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Подано спектральний розклад для несамоспряже­
ної моделі Фрідріхса і наведено узагальнення відомої 
у самоспряженому випадку функції Вейля на неса­
моспряжений випадок. Встановлено, що для несамо­
спряженої моделі Фрідріхса довільний елемент про­
стору можна подати як лінійну комбінацію власних 
елементів оператора, що відповідають точкам спек­
тра. Побудовано спектральний розклад, тобто пред­
ставлення довільного елемента простору через влас­
ні функції, що свідчить про повноту власних функцій. 
Це зроблено з врахуванням спектральних особливос­
тей (тобто власних значень на неперервному спектрі) 
несамоспряженого оператора моделі Фрідріхса. Ця 
модель виступає важливим інструментом для знахо­
дження розв’язку звичайних диференціальних рівнянь 
після застосування відповідного перетворення Фур’є.

Запропоновано загальний метод побудови спект­
рального розкладу (тобто не прив’язаний виключно до 
моделі Фрідріхса), який грунтується на понятті так 
званого розгалуження резольвенти і який можна вико­
ристовувати для довільних несамоспряжених опера­
торів, а також і для самоспряжених операторів.

Доведено, що за умов існування максимального 
оператора, резольвента допускає відокремлення роз­
галуження. Вказані достатні умови для існування 
функції Вейля m(ζ) для оператора несамоспряженої 
моделі Фрідріхса та отримано формули для її обчис­
лення через резольвенту. 

Показано, що функція Вейля m(ζ) для самоспря­
женого оператора співпадає з класичною функцією 
Вейля у випадку оператора Штурма-Ліувілля на пів­
осі. Наведено два приклади, в яких знайдено узагаль­
нену функцію Вейля m(ζ) для несамоспряженої моделі 
Фрідріхса

Ключові слова: оператор Штурма-Ліувілля, модель 
Фрідріхса, перетворення Фур’є, функція Вейля, непе­
рервний спектр, розгалуження резольвенти, макси­
мальний оператор
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1. Introduction

The spectral theory is one of the most important direc-
tions of the theory of linear operators. Modern trends in 
the development of the theory of non-self-adjoint operators 
dictate the need for the appropriate development of spectral 
decomposition issues.

The branching of the resolvent introduced in [1, 2] allows 
us to generalize the notion of Weyl function. The complete-
ness of the system of eigenfunctions is important for the 
practical implementation of the method of separating the 
variables used in the theory of differential equations.

In the classical version, the Weyl function is determined 
by the connection between the various solutions of equations 
in different boundary conditions. It is possible to distinguish 
between these solutions of equations by the nature of their 
analyticity. It is known that the solution of differential 

equations after the application of the corresponding Fourier 
transform in many cases reduces to the analysis of a non-self-
adjoint Friedrichs model, that is, the sum of the operator of 
multiplication by an independent variable and an operator 
perturbed by a bounded term [3]. If the continuous spectrum 
of the operator of the Friedrichs model operating in the Hil-
bert space contains the half-axis, then it is important to jump 
during passing through this half-axis.

In [4], we give formulas for calculating the jump of the 
resolvent, but do not give the representation of the resolvent 
through the jump.

Having examined and analyzed a number of scientific 
works, it can be argued that the problem part of the given 
topic from the spectral theory remains open to research. 
The logic of the theory of non-self-adjoint operators now 
challenges the need for appropriate research in constructing  
a spectral decomposition for the operator of a non-self- 
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adjoint Friedrichs model. To do this, you can use the concept 
of branching resolvent.

2. Literature review and problem statement

In [5], the Friedrichs model plays an auxiliary role in the 
study of the family of some operator matrices. This can be 
applied to a variety of physical problems, using positively de-
fined operators of the Friedrichs model without their spectral 
decomposition and Parseval’s equality.

It was proved in [6] that the spectral features of the 
Sturm-Liouville operator on the direct axis generate some 
growing components in the asymptotic behavior over time of 
solutions of the corresponding evolution equations.

In the Friedrichs model for the Sturm-Liouville operator, 
we use the calculations of all these components and some sca-
lar functions that characterize the breakpoints of the Fourier 
transforms of the initial elements of the evolution equations. 
A real example of an operator with a single spectral feature is 
given and an auxiliary function is described which describes 
the nature of the breakpoints. The asymptotic behavior of 
the solution of the corresponding evolution equation is con-
sidered and Parseval’s equality is obtained using the Weyl 
function, but it is not presented in sufficient detail.

The classical definition of the Weyl function is considered 
in [7] with the help of the boundary triple for the Schr dinger  
operator, and in [8–10] Weyl theory was investigated for 
a self-directed Schr dinger operator. The establishment of 
conditions for the existence of the Weyl function and the 
resolvent structure was investigated without involving the 
operator spectral decomposition.

In [11], the direct and inverse problem for the Sturm- 
Liouville operator with discontinuous coefficients is inves-
tigated. Its spectral peculiarities are studied, orthogonality 
of their own functions and one-time of their own values are 
established. An asymptotic formula for the eigenvalues and 
eigenfunctions of the Sturm-Liouville operator is considered, 
a resolvent of the operator is constructed and a spectral de-
composition is obtained. It is shown that the eigenfunctions 
form a complete system and the Weyl function is found.  
A uniqueness theorem for the solution of the inverse problem 
is proved. In this paper, these results are obtained for a finite 
gap ( , ),0 p  that is, this refers to the space L2 0( , ).p

The problem of localization of spectral singularities of 
dissipative operators in terms of the asymptotics of the cor-
responding exponential function is considered in [12] and the 
solution of this problem for the spectral singularities of higher  
orders is presented. We study the Weyl function for the  
perturbed Laplacian in space L R2 3( ), using a traditional 
classical approach.

In [4], we give conditions for the Friedrichs model, which 
allow us to write a formula for a jump of a resolvent on a con-
tinuous spectrum, but they are bulky and inconvenient for 
use, and also there is no direct connection with the resolvent.

In [13], the Weyl matrix function is considered using the 
so-called branching of a resolvent without considering the 
spectral decomposition of the operator. Therefore, from the 
viewpoint of scientific literature, the direction of research 
concerning the theory of non-self-adjoint operators is incom-
pletely studied, requires new approaches to the consideration 
of the questions of constructing the spectral decomposition 
of a non-self-adjoint Friedrichs model and the generalization 
of the Weyl function for a non- non-self-adjoint case.

3. The aim and objectives of the study

The aim of the paper is to provide a spectral decomposi-
tion of a non-self-direct operator of the Friedrichs model and 
generalize the Weyl function in terms of the introduced con-
cept of the branching of the resolvent [13, 1]. Upon reaching 
this goal, the construction of the spectral decomposition of  
a non-self-directed operator of the Friedrichs model can be 
used to solve problems of mathematical physics, which opens 
up additional possibilities for the case of self-adjoint operators.

To achieve the aim, the following objectives were set:
– to use the concept of the branching of the resolvent and 

the branching of the vector-function to generalize the Weyl 
function to a non-self-adjoint case;

– to find sufficient conditions for existence and formulas 
for calculating the Weyl function m ζ( );

– to show that the Weyl function for a self-directed 
operator coincides with the Weyl classical function of the 
Sturm-Liouville operator on the semicolon;

– to get the formula of the spectral decomposition of the 
operator of the Friedrichs model.

