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IIpedcmasasne npaxmuunuil inmepec cmeopenns mooeeil
MA2HIMHO20 NONA KEAOPYNONBLHOZ0 eNeKMpoOMazHimy, AKi 003-
80JLAIOMb KOPULYEAMU CePeOHbO-iHmMePaANbHi Koediyienmu mae-
HimHOT THOYKUE 3a 00NOMO02010 3MIHU 2e0MeMPUMHUX nApAMe-
mpie xoncmpyxuii maznimy. Mema po6omu — po3poéra memooy
onmumizauii KoHCmpYKuii K8aopynoavHozo eneKxmpomazuimy 3
HAONPoeioHo0 00MOMKOI0 3a KpUumepiem MiHiMyMmy GeJUMUN HekK -
8A0PYNONBLHUX CEPEOHbO-IHMEZPANLHUX KOeDIUicHMIE MAZHIMHOT
inoyxuii 6 anepmypi. Ipaxmuune 3acmocysanns memooy 003-
80J151€ ONMUMIZYBAMU KOHCMPYKUIIO KEAOPYNOTILHOZ0 eNeKmpo-
Maznimy O MiHIMI3auii cepeonbO-iHmezpaIbHUX NO 008XHCUHI
Koeiuiecnmie maznimnoi inOyKyuii Ha 0CHOBI PO3PAXYHKY 2eoMme-
mpuuHUX napamempie apma i 0OMomxu.

Ompumani ananimuuni 6upasu 0 PO3PAXYHKY MIHIMI30-
8aHux cepeonbo-inmezpanvHuUXx No 008HCUHI Koediuicumie mae-
HimHOT THOYKUiL, WO CMBOPIOIOMBCSL 6Cepeduni anepmypu Keéd-
OpYnobioz20 enexmpomazuimy 3acHoeani Ha ix nponopuitinocmi
exaadam 6i0 cmpymoeoi oomomiu 6 3anexcrocmi 6i0 ii nono-
JHcenns 6i0HocHoO apma. Bemanoeneni excnepumenmanvium wns-
XOM 63AEMO36’°A3KU MIJC CEPEOHLO-THMEPATILHUMU NO 00BHCUHI
Koegiyicnmamu maznimnoi inoyKuii i napamempamu KoHCmpyx-
uii noxaadeHi 8 0CHOBY NPOUEOYPU NPAKMUUHOZ0 3ACMOCYBAHHS
Cnocody noninuwents 00HOpionoCmi 2padichma mMazHimnoi inoyx-
uli K6aopynoavHozo eaexmpomaziimy. Ompumani eupasu 00360-
J0Mb Po3paxyeantu HeoOXiOHyY KOPeKuito 2eomempuHux napa-
Mempie 82ice ICHYI040i KOHCMPYKUTL 0151 ONMUMI3AUTT MAZHIMH020
noas écepeduni anepmypu K6aopynoIbHUX eleKmpoMaziimie no
3a0danum cepeonvo-inmezpanvHum Koeiyicnmanm.

ITpugedeni pesynrvmamu onmumizauii xoncmpyxuii mae-
HIMOAKMUBHOT HACMUHU Mpuniemy KEaAOPYNOJbHUX eJleK-
mpomaznimie npuckopro8antvbHozo xKomnaexcy npoexmy NICA.
Onmumizayis npo8oouUNACs HA OCHOBL 3aNPONOHOBAH020 CROCO-
6y, 3 minimizauiero 0o pisns 107 nexeadpynonvHux cepeonbo-in-
mezpanvhux Koediuicumic nonepeuHux CKaA006UX MAZHIMHOL
inoyxuii, cmeoproeanoi 6 anepmypi eaexmpomaznimy 3 HaONPo-
8101010 00MOMKO10
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1. Introduction

To solve the problem on the formation of transverse size
and the transportation of a beam of particles in accelera-
tors, electromagnets are typically used. The force impact
induced on the particle beam depends on the structure of
a magnetic field generated by the electromagnet. In order
to change the cross-section shape of the beam of particles,
the quadrupole electromagnets with a uniform transverse
gradient of magnetic flux density are applied. In this case,
the force influence of the transverse magnetic field on the
beam of particles is similar to the focusing and defocusing
effect of the optical lens. Deviations of the gradient of a
magnetic field from the constant value, inherently arising
in the aperture of an electromagnet, are analogous to the
optical lens defects in terms of deterioration in the quality
of focusing and forming the transverse size of a beam of
particles.

