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Hocnidsceno nanpyscenuii cman npAMOKYmMHux 3anizobemon-
HUxX 0anoK, NIOCUNEHUX HAPOWYBAHHAM POIMALHYMOT CMPUNCHEBOT
apmamypu npu 0ii nasanmaxcenusi. Ha ocrosi piznux nopmamusnux
doxymenmie po3podeno 06i NPUHUUNOET MEMOOUKU OUIHKU HAOTH-
Hocmi nidcunenux 6anox. Bionogiono do pospobéaenux memooux,
6cman06aeno HaoiliHicms 00C0NCYBAHUX KOHCMPYKUIL ma ompu-
Mano pesyaomamu AKICHUX i KiIbKICHUX NOKA3HUKIE Hadiunocmi, a
came inoexcie naoiunocmi ma iimogiprnocmeii 6e36i0Mmo6Hoi podomu.
Taxosic npoananizosano 6naue Ha 3azanviy OUiHKY Hadilinocmi npu-
UHAMUX 8 PO3PAXYHOK CMOXACMUMHUX NAPAMEMPIE Pe3epsy HeCy ol
30ammocmi HOPpMATLHUX Nepepi3ie nidcunenux 6aiox.

Bcmanoenenns paxmunnux noxasnuxie naoiinocmi 6anox, nio-
cuneHux npu 0ii Haeanmasicents, 00360aUMb OibU epexmuso ma
EeKOHOMIMHO NI0X00UmMuU 00 NUMAHHA CaMme PeKOHCMPYKUii eeMenmie
oyodisenv i cnopyod. 3okpema, ye CMoCYemvCs NIOCUNEHHA 32UHAHUX
3ani300emonnux eiemenmis, wo 3Haxo0amscs 6 excnayamauii. Kpim
moeo, ompumani peyasmamu 00CH0NCeHHA HAOTUHOCMI 0036015~
10Mob 6 NO0AILUOMY, 3a 00CMAMHBLOT MOUHOCMI PO3PAXYHKY, Onepy-
8aAMU MUMU 3MIHHUMU NAPAMEMPAMU, SKI MAIOMb MAKCUMATOHUIL
6NJU6 HA QUCNEPCIIO 2PAHUMHOZ0 32UHATIBHOZ20 MOMEHNY 00CI0NHCY-
sanux 6anox. Pospobaeni npunuunosi memoouxu oyinku naoitinocmi
Maxodic 0aromv MONCAUBICMb NPoeKmysamu nidcusieni 3aizo0emon-
Hi 32UuHAHI eJleMeHmu i3 3a0aHuM pieHem HA0THOCMI (eKOHOMIMHICMD
plwens) — Umosipnicmio 6e36i0M061H0i podOmMU, WO, 8 MOMY HUCI,
Mosce Gymu npeomemom maubymuix docaioxncens. Hacamxineup,
BUKOPUCMOBYI0UU OMPUMAHT PE3YbMamu, SUHUKAE MONCAUBICHIL
epexmusniue nioxo0umu 00 numanis 6udopy memooy NiocuneHns.

Taxum uunom, nponoHyemvcs memoouxa Ouinku Haoitinocmi
adanmoséanya 00 YUHHUX HOPM npoekmyeéanns Yxpainu, sKa
Micmumbo 6 co0i 6i10HOCHO HeCKAAOHUL MAMeMAMUMHUL anapam po3-
paxynxy. Binvwe mozo, na 6iominy 6i0 pesynvmamis nonepeomix
docaidicenb, ompumani 3HaAMEeHHA NOKAZHUKIE HAIIHOCMI € HaoY-
HUMU, OCKIIbKU MAons po3nodin Gausvkuii 00 nponopuiiinocmi 6
3anexncHocmi 6i0 pi6HA HABAHMAJNCEHHA ma diamempa apmamypu
napowyeanns. Tax, onsa indexcie nadiunocmi f; dianazon 3nauens
ckaas 6i0 3,35 0o 3,45, a 0na timosiprnocmeti 6e36i0m06H0i pobGomu
P(B); — 6i0 0.999596 do 0,999720 (6 cmopony 3pocmants pieHs Haoii-
HoCcmi npu Oibwomy diamempi apmamypu HAPOWYEAHH Mma PieHi
Hasanmaicennss 8 momenm niocunenns). Ilpu yvomy posdincnicmo
MidC 10eHMUMHMU 3HAMEHHAMU NOKA3HUKIE, 3HalldenumMu 6i0noeio-
HO 00 iHIICeHepHOT ma dedopmauiiinoi Modeni po3paxyHKy, cKaala
aume 0o 8 %. [anuii paxm dozeonsie suxopucmosysamu po3poo.neny
Memoouky 6 npaxmuui npoexmyeanus. Tomy, 6paxosyrouu maibyce
noemy eidcymuicmv 00Cai0IiCeHb 6 001AC OUIHKYU HAOWIHOCMI 3aTi-
300eMOHHUX 32UHANHUX eJleMeHmMi6, NIOCUNeHUX npu Oii HagaHmadiceH-
H5l, 00ePIHCaHi HAMU Pe3YTLMAMU MONHCHA 66ANHCAMU AKMYATOHUMU