4. Preliminary notions: branching of the resolvent  
and Weyl function

Let H L= ¥ρ
2 0( , ), ρ τ( ) > 0. Suppose that the interval [ , )0 ¥  

coincides with the continuous spectrum of some operator:

T H H D T H: , ( ) .→ = 	 (1)

Denote T Tζ ζ= −( )−1
. The bilinear form of the resol-

vent Tζφ ψ,( )  is an analytic function if ζ ∉ ¥[ , ).0  Assume 
that there exists such a linear space Φ ⊂ H , Φ = H , that the 
form Φ ⊂ H , Φ = H , admits an analytic continuation Tζφ ψ,( )

±
 

over the axis 0, .¥( )  Suppose that T : ,Φ Φ→  and the multi
plicity m of the continuous spectrum of the operator T is 
equal to 1, that is, m = 1.

4. 1. Branching of the resolvent and Weyl function 
Denote by h Hζ ∈  ζ ∈ ¥Ω \[ , )0  analytic by ζ  element 

on space H, 

Ω = ¥( ) <{ }ζ ζ ε: ,[ , ) ,dist 0  ε > 0.

Let a ζ( ),  b ζ( ), r ζ( )  be some functionals in H  and 
B ζ( ) →: Φ Φ  – a certain operator.

Definition 1. Branching of the resolvent T H Hζ : →  is  
called the representation of the operator-function Tζ  through 
the vector-function h Hζ ∈ , which has the same jump Tζ , 
when passing through a continuous spectrum, and the coeffi-
cients hζ  depend analytically on ζ  and given by the spectral 
data of the operator T. 

Definition 2. Branching of the vector-function h Hζ ∈  is 
called the representation h Hζ ∈  through the scalar func-
tion m ζ( ), which has the same jump as hζ  with a coefficient 
analytic to ζ  and determined by the spectral data of the 
operator T.

The construction of the spectral decomposition will be 
implemented in the form of a chain:

T h mζ ζ ζ→ → ( ). 	 (2)
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Consider all the eigenvalues, spectral features and their 
eigenfunctionals. Their linear shell may be dense in space (so-
called completeness of the system of its eigenfunctions). The 
decomposition of an arbitrary element is required in order to 
submit any element through the system of its eigenfunctions. 
This will mean that the system of its eigenfunctions is com-
plete. As is known, the completeness of the system of eigen
functions is important for the practical realization of the 
method of separation of variables, which is used for solving 
differential equations with partial derivatives.

Consider the extension Tmax  of the operator T, that is, the 
operator is such that:

D T D T L( ) ( ) ,max = +
•

 T T
D Tmax ( )

.= 	 (3)

Then each value ζ  is proper for the operator Tmax , and 
the corresponding eigenvector will be the element hζ  in the 
chain (2). So, we have the following Definition 3 for the 
operator T :

T H H: ,→  D T H( ) = .

Definition 3. We say that an element hζ ζ, \ [ , )∈ ¥Ω 0  se
parates branching of the resolvent Tζ ζ, \ [ , ),∈ ¥Ω 0  if:

T b h Bζ ζφ φ ζ ζ φ= ( )( ) + ( ), ,  φ ∈Φ,  ζ ∈ ¥Ω \[ , ),0 	 (4)

where the functions φ ζ,b( )( ) and B ζ φ φ( ) ∈, Φ are analytic in Ω.
Definition 4. We say that the scalar function m ζ ζ( ) ∈ ¥, \ [ , )Ω 0 

m ζ ζ( ) ∈ ¥, \ [ , )Ω 0  separates the branching hζ ,  if:

h m a rζ ψ ζ ζ ψ ζ ψ, , , ,( ) = ( ) ( )( ) + ( )( )
ψ ζ∈ ∈ ¥Φ Ω, \ [ , ),0 	 (5)

where the functions a ζ ψ( )( ),  and r ζ ψ( )( ),  are analytic in Ω.
The function m ζ( ) is called the Weyl function of the  

operator T.
In other words, the branching of the resolvent Tζ  is  

given by the element hζ ,  and the branching hζ  – by the sca-
lar function m ζ( ).  Determine:

T T iσ τ σ τφ ψ φ ψ, lim , ,( ) = ( )± →± +0
 φ ψ, ∈Φ

and similarly define elements hσ( )±
 and functions m± ( ) >σ σ, .0  

Further, we assume on the operator T that there are ele-
ments φ, ψ ∈Φ  such that:

T Tσ σφ ψ φ ψ, , ,( ) − ( ) ≠
+ −

0  σ > 0. 	 (6)

The contents of the functionals a σ( ), b σ( )  are presented 
in the following Lemma.

Lemma 1. The functionals a σ( )  and b σ( ) in the rela-
tions (5) and (4) respectively are the eigenfunctionals of the 
operators T and T*, corresponding to the point σ ∈ ¥( )0,  of 
the continuous spectrum.

Proof. As T : ,Φ Φ→  we replace in (4) the element φ 
with T −( )ζ φ,  then

T T T b h B Tζ ζζ φ ζ φ ζ ζ ζ φ−( ) = −( ) ( )( ) + ( ) −( ), .

Here T Tζ ζ φ φ−( ) = .  If ζ σ→ ± 0,  then:

φ σ φ σ σ σ φσ= −( ) ( )( )( ) + ( ) −( )±
T b h B T, . 	 (7)

From the equations (4), (6), it follows that h hσ σ( ) − ( ) ≠
+ −

0. 
h hσ σ( ) − ( ) ≠

+ −
0. Taking into account the equality (7), we have that 
T b−( ) ( )( ) ≡σ φ σ, .0

So, b σ( )  is the eigenfunctional of the operator T*.
Substituting the equation (5) in the formula (4), we get:

T b m a rζφ ψ φ ζ ζ ζ ψ ζ ψ, , , , .( ) = ( )( ) ( ) ( )( ) + ( )( )( )

Due to (6), we will have m m+ −( ) − ( ) ≠σ σ 0.  After sub
stituting T * −( )ζ ψ  instead of ψ, and calculating the jump 
over 0, ,¥( )  we get:

0 = ( )( ) ( ) − ( )( ) ( ) −( )( )+ −φ σ σ σ σ σ ψ, , .*b m m a T

Choosing φ such that φ σ, ,b( )( ) ≠ 0  σ > 0. Then, having 
m m+ −( ) − ( ) ≠σ σ 0, σ > 0, we will get

a Tσ σ ψ( ) −( )( ) =, ,* 0  σ > 0.

So, a σ( )  is the eigenfunctional of the operator T.
Lemma 1 is proved.

5. Definition of maximal operator Tmax

Some operator T T1 ⊃  is called the extension of the ope
rator T, if:

D T D T( ) ⊂ ( )1  and T T1φ φ= ,  φ ∈ ( )D T .

Definition 5. The extension T Tmax ⊃  is called the maxi-
mal operator for T:

1) if for each element φ ∈Φ  and each value σ > 0  there is 
only one solution of the equation

T fmax ,−( ) =σ φσ  σ > 0,  φ ∈Φ 	 (8)

and if fσ ∈Φ;
2) if the solution of the equation (8) admits the analytic 

prolongation fζ  in the region Ω  such that f D Tζ ∈ ( )max  and 
T fmax ,−( ) =ζ φζ  φ ∈Φ. 

We will introduce the operator Tmax, :σ Φ Φ→  in this way:

T T fmax, max ,σ σφ σ φ= −( ) =−1
 σ > 0. 	 (9)

Denoting T fmax, ,ζ ζφ =  we get

T Tmax max, ,−( ) =ζ φ φζ  φ ∈Φ,  ζ ∈Ω. 	 (10)

Obviously, Tmax, : .ζ Φ Φ→  
Note that the operator Tmax ,− σ  σ > 0  in the equation (9) 

is reversed. 