Therefore, the transverse gradient of magnetic flux den-
sity, created in the aperture of a quadrupole electromagnet,
is imposed with strict requirements for its homogeneity. The
magnitude of maximum relative deviation of the gradient
of magnetic flux density is imposed with a limitation not to
exceed 1074

On the other hand, the application in the structure of
the quadrupole electromagnet of superconducting windings
significantly changes the requirements for the accuracy of
its fabrication. Even for the well-established and widely-used
classical scheme with an iron yoke, the standard require-
ment, rendering a hyperbolic shape to the surface of its poles,
is not insufficient. This is the consequence of the dramati-
cally increased contribution to the gradient of magnetic flux
density from the current winding at its superconducting
implementation.

The practical need to meet the requirements for a
magnetic field makes it a relevant task to develop the




appropriate methods for the optimization of structure of
the quadrupole electromagnets.

2. Literature review and problem statement

Solving the problem on prolonging the “lifetime” and
ensuring the required shape of a beam of particles in the
orbit of circular accelerators leads to the toughening of re-
quirements to the quality of magnetic flux density generated
by electromagnets [1].

To assess the quality of the generated magnetic field,
its model is used, built for two transverse components of
magnetic flux density in the form of a series [2]. For the
quadrupole electromagnet, all non-quadrupole coefficients
of the series have a sense of the relative error in the formation
of a magnetic field and thus require minimization. Practical
application of a magnetic flux density series’ coefficients is
predetermined by the need to represent a force impact of the
field on a beam of particles in the form that is convenient to
calculate its trajectory in the orbit of an accelerator [3]. It
is therefore necessary to find a technique to practically de-
termine the values for coefficients of magnetic flux density.

For a particular case of the 2D magnetic field distribution,
the application of the magnetic flux density description in the
form of a series is similar to its representation based on the cy-
lindrical (polar) harmonics of scalar potential [4]. In this case,
the introduced coefficients of the series of two projections of
magnetic flux density are the constants that are proportional
to the amplitude coefficients of cylindrical harmonics.

However, because the magnetic field in an electromagnet
aperture has a 3D distribution and it is not plane-parallel,
coefficients of the series of magnetic flux density turn out to
be a function of the longitudinal coordinate [5].

The practical determination of functional dependence
on the longitudinal coordinate for the magnetic flux density
coefficients is not possible purely analytically. Such a depen-
dence is found either by calculating the field using numerical
methods [6] or directly measuring the magnetic flux density
in the aperture of a working sample [7].

A special feature of the search for an optimal structure
based only on the results of calculation of magnetic flux den-
sity using numerical methods is the need to obtain results for
a very large number of the structure’s variants with many dis-
cretely variable parameters for the yoke and the winding [8].
On the other hand, conducting an experimental testing
of the longitudinal distribution of the magnetic flux den-
sity coefficients for the created set of the prototypes of an
electromagnet is the most expensive variant for optimizing
the structure based on the predefined magnetic characteris-
tics. Therefore, the experimental determination of the mag-
netic flux density coefficients in the process of designing and
constructing the electromagnets is performed in order to ex-
ercise ultimate control over their magnetic characteristics [9].

One of the variants for solving the task on ensuring the
specified magnetic characteristics of an electromagnet is
the application of methods based on the relationships be-
tween magnetic flux density coefficients, medium-integral in
length, and structural parameters of the electromagnet. Al-
though such an approach to resolving a task is described for a
magnetic flux density component, generated by the winding
only, the methods for the optimization of the structure of the
entire magnetoactive part of the electromagnet need to be
developed [10].

3. The aim and objectives of the study

The aim of this study is to develop a method for opti-
mizing the structure of a quadrupole electromagnet with a
superconducting winding based on the criterion for a min-
imum of magnitudes of non-quadrupole medium-integral
coefficients of magnetic flux density in aperture. This would
make it possible to solve the problem on the structure opti-
mization of a quadrupole electromagnet by minimizing mag-
netic flux density coefficients, medium-integral in length, on
the basis of the calculation of geometrical parameters of the
yoke and winding.