Kmouosi cnoesa: 3anizobemonna 6anxa, niocuienus, cmoxacmuy-
Hi napamempu, oyinka naoiinocmi, imogipricmo 6e36i0m061H0i po6o-
mu, pieeHb HABAHMANCEHHS
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1. Introduction

The most widespread composite material for construc-
tion of extended bending elements of buildings and struc-
tures in the world is reinforced concrete. The material of
most of building structures that bend during operation is
the precast or monolithic reinforced concrete. Such struc-
tures include crossbars of frames, trusses, arches, beams,
etc. Such structures have been in operation for at least
30...40 years by now. Therefore, they often become physi-
cally and morally outdated. Taking into consideration the
above, a rational solution to the problem of the economic

value of new construction is an effective use of the restored
or reinforced elements of existing buildings and structures.
The effectiveness of application of different methods of
strengthening of reinforced concrete bending elements is one
of the urgent tasks of research at present. Works [1—4] in-
vestigate the real stressed state of reinforced concrete beams
strengthened by different methods under the action of load.
There is also a search for options to improve efficiency of
strengthening methods. At the same time, there is hardly any
research on the actual stressed state of the bent reinforced
concrete elements strengthened by building up the stretched
reinforcing bars under the action of load, which is almost al-




ways present during strengthening. The mentioned method
of strengthening is extremely effective both in terms of time
and complexity (economy), and its impact on the stressed
state of a structure.

In turn, probabilistic methods for calculation of con-
struction structures become now more widespread. In con-
trast to the semi-probabilistic method [5], they provide a
possibility to assign a guaranteed level of reliability to a
structure at the design stage and to establish a quantitative
reliability estimate in the form of a probability indicator of
failure-free operation (efficiency of solutions). Moreover, the
use of a system of reliability coefficients according to paper
[5], which takes into consideration the random nature of un-
certain conditions of operation of structures, often leads to
lowering the actual level of reliability for responsible struc-
tures. This level may be overestimated for buildings of CC1
class, according to paper [6]. However, at present, research-
ers almost do not apply probabilistic methods in the calcu-
lation practice, because of the complexity of a mathematical
apparatus of these methods, as well as the absence of a single
objective methodology for assessment of reliability. This is,
to a large extent, due to a significant level of subjectivity in
approach to project variables of parameters of the reserve of
bearing capacity of structures. In addition, there is a lack of
sufficient normative base for calculation, since a significant
number of variables have large statistical variances.

Proceeding from the above, it is recommended to con-
duct calculation of reinforced concrete structures (including
the strengthened ones) as systems, which contain stochastic
parameters, in a probabilistic approach. Therefore, today the
development of the problem of assessment of reliability of
such systems is a very urgent task. It requires further devel-
opment and improvement.

2. Literature review and problem statement

Paper [7] presented initial ideas of a statistical approach
to assessment of reliability of building structures. They ac-
quired further development and improvement in paper [8].
Despite the significance of the ideas outlined, there is no
development of complete mathematical models for reliability
calculation in these works. They show the statistical nature
of strength characteristics of materials and load parameters
only. In addition, the works proved a need to calculate struc-
tures in a probabilistic definition. Scientific paper [9] devel-
oped a principal position of the concept of safety of buildings
and structures and derived a formula for a reserve coefficient
or “a safety characteristic” of a structure, which depends on
probability of its failure. Work [10] initiated development of
the theory of reliability for building structures in the coun-
tries of Europe and North America. It proposed a formula
for the determination of a so-called “security index”, which
made it possible to assess reliability of structures under laws
of distribution of random variables, which are different from
a normal one. The disadvantage of the above papers [9, 10] is
the impossibility to take into consideration many stochastic
parameters of the reserve of bearing capacity of structures,
including the geometry of a cross section, in the theory of
calculation of reliability. Moreover, the use of distribution
laws, different from a normal one, complicates the mathe-
matical apparatus for calculation significantly, which makes
it almost impossible to apply them in the design practice.
We should also add that the range of statistical variability of

stochastic parameters of building structures lies within the
limits of 5...25 %, which, in turn, makes it possible to linear-
ize functions of random variables to the normal distribution
law. Monographs [11, 12] optimized and described the accu-
mulated experience of previous studies, as well as principles
of implementation of the theory of reliability in building
design. All the studies described in them relate only to the
non-strengthened elements.

Papers [13, 14] described new approaches to assessment
of reliability of steel structures. Authors proposed a descrip-
tion of vulnerability of a constructive element, as well as
survivability of building structures. However, along with
progressive solutions developed in the works, the problem of
assessment of reliability of reinforced structures remained
open. Work [15] considered only the general principles of as-
sessment of reliability of buildings and structures, as well as
possibilities of implementation of the theory of reliability in
the design practice. Authors of paper [16] proposed a meth-
odology for assessment of reliability of the non-strengthened
trusses of reinforced concrete under conditions of incom-
plete information on their operation (unusual in the practice
of construction and reconstruction).