Mathematics and cybernetics – applied aspects

9

Lemma 2. The operator has the following properties:
1) the equality is true for the operator:

T T T Tz zmax, max, max, max, ,ζ ζφ φ=  ζ, ;z ∈Ω 	 (11)

2) the formal resolvent Tmax,σ  in the interval 0,¥( )  is the 
pseudoresolvent Tmax, ,ζ  ζ ∈Ω  in the linear space Φ.

Proof. 
1) Let m,  ν > 0,  the operators Tmax − ν  and Tmax − m  com

mute, i. e.

T T T Tmax, max, max, max, .ν m m ν= 	 (12)

By using the analytic prolongation and changing the 
symbols ν ζ→ ∈Ω,  m → ∈z Ω,  we obtain the equality (11) 
from (12).

Using the relation (12), we have:

ζ φ

ζ φ
ζ

ζ

−( ) =

= −( ) − −( )  =

=

z T T

T z T T T

T

z

z

max, max,

max max max, max,

maax max, max,

max max, max, max, max,

−( ) −

− −( ) = −

z T T

T T T T T

z

z

ζ

ζ ζ ζ

φ

ζ φ φ φφ.

Therefore,

T T z T Tz zmax, max, max, max, ,ζ ζφ φ ζ φ− = −( )  ζ, .z ∈Ω 	 (13)

So, Tmax,ζ  is a pseudoresolvent.
Lemma 2 is proved.

6. Functional c(f) and branching Tζ 

The concepts, which we want to apply to the Friedrichs 
model, we consider in the case if the maximal operator domain 
differs in dimension from the area of the operator by one unit. 
Suppose that the operator Tmax exists also for some e H∈ :

D T D T emax ,( ) = ( )+{ }
•

 e D T∉ ( ). 	 (14)

In this case, we define the functional c φ( ).
Definition 6. Let c φ( )  be the functional in D Tmax ,( )  de-

termined by the condition

φ φ+ ( ) ∈ ( )c e D T ,  φ ∈ ( )D Tmax . 	 (15)

For example, if φ ∈ ( )D Tmax ,  then:
1)  φ φ∈ ( ) ⇔ ( ) =D T c 0;
2)  φ = ⇒ ( ) = −e c e 1  as

e c e e c e e D T+ ( ) = + ( )( ) ∈ ( )1 ,

we have 1 0+ ( ) =c e ,  if φ ∈ ( )D Tmax ,  then φ φ α= +0 e,  α ∈C, 
φ0 ∈ ( )D T . Applying the functional c φ( ),  we have that:

c c c eφ φ α α( ) = ( ) + ( ) = −0 ,

then ((14), so c φ0 0( ) = ) α φ= − ( )c  and

φ φ φ= − ( ) ∈ ( )0 c e D Tmax ,  

T T c Emax ,φ φ φ= − ( )0 	 (16)

where T e Emax =  for some specified element E H∈ .  Having 
the maximal operator Tmax  and the functional c φ( ),  we can 
submit the branching of the resolvent Tζ .

Theorem 1. Let T Tmax ⊃  be the maximal operator. Then 
the resolvent T allows separation of the branching:

T b h Tζ ς ς ζφ φ φ= ( ) +, ,max,  ς ∈ ¥[ )Ω \ , ,0 	 (17)

where

φ φς ζ, ,max,b c T( ) = ( ) 	 (18)

and the element:

h e T T eς ς ς= − −( )max 	 (19)

is the eigenvector Tmax ,  namely:

T hmax ,−( ) =ς ς 0  c hζ( ) = −1,  ς ∈ ¥[ )Ω \ , .0 	 (20)

Proof. Considering the equation (10):

T Tmax max,−( ) =ς φ φς

and despite the fact that T D Tmax, max ,ςφ ∈ ( )  we get:

T emax, ,ςφ φ α= +0  φ0 ∈ ( )D T . 	 (21)

Then:

T e T T emax max ,−( ) +( ) = ⇒ −( ) + −( ) =ς φ α φ ς φ α ς φ0 0

φ α ς φς ς0 + −( ) =T T e Tmax .

Substitute φ0  from the equation (21), and 

T e T T e Tmax, max ,ς ς ζφ α α ς φ−( ) + −( ) =

T e T T e Tζ ς ζφ α ς φ= − − −( )( ) +max max, ,

T h Tς ς ςφ α φ= − + max, . 	 (22)

As c e( ) = −1, then c hζ( ) = −1 (19). From the formula (22),  
with c Tςφ( ) = 0 and c hς( ) = −1 we have that:

0 1= − ⋅ −( ) + ( )α φςc Tmax, .

So, α φς= − ( )c Tmax,  and the relations (17), (18) are proved. 
It remains to prove that the element hς  is the eigenvec-

tor Tmax ,  i. e. the relations (19), (20) are true. We have:
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T h T e T T e

T e T
D T

max max max

max max

−( ) = −( ) − −( )  =

= −( ) = −( )
ς ς ς

ς ς

ς ς

(( )
−( ) =

= −( ) − −( ) =

T T e

T e T e

ς ς

ς ς

max

max max .0

Moreover, c hς( ) = −1  uniquely identifies hς  as the eigen-
vector of the operator Tmax .

Theorem 1 is proved.
Note 1. The Weyl function exists, if the operator Tmax 

exists (see (43), (44)).

7. Friedrichs model

Let

H L= ¥( )ρ
2 0, ,  ρ τ

p
τ( ) =

1
.  

We denote Φ, Φ = H  as the subspace of the functions φ τ( ), 
which admit the analytic prolongation φ ζ( ), ζ τ m= + i  in the 
domain Ω.

We denote by S H H: →  the operator Sφ τ τφ τ( ) = ( ), τ > 0 
with the maximal definition domain D S( ). Let G be the 
Hilbert space and V A B= * ,  where A B H G, : →  are limited 
integral operators. The operator

T S V= + ,  V A B= * ,  D T D S( ) = ( ),

R A R B* *,( ) ( ) ⊂ Φ 	 (23)

is called the Friedrichs model. We obtain another definition 
of the maximal operator Smax (Definition 5 and calculations  
in (14), (15) where T S= ). 

If S Sζ ζ= −( )−1
, ζ ∉ ¥[ ]0, ,  then:

Sζψ τ
ψ τ
τ ζ

ψ ζ
τ ζ

ψ τ ψ ζ
τ ζ

( ) =
( )
−

= ( )
−

+
( ) − ( )

−
1

.  

This decomposition coincides with (17), therefore,

Smax, .ζψ τ
ψ τ ψ ζ

τ ζ
( ) =

( ) − ( )
−

	 (24)

In order to get Smax, ,φ  we solve the equation Smax,σψ τ φ τ( ) = ( ) or 

ψ τ ψ σ
τ σ

φ τ
( ) − ( )

−
= ( ). 	 (25)

The solution of the equation (25) gives:

ψ τ σ φ τ τ σ φ τ ψ σ( ) = −( ) ( ) = −( ) ( )+ ( )Smax .

Thus, we have the following definition Smax , φ,  which is 
different from (16).

Sζψ τ
ψ τ
τ ζ

ψ ζ
τ ζ

ψ τ ψ ζ
τ ζ

( ) =
( )
−

= ( )
−

+
( ) − ( )

−
1

.  

