Since in practice L<N, the specified evolution in
real time leads to the problem of degeneration of the evalu-
ation matrix. Consequently, the computational stability of
inverse problems on the iteration interval Le[1, N —1] in the
case of arbitrary system dimension N is lost.

The basic idea of solving the identified problem is the
use of regularization methods [3, 6—11], allowing to obtain
computationally stable estimates of the correlation matrix
synchronously with the development of the observed pro-
cess. The basis of the solution is the synthesis of regularizing
operators, in which the law of choice of the regularization
parameter p acquires a priority.

As is known [1], today there is no universal approach to
determining the regularization parameter of sample esti-
mates of correlation matrices under a priori uncertainty rela-
tive to the input data. The regularization methods developed
in this direction belong to the class of static ones and assume
the right shift of the spectrum of the correlation matrix by
some constant value of the regularizing parameter. Such
methods ignore the natural property of self-regulation of
sample estimates of correlation matrices and, therefore, are
not optimum by the criterion of “computational stability —
consistency” of the estimates obtained. Hence, the actual
problem is the development of an alternative approach to the
regularization of sample estimates of correlation matrices
under a priori uncertainty relative to the input data.

2. Literature review and problem statement

The classical problem of the search for the optimum
value of the static regularizing parameter p is solved by the
methods of residual, selection, or iterative regularization
[13—15]. In particular, the search for the regularization
parameter 4 when solving a perturbed system of linear
algebraic equations is carried out so that the magnitude
of residual of the approximate solution is comparable with
the input data of the inverse problem [16, 17]. Actually, the
search for the regularization parameter y is performed on
some set of values, and the selection of the optimum pa-
rameter p is based on a priori information [15]. One of the
drawbacks of these methods when solving the inverse prob-
lem in real time are computing power constraints [7] and
the need for additional a priori information on the structure
of the solution of the optimization problem and the level of
errors in the input data [16].

In [7, 13, 17], the methods for solving inverse problems
with regularization of the maximum likelihood estimate of
the correlation matrix of observations are considered. These
methods are classified as static regularization methods [18],
in the case when the problem of zero eigenvalues is solved by
the right shift of the spectrum of the correlation matrix esti-
mate by some constant number p. Then, the regularized ma-
trix is similar, but not identical to the original one in terms of
consistency. As a result, the methods of static regularization
of sample estimates of correlation matrices are character-
ized by both computing power constraints, and specific

information constraints [14]. In particular, determination of
the optimum value of the regularization parameter requires
information on the true or expected interference/noise ratio
[13], the spectral composition of the correlation matrix of ob-
servations and the possible number of noise sources [19]. In
a nondeterministic situation, it is very problematic to obtain
such information [20].

In the methodological sense, the specified constraints
give rise to a dialectical contradiction by the criterion of
“computational stability — consistency” of the estimate [13].
Indeed, the value of the regularization parameter p should,
on the one hand, guarantee the computational stability of
the inverse problem, and on the other hand, have minimum
effect on the consistency of the matrix estimate, depending
on the sample size.

None of the methods for solving inverse problems with
regularization of the maximum likelihood estimate of the
correlation matrix of observations eliminates the existing
problem. Therefore, the problem of investigating the dynam-
ic regularization of the sample estimate of the correlation
matrix with respect to the solution of inverse problems un-
der a priori uncertainty is actualized. In this situation, the
regularizing parameter of the inverse problem p should be
updated in real time as the input data arrive [20].

3. The aim and objectives of the study

The aim of the paper is to develop a method of dynamic
regularization for obtaining consistent and computationally
stable sample estimates of the correlation matrix of observa-
tions in real time.

To achieve the aim of the research, the following objec-
tives were set:

—to analyze the computational stability and conver-
gence of sample estimates of correlation matrices of observa-
tions under a priori uncertainty;

— to investigate the consistency of sample estimates of
correlation matrices of observations under static and dy-
namic regularization;

— to synthesize the optimum function of dynamic regu-
larization of sample estimates of correlation matrices;

— to evaluate the effectiveness of the dynamic regulariza-
tion method experimentally.