To date, there is a number of scientific studies carried
out on issues of assessment of reliability of the non-strength-
ened structures [17, 18] or analysis of deflected mode of
damaged [19-21] reinforced concrete structures of various
types. Despite the novelty of the obtained results, authors
of works [17, 18] took into consideration strength variable
parameters of the reserve of bearing capacity of structures
only when calculating the reliability of columns and beams.
In turn, papers [19—-21] studied the actual deflected mode of
damaged pillars, beams, and pipes — without assessment of
reliability of elements under consideration. It is possible to
use the obtained results in the studies for determination of
the actual bearing capacity of structures. We should mention
also the developed methods for assessment of reliability of
reinforced concrete beams strengthened by external rein-
forcement [22-24]. Thus, although the above methods model
a structure of strengthening of bending elements, but they
do not take into consideration a load, which is almost always
present during strengthening.

Paper [25] proposed and tested a method for assess-
ment of reliability of reinforced concrete beams and plates
strengthened by a composite tape under an action of load. The
advantage of the paper is that it examined beams and plates
with insufficient bending strength — that is, it considered
a normal cross section of structures (a typical one for most
cases of strengthening of bending elements). On the other
hand, a complex mathematical apparatus for assessment of
reliability based on statistical data from previous studies and
adaptation to design standards [26] does not makes possible
to apply this technique in design practice fully. In addition,
the paper investigated reliability at only one load level at the
moment of strengthening, which does not give possibility
to construct a dependence of B; indices on this parameter.
Authors of work [27] obtained reliability indices for beams
strengthened by a carbon-plastic tape under an action of
load. Here, the advantage is the investigation of reliability at
different load levels at the moment of strengthening, as well
as different cross sections of a tape. The disadvantage is that
considered beams are not sufficiently strong for cross section
(sloping sections often do not require strengthening during
reconstruction). There are some significant disadvantages
in work [28]; despite it processed experimental data of more



than 250 beams reinforced by composite reinforcement, as
well as data on a use of different design norms in calculation
of reliability. First of all, it considered only one load level at
the moment of strengthening along with the study of beams
with insufficient sectional strength. Second, the work regis-
tered a significant spread of safety coefficients into account
from 43 to 57 % — for adjacent values in accordance with two
design norms. It is possible to apply the B; indices obtained
in [29] in design practice in the context of reliability assess-
ment of reinforced concrete extended bending elements (first
of all, slab parts of bridges) strengthened with a carbon-plas-
tic tape only. In addition, the work does not take into consid-
eration the actual level of load fully at strengthening of real
bridge elements. However, we should note that, in contrast
to previous works, it proposed an obvious classification of B;
indices and corresponding probabilities of failure pg;, which
gives more practical value to this study.

Thus, there are reasons to believe that the study of the
problem of quantitative assessment of reliability of rein-
forced concrete bending elements reinforced by an action
of load is insufficient. As it follows from the analysis of
literature data, development of a level of influence of cer-
tain stochastic parameters on the investigated structures
is not sufficient for now. First of all, because of complexity
of parameters control under specific conditions (secondary
parameters neglected), as well as their large statistical
variances. In addition, there is a lack of a single objective
criterion in approaches to assessment of reliability (at
present, there is no sufficient regulatory framework on this
issue). In turn, the increasing number of papers on the re-
construction of elements of buildings and structures, devel-
opment of a general theory of reliability and continuation of
work on adaptation of norms [30] in Ukraine indicate the
need for the further development of this problem. There-
fore, the above circumstances necessitate further research
in this direction and indicate its relevance.

3. The aim and objectives of the study

The objective of the study is to develop a basic method-
ology for assessment of reliability of rectangular reinforced
concrete beams strengthened by building up the stretched
reinforcing bars under an action of load, which will reflect
real conditions of operation of a structure. The principal fea-
ture of the methodology is the proposal to consider a level of
load of beams at the moment of strengthening as a stochastic
parameter. This will enable to simulate an actual impact of
all stochastic parameters on the reserve of bearing capacity
as accurately as possible.

We formulated the following tasks to achieve the ob-
jective:

— adaptation of the existing method for assessment
of reliability of new design structures for strengthened
reinforced concrete structures [13]. Determining the de-
pendences for calculation of qualitative (so-called “safety
characteristics” or “reliability indices”) and quantitative
(probability of failure-free operation) reliability indicators
for reinforced beams;

— application of the following models of calculated cross
section of a strengthened beam at creation of assessment
methodology: a power model in accordance with norms [32]
and a deformation model in accordance with the current
norms of design [5];

— testing of suitability of the developed methodologies
under an action of different levels of load at the moment
of strengthening and different diameters of reinforcement
extension;

— formulation of recommendations on a choice of the
most rational method for assessment of reliability in depen-
dence on the accepted model of a calculated cross section of
beams strengthened under the action of load.

4. Materials and methods to study the reliability of beams
strengthened under the action of load

4.1. Development of stochastic parameters of the
reserve of bearing capacity in a strengthened beam and a
load level at the moment of strengthening

Based on the facts above, we describe variable parame-
ters of the reserve of bearing capacity of a normal cross sec-
tion of a strengthened beam, as well as a load level at the mo-
ment of strengthening. These parameters probably have the
maximum impact on qualitative (reliability index B, level of
safety) and, accordingly, quantitative assessment of reliabil-
ity of the design — probability of failure-free operation P(p).

Thus, we propose to take strength of materials, geometry
of a strengthened cross section and a level of current load on
a beam at the moment of strengthening as random, statisti-
cally independent parameters that are subject to the normal
distribution law.