Definition 7. Domain of definition:

D S H c c Hmax : :( ) = ∈ ∃ ( ) ( )+ ( ) ∈{ }φ φ τφ τ φ 	 (26)

and the maximal operator:

S cmax ,φ τ τφ τ φ( ) = ( )+ ( )  τ > 0. 	 (27)

Keep the same decomposition (14), where e τ
τ

( ) =
+
1

1
:

D S D Smax .( ) = ( )+
+









• 1
1τ

	 (28)

Note that the definition of the functional c φ( )  according 
to (26) is equivalent to the same definition according to (15). 

Indeed,

τφ τ φ τ φ τ φ

φ τ
φ

τ
φ φ

( )+ ( ) ∈ ⇔ +( ) ( ) + ( ) ∈ ⇔

⇔ ( )+
( )
+

∈ ( ) ⇔ + ( ) ∈

c H c H

c
D S c e D

1

1
SS( ).

Find the value of c φ( ) .  Multiplying the equation (27) 
by χ 0 1, ,[ ]  we obtain:

χ φ χ φ τ χ τφ τ

φ τ ρ τ τ

0 1 0 1 0 1

2

0

1

, , max ,

max

[ ] [ ] [ ]⋅ ( ) £ ( ) + ( ) £

£ ( ) ( )∫

C S

S d






+ ( ) ( )





£

£ ( ) ( )






∫

∫
¥

1
2 2

0

1
1
2

2

0

τφ τ ρ τ τ

φ τ ρ τ τ

d

S dmax  + ( ) ( )





£

£ +

¥

∫
1
2 2

0

1
2

φ τ ρ τ τ

φ φ

d

Smax .

From here:

c C Sφ φ φ( ) £ +( )max . 	 (29)

Thus, the functional c φ( )  is continuous in the sense of 
the norm of the operator Smax .

As the operator Smax  is an extension of the operator S, 
then the next Lemma 3 will be used in Theorem 2.

Lemma 3. Let S S⊇  and the operator  S S zz = − −( ) 1  
be limited. Let V A B= *  and the operator  K z BS Az( ) = +1 * 
has a limited inverse operator. If  T S A B= + * , then for 
 T T zz = −( )−1

 we have:

    T S S A K z BSz z z z= − ( )−* .1 	 (30)

Proof. The equation T z f g−( ) =  or S z f A Bf g−( ) + =*  
means:

f S A Bf S gz z+ = 

* . 	 (31)

Applying B, we get 1+( ) =BS A Bf BS gz z
 

* ,  so 

Bf K z BS gz= ( )−
 

1 .

Substitution of Bf in the equation (31) gives f, i. e. (30).
Lemma 3 is proved.
The second equation (5) of the branching (4), (5) can be 

determined from the equation (4), which is written for the 
adjoint operator.

Indeed, through formal transformations we have:

S Sς ςψ ψ1 1, , .( ) = ( ) 	 (32)
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For the equation (32) we need to identify the functio
nal •( ),1  on the elements of the sum (28).

Definitions 8. Denote •( ),1  or «1» as the functional 
defined in:

D S D Smax( ) = ( )+
+









• 1
1τ

 

by the relations:

φ φ, lim , ,1 1( ) = ( )
→¥N N

1 0N Nx x( ) = ( )[ ]χ , ,  φ ∈ ( )D S 	 (33)

and

1
1

1 1
τ +







= −, . 	 (34)

The value φ,1( )  of the functional «1» on the item φ exists 
in the domain of elements φ, which is dense in H (for exam-
ple, if φ is a finite function or rapidly declining function φ τ( )  
at τ → ¥). This means that the functional «1» is unboun
ded  (46).

If A H H: →  is the bounded operator A f C f* , ,1( ) £  
f H∈ ,  then we define the element A ⋅1  by the relation:

f A A f, , ,*1 1( ) = ( )  f H∈ . 	 (35)

According to the formula (35), the value of the operator 
A  on the functional «1» is determined provided that the 

value A f* ,1( )  is the bounded functional from f, so, according 
to the Riesz representation, there exists the element A H1 ∈ .

Suppose, for example, A S= ζ , then A f S f D S* = ∈ ( )ζ
 and 

S f S f f S
N N N Nζ ς ς, lim , lim , ,1 1 1( ) = ( ) = ( )  

where 

S d d CN

N

ς p τ ς
τ τ

p τ ς
τ τ1

1 1 1 12

2 2
00

2=
−

£
−

=
¥

∫∫ .

Finally, A f C f* , .1( ) £
For example, the relation (32) means that:

h S0 1,ς ζ=  or h0

1
, .ς τ

τ ς
( ) =

−
	 (36)

Regarding the calculation φ,1( )  and c φ( ),  see also (47).

8. Operators Tmax,ζ and (T*)max,ζ

Using Lemma 3 for getting the maximal operator for the 
operator T from the relations (23).

Theorem 2. Let

N BS A N AS Bζ ζζ ζ( ) = + ( ) = +( )1 1max,
*

* max,
* .  

According to (24)). If the conditions hold:

BS A
Gmax,

* ,ζ < 1  AS B
Gmax,

* ,ζ < 1  ζ ∈Ω, 	 (37)

then the operator T S A B= + *  T S B A* *= +( )  has the maxi-
mal operator:

T S A Bmax max
*= +  T S B A*

max max
* .( ) = +( ) 	 (38)

Proof. Let T S A B= + * ,  τ > 0.  Taking into consideration 
the conditions (37), there exists the inverse operator N σ( )−1

 
and by Lemma 3, there exists the inverse operator:

T T S S A N BSmax, max max, max,
*

max,σ σ σ σσ σ= −( ) = − ( )− −1 1
	 (39)

and the relations (8), (9) are valid.
The analytic prolongation (39) gives:

T S S A N BSmax, max, max,
*

max, .ζ ζ ζ ζφ φ ζ= − ( )−1
	 (40)

Similarly,

T S S B N AS*

max, max, max,
*

* max, .( ) = − ( )−

ζ ζ ζ ζφ φ ζ φ1

We have that:

T S S A K B Sζ ζ ζ ζζ= − ( ( ) )−* ,
1

T S S A K B Sζ ζ ζ ζ
ζ( ) = − ( )( )−* *

*

,
1

T f f A K B S f SN Nζ ζ ζζ( )( ) = − ( )( )





−* *
*

, , .1 1
1

As S CNζ1 £ ,  N = 1 2, ...,  then:

T f C f S C C fN Nζ ζ( ) £ ⋅ £
*

, .1 11 1

According to the equation (35), the element Tζ1  is de-
fined. As R A* ,( ) ⊂ Φ  then Tmax, :ζ Φ Φ→  and the relation (10) 
is made of (in addition, (8), (9) are also performed).

Theorem 2 is proved.
If T S A B= + *  and the operator K BS Aζ ζ( ) = +1 *, ζ ∈ ¥[ )0,  

is reverse, then (according to (30)):

T T S S A K BS−( ) = = − ( )− −ζ φ φ φ ζ φζ ζ ζ ζ
1 1* ,

K BS Aζ ζ( ) = +1 *.

From the equations T hmax ,−( ) =ζ ζ 0  (27) and defini-
tion 8, it follows that

S h Vh c h−( ) + + ( ) =ζ ζ ζ ζ 0,  

T h c h−( ) = − ( )⋅ζ ζ ζ 1,  h c h Tζ ζ ζ= − ( ) 1.