4. Method of research of the computational stability and
consistency of estimates of correlation matrices

In the general theological context, the identified problem
is solved on some multidimensional Gaussian distribution. The
known properties of such a distribution made it possible to
analyze the processes of convergence of sample estimates of cor-
relation matrices in terms of their computational stability and
consistency under static and dynamic regularization [12, 21].

4. 1. Basic concepts and algorithms used in the research
Suppose that a stationary random vector process

U@®)=S(t)+n(?),
representing an additive mixture of orthogonal vectors of the

useful signal S(¢) and noise n(z) is observed in the N-di-
mensional Hilbert space. The norms of the signal and noise



vectors satisfy the condition |S(¢)|<e, |n(¢)]<ee. The
second-order statistical moments of the vectors S(¢) and
n(t) with the §-correlation of noise and the infinity of the
observation interval are [24]:

A= %im[T’I}S(t)S*(t)dt],
e 0
A, =lim [T*zn(z) n*(t)dt] =PI

lim [T*?S(t) n*(t)dz] =0,

where P, is the noise power; * is the symbol of Hermitian
conjugate; 0=0,,,, I=I, , arezero and unit N-dimension-
al matrices, respectively.

Proceeding from the adopted model, the asymptotic
forms of the direct A and inverse A™" correlation matrices
of the observation vector are defined as follows:

A= lim[i}U(t)U*(t)dt:' =A,+P 1
T[T

A'=(A+P, Ty

The full rank of the correlation matrix A: rank(A)=N
always guarantees the existence of the inverse matrix A™. In
practical applications, with the finite observation interval
[0,T], asymptotic representations of the matrices A and A™'
are replaced with their estimates (discrete analogs) A and
A" [7-12]. Such estimates are computed as the input data
arrive and, under certain conditions, do not differ in the
completeness of the rank.

We project the problem of forming the estimates of
matrices A and A™ on a grid of time samples, assuming
that for a finite sample of size L from the set of vectors
U= [U1,...,Uk,...,UL], the following multidimensional distri-
bution density is specified

p(U)=(n" det A)"' exp{ - U"AU}.

Then, the maximum likelihood estimate AL of the matrix
A eQ, has the form [4, 5, 7-12]:

A(L)=L"3U,U, M
k=1

where Q,; is the set of N-dimensional Hermitian matrices.
The algorithm (1) reflects the process of direct addi-

tion of matrices of a single rank U, U; ,Vke[i,L] in real
time. With an increase in the sample size L to the matrix
dimension N, that is, to L=N, the estimate A(L) reaches the
full rank rank A(L)] = N. A further increase in the sample
size L: L>N in the presence of internal noise is accompanied
by a natural regularization (self-regularization) of the ma-
trix A(L). In this case, the correlation matrix estimate A(L)
and inversion A’1~(L) tend to their asymptotic forms [21]:
lLirn A(L)=A, lLim AT (L)=A""

7" The expression (1) and its recurrent computational mod-
ification presented at the k-th step

A =F'[(k-DA,  +U,U, ] ke[1L] 2)

under the initial condition A, =U, U, allow obtaining direct
and recurrent forms of inversion A™'(L) of the estimate
A(L) with the arbitrary sample size L:

A'(L)= L[ki1 U, U;]A, 3)

A'(L)=A] =L[(L-DA,,+U, U] (4)

Decomposition of the recurrent computing scheme (4) in
accordance with the known rule [22] yields the following result:

- . Al A .

A (L) = A;l _ L I- (L-1) ML ><A711_1), 5)
L-1 <
(L-1) L-u[ A}, A,]

where tr{*} is the trace of the matrix.

In computational practice, the criterion of stability and
consistency of estimates (1)—(5) is the convergence of the
corresponding matrix norms [1, 3, 23]:

|a-Aw)|
L)y="——7%— (6)
) ]
B(L) LY _ff”" @)
| a7

The estimate is considered Hadamard stable if for any
sample size L the approximation norm B(L) has a finite val-
ue B(L)={< oo, where  is some positive number.

Estimates are considered consistent if the property of
their rapid convergence to the corresponding asymptotic
forms of the matrices A and A™ holds:

P{ lime(L)=0}=1; P{limB(L)=0}=1,

here P{*} is the probability of an event {*}.