4.2.Tools for theoretical study into reliability of
strengthened beams

For now, the transition from design of reinforced con-
crete structures according to norms [32] based on the power
calculation model to design according to norms [5] based on
the deformation model of calculation of construction goes in
Ukraine. Proceeding from this, we offer the basic methods of
reliability assessment developed based on both of these mod-
els below. We use well-known theses of the theory of prob-
abilities [33] and recommendations for application of these
theses to building structures [34] to develop the methods.

4. 3. Development of the basic methodology for as-
sessment of reliability based on the calculation model of
the cross section in accordance with the norms [32]

We record a random value of the boundary bending mo-
ment M, perceived by a beam strengthened by building up
the stretched reinforcing bars under an action of load, taking
into consideration the presence of reinforcement in the com-
pressed zone of the cross section of the strengthened beam
(for preservation of the condition £<&y), as follows:
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where G, is the random value of concrete strength for com-
pression for the first group of boundary states; 6, &, ,, are
the random values of strength of the main reinforcing bars
and additional reinforcing bars for tension, respectively; G,
is the random_value of strength of wire reinforcement for
compression; b, d,, are the random values of a width and a
reduced useful height of the section of a strengthened beam,
respectively (Fig. 1); a is the distance from the center of

gravity of compressed wire armature to the upper edge of



the beam section (Fig. 1); & is the random value of a height
of the compressed zone of the section of a reinforced beam,
which we find from formula:
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where Ay, A; 444 are the areas of the section of main reinforc-
ing bars and an additional stretched reinforcing bars, respec-
tively; 7% is the random value of a coefficient of a use of the
cross section of additional reinforcing bars, which depends

on a load level on a beam before strengthening.
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Fig. 1. Scheme of active forces and distribution of tensions
in the normal cross section of the beam strengthened with
additional reinforcing bars at £<&p

We substitute expression (2) for ¥ in formula (1) for
with subsequent staged simplification and we obtain:
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We obtain the mathematical expectation of M,, bound-
ary bending moment by substitution of mathematical ex-
pectations of random arguments in the above simplified
expression (3).

Next, we define coefficients for finding of a standard of
boundary bending moment of a strengthened beam Mu,,
the form of partial derivatives of function M, = f(x;,...,,)
by x1,..., 2, variables.

Thus, for 6,, 6,, 6,,,, O, mathematical expectations of
strength parameters of materials, and v level of load, D,
D,, DG\_M, D%, D it coefficients acquire the following form
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Similarly, for b, d,, mathematical expectations of pa-
rameters of the cross section geometry after strengthening,
we obtain the following expressions for finding D;, D,
coefficients:
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We should add that it is necessary to fulfill the condition
of statistical independence of random parameters of the re-
serve of its bearing capacity for validity of the required val-
ues of indicators for assessment of reliability of a strength-
ened beam. In addition, we take strengthening class of the
additional reinforcement as identical to the class of main
reinforcement (G, =6,,,) in most cases under actual con-

5 _Ad.(3) ditions. Therefore, proceeding from the above, we record the

expression for finding the standard of the boundary bending
moment M a as follows:
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where D, ,,,=D, +D, 6,66, stm b, dml are the stan-
dards of x4,..., x, Varlables (prov1ded that 6,=6,,,)-

To evaluate the reliability of the reinforced beam we
calculate the security characteristic (or reliability index),
which takes the following form in this case:

BzMult_Mulz (7)

M
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where M, is the calculated bearing capacity of the normal
cross section of a strengthened beam.

Thus, based on the above safety characteristics, we deter-
mine the quantitative assessment of reliability of the structure
(in the form of an index of the probability of its failure) by the
error function (better known as the Laplace function) f(B):

Q(B)=0,5-/(B)- ®)



In turn, we determine the probability of failure-free op-
eration of the strengthened beam (or its reliability) accord-
ing to the following expression:

P(B)=0,5+/(B)-

4. 4. Development of the basic method for assessment
of reliability based on the calculation model of the cross
section in accordance with acting norms [3]

We modify the dependence for €, described in provi-
sions [35] as for the non-strengthened beam (Fig. 2) and find
a random value of the averaged true value of deformations
of the entire stretched reinforcing bars in the strengthened
beam €_ .. from the following formula:

o

where 7% is the random value of the coefficient, which takes
into consideration the percentage of inclusion of additional
stressed reinforcement in operation in relation to the maxi-
mum use of strength of all stressed reinforcement (depends
on a level of load on a beam before strengthening); &.,3 is
the fixed boundary value of deformations of outer fibers of a
compressed zone of concrete; 6 and p random parameters
are the coefficients of reducing of an area of the entire stressed
reinforcement to an area of concrete and reinforcement of the
cross-section of a strengthened beam, respectively.

We find & and p, coefficients from the following for-
mulas:
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here, E, . is the random value of the averaged value of the

elasticity modulus of the entire stretched reinforcing bars
in a strengthened beam; E, is the random value of the
average value of the initial modulus of elasticity of concrete;
9=0.25 is the coefficient, which takes into consideration
a number of rods of the entire stressed reinforcement;
A=A +A, is the total area of the entire stretched
reinforcing bars in a strengthened beam.