Given (20), we obtain c hζ( ) = −1.  From here h Tζ ζ= 1.
So the decomposition (17) of the resolvent for the oper-

ators T and T*:

T b T Tζ ζ ζ ζφ φ φ= ( ) +, ,max,1

T a T T* * *

max,
, .( ) = ( )( ) + ( )

ζ ζ ζ ζ
ψ ψ ψ1 	 (41)
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Theorem 3. Let T S A B= + *  (according to (23)). Then 
the condition (37) is sufficient for the existence of the 
Weyl function m ζ( )  of the operator T (def. 4). If the condi-
tions (37) are satisfied, then:

m Tζ ζ( ) = ( )1 1, ,  ζ ∈ ¥)Ω \[ , .0 	 (42)

Proof. According to Theorem 2 and condition (37), there 
exist the operators Tmax and ( ) .*

maxT  According to defini- 
tion 5 ((9), (10)) we define the operators Tmax , ( ) .*

max,T ζ  By 
Theorem 1 and definition 8, we obtain the relation (41), where 
the element h Tζ ζ= 1 separates the branching Tζφ. Finally,

h T T

a T T

ζ ζ ζ

ζ ζ ζ

ψ ψ ψ

ψ ψ

, , ,

, , ,

*

* *

max,

( ) = ( ) = ( )( ) =

= ( ) ( )( )+ ( )( )
1 1

1 1 1 .. 	 (43)

According to definition 4, we have the relation (42), 
where:

m T Tζ
ζ ζ( ) = ( )( ) = ( )1 1 1 1, , .*

Theorem 3 is proved.
Note 2. Functions:

R Tζ ψ ψ
ζ

( )( ) = ( )( ), , ,*

max,
1  a aζ ψ ψ ψζ( )( ) = ( ) ∈, , , Φ

are analytic functions of ζ ∈Ω,  and the functionals a( )σ  and 
R( )σ  are the eigenfunctionals of the operators T and Tmax , 
corresponding to the point σ > 0  (see [2]).

The relation (43), namely:

a m R h Hζ ζ ζ ζ( )• ( )+ ( ) = ∈ , 	 (44)

determines the function m ζ( )  clearly if the functionals a ζ( ) 
and R ζ( )  are clearly defined, too.

9. Sturm-Liouville operator on the semiaxis

Let us pay attention to the branching of the resolvent 
of the Sturm-Liouville operator on the semiaxis. Our goal is 
to show that the separation of the branching (according to 
definition 3–4) is a natural way to reduce in two stages that 
part which is the branching T Tζ ζ= −( )−1

 itself. 
Of course, there is the question about the relation bet

ween analytic functions in Ω  and analytic in Ω \ , ,0 ¥[ )  
where 0,¥[ )  is the continuous spectrum of T.

To begin with the non-self-adjoint operator L, genera
ted by the differential expression ly y= − ′′, y( )0 0=  in the 
space L2 0, .¥( )  Using the unitary operator:

F: L L2 20 0, , ,¥( ) → ¥( )ρ  ρ τ
p

τ τ( ) = >
1

0, ,

given that the relations:

φ τ τ
τ

τ
( ) = ( ) = ( )

¥

∫Fy y x
x

x
sin

,
0

d  

y x F x x( ) = ( ) = ( )−
¥

∫1

0

1
φ

p
φ τ τ τsin .d 	 (45)

Diagonalize the operator L, namely FLF S− =1 .
Lemma 4. 
1) Let:

D L y L y y L( ) , : , ( , ) ,max = ∈ ¥( ) ′ − ′′ ∈ ¥{ }2 20 0abs.cont.

L y ymax = − ′′

and the operator:

φ τ τ
τ

τ
( ) = ( ) = ( )

¥

∫Fy y x
x

x
sin

0

d

be given by the formulas (26), (27). Then:

FL F Smax max .− =1 	 (46)

2) If φ = Fy,  then:

c yφ( ) = − ( )0 ,  φ, .1 0( ) = ′( )y 	 (47)

Proof. 
1) If y D L∈ ( )max ,  then the equality:

− ′′( ) =

= − ( ) + =

= − ( ) + ( )

¥

¥

∫

∫

y x
x

x

y y x
x

x

y Fy

sin

( )
sin

,

τ
τ

τ
τ

τ
τ τ

0

0

0

0

d

d

y y L, ,′′ ∈ ¥( )2 0

is true if and only if FL y S Fymax max ,=  coincides with the 
equality (46) and, in addition, c yφ( ) = − ( )0 .

2) The derivative by the variable x in the relations (45) 
is y ' , .0 1( ) = ( )φ

So, conditions (47) are proved.
Lemma 4 is proved.
Note. As:

F e x−( )( ) =
+

τ
τ

1
1

,  

then

1
1

1 1
0τ +







= ( ) = −−

=
, .'e x

x

Therefore, the equality (34) is proved.
Let us calculate φ, ,1( )  where φ = Fy,  using the formu-

la (47), we have

φ φ, ' .
' '

1 0
0

1

0
( ) = ( ) = ( )( ) = ( )( )

=

−

=
y y x F x

x x
	 (48)

Similarly,

c F x
x

φ φ( ) = − ( )−
=

1

0

if φ ∉ ( )D S  (otherwise c φ( ) = 0). 
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Consider the differential expression:

ly y q x y y= − + ( ) ( ) ='' , .0 0

Mark the operator through M L Q= + .  Fourier trans-
form (45) M gives the operator:

T FMF F L Q F S V= = +( ) = +− −1 1 ,  V FQF= −1. 	 (49)

Consider the differential expression:

ly y q x y= − ′′ + ( ) ,  y 0 0( ) = .

Suppose q x( )  is a complex-measurable function and

q x C x( ) exp( ),< −ε  x > 0,  ε > 0. 	 (50)

Let:

q x q x q x( ) = ( ) ( )1 2 ,  q x q x1 2( ) = ( ) .

Let:

Qy x q x y x( ) = ( ) ( ),  x > 0,

then similarly, Q Q Q= 1 2
* .  Let: M L Q= + .  Fourier transfor-

mation (45) of the operator M gives the operator:

T FMF F L Q F S V= = +( ) = +− −1 1 ,

V A B= * ,  A FQ* *,= 1  B Q F= −
2

1. 	 (51)

Theorem 4.
1) There exist values C0 0> , ε0 0>  such that if 0 0< <C C , 

0 0< <ε ε , then for the operator T (provided (50)) the suf-
ficient condition (37) of the existence of the Weyl func-
tion m ζ( )  is true.

2) The Weyl Function m Tζ ζ( ) = ( )1 1,  (according to (42)) 
in the case of the self-adjoint operator T coincides with the 
well-known Weyl function of the Sturm-Liouville operator 
on the semiaxis.

Proof. 
1) Taking into consideration the conditions (37), we 

denote by

N c c BS A c c Q F S FQ cζ ζ ζ( ) = + = + −
max,

*
max,

* .2
1

1

We have:

FQ c q y c y
y

y1 1
0

* sin
,τ

τ
τ

( ) = ( ) ( )
¥

∫ d  

so according to the formula (24):

S FQ c q y c y

y y

ymax,
*

sin sin

.ζ τ

τ
τ

ζ
ζ

τ ζ1 1
0

( ) = ( ) ( )
−

−

¥

∫ d

As:

F x x−
¥

( ) = ( )∫1

0

1
φ

p
φ τ τ τsin ,d  

then:

Q F S FQ c x

q x q y c y

y y

dy

2
1

1

2 1
0

1

−

¥

( ) =

= ( ) ( ) ( )
−

−∫

max,
*

sin sin

ζ

p

τ
τ

ζ
ζ

τ ζ



















¥

∫ sin .x τ τd
0

S FQ c q y c y

y y

ymax,
*

sin sin

.ζ τ

τ
τ

ζ
ζ

τ ζ1 1
0

( ) = ( ) ( )
−

−

¥

∫ d

Changing the order of integration, while:

Q F S FQ c x

q x q y c y

y y

x

2
1

1

2 1

1

− ( ) =

= ( ) ( ) ( )
−

−

max,
*

sin sin

sin

ζ

p

τ
τ

ζ
ζ

τ ζ
τdd y

q x q y c y I y x y

τ

p

00

2 1
0

1

¥¥

¥

∫∫

∫





















=

= ( ) ( ) ( ) ( )

d

d, ,
	

	 (52)

I y x

y y

x

h y x

,

sin sin

sin

, sin ,

( ) =
−

−
=

= ( )

¥

¥

∫

∫

τ
τ

ζ
ζ

τ ζ
τ τ

τ τ τ

0

0

d

d

h y

y y

,

sin sin

.τ

τ
τ

ζ
ζ

τ ζ( ) =
−

−

Having done the replacement τ θ= ,  we get:

I y x h y x

h y
x

x

, , sin

,
cos

.