The complexity, and sometimes impossibility, of obtaining
the analytic dependencies €(L) and B(L) is caused by [24]:

— first, the uncertainty of results due to degeneration of
the estimates of the N-dimensional rank-deficient Hermi-
tian matrix A(L) in the computational stability loss region
G:G{L:L<N,B(L)=oo};

—secondly, the complexity of describing the statistical
distribution of eigenvalues and unitary vectors of the ran-
dom matrix A(L) with the arbitrary sample size.

The natural way to eliminate these constraints is to
carry out simulation studies that are reliable in terms of
convergence of the estimates A(L), A™(L) to the corre-
sponding asymptotic forms. To simulate the computation of
sample estimates of correlation matrices, the N-dimensional
normal distribution law of the set of stationary observations
with zero mathematical expectation and the given variance
was used. The convergence of the computational algorithms
(1)—(5) is demonstrated by the results of the simulation,
which are shown in Fig. 1, @, b and Fig. 2 in the form of aver-
age nonstationary dependences €(L) and B(L) with N=10.

The dependences e(L) and B(L), shown in Fig. 1,a,
characterize the convergence of the estimates A(L) and



A7'(L), respectively, obtained by direct addition of unit-rank
matrices (1) with the subsequent inversion of the addition
result by the algorithm (3).

The curves of convergence g(L) and B(L) in Fig.1,b
correspond to the procedure for forming the estimate A(L)
by the recurrent algorithm (2) with further inversion of the
result of the recurrent approximation by the algorithm (4).
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140) Ig[A(L)]
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4 I 4
L) L) eLl) | p
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Fig. 1. Dependence of matrix norms &(L) and B(L) on
the sample size L for the matrix of size N=10:
a — algorithm (3), b — algorithm (4)
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The graphs B(L) in Fig. 2 illustrate the convergence of the
estimate A™'(L) obtained by the recurrent algorithm (5) for
the following initial conditions: A, =U, Ul — graph 1 and
A, =1 graph 2.
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Fig. 2. Dependence of the matrix norm B(L) on the sample
size L for the matrix of size N=10: algorithm (5) 1 — initial
condition A, =U, UJ; 2 —initial condition A, =1

The behavior of the dependences €(L) and B(L) indi-
cates a number of features inherent in the algorithms for
computing the estimates A(L) and A™'(L):

— the estimates (1)—(5) refer to the class of consistent
estimates;

— the algorithms (2), (4) and (5), in view of their recur-
rent form, have the property of smoothing the estimates
A(L) and A™'(L), which indicates their effectiveness, that
is, the minimum variance of the estimates with respect to the
direct summation algorithms (1) and (3);

— the algorithms (3)—(5) are characterized by the ob-
jective existence of the region of loss of computational
stability G of the estimate A™'(L) for the initial condition
A, =U, U (in this case, L<N=10). However, under the con-
dition A, =1, the estimate (5) will be computationally stable,
but it will not satisfy the approximation criterion by the norm
B(L)<1 over the whole range of L values (Fig. 2, graph 2).

As aresult, it should be noted that the estimates (3)—(5)
of the matrix A™'(L), despite their consistency in the sample
size L, have the computational stability loss region G, where,

with the restriction L<N, the approximation B(L)—>oce. As
is known, computationally stable matrix estimates can be
obtained using the known method of static regularization
[1,7-8, 11, 25]. In this case, it is appropriate to investigate
the consistency of such estimates.

4. 2. Research of consistency of estimates of correla-
tion matrices under static regularization

Static regularization assumes the “forced” right shift of
the spectrum of the initial matrix estimate A(L) by a fixed
value of the regularizing parameter p= f(&)>0, which is
consistent with the error level & [1, 10, 11]:

A, (L)=A(L)+uL
This guarantees the computational stability of the estimate
< < -1
AJ@)=[A@)+uI] ",
regardless of the sample size L:
| A, (B || <o, v Re[1,L].
By analogy with (6) and (7), the consistency of the es-
timates of the direct A (L) and inverse AE(L) matrices is

investigated by the criterion of convergence of the regular-
ized matrix norms:

[A-A,mf
(==L, ®)
) Al
py=12 A O [ ©
[a7]

The limit value of the matrix norm (8), despite the con-
sistency of the initial estimate A(L), does not reach zero
and, other things being equal, will be limited to the value of
the fixed regularization parameter p:

>0. (10)

lime (L)=p*
' lAf®

It follows from (10) that with the fixed regularization
parameter |1, the estimate A, (L) does not meet the consis-
tency criterion

p{ 1&8“@):0}:1.