Using provisions developed in paper [35] and precon-
ditions of the calculation method according to the current
norms [5], we can record the expression for finding of
a random value of the boundary bending moment M

ult
perceived by a strengthened beam (for preservation of the

condition x<xy) as follows:
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where f . is the random value of strength of the main and
additional stretched reinforcing bars at the yield boundary;
2=0.8 is the coefficient of replacement of a curvilinear stress
distribution in the compressed concrete zone of a strength-
ened beam, paper [35] gives its value; & is the random value
of the actual height of the compressed zone of the section of a
strengthened beam, which we can find from formula:
£ ~

f=—""—d,. (13)
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We can record the dependence of the random value of

strength of wire reinforcement on compression &, on its
deformations as follows:

630 = ésL‘E;” (14)
where E,, &_ are the random values of the elasticity mod-

ulus and the actual value of deformations of the compressed
wire reinforcement, respectively.

In turn, the expression for finding of a random value
of the actual value of deformations of the compressed wire
reinforcement € takes the following form:
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Fig. 2. The stressed-deformed state in the normal cross
section of the beam strengthened with additional
reinforcing bars under an action of load
(in accordance with provisions [5, 35])

Finally, taking into consideration dependences (14),
(15), we substitute the expression (13) for ¥ in formula

(12) for M,,, with further phased simplification. And we
obtain:
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We obtain the mathematical expectation of the bound-
ary bending moment M, by substitution the mathematical
expectations of random arguments in the obtained simplified
expression (16).

Next, we define the coefficients for finding of the stan-
dard of the boundary bending moment of the strengthened
beam M, in the form of partial derivatives of function
M, = f(x,,..,x,) by xi,.., x, variables.

Thus for the mathematical expectations of parameters of
strength and deformability of materials EL E,perr Jyoo Es
as well as for the level of loading ¥4, 7“4, the coefficients
acquire the following form:
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where I%m, Emm, T fg, gy, b, d,, are the standards
of xy,..., x,, variables.

We find parameters (7) to (9) to evaluate the reliability
of the reinforced beam.

4. 5. Materials and equipment used in the experimen-
tal-theoretical study

We performed calculation of bearing capacity of normal
cross sections of strengthened beams based on data of exper-
imental and theoretical studies. We carried out strengthen-
ing by building up the stretched reinforcing bars under the
action of different load levels.

We manufactured a series of eight beams made of con-
crete of C45/55 class reinforced with two flat frames in
factory conditions. Reinforcement of the cross section of
a beam was double and symmetrical. We used reinforcing
bars of 2014 mm of A400C class, compressed wire reinforce-
ment of 2005 mm as working stressed reinforcement. We
installed the additional reinforcing bars for strengthening,
respectively, with 2610, 2012 and 2014 mm of A400C class,
by welding it to the existing beam reinforcement through
020 mm shorters. The design dimensions of a beam cross
section were 100x200 mm (Fig. 1, 2).

Testing of beams by step loading went according to
the scheme of “pure bending” (concentrated forces applied
in one-thirds of span of a beam with the transfer of load
through the traverse) at the age of 28 days and older. We
performed strengthening of a beam by building up the
stretched reinforcing bars at active load levels of 0.0; 0.3;
0.5; 0.75 from M, — bearing capacity of the normal cross
section of an non-strengthened beam. We studied operation
and strained-deformed state of reinforced concrete beams in
accordance with this load scheme.

5. Results of studying the reliability of beams
strengthened under the action of load

We performed testing of the proposed methods for
assessment of reliability based on the initial data for imple-
mentation of experimental studies [31]. To do this, we estab-
lished calculated characteristics of strength and deformabil-
ity of materials, load levels and geometry of cross sections of
strengthened beams:

1. Concrete of C45/55 class: f,4,=30 MPa; E,,,=39.5 GPa;
Eeus,ed=0.00219; 8=0.25 £=0.557 [35].

2. Stressed reinforcement with 2014 mm of A400C class:
A=308 mm?=3.08 cm? fy,=/,u/vs=400/1.1=363.6 MPa;
E=210 MPa.

3. Compressed wire reinforcement with 205 mm:

A, =39,2mm’=0,39 cm?*;

Sya=Tyr/vs=395/1.1=359.1 MPa; E;~170 MPa.

4. Additional stressed reinforcement, respectively, with
2010, 2012 and 2014 mm of A400C class: Ay 444=157 mm?=
~1.57 cm2 (2010); A, qqq=226 mm?2=2.26 cm? (2012); Ay aii=
=308 mm?=3.08 cm? (2014); f,4=f,/¥,=400/1.1=363.6 MPa;
E~=210 MPa.

5. Design dimensions of the cross-section of the
strengthened beam (Fig. 1, 2): bxA=100x200 mm; d,.z=
=183.8 mm=18.38 cm (additional reinforcement — 2010); d,.4=
=187.0 mm=18.7 cm (2012); d,,4=190.0 mm=19.0 cm (2014);
a=27mm; a =12,5mm.