To accomplish the aim, the following tasks have been set:

— to adapt a 3D model of the magnetic field of a quadru-
pole electromagnet in order to search for the parameters for
its structure that would ensure the minimization of magnetic
flux density coefficients;

—to derive empirical expressions for calculating the
non-quadrupole medium-integral coefficients of magnetic
flux density based on the geometrical parameters of the yoke
and the winding of a quadrupole electromagnet;

— to propose a procedure for searching for the parameters
in the design of the yoke and winding that would ensure
finding the preset magnetic characteristics of a quadrupole
electromagnet.

4. Materials and methods of research

This paper investigates the spatial structure of the mag-
netic field generated by the quadrupole electromagnet (Fig. 1)
with a superconducting current winding (Fig. 2).

Fig. 1. Quadrupole electromagnet with a superconducting
winding

Similar to the plane-parallel magnetic field, I consider, in
the form of a series, only two transverse projections of mag-
netic flux density B, and B,, in the cross-sectional planes of
electromagnet, according to [2]:

B,(p,9,2)+iB,(p,0,2) =
= Bo(Z)i[bn(2)+ ian(Z)]%e"“’, 1)
n=1 ref

where p, ¢, z are the cylindrical coordinates of the observa-
tion point of the magnetic field; By(z) is the main value of
magnetic flux density; b,(z), a,(z) are the normal and the
skew coefficients of magnetic flux density of power 7.



Fig. 2. Superconducting winding of a quadrupole
electromagnet

The reference radii Rsis understood as the radius of the
circle, along which, based on the magnetic flux density data,
the coefficients b,(2), a,(z) were determined.

The magnetic flux density coefficients’ values, medi-
um-integral in length, from (1) are introduced based on [2]:
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where B, is the main value for magnetic flux density in the
central cross-section of the electromagnet; L. is the effec-
tive length of the electromagnet, introduced in the form:

T B,(2)dz
=T g “)

c

L

For definiteness, let us consider the normal quadrupole
electromagnet and, accordingly, only normal b,(z), from the
series (1), coefficients of the magnetic field generated in the
aperture, in the coordinate system associated with the cen-
ter of the electromagnet whose longitudinal axis coincides
with the applicates axis.

3. A technique for the optimization of design of the
magnetoactive part of a quadrupole electromagnet

Consider one of the possible techniques to minimize the
contribution of senior (non-quadrupole) magnetic flux density
coefficients, medium-integral in length, generated within the
aperture of the quadrupole electromagnet that has a classical
circuit of the magnetoactive part with an iron yoke and super-
conducting current winding. Represent a given technique in
the form of a procedure that consists of two stages.

The first stage is based on the results of performing the
initial 3D calculation of magnetic flux density inside the
aperture of the simplified model of a quadrupole electro-
magnet. To perform the calculation, one assigns the design

of the central cross-section, the structure and lengths of the
yoke and the current winding without the end elements and
interturn transitions.

The design of the central cross-section of an electromag-
net is chosen based on the initial requirements to the magni-
tude of the generated gradient of magnetic flux density using
2D analytical models [12], considering the practice of devel-
opment of the earlier constructed samples and prototypes.

Let us use as the assigned data the gradient and radius of
aperture R,, considering it being equal to the distance from
the longitudinal axis of the electromagnet to the pole (Fig. 3),
with an internal cross-section in the shape of a hyperbola [3].

Fig. 3. Sections of the closed contour for the preliminary
calculation of ampere-turns in a quadrupole electromagnet

The number of ampere-turns, required to generate a field
with the assigned gradient, can be determined based on the
law of full current [11]:

¢ Hdl = [ jds = NI, 6))
L S

where N1 is the desired number of ampere-turns in the quad-
rupole winding.