To compute the limit value of the matrix norm (L), we
use the spectral decomposition of the asymptotic matrix A,
as well as its estimate A(L) [23, 24]:

A=321I, a1
i=1

A(L):i}»i(L)f[i(L), 12)
where A, =X;(A) and ii(L)zii[A(L)J are the eigenval-
ues of the matrix A and its estimate A(L); TT,=e e/ and
I1,(L)=8&,(L)é (L) are the projectors on the eigenvectors
e, =¢;(A) and éi(L)zéiLA(L)] of the matrix A and its
estimate A(L), respectively.



The expressions (11) and (12) allow representing the
asymptotic form of the direct matrix A as the limit of the
spectral decomposition of the consistent estimate A(L):

N N ~ o~

A =30, =lim YA, (L)T,(L). (13)

i=1 % =1

Passage to the limit (13), owing to the known lemmas
of the theory of limits on the sum of infinitesimals and the

product of a limited variable by an infinitesimal value, guar-
antees the existence of the following limits [24]:

(14)
(15)

A, =limA,(L),Vie[LN],
10, =lim [T,(L), Vie[t,N].

In this context, spectral decomposition of the inverse

matrix A™ and its regularized estimate A:(L) will have
the form:
X1
at=3lm, (16)
= A,
AlL)= z f1,(L). (7

oy (L)

Proceeding from (16), (17), the value of the matrix norm
for the arbitrary sample size L

R T ’
no-{35) Hx H"_w)wni(”” |

Thus, based on the existence of the limits (14), (15) and
the condition & IT, =1, we obtain the limit value of the ma-
trix norm B, (L):

lim, (L)= ( ;J ﬁ{l(?uHJrM)} o

The expression (18) demonstrates the inconsistency of the
regularized estimate A:(L) with the fixed parameter > 0:

(18)

P{ mﬁu(m:o}ﬂ.

The specific properties of each of the regularized esti-
mates (3)—(5) reflect the experimental average nonstation-
ary dependences B, (L), presented in Fig. 3, 4, respectively,
for the fixed values of the regularization parameter u=0.1;
pu=0.3 and p=0.7 with the matrix dimension N=10. Here,
the solid lines show the current values of the matrix norms
B, (L), and the dashed lines — the corresponding theoretical
limit values (18). To simulate the processes of computing
the regularized estimates, the N-dimensional normal dis-
tribution law of the set of stationary observations with zero
mathematical expectation and the given variance was used.

Approximation of the convergence trajectories B, (L) of
each of the regularized estimates A (L) (3)-(5)to the theo-
retical limit value (18) for a finite number of iterations L shows
that all of them are computationally stable but inconsistent:

) B (k)< Vke[1L],
A P{limBu(L)zo};tL

L—e

The choice of the value of the static regularization pa-
rameter p for the given sample size L is determined by the

required approximation accuracy B,(L). The law of choice
n= u[ BH(L)] involves a compromise between the approxi-
mation accuracy B,(L) and sample size L. Achievement of
such a compromise, under a priori uncertainty about the
structure of the spectrum of the correlation matrix A;1(L),
is very problematic. This uncertainty can be eliminated by
variation of the parameter p. At the same time, unjustified
variations, for example, an increase in the regularizing pa-
rameter, worsen the compliance of the estimates (3)—(5)
to the input data, thereby violating their consistency, and,
consequently, self-regulation ability (Fig. 3, 4).

gl B, ()] gl B, (D)]
1#=0.1 \ 1=0,1
1. I . /
\ p=0,3 \\ / 1=0,3
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! N B A
2 : \\- ,,,,,,,,,,,,,,,,,,,,,,, t&w —
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0 1 2 3 IgL) 0 1 2 3 Ig(L)
a b