( ) = ( ) ⋅ =

= ( ) −





¥

¥

∫

∫

θ θ θ θ

θ θ
θ

2

2
1

0

0

d

d

Using the formula:

θ θ
θ θ

ζ
ζ

θ ζ
h y

y
y

,

sin
sin

,( ) =
−

−2  

integrate by parts:
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I y x

h y
x

x

x
x

y
y

,

,
cos

cos
sin

sin

( ) =

=

( )⋅
−

−

−
−

−

−








¥

2

1

1

0

2

θ θ
θ

θ
θ θ

ζ
ζ

θ ζ







































=

= −
−

¥

¥

∫

∫

θ

θ

θ
θ

'

cos
sin

d
0

0

2
1 x

x

y −−

−



















θ
ζ

ζ
θ ζ

θ

θ

sin

.

'
y

2 d

Thus, the expression I y x,( ) is bounded I y x K,( ) <  for 
all y, x. According to the relation (52), we obtain:

BS A c x q x q y c y I y x ymax,
* , ,ζ p

( ) = ( ) ( ) ( ) ( )
¥

∫
1

2 1
0

d

therefore,

BS A
K

q qmax,
* .ζ p

£ ⋅1 2  

Obviously, there exist C0 and ε0 (according to (50)) such 
that BS Amax,

*
ζ < 1 for C C< 0, ε ε< 0. Thus, paragraph:

1) proved:

BS A c x q x q y c y I y x ymax,
* , ,ζ p

( ) = ( ) ( ) ( ) ( )
¥

∫
1

2 1
0

d

2) It is known that:

M f x M f x

e x

e
s t f t dt s x

e t

e

ζ ζ

ζ

ζ
ζ ζ

ζ

( ) = −( ) =

=
( )
( ) ⋅ ( ) ( ) + ( )⋅

( )
−1

( )

,
, ,

,

ζζ( ) ( )
¥

∫∫
x

x

f t td
0

.

In result,

M g x s x
e t

e
g t t

e x

e
s t g t

x

x

ζ ζ
ζ

ζ

ζ

ζ
ζ

( ) = ( ) ( )
( ) ( ) +

+
( )
( )

( ) (

¥

∫

∫

*
( ) ,

,

,
,

d

))dt.

Taking into consideration (35), we have:

ψ ψ ψζ ζ ζ, , , '( ),
* *

T T F M F y1 1 1 01( ) = ( )( ) = ( )( ) =−  

where y x M g x g F( ) , .
*

= ( )( )( ) = −
ζ ψ1

A simple calculation gives:

y
e t

e
g t t'( )

,
,0

0

=
( )
( )

( )
¥

∫
ζ

ζ
d  

and 

ψ
ζ

ζ

ψ
ζ

ζ

ζ, '( ) ,
,

,
,

T y g
e t

F
e t

e

H

H

1 0

1

( ) = =
( )











=

=
( )
( )













− ==
( )
( )













ψ
ζ

ζ
ρ

,
,

.F
e t

e
L2

Finally,

T F
e t

e
ζ

ζ

ζ
1=

( )
( )













,
 

and (according to (47)) we will have:

T F
e t e t

e
t

ζ

ζ

ζ

ζ

ζ
1 1 1 0

1

, ,
,

,
,( ) =

( )























=
( )
( )













( )) =
( )
( )

e

e

'
,

ζ

ζ

the known expression for the Weyl function m ζ( ).  
Thus, the relation (42) is proved for the Sturm-Liouville 

operator on the semiaxis.
Item 2) is proved.
Theorem 4 is proved. 

10. Spectral decomposition based on the branching  
of the resolvent 

The operator T S V= +  (according to (23)).
If T Tζ ζ= −( )−1

,  then:

T Tζ ζ φ ψ φ ψ−( )( ) = ( ), ,

or

T T Tζ ζφ ψ ζ φ ψ φ ψ, , , .( ) − ( ) = ( )
Therefore,

1 1
ζ

φ ψ φ ψ
ζ

φ ψζ ζ, , , .( ) = −( ) + ( )T T T

Since

d
i

N

ζ
ζ

p
ζ =
∫ = 2 ,  

then from the condition:

lim ,
N

N

T T d
→¥

=
∫ ( ) =

1
0

ζ
φ ψ ζ

ζ
ζ 	 (53)

it follows that:

φ ψ
p

φ ψζ
ζ

, lim , .( ) = − ( )
→¥

=
∫

1
2 i

T s
N

N

d 	 (54)

Branching of the resolvent is given by the formulas  
(41)–(43), which implies:

T b

m a r B

ζφ ψ φ ζ

ζ ζ ψ ζ ψ ζ φ ψ

, ,

, , , .

( ) = ( )( ) ×

× ( ) ( )( ) + ( )( )  + ( )( ) 	 (55)
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We assume that the operator T  has its eigenvalue λk  and 
spectral singularities σ j . Then, for:

1 1
ζ

φ ψ φ ψ
ζ

φ ψζ ζ, , ,( ) = −( ) + ( )T T T  

from (55) it follows that:

T T

b m m a

ζ σφ ψ φ ψ

φ σ σ σ σ ψ

, ,

, , .

( ) − ( ) =

= ( )( ) ( ) − ( )( ) ( )( )
+ −

+ − 	 (56)

Let ν > 0.  Denote by Cν  the contour in the ζ-plane, 
ζ = +x iy, which leads successively through the points 0, ,−( )ν  
N , ,−( )ν  N , ,ν( )  0, ,ν( )  0, ,−( )ν  where N = >const 0. Deforming 

the contour ζ = N  into the contour Cν  we get that:

T d T
N C

φ ψ ζ φ ψ ζ
ζ

ζ

ν

, , .( ) = ( )
=
∫ ∫ d

Let ν → 0.  Then, given the formula (56), we get:

T d

m m b a d

N

N

jk

ζ
ζ

σλ

φ ψ ζ

σ σ φ σ σ ψ σ

,

, .

( ) =

= ( ) − ( )( ) ( )( ) ( )( ) + +

=

+ −

∫

∫ ∑∑1
0

	 (57)

Example 1. Let α β, ,∈Φ  α β, ∈ ( )D S  and G C= . Define the 
operators A B H C, : →  by the equalities:

A
H

φ φ α= ( ), ,  B
H

φ φ β= ( ), . 	 (58)

To find the adjoint operator A C H* : ,→  we’ll use the equa
lity A c A c

C H
φ φ, , .*( ) = ( )  Since A

H
φ φ α= ( ), , then φ α φ, , ,*( ) ⋅ ≡ ( )H H

c A c 
φ α φ, , ,*( ) ⋅ ≡ ( )H H

c A c  so A c c* .= α  Similarly, we consider the ope
rator B, so:

A c c* ,= α  B d d* ,= β 	 (59)

where c d C, ∈  are some numbers. 
Perturbation looks like:

V A B A
H H

φ φ φ β φ β α= = ( )( ) = ( )* * , , .