When choosing a path for the integration according to
Fig. 3, the closed integral from (5) can be represented as
a sum of three integrals of the related sections [12]. Let us
assume that the integral of the second section €, is negligible
due to the low magnetic resistance of the iron yoke. The inte-
gral at the third section €3 is zero due to the perpendicularity
of the integration line and the direction of the magnetic field.
The value of the closed integral from (5) will then be defined
only by the integral at the first section £; from the axial axis
of the electromagnet to the center of the yoke’s pole. Consid-
ering the gradient of magnetic flux density G=const inside
the aperture a constant magnitude, the radial projection of
the field intensity will be expressed in the form:

Hp)=Zp. ©)
u

0

Finally, the following expression will be obtained for the
winding’s ampere-turns:
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Knowing the number of turns and the required effective
length of the quadrupole electromagnet, the length of the
longitudinal sections of the winding’s turns Ly, should be
chosen based on the expression derived in [10]:

(\/ (Leff)2 +(2R,)’ )3

Lwin = 2 : (8)
(Leff ) +6(R,)*

Considering that there should be a technological gap s
between the yoke and the intended place for the end ele-
ments of the winding, the yoke turns out to be shorter than
the winding (Fig. 4). To account for a given design feature
when calculating the length of the yoke L, one can apply
the approximate ratio of one to two for the contributions
to the gradient of magnetic flux density from the current
winding and yoke. The following expression for the effec-
tive length L. of the electromagnet then holds in the first
approximation:

2 1 2 1
Leff = §Lyok + §Lwin = g(l‘win - S) + §Lwin' (9)
maximal length of winding S

length of yoke

Fig. 4. Technological gap s between the yoke and the end of
winding

The parameters for a quadrupole electromagnet, obtained
in this fashion, will suffice to build its simplified 3D model
(symmetrical relative to the central cross-section with miss-
ing interturn transitions and end elements of the winding)
and to perform numerical calculation of magnetic flux density
in the aperture. The magnetic flux density, derived as a result
of numerical calculation, in the central cross-section on a cir-
cle of radius Ry is subject to mathematical processing using a
Fourier analysis to obtain the values for coefficients b,(z=0).
As described in [2], for example, using the radial projections of
magnetic flux density on a circle of radius R, at N points for
computing a coefficient b,(z=0) based on expression:

Bp(Rre/,q)k’o)Sin no,
b(z=0)=

, (10)
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where Ry, ¢, =0 are the cylindrical coordinates of the £-th
point on the circle in the central cross-section.

To minimize the derived values for coefficients b,(z=0)
with n=6 and with =10, one should employ the dependence
of their values on the position (coordinates) of longitudinal
elements w of the current winding’s turns. The new position
of all longitudinal elements in the winding (offset relative to
the starting one by Ap and A¢ quadrupole-symmetrical for
all four pairs of the longitudinal elements of turns) can be
calculated from equalities:
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The solutions, found, for example, graphically (11), to
Ap and Ag, define the new coordinates for the position of
longitudinal sections of the current winding’s turns. The
new coordinates for the longitudinal sections of turns are
again introduced to the simplified model of a quadrupole
electromagnet, and a new numerical calculation of magnetic
flux density is performed followed by the computation of co-
efficients in the central cross-section. Thus, the cycle of the
described procedure is repeated several times (typically less
than five) in order to reduce coefficients b,(z=0) of magnetic
flux density that have n=6 and n=10. The need to repeat
the procedure is explained by the nonlinear dependence of
the iron yoke’s contribution to the magnetic flux density
coefficients on the position of the longitudinal sections of
the winding.

In this case, one could theoretically obtain the arbitrari-
ly small values for the decreased magnetic flux density coef-
ficients. However, it should be borne in mind that the values
for Ap and Ap, calculated based on (11), cannot be arbitrari-
ly small in reality. Anyway, they may not be less than ¢,
a technological error in the fabrication and laying of the
current winding’s turns. Thus, one could assign, over a cycle
of application of the described procedure, a natural condition
to terminate the calculation (leaving the cycle).

Thus, the first stage of the method ends with the calcu-
lated parameters for the simplified model of a quadrupole
electromagnet with the minimized coefficients of magnetic
flux density bg(0) u b1¢(0)) in the central cross-section.

The second stage of the method implies accounting for
the effect of end elements of the current winding on the mag-
netic characteristics of a quadrupole electromagnet.