Fig. 3. Dependence of the matrix norm f,(L) on the sample
size L for the matrix of size N=10 with the values of the
regularization parameter uy=0.1; u=0.3 and y=0.7:

a — algorithm (3); b — algorithm (4)

g[B,(D)]
) Il

-3

0 1 2 3 gl

Fig. 4. Dependence of the matrix norm B, (L) on
the sample size L for the matrix of size N=10 with
the values of the regularization parameter y=0.1;
p=0.3 and u=0.7: algorithm (5)

As is known [1], the universal approach to the search
for the optimum value of the regularization parameter by
the “computational stability — consistency” criterion is
absent for today. An approach can be considered successful
if it uses the natural properties of the maximum likelihood
estimates A(L) and A™'(L), in particular, their consistency
and self-regulation ability. These properties of the estimates
A(L) and A™'(L) indicate the need for a transition from
static regularization (p=const) to a monotonous decrease
of the regularizing parameter as the sample size increases:
l1rn Ww(L)=0. This kind of regularization of sample estimates of
Ctrelation matrices is classified as dynamic regularization.

4. 3. Dynamic regularization of sample estimates of
correlation matrices

Dynamic regularization of sample estimates of correla-
tion matrices is based on the uniqueness theorem for inverse
problems with perturbed input data [23, 25, 26]. It follows



from this theorem that if the value of the parameter p(L), as
the value of the monotone function, satisfies the condition
lLim W(L)=0 with pu(1)>0, then for the regularized estimates

A, (Ly=A@)+u(DT and AJ(L)=[ A(L)+n(I)I] o

their convergence to the corresponding asymptotic forms
takes place:

A= lLtm“A“(L), A= mA;%m.

Therefore, unlike the approximate value (18), the matrix
norm (9) will have the limit ILIE.} B,(L)=0 and for any sample
size L satisfy the condition B,(L)<ee. The latter indicates

the computational stability and consistency of the estimate

AND=[Aw)+nm1] ™

with the dynamic regularization parameter p(L). In the frame-
work of the dynamic regularization method, the algorithms of
direct (3) and recurrent (4), (5) computation of inversion of the
matrix estimate A:(L) are transformed as follows:

A(D)= L[ki1 U, U, +u(l) 1]_ : 19)

A(L)=A, =L[(L-DA,

u (1)

YU U+, T) L (20)

_ _ Ay Al CA .
(L—1){I L—tr[&’fH) Apl]} AL(LA)

The nature of the convergence trajectories B,(L) of the
estimates (3)—(5) to the asymptotic form A (Fig. 1-3)
allows us, without violating the generality of arguments on
the estimates (19)—(21), to confine ourselves to an inves-
tigation of consistency and computational stability of the
algorithm (21) only.

21

5. Results of research of consistency of estimates of
correlation matrices under dynamic regularization

Theoretical research of consistency of the maximum
likelihood estimate A(L) and the numerical experiment
(Fig. 1, a, b, Fig. 2) indicate the expediency of using the fol-
lowing law of decrease of the dynamic regularization function
u(L) with respect to the parameter L in practical applications:

m(L)=g@L)L™" (22)
The convergence trajectories B,(L) of the estimate

AE(L) for an arbitrary value of the parameter g>0 of the
dynamic regularizer (22) form some surface

NP Eaee L
Ja)

Fig. 5 shows the surface B, (L,g) (Fig. 5, a) and its iso-
lines (Fig. 5, b) obtained with the matrix dimension N=20.

lel Bu(Lg)] e

Fig. 5. Values of the matrix norm f3,(L,g) depending on the
sample size L and the parameter g: a — surface, b — isolines

The analysis of the dependences presented in Fig. 5
shows that in view of the fact that the function B (L) is qua-
dratic, the surface B.(L,g) has a so-called “ravine” whose
coordinates satisfy the solution of the optimization problem
B,(L),, withrespect to the parameter g:

BH(L)op/ = lgg}gﬁu (L’g)’

where Q. is the set of possible values of g>0.