We determine the given useful height of the cross section
of a strengthened beam d,,4in accordance with the following
expression:

dred = d + ared’ (20)
where d is the useful height of the cross section of a beam
before strengthening; a,.q is the distance from the center
of gravity of the existing stressed reinforcement (A;) to
the center of gravity of the entire stressed armature in a
strengthened beam (A sr):

a, = O, uaa A aaa (dadd - d) , 1)
GSAS + Gs,add As,add

here, d,4, is the distance from the upper compressed side of
concrete of a beam to the center of gravity of reinforcement
strengthening.

We find the calculation value of the coefficient %,
which takes into consideration the presence of an increase of
a certain level of load, from the following formula:

il = 6,A,+6, 00w 22)
sinc add
Gs As + Gs,add As,add’Y

s,dis

where vy is the coefficient of using the cross section of the
additional reinforcement (a coefficient of operation condi-
tions), the calculation (minimum theoretical or experimen-
tal) value obtained based on research [31].

We should add that the value of y"¢ coefficient depends
also on the percentage of inclusion of additional stressed
reinforcement (A;qqq) in operation in relation to the maxi-
mum use of strength of the entire stressed reinforcement in a
strengthened beam (A; so/).

Tables 1, 2 give calculation values of Y™ " coef-
ficients as well as the bearing capacity of the normal cross
sections of beams in dependence on a level of load at the
moment of strengthening and an area of the cross section of
the additional reinforcement.

Table 1

add coefficients

s,dis

mid
s,inc

Calculated values of Y and y

Strel}gth— Level of load at the moment of strengthening
ening
No. reinforce-
ment 07 OMulr,,O 0’ 3Mult,() 0’ 5Mulr,,0 07 75Mult,0
1| @10 mm |1.000/1.000|0.900,/1.035{0.830,/1.060|0.750,/1.090
2 | @12 mm [1.000/1.000|0.870,/1.060(0.790,/1.100{0.680/1.155
3 | @14 mm [1.000/1.000|0.850/1.080(0.750,/1.145(0.625/1.230

mid
s,inc

Note: Y, — before the slope, y"e. — after the slope

Table 2

Bearing capacity of normal cross sections of strengthened
beams M,;, kNm

Strepgth— Level of load at the moment of strengthening
ening
No. reinforce-
00T 0,00, | 0.3My, | 05M,, | 075M,,
1 | ©10 mm |26.91/24.59(26.15/23.86|25.59,/23.34|24.97/22.76
2 | @12 mm |30.72/28.56|29.36/27.00|28.50,/26.17|27.29/24.96
3 | @14 mm |35.05/33.43|32.99/30.94|31.53/29.29(29.71,/27.45

Note: before the slope there are values calculated in accordance with
[32], after the slope there are values calculated in accordance with [35]



We determine statistical characteristics (mathematical
expectations and standards) of strength and deformability
of materials, levels of load and geometry of cross sections of
strengthened beams based on the corresponding calculation
characteristics.

1. C45/55 concrete:

G, = S _ 30 =38,5MPa=3,85kN/cm?,
1-1,64V, 1-1,64-0,135
where the variation coefficient is
=0135[5] >
5 6,=0,1355, =0,135-3,85=0,52 kN/cm?;
E, = E,, __ 395 _ 42,6GPa=4,26-10°kN/cm?,
1-1,64V,  1-1,64-0,044

where the variation coefficient is

V, =0,044 [34] -
—"E. =0,044E, =0,044-4,26-10° =0,19-10° kN/cm”.

2. Main and additional reinforcing bars of A400C class:

_ Iy 390
Gx Gs add = = =
1-1,64V, 1-1,64-0,0437

=420,1MPa=42,01 kN/ch,

where the variation coefficient is

V. =0,0437 [34] -
— &,=0,04376, =0,0437-42,01=1,84 kN/cm?;

E. =191,3GPa=19,13-10°kN/cm? [34],

s,aver

where the variation coefficient is

V,  =0,062 [34] -
=0,062E

- E saver —0r062'19’13'103:1,19~103kN/cm2.

s, aver

3. Wire reinforcement:

6 o Ju 395
“1-1,64V,  1-1,64:0,06

=438,1MPa=43,81 kN/cm?,

where the variation coefficient is

P
Q> Il

0,06 [34] —

=0,06G, =0,06-43,81=2,63 kN/cm?;
E = E3(1—1,64VE. ): 170-(1-1,64-0,062) =
=152,7GPa=15,27-10°kN/cm?,

where the coefficient of variation V, =0,062 — as for the
reinforcement of A4000C class

[34] »
- E 0,062E. =0,062-15,27-10° =0,95-10° kN/cm?.

4. Parameters of levels of load (v, y"¢ coefficients):

~add  —mid : : add mid .
Yesis» Yome Mmathematical expectations of vy, Vi, coeffi-

cients as well as 9% 4™ standards in dependence on the
level of load at the moment of strengthening and the area
of the cross section of the additional reinforcement are in

Tables 3, 4, respectively.