The simplified model, constructed at the first stage, is
complemented with the interturn transitions and end ele-
ments of the winding whose design parameters are selected
based on the practice of constructing such windings, taking
into account the feasibility of manufacturing technology.

To calculate values for the medium-integral coefficients
of magnetic flux density, one carries out first numerical
calculation of magnetic field in the aperture both inside an
electromagnet and outside it at a distance up to L.g/4 from
the ends of the winding. Next, the magnetic flux density,



resulting from numerical calculation, should be processed
mathematically using a Fourier analysis similarly to (10) in
order to derive functional dependences (Fig. 5) of values for
coefficients b,(z) on the applicate. To this end, one should
apply the values, derived via numerical calculation, for radial
projection of magnetic flux density on the circles of radii R,.r
in all cross-sections, to be selected, starting with the central,
with a longitudinal step of the order of 1 mm.

Based on the derived functional dependences (Fig. 6)
for values b,(z), in accordance with (2), one calculates the
medium-integral coefficients of magnetic flux density, and
obtains the first calculated value for L,z using (4).

The values for the medium-integral coefficients of mag-
netic flux density, obtained as a result of the first calculation,
typically differ greatly from values in the central cross-sec-
tion. Thisis due primarily to the edge effects in the representa-
tion of a non- plane-parallel magnetic field based on series (1).
The given typical dependences clearly show significant
changes in the magnetic flux density coefficients b,(z) at the
edges of the electromagnet (half the length of the yoke in
Fig. 5, 6 corresponds to z=415 mm).
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Fig. 5. A typical dependence of coefficient bg on distance of
the transversal section to the center of the quadrupole
electromagnet at Lo;~1m
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Fig. 6. Dependence (red line) of coefficient bygon distance
of the cross-section to the center of a quadrupole
electromagnet at Lo~1m

Thus, the longitudinal dependence bg(z) of a magnetic
flux density coefficient is characterized by the presence of
roughly the same minimum and maximum. It is obvious that
changing the geometry of an electromagnet’s design could
be used to achieve a longitudinal dependence bg(z) such as
to minimize the medium-integral coefficient bg", the longi-
tudinal integral according to (2). To this end, let us use the
empirically established dependence of the medium-integral

coefficient bg" on the technological gap s between the yoke
and the winding’s end elements:

by = ks+ p. 12)

Empirical coefficients & and p from (12) could be found
using the calculation of magnetic characteristics for two
identical variants of design of the electromagnet with
slightly different (about 5 mm) technological gaps. The
technological gap, found at a zero right part in (12), would
then ensure the minimum value for medium-integral coef-
ficient bg".

The practice of calculation showed the independence
of remaining medium-integral coefficients when changing
a technological gap. However, a change in the distance be-
tween the yoke and the winding’s end elements results in a
change in the effective length of electromagnet L. To cor-
rect it, the minimization of medium-integral coefficient bg"
should be followed by the same change in the longitudinal
sizes of the yoke and winding, leaving the found technologi-
cal gap unchanged.

The longitudinal dependence of coefficient b1y(z) has a
feature in the form of a single maximum at the end of the
electromagnet (Fig. 6). That is why one of the variants to
minimize the medium-integral coefficient byo" is to change
the values for coefficient b1o(z) in the central part of an elec-
tromagnet so that the differently shaded areas (Fig.6) are
equal. That could be achieved by changing a position of the
longitudinal sections of the winding’s turns by finding Ap and
A based on expressions:
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where L, is the length of the longitudinal sections of the
w-th turn of the winding; po«, 0w are the cylindrical coordi-
nates of starting position of the longitudinal sections of the
w-th turn of the winding.

The first of the equations in (13) is a requirement for the
invariability of bs"when searching for a new position of the
longitudinal elements, which minimizes the initial value of
byo” in the second equality.

(13)

6. Results of studying the structure of the magnetic field
of a quadrupole electromagnet

The method described above can be represented in the
simplified form in the form of a procedure for searching for
the design parameters of a quadrupole electromagnet, which
would ensure the preset minimized values for the non-quad-



rupole magnetic flux density coefficients in the aperture. The
algorithmic scheme for such a procedure is shown in Fig. 7.
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Fig. 7. Scheme of the algorithm to search for design
parameters and to calculate the magnetic characteristics of
a quadrupole electromagnet

The first stage of the proposed technique ends by leaving
the upper cycle at a decrease in the magnitude of correction
of the turns’ position in the central cross-section to a value
smaller than the error of laying. Changes in the dimensions
of the yoke and winding at the magnetic flux density coef-
ficients, minimized in the center, do not lead to a change in
their medium-integral values.