In the analog representation, the coordinates of the trajec-
tory of this “ravine” satisfy the solution of the Cauchy problem
for the I-th order linear inhomogeneous differential equation

dg®) 1 .\ _ _
~ +Ng(t)—1, g(0)=1,

where N is the dimension of the correlation matrix estimate.
Its solution on the grid of L time samples yields the result

g(L)zN—(N—i)exp{—%}, g()=1.

The theoretical curve g(L) is presented in Fig. 6 by the
dashed line. In the same figure, the solid line shows the ex-
perimental trajectory of the “ravine” corresponding to the
simulation results (Fig. 5). Comparison of the dependences
presented in Fig. 5, 6 indicates the consistency of theoretical
and experimental data.

L
25 |
50 |

75 |

100

1 5 10 15 20 g

Fig. 6. Theoretical and experimental trajectories of
the curve g(L)

The expression obtained reflects the process of conver-
gence of the parameter g(L) to its optimal value

8y =limg(L)=N.

Hence, the optimum function u(L),, for dynamic regu-
larization of the estimate A(L) has the form:



(23)

WL),, =NL"

The defining advantage of variation of the regularizing
parameter (L),, according to (23) is the satisfaction of the
criterion of “computational stability — consistency” of the

estimates (19)—(21) of the matrix A;'(L) with its arbitrary
dimension N.

6. Discussion of the results of the research of
consistency of estimates of correlation matrices under
dynamic regularization

6. 1. Advantages of the dynamic regularization method

The proposed procedure for dynamic regularization (23)
has the following advantages:

— unambiguously connects the dynamic regularization
function u(L),, with the matrix dimension N and the size
of the observed sample L;

— is characterized by simplicity of computational opera-
tions in real time in the absence of a priori information;

— eliminates the problem of choosing the regularization
parameter under a priori uncertainty about the input data of
the computational problem.

The advantage of variation of the regularizing parameter
w(L),,, shows the family of convergence trajectories B, (L) of
the estimate (21), represented by solid lines in Fig. 7 for the
chosen values N=10; N=30 and N=50. Here, for comparison,
the dashed lines show the convergence trajectories B(L) of
the non-regularized estimate (5).

gl B, (D)), IR
AN SRR

0 1 2 Ig(L)

Fig. 7. Trajectories of the regularized B, (L)

and non-regularized B(L) estimates of the matrices of
size N=10; N=30 and N=50

These families of dependencies illustrate the loss of com-
putational stability of the consistent estimate (5) with L<N,
which is not typical of the estimate (21) with the optimum
dynamic regularization parameter w(L),,.

6. 2. Practical application of the dynamic regular-
ization method for solving the problem of useful signal
detection

Let us consider the application of the dynamic regular-
ization method to the problem of useful signal detection at
the output of the N-dimensional adaptive antenna array.
Thus, maximization of the signal-to-noise ratio ¢ at its out-
put implies the determination of the parametric vector by
inversion of the estimate of the correlation matrix of obser-
vations with the optimum dynamic regularization function

A D=[ AD)+u(D),, 1]

The results of the effect of dynamic regularization on the
output signal-to-noise ratio g with the antenna array dimen-
sion N=70 are shown in Fig. 8.

q/l(L)’ dB;

o), dB 40=28,5dB
30 | S
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Fig. 8. Signal-to-noise ratios g with the antenna array
dimension N=70

The presented dependences illustrate the variation of the
signal-to-noise ratio at the output of the adaptive antenna
array in the presence g, (L) and absence g(L) of dynamic
regularization of the correlation matrix of observations. The
potential value of the signal-to-noise ratio is denoted by the
dashed line and for the given situation is ¢,=28.5 dB. The
comparative analysis of the behavior of the curves g, (L) and
q(L) shows that in the dynamic regularization mode, the loss
of computational stability in the region G (L<N) is absent.
At the same time, the signal-to-noise ratio g, (L) reaches
the potential value g, for a finite number of iterations L, and
the duration of parametric adaptation of the antenna array is
substantially reduced.