Table 3
y;"fjfx and ys ine “ mathematical expectations
Strer}gth Level of load at the moment of strengthening
No.| ening
reinforee-
rel;:;fe OYOMulr,,O O’BMult,U O’SMult,O 0’75Mu1f,0
1 | 10 mm |1.000/1.000]0.905/1.035{0.835,/1.060{0.760,/1.090
2 | 912 mm |[1.000,/1.000{0.870,/1.060{0.790,/1.100{0.685/1.155
3 | 914 mm |1.000,/1.000]0.850,/1.080]0.760/1.135|0.645/1.215

ml ~mid

Note: before the slope — Yy, afterthe slope — Y,

Table 4
y’f‘f{i and yf’l’,’i standards (variances)
Strepgth- Level of load at the moment of strengthening
ening
No. reinforce-
nloree| 0,00, | 03My, | 05M,, | 0.75M,,
010 mm | /- 0.005/— | 0005/~ | 001/-
2 [o12mm |/~ s /- 0.005,/—
3 |0t4mm | /- ~/~ [ 001001 | 0.02/0015
Note: before the slope — ;”f,‘fs, after the slope — 'Y;";'i

We determine mathematical expectations of ¥4 coeffi-
cients as an arithmetic average of ¥/ = yfi,i_(”ud) calculated
values for the twin beams — based on experimental and the-
oretical studies [31].

5. Parameters of geometry of the cross section of a
strengthened beam (Fig. 1, 2): b =99,2 mm, where the coef-

ficient of variation is
V,=0,008 — b= 0,008b =0,008-99,2 = 0,79 mm;

d . =1857mm (additional reinforcement 20010), where the

re

coefficient of variation is

Vv, =0,0103 —
d, =0,0103d,,=0,0103-1857=191mm;
d,,=188,9mm (20112), where the variation coefficient is

v, =0,0102 —

d, =0, 0102d ;=0,0102-188,9=1,93 mm;

‘Z-ed =191,9mm (2014), where the variation coefficient is
V, =001 d =001d,,=0,01-1919=192mm,

We determine b, d,,, mathematical expectations based
on the data on natural measurements of a width and a
height of beams [31]. We executed measurements in ten
cross sections along a length of each beam (the accuracy
was 0.1 mm).

Consequently, in accordance with the principles de-
veloped above, we calculate qualitative and quantitative
reliability indices of strengthened beams — reliability index



B; and index of probability of fail-free operation P(B);. We
present the obtained results of these indices in Tables 5, 6.

Table 5
Reliability index f3;
Strer}gth— Level of load at the moment of strengthening
No. reiel?flci%e—
DO 0.0My, | 03My, | 05My, | 075M,,
1 | @10 mm | 3.64/3.35 | 3.65/3.38 | 3.68/3.39 | 3.70/3.41
2 | @12 mm | 366/3.36 | 3.67/3.38 | 3.66/3.37 | 3.68/3.40
3 | O®l4dmm | 3.63/3.34 | 3.64/3.35 | 3.75/3.44 | 3.73/3.45

Note: before the slope there are values calculated according to the
algorithm developed in chapter 4.3, after the slope there are values
calculated according to the algorithm developed in chapter 4.4

In contrast to the results of studies published in papers
[25, 27-29], the obtained values of qualitative and quanti-
tative reliability estimates of reinforced beams (reliability
indexes B; and probability of failure-free operation P(B);, re-
spectively) are obvious. This statement has the right to exist,
since reliability estimates obtained above have distribution
close to the proportionality in dependence on a load level
and a diameter of the additional reinforcement (Tables 5, 6).
In addition, we adapted the basic methodology developed
in Section 4.4 to the current design rules [5]. It contains
a relatively simple mathematical algorithm for calculation,
which does not limit its use in individual cases of design
of reinforced concrete beams strengthened by expansion of
stressed reinforcement under an action of load. Also, the
calculation model of reinforced concrete structure given in
the norms [5] is more effective in assessment of reliability of

a strengthened structure, since it

Table 6 14445 to the need to design a more

Probability of failure-free operation P(p); reliable strengthening structure.
The standard deviations &,
Strer}gth— Level of load at the moment of strengthening (see statistical characteristics in
No. rei?fﬁie— Section 5) of variable parameters
ment 0,0M,,, 0,3M,,, 0,5M 0,75M ., of the reserve of bearing capac-
ity of strengthened beams and
1 | @10 mm |0.999864,0.999596 | 0.999869,/0.999638 | 0.999883,/0.999651 |0.999892,/0.999675 a percentage ratio of products
2 | ©12mm [0.999874/0.999610| 0.999879,/0.999638 | 0.999874,/0.999624 |0.999883 /0.999663 (DiXJACi) to the general standard
3 | @14 mm [0999858/0.999581] 0.999864/0.999596 [ 0.999912/0.999709 [0.999904/0.999720] o ‘hending moment M., have a

Note: before the slope there are values calculated according to the algorithm developed in chapter
4.3, after the slope there are values calculated according to the algorithm developed in chapter 4.4

Thus, we can state the following regularity based on
the obtained results (Tables 5, 6): a level of reliability of
most reinforced beams increases with an increase in a load
level at the moment of strengthening, as well as a diameter
of strengthening reinforcement. In addition, we can notice
one more regularity after analysis of deviations between
values of reliability indices B; obtained based on two devel-
oped techniques. It is as follows: for all beams, the results
obtained with a use of the method based on the norms [32]
are higher above the results obtained with a use of the
method based on the current norms [5] up to 8 %. That is,
to assess reliability of reinforced beams, it is desirable to
use a method based on the calculation model of reinforced
concrete structure given in the norms [5]. The technique
gives less importance to reliability index B;, but it leads to
the need to design a more reliable reinforcement structure
and, accordingly, achievement of a higher value of the reli-
ability index.