Verification of the proposed method was performed when
searching for three design variants of the quadrupole elec-
tromagnet with effective lengths of 0.85m, 1.0 m, 1.65m,
respectively, at a rated current value of 8.25kA in a su-
perconducting winding. The result of application of the
described approach is the derived geometrical parameters of
the quadrupole triplet, given in Table 1. Parameters for the
electromagnets were searched for based on the criterion for
a minimum of values (less than 10*) of the non-quadrupole
coefficients of magnetic flux density, medium-integral in
length, on a reference radius of 60 mm inside the aperture.

Table 1
Values for characteristics of the triplet quadrupole
electromagnets at a supply current of 8.25 kA

Yoke length mm 779 929 1579
Maximal lengthof | 1 g4 1,030.0 | 1,680.0
winding
Effective length, Leg | mm 850.2 1,000.3 1,650.0
be' ~0.27-10" | —0.27-10" | —0.17-10
bio' ~0.2510" | —0.32.10 | —0.54-10"
bis ~0.710% | -0.7-10 | —0.7-10"

7. Discussion of results of the optimization of
the structure of magnetic field of a quadrupole
electromagnet

The proposed technique, in contrast to the known ones
based on a 2D model of magnetic flux density in the central
cross-section, makes it possible to directly adjust values for
the magnetic flux density coefficients, medium-integral in
length, which are required to calculate the dynamics of a
beam of particles in the accelerator. In this case, the neces-
sary changes for the non-quadrupole medium-integral coef-
ficients could be introduced in the form of a slight correction
to the superconducting winding design when building an
electromagnet during testing.

It follows from a comparison of values for the medi-
um-integral coefficient bg*, given in Table 1, that it is
almost constant at insignificant changes in the overall
length of an electromagnet. However, at a significant
(twofold) change in the length of yoke bg’, the changes be-
come larger than a calculation error. Moreover, it turned
out that these changes also depend on the magnitude of
current in the winding. The changes are minimal at a
maximum (11 kA) current in the winding and increase at
its decrease to 3x10-%. This suggests that the reason is the
effect of magnetization of the central part of the iron yoke
by the winding’s end elements.

In contrast to bg", it was established for the medi-
um-integral coefficients of magnetic flux density b," at
n>6 that a change in the value of current supplied to
winding does not lead to a marked deterioration in these
quality criteria of a magnetic field inside the aperture of
quadrupole magnets of the triplet.

The described technique was applied as a theoretical
framework when optimizing design of the triplet of quadru-
pole magnets for the final focus of the collider NICA.

8. Conclusions

1. A technique for reducing the non-quadrupole me-
dium-integral coefficients of magnetic flux density in the
aperture of a quadrupole electromagnet has been proposed.
Underlying the technique are the analytical expressions for
the calculation of medium-integral coefficients based on
the position of longitudinal sections of turns in a supercon-
ducting winding. That makes it possible, by performing a
small correction (the order of 1 mm) of the winding's size,
to minimize an error in the generation of the specified spa-
tial structure of magnetic field.

2. An analysis of results of numerical calculations of
the magnetic field for various variants of dimensions of



the yoke and the superconducting winding of a quadru-
pole electromagnet has established the dependence of the
medium-integral coefficients of magnetic flux density in
the aperture on dimensions of the structure. The derived
analytical expressions simplify the search for geometrical
parameters of electromagnet design with improved mag-
netic characteristics.

3. Parameters for the triplet of quadrupole magnets
with the aperture of radius R,=90 mm at a current of
8.25 kA were calculated. Using the proposed technique has
enabled the optimization of design of quadrupole magnets.
For the non-quadrupole medium-integral coefficients of
magnetic flux density, the values not exceeding 0.3-10°* (at
n=6) and not larger than 0.6-10* (at n=10) were derived.
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