The advantage of the dynamic regularization method is
explained by the monotonous decrease of the regularizing
parameter according to the optimum law (23), which en-
sures the computational stability of estimates of correlation
matrices without violating their consistency under a priori
uncertainty. The results obtained affect the class of station-
ary random processes and the corresponding estimates of
correlation matrices. It is of interest to further develop the
dynamic regularization method for solving the problem of
obtaining computationally stable and consistent estimates
of correlation matrices of nonstationary random processes.

7. Conclusions

1. The method for dynamic regularization of sample es-
timates of correlation matrices was developed, which, using
the regularizing parameter search according to the optimum
law, was an alternative to static regularization and allowed
resolving the “computational stability — consistency” con-
tradiction when forming estimates of this class without vio-
lating their natural self-regulation property in the process of
increasing the size of the observed sample.

2. The optimum dynamic regularization function was
synthesized, the evaluation of which does not require predic-
tion data and additional computing resources to search for
the optimum value of the regularization parameter.

3. It is shown that the application of the method of dy-
namic regularization of sample estimates of correlation ma-
trices extends the capabilities of a wide class of information
systems that are designed to solve ill-posed inverse problems
under a priori uncertainty.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

References

Greshilov, A. A. Nekorrektnye zadachi tsifrovoy obrabotki informatsii i signalov [ Text] / A. A. Greshilov. — Moscow: Universitetskaya
kniga, 2009. — 360 p.

Vasin, V. V. Nekorrektnye zadachi s apriornoy informatsiey [Text] / V. V. Vasin, A. L. Ageev. — Ekaterinburg: Nauka, 1993. — 264 p.
Terebizh, V. Yu. Vvedenie v statisticheskuyu teoriyu obratnyh zadach [Text] / V. Yu. Terebizh. — Moscow: FIZMATLIT, 2005. —
376 p.

Balanis, C. A. Introduction to Smart Antennas [Text] / C. A. Balanis, P. I. Ioannides // Synthesis Lectures on Antennas. — 2007. —
Vol. 2, Issue 1. — P. 1-175. doi: 10.2200/s00079ed 1v01y200612ant005

Wirth, W.-D. Radar Techniques Using Array Antennas [Text] / W.-D. Wirth. — London: The Institution of Engineering and
Technology, 2013. — 460 p. doi: 10.1049/pbra026e

Lekhovitskiy, D.I. Otsenkaenergeticheskih spektrov otrazheniy vimpul’snyh doplerovskih meteoradiolokatorah. Ch. 1. Raznovidnosti
algoritmov spektral'nogo otsenivaniya [Text] / D. I. Lekhovitskiy, D. V. Atamanskiy, D. S. Rachkov, A. V. Semenyaka // Izvestiya
vuzov. Radioelektronika. — 2015. — Vol. 58, Issue 12. — P. 3-30.

Abramovich, Y. I. Band-Inverse TVAR Covariance Matrix Estimation for Adaptive Detection [Text] / Y. I. Abramovich,
N. K. Spencer, B. A. Johnson // IEEE Transactions on Aerospace and Electronic Systems. — 2010. — Vol. 46, Issue 1. — P. 375-396.
doi: 10.1109/taes.2010.5417169

El-Zooghby, A. Smart antenna engineering [Text] / A. EI-Zooghby. — Artech House, 2005. — 330 p.

Demmel, J. W. Applied Numerical Linear Algebra [Text] / J. W. Demmel. — University of California. Berkeley, California, 1997.
doi: 10.1137/1.9781611971446

Abramovich, Yu. P. Regulyarizovannyy metod adaptivnoy optimizatsii fil'trov po kriteriyu maksimuma otnosheniya signal /pomekha
[Text] / Yu. P. Abramovich // Radiotekhnika i elektronika. — 1981. — Vol. 26, Issue 3. — P. 543-551.

Cheremisin, O. P. Effektivnost’ adaptivnogo algoritma s regulyarizatsiey vyborochnoy korrelyatsionnoy matritsy [Text] /
O. P. Cheremisin // Radiotekhnika i elektronika. — 1982. — Vol. 27, Issue 10. — P. 1933-1942.