6. Discussion of results of studying the reliability of
beams strengthened under the action of load

An important criterion (along with the quality of junc-
tion of bars) in the study on effectiveness of strengthening of
reinforced concrete beams with additional reinforcement is
its maximum integration into operation with reinforcement
in the existing beam. This criterion is best provided at low
load levels — 0.3M,.o and 0.5M,;;o (Table 1). At the same
time, the reliability level is proportional inversely — we ob-
tain the maximum values of reliability indices B; at high load
levels — 0.75M,;,o (Table 5). Obviously, we can explain this
fact by the incomplete use of strength of stressed reinforce-
ment extension at an increase of a level of current load.

ult
significant impact on the objec-
tive assessment of reliability. We
observe the largest spread of val-
ues in the variances ¥4, ¥ (Table 4) for bars of the
additional reinforcement of adjacent diameters. Because we
tested only two beams-twins for only one level of load and
one diameter of reinforcement strengthening in laboratory
conditions. This, in turn, entailed the calculation of the
mathematical expectations of coefficients of a level of load
yer, ym (Table 3) based on the arithmetic average of only
two Y™ values — the coefficients of operation conditions
obtained based on a paper [31]. A significant variance of vari-

ance values %%, 97 leads to an increase in values of the

standards (I\ZIM)_ (6), (19) and, accordingly, to the obvious

understatement of the reliability indices B; (Table 5) for
the beams strengthened under an action of high levels of
load. This is especially true for 0.75M,, ¢ load level with the
installation of additional reinforcement of strengthening of
@14 mm. Understatement of reliability indices B; leads also
to a decrease in the overall reliability level P(B); (Table 6)
for these beams. It is obvious that it is necessary to avoid
significant variance of values in variances of variable pa-
rameters of the reserve of bearing capacity of strengthened
reinforced concrete structures (in our case, coefficients of
a load level) in future studies of reliability. Therefore, in
the future, we recommend to test as many twin elements
as possible (which, is, unfortunately, rather labor-intensive
at a laboratory,) for maximally objective assessment of reli-
ability of the investigated structures.

We should add that the recommendations of the current
norms [6] propose to use certain values of failure time (here,
reliability indices B;) of a structure in calculation situations for
the first group of boundary states. The range of values given
there (from 3.89 for CC1 class of consequences to 4.76 for
CC3 class of consequences) is slightly higher than the values
obtained in our study for individual strengthened elements.



However, based on the analysis of the results of the study on
reliability of structures of strengthened reinforced concrete
bridges [29], we can note the following. The interval of values
obtained there for B (from 3.3 to 4.2) has the average probabil-
ity of failure (average reliability level) of the design.

Thus, we can consider the obtained reliability indicators
B;, which fall within this interval, as adequate and recom-
mendatory ones. At the same time, the research is limited to a
use of the normal law of distribution of random variables, the
results of previous theoretical and experimental studies of the
strained state of beams, as well as the small number of twin
elements in the processing of statistical data. The stability of
the obtained solutions is ensured under conditions of use as a
strengthening element of the reinforcing bars, as well as the
study of beams with insufficient bending strength.

Finally, the analysis of the results of theoretical studies
based on approbation of the methods developed above makes
possible to draw the appropriate conclusion. Thus, the least
influence on a level of reliability of strengthened beams
has such parameters of the reserve of bearing capacity of
structures as strength and deformability of compressed
reinforcement (6, and E, accordingly), as well as a width
of a cross section b. Therefore, we recommend to neglect
these parameters (with sufficient accuracy of calculation)
for further studies on reliability of strengthened reinforced
concrete bending structures.

7. Conclusions

1. We developed the basic methods for assessment of
reliability of reinforced concrete beams strengthened by

expansion of stressed reinforcement under an action of load
based on various normative documents [5, 32]. The principle
of the methodology is also the ability to control calculations
of taken into consideration stochastic parameters of a load
level at the moment of strengthening of beams.

2. We tested the developed methods and obtained quali-
tative and quantitative reliability indices of structures using
the data of previous experimental and theoretical studies of
the stressed state of reinforced beams. The indices are: the
reliability index B; and the index of probability of failure-free
operation P(B);, respectively.

3. We investigated an influence of stochastic parameters
that exist under real conditions of strengthening on reliabili-
ty of beams, namely: strength and deformability of materials,
parameters of geometry of a cross section, and also, what is
important, a level of load at the moment of strengthening.
The obtained results of theoretical studies make us state that
we can achieve the maximum level of reliability under con-
ditions of a higher level of load at strengthening and a maxi-
mum diameter of reinforcement by extension — 0.75M,,;; o and
@14 mm, respectively.

4. We recommend using a method based on the calcula-
tion model of reinforced concrete structure given in the cur-
rent norms [5] to assess reliability of reinforced beams. The
methodology gives less importance to the reliability index
B; (in average up to 8 %), but it leads to the need to design
a more reliable strengthening structure and, accordingly, to
achieve a higher value of the reliability index.

5. The basic methodology of reliability assessment devel-
oped above gives possibility to design structures with a giv-
en level of reliability — probability of failure-free operation
P(B), which may be the subject for future research.
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