Due to the definition (58)–(59), we have:

K c c BS A c c B cS c S c
H

ζ α α βζ ζ ζ( ) = + = + ( ) = + ( )* , .

So,

K S
H

ζ α βζ( ) = + ( )1 , . 	 (60)

V A B A
H H

φ φ φ β φ β α= = ( )( ) = ( )* * , , .

Let T S
H

φ φ φ β α= + ( ), .  If:

T S
H

−( ) = −( ) + ( ) =ζ φ ζ φ φ β α ψ, ,  

we get

φ φ β α ψζ ζ+ ( ) =, .
H

S S

Multiplying by 

β φ β α β ψ βζ ζ: , , , .( ) + ( )( ) = ( )H H
S S1

According to the formula (60), we have that:

φ β
ζ

ψ βζ, , .( ) = ( ) ( )H K
S

1
 

So,

T S
K

S Sζ ζ ζ ζψ ψ
ζ

ψ β α= − ( ) ( )1
, . 	 (61)

According to (24):

Smax, .ζψ τ
ψ τ ψ ζ

τ ζ
( ) =

( ) − ( )
−

 

We calculate γ ψζ= ( )c Smax,  according to the defini-
tion c φ( ) as (26):

τ
ψ τ ψ τ

τ ζ
γ ρ τ τ

( ) − ( )
−

+ ( ) < ¥
¥

∫
0

2

d ,  ψ ∈Φ

or 

τ
τ ζ

ψ τ
τ

τ ζ
ψ ζ γ

ζ
τ ζ

ρ τ
−

( )+
−

− ( )+( ) −
−

( ) < ¥
¥

∫
2

0

dt .

Since:

τ
τ ζ−

→1,  
1

0
τ ζ−

→ ,  τ → ¥,

then γ ψ ζ= ( ),  i. e.

c
ψ τ ψ ζ

τ ζ
ψ ζ

( ) − ( )
−







= ( ). 	 (62)

According to (58)–(59), we get that:

N BS c Cζ ψζ( ) = ∈−1

max, .  

From here, 

A N BS c*
max,ζ ψ αζ( ) =−1

and in accordance with the formula (62), we obtain:

c S A N BS

N BS c S

max,
*

max,

max, max,

ζ ζ

ζ ζ

ζ ψ

ζ ψ α α ζ

( )( ) =

= ( )( ) ( ) = ( )

−

−

1

1
NN BSζ ψζ( )−1

max, .

Recall (40):

T S S A N BSmax, max, max,
*

max, ,ζ ζ ζ ζφ φ ζ φ= − ( )−1
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so from the previous formulas according to (18), it follows 
that:

φ φ φ ζ α ζ ζ φζ ζ ζ, .max, max,b c T N BS( ) = ( ) = ( ) − ( ) ( )−1
	 (63)

According to (61), we have that:

T S
K

S Sζ ζ ζ ζφ φ
ζ

φ β α= − ( ) ( )1
, ,

therefore,

T S
K

S Sζ ζ ζ ζφ φ
ζ

φ α β* , .= −
( ) ( )1

Considering (35) and belonging of α β, ,∈ ( )D S  we get:

T S
K

S Sζ ζ ζ ζφ φ τ
ζ

φ α β τ ρ τ τ

φ τ

* , ,1
1

0

( ) = ( ) −
( ) ( ) ( )













( ) =

= ( )⋅

¥

∫ d

11 1
1 1

0 τ ζ
τ

ζ
φ α β φζ ζ ζ−









 −

( ) ( )( ) = ( )
¥

∫ d
K

S S T, , , . 	 (64)

From here,

T
K

S S

K
S

ζ ζ ζ

ζ

τ
τ ζ ζ

β α

τ τ τ ζ
β

1
1 1

1

1
1

1
1

1
3

1

( ) =
−

− ( ) ( ) =

=
+

−
+

−
−







− ( )

,

,, ,1( )Sζα 	 (65)

and according to (42), we obtain:

m T

K
S S

ζ

τ τ ζ
ρ τ τ

ζ
β α

ζ

ζ ζ

( ) = ( ) =

= − −
+

−
−







( ) − ( ) ( )( )
1 1

1
1

1
1 1

1 1

,

, ,d
00

¥

∫ , 	 (66)

where it is taken into account that:

ρ τ
p

τ( ) =
1

and (33), (34) are used.
Example 2. Let α1 2, , β1 2, ,∈ Ç ( )Φ D S  G C= 2. We define the 

operators A B H C, : → 2 by the equalities:

A H

H

φ
φ α

φ α
=

( )
( )











,

,
,

1

2

 B H

H

φ
φ β

φ β
=

( )
( )











,

,
.

1

2

	 (67)

We’ll find the adjoint operator A C H* : .2 →  Let:

c
c

c
C=







∈1

2

2.  

The equality A c A
C c H

φ φ, , *( ) = ( )2  becomes: 

φ α φ α φ, , , .*
1 1 2 2( ) + ( ) = ( )H H H

c c A c

From here, 

A c c c* ,= +1 2 2 2α α

where we obtain B C H* : 2 →  by analogy, 

B d d d* ,= +1 2 2 2β β  d
d

d
C=







∈1

2

2.

Perturbation has the following form:

V A B B B
H

φ φ φ α φ α φ β α φ β α= = ( ) + ( ) = ( ) + ( )* , , .
1 1 2 2 1 1 2 2

Since 

S A c c S c Sζ ζ ζα α* ,= +1 1 2 2  

then

BS A c
c S c S

c S c S

H

H

ζ

ζ ζ

ζ ζ

α α β

α α β
*

,

,
.=

+( )
+( )













1 1 2 2 1

1 1 2 2 2

Let

K c c BS A c

c

c

S S

S S

H H

H

ζ

α β α β

α β

ζ

ζ ζ

ζ

( ) = + =

=






+
( ) ( )
( )

*

, ,

,

1

2

1 1 2 1

1 2 ζζα β2 2

1

2,
,

( )


















H

c

c

i. e.

K
S S

S S

H H

H H

ζ
α β α β

α β α β

ζ ζ

ζ ζ

( ) = +
( ) ( )
( ) ( )













1
1 1 2 1

1 2 2 2

.

The equality φ ψζ= T  means that T −( ) =ζ φ ψ  or S A B−( ) + =ζ φ ψ* : 
S A B−( ) + =ζ φ ψ* :

φ φ ψζ ζ+ =S A B S* . 	 (68)

Applying the operator B, we get:

B BS A B BSφ ψζ φ ζ+ =*  or K B BSζ φ ψζ( ) = .