Goodman, N. R. Statistical Analysis Based on a Certain Multivariate Complex Gaussian Distribution (An Introduction) [Text] /
N. R. Goodman // The Annals of Mathematical Statistics. — 1963. — Vol. 34, Issue 1. — P. 152—177. doi: 10.1214/aoms /1177704250
Greshilov, A. A. Mnogosignal'naya pelengatsiya istochnikov radioizlucheniya na odnoy chastote kak nekorrektnaya zadacha [ Text] /
A. A. Greshilov, A. L. Lebedev, P. A. Plohuta // Uspekhi sovremennoy radioelektroniki. — 2008. — Vol. 42. — P. 30—46.

Liu, C.-S. Optimally scaled vector regularization method to solve ill-posed linear problems [ Text] / C.-S. Liu // Applied Mathematics
and Computation. — 2012. — Vol. 218, Issue 21. — P. 10602—10616. doi: 10.1016/j.amc.2012.04.022

Fuhry, M. A new Tikhonov regularization method [Text] / M. Fuhry, L. Reichel // Numerical Algorithms. — 2011. — Vol. 59,
Issue 3. — P. 433-445. doi: 10.1007 /s11075-011-9498-x

Geman, D. Nonlinear image recovery with half-quadratic regularization [Text] / D. Geman, C. Yang // IEEE Transactions on Image
Processing. — 1995. — Vol. 4, Issue 7. — P. 932-946. doi: 10.1109/83.392335

Shou, G. Truncated Total Least Squares: A New Regularization Method for the Solution of ECG Inverse Problems [Text] /
G. Shou, L. Xia, M. Jiang, Q. Wei, F. Liu, S. Crozier // IEEE Transactions on Biomedical Engineering. — 2008. — Vol. 55, Issue 4. —
P. 1327-1335. doi: 10.1109/tbme.2007.912404

Brezinski, C. Error estimates for linear systems with applications to regularization [Text] / C. Brezinski, G. Rodriguez, S. Seatzu //
Numerical Algorithms. — 2008. — Vol. 49, Issue 1-4. — P. 85-104. doi: 10.1007/s11075-008-9163-1

Cetin, M. Feature-enhanced synthetic aperture radar image formation based on nonquadratic regularization [Text] / M. Cetin,
W. C. Karl // IEEE Transactions on Image Processing. — 2001. — Vol. 10, Issue 4. — P. 623-631. doi: 10.1109/83.913596
Voskoboynikov, Yu. E. Regulyariziruyushchiy algoritm vosstanovleniya signalov i izobrazheniy s utochneniem lokal'nyh otnosheniy
shum/signal [Text] / Yu. E. Voskoboynikov, I. N. Muhina // Avtometriya. — 1999. — Issue 4. — P. 71-83.

Van Tris, G. Teoriya obnaruzheniya, otsenok i modulyatsii. Vol. 1. Teoriya obnaruzheniya, otsenok i lineynoy modulyatsii [Text] /
G. Van Tris. — Moscow: Sov. radio, 1972. — 744 p.

Repin, V. G. Statisticheskiy sintez pri apriornoy neopredelennosti i adaptatsiya informatsionnyh sistem [Text] / V. G. Repin,
G. P. Tartakovskiy. — Moscow: Sov. radio, 1977. — 432 p.

Voskoboynikov, Yu. E. Sovremennye problemy prikladnoy matematiki. Ch. 1. Lektsionniy kurs [Text]: ucheb. pos. /
Yu. E. Voskoboynikov, A. A. Mitsel’. — Tomsk: Tomskiy gos. un-t sistem upravleniya i radioelektroniki (TUSUR), 2015. — 136 p.
Girko, V. L. Spektral'niy teoriya sluchaynyh matrits [Text] / V. L. Girko. — Moscow: Nauka, 1988. — 376 p.

Tihonov, A. N. Chislennye metody resheniya nekorrektnyh zadach [Text] / A. N. Tihonov, A. V. Goncharskiy, V. V. Stepanov. —
Moscow: Nauka, 1990. — 232 p.

Osipov, Yu. S. Osnovy metoda dinamicheskoy regulyarizatsii [Text] / Yu. S. Osipov, E P. Vasil’ev, M. M. Potapov. — Moscow: 1zd-vo
MGU, 1999. - 236 p.