Let det .K ζ( )≠0  Then K ζ( )−1
 there exists B K BSφ ζ ψζ= ( )−1

. 
Substituting Bφ  in the relation (67), we obtain:

T S S A K BSζ ζ ζ ζψ φ ψ ζ ψ= = − ( )−* .
1

	 (69)

From here:

T S S B K AS D Sζ ζ ζ ζφ φ ζ φ* * *
.= − ( ) ∈ ( )−1

In the dense set of elements in H φ ∈H ,  we have that:

T T

S S B K AS

N N Hζ ζ

ζ ζ ζ

φ φ

φ τ ζ φ τ

* *

*

, lim ,1 1

1

0

( ) = ( ) =

= ( ) − ( ) ( )





→¥

−
¥

∫ ρρ τ τ( )d . 	 (70)

Let kij ζ( )  be the analytical functions such that:

K
k k

k k
ζ( ) =







−1 11 12

21 22

. 	 (71)
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Consider (67) and 

AS
S

S

H

H

ζ

ζ

ζ

φ
φ α

φ α
=

( )
( )















,

,
,

1

1

 

then

K AS
S k S k

S k S

H H

H H

ζ φ
φ α φ α

φ α φ α
ζ

ζ ζ

ζ ζ

( ) =
( ) + ( )
( ) + ( )

−1 1 11 2 12

1 21 2

, ,

, , kk

k S k S

k S

H H

22

11 1 12 2

21 1















=

=
( )( ) + ( )( )
( )(

φ ζ α φ ζ α

φ ζ α

ζ ζ

ζ

, ,

, )) + ( )( )














=






∈

H H
k S

d

d
C

φ ζ αζ,
.

22 2

1

2

2

As B* ,α α β α β= +1 1 2 2  then:

B K AS k S k S

k

H H

* , ,

,

ζ φ φ ζ α φ ζ α β

φ

ζ ζ ζ( ) = ( )( ) + ( )( )





+

+

−1

11 1 12 2 1

211 1 22 2 2ζ α φ ζ α βζ ζ( )( ) + ( )( )





S k S
H H

, ,

where

S B K AS
k S

k S
SH

H

ζ ζ

ζ

ζ

ζ φ
φ ζ α

φ ζ α
*

,

,
( ) =

( )( ) +

+ ( )( )
















−1 11 1

12 2

ζζ

ζ

β

φ ζ α φ ζ α βζ ζ

1

21 1 22 2 2

+

+ ( )( ) + ( )( )





, , .k S k S S
H H

We denote by X D S1 2, ∈ Ç ( )Φ  the following elements:

X k S k S1 11 1 12 2= ( ) + ( )ζ α ζ αζ ζ ,

X k S k S2 21 1 22 2= ( ) + ( )ζ α ζ αζ ζ . 	 (72)

Then from (70), it follows that:

T
S X S

X S

H

H

ζ
ζ ζ

ζ

φ
φ τ φ β

φ β
ρ τ τ* ,

,

,
.1

1 1

2 20

( ) =
( ) − ( ) −

−( )












( )
¥

∫ d

For the set of elements φ, dense in H we have that:

S d
H

ζφ τ ρ τ τ φ
τ ζ

( ) ( ) =
−







¥

∫ , ,
1

0

therefore,

T X S B

X S B

H
H

H

ζ ζ

ζ

φ φ
τ ζ

φ

φ

* , , , ,

, ,

1
1

1

1

1 1

2 2

( ) =
−







− ( ) ( ) −

− ( ) ( )  

and, as a result,

T S X S X

S

ζ ζ ζ

ζ

τ
τ ζ

β β

τ τ τ ζ

1
1

1 1

1
1

1
1

1

1
1 2 2( ) =

−
− ( ) − ( ) =

=
+

−
+

−
−







−

, ,

ββ βζ1 1 2 21 1, , .( ) − ( )X S X

Apply the functional 1:

T

S X S

ζ

ζ ζτ τ ζ
ρ τ τ β β

1 1 1

1
1

1
1 1 11 1 2

0

,

, , ,

( ) = − −

−
+

−
−







( ) − ( )( ) − ( )d
¥¥

∫ ( )X2 1, ,

where to according to (73):

X k S k S1 11 1 12 21 1 1, , , ,( ) = ( )( )+ ( )( )ζ α ζ αζ ζ

X k S k S2 21 1 22 21 1 1, , ,( ) = ( )( )+ ( )( )ζ α ζ αζ ζ

and we obtain the Weyl function:

m T

k S k

ζ
τ τ ζ

ρ τ τ

ζ α

ζ

ζ

( ) = ( ) = − −
+

−
−







( ) −

− ( )( )+

¥

∫1 1 1
1

1
1

1

0

11 1

,

,

d

112 2 1

21 1 22 2

1 1

1 1

ζ α β

ζ α ζ α

ζ ζ

ζ ζ

( )( )



( ) −

− ( )( )+ ( )( )

S S

k S k S

, ,

, ,

( )Sζβ2 1, , 	 (73)

which is similar to the classical case.

11. Discussion of the results of spectral  
decomposition construction

In terms of the concept of branching the resolvent and 
the associated concepts of vector function and maximal 
operator branching, spectral decomposition of an arbitrary 
non-self-adjoint operator of the Friedrichs model was con-
structed. In addition, it is shown that the Weyl function m ζ( ) 
for the self-adjoint operator coincides with the classical Weyl 
function in the case of the Sturm-Liouville operator on the 
semiaxis.

The advantage of this study is that the approach can be 
applied for any non-self-adjoint operators and to any opera-
tor in Hilbert space. In practical terms, we have advantages, 
particularly when the operator is given by an ordinary diffe
rential equation, as it was illustrated in the examples.

The received results can be applied: 
– to spectral decomposition of an arbitrary non-self-ad-

joint operator;
– to the analysis of solutions of differential equations 

after the Fourier transform;
– to the analysis of solutions of evolution equations and 

consequently to the problems of the theory of scattering.
However, the approach of constructing the spectral de-

composition for integral non-self-adjoint operators will have 
weaknesses, and needs further developments.
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The topics of these studies can be developed in the case of 
the spectral decomposition of the operator, which has a mul-
tiple continuous spectrum. For example, the Sturm-Liouville 
operator has a double aliquot spectrum in the entire axis and 
the Weyl function in this case is a square matrix of size 2 ×2.

In addition, for research of the spectral decomposition of 
the operator, the space of vector functions, for example, can 
be considered.

12. Conclusions

The method of constructing the spectral decomposition 
of the Friedrichs model non-self-adjoint operator was imple-
mented under the scheme: T h mζ ζ ζ→ → ( ).

With the concepts of branching of the resolvent, vector 
function branching and maximal operator, the following re-
sults were received.

1) Sufficient conditions for the existence of the Weyl 
function m ζ( )  of the non-self-adjoint operator of the Fried-
richs model were found, that is:

BS A
Gmax,

* ,ζ < 1

AS B
Gmax,

* ,ζ < 1  ζ ∈Ω.

2) Satisfying these conditions, the Weyl function, consi
dering definition 5, becomes as follows: 

m Tζ ζζ( ) = ( ) ∈ ¥)1 1 0, , \[ , .Ω

The proposed approach formally uses the element 1, which  
is actually an unbounded functional in the space H and only 
in a sense, is close to the number 1 (considering definition 5). 
But it is possible under certain conditions on some opera-
tor A  to calculate A ⋅1  as a part of the space.

3) The formula for the spectral decomposition of the 
Friedrichs model non-self-adjoint operator while integrating 
the resolvent:

φ ψ
p

σ

σ φ σ σ ψ σ
σ

, lim

, .

( ) = − ( ) −(
− ( )) ( )( ) ( )( ) + +

→¥ +

−

∫
∑

1
2 0

1

i
m

m b a

N

N

j

d
λλk

∑

The examples are given, where the generalized Weyl 
function m Tζ ζ( ) = ( )1 1,  is found.

These results shows that the classical Weyl function 
in case of the Sturm-Liouville operator on the semiaxis 
coincides with the Weyl function m ζ( )  for the self-adjoint 
operator.
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