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1. Introduction

A large number of engineering constructions contain 
elements that are in the conditions of contact force and 
kinematic conjugation. For instance, it can be the modified 
working surfaces of gears, roller bearings, etc.

Traditional methods for modeling of contact interaction 
lead to significant errors in the obtained results or to overly 
cumbersome numerical models. Another important factor is 
the lack of adequate modeling of the contact conditions at the 
boundaries of the bodies. For instance, the impenetration con-
dition for smooth bodies in linearized form is most commonly 
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З метою забезпечення високих технiчних характе-

ристик машин рiзноманiтного призначення необхiдно 
пiдвищувати мiцнiсть найбiльш навантажених та вiд-
повiдальних елементiв конструкцiй, якими є складно-
профiльнi деталi у процесi iнтенсивних контактних 
навантажень. Для випадку близької форми поверхонь 
контактуючих тiл стають важливими чинники, якi 
ранiше не враховувалися. Це, зокрема, нелiнiйна контак-
тна жорсткiсть поверхневих шарiв деталей. Вiдповiдно, 
в умовах непроникнення контактуючих тiл замiсть 
традицiйних лiнiйних компонентiв з’являються також 
нелiнiйнi. Для дослiдження контактної взаємодiї тiл iз 
урахуванням такого типу обмежень розроблено новий 
метод дослiдження напружено-деформованого стану 
та забезпечення мiцностi деталей машин рiзноманiтно-
го призначення на основi модифiкацiї варiацiйного прин-
ципу Калькера. Створено i застосовано нелiнiйнi моделi 
поведiнки матерiалу поверхневих шарiв контактую-
чих складнопрофiльних тiл. Дискретизацiя розв'язуваль-
них спiввiдношень здiйснена за допомогою розробленого 
варiанту методу граничних елементiв. 

Побудованi моделi контактної взаємодiї поєднують 
в собi фiзичну та структурну нелiнiйнiсть. Це забез-
печує бiльш адекватне визначення напружено-дефор-
мованого стану контактуючих складнопрофiльних тiл 
у порiвняннi з традицiйними пiдходами. На цiй основi 
дослiдженi особливостi розподiлу контактного тиску 
при варiюваннi форми зазору та властивостей промiж-
ного шару мiж контактуючими тiлами. З урахуванням 
результатiв такого аналiзу у подальшому можуть бути 
запропонованi бiльш достовiрнi рекомендацiї iз обґрун-
тування проектно-технологiчних рiшень, якi, у кiнцево-
му пiдсумку, забезпечують пiдвищення технiчних харак-
теристик машин рiзноманiтного призначення

Ключовi слова: контактна взаємодiя, варiацiйний 
принцип Калькера, метод граничних елементiв, шар 
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applied. However, one of the most appropriate alternatives is to 
take account the roughness through modeling it by a Winkler’s 
layer. This approach uses the displacements compatibility of 
the corresponding points of the conjugate surfaces and gives 
slightly refined conditions of the contact interaction. However, 
the conditions of the contact interaction still remain linearized.

At the same time, the surface rough layer has non-linear 
properties, which applies first of all to the “pressure-displace-
ment” relationship. In addition, the contact may be as well 
established in the presence of a lubricant material or through 
a hydrodynamic layer in the interaction area. The machine 
parts surfaces can be subjected to chemical, mechanical or heat 
treatment as well. Elastic gaskets, films or seals can be placed 
between the bodies. This fact significantly affects the physi-
cal and mechanical characteristics of contact surface layers, 
which are based on micromechanical models, and can become 
considerably non-linear. The good example is the roughness 
of the machine parts surfaces. So far, the data of experimental 
studies or various simplified contact interaction models of the 
microasperities in the form of rods or semispheres are employed 
in order to derive these relations. In this case, the different 
models of local compliance, which are generated by the surface 
microasperities (or other sources), are established based on the 
obtained data. It should be noted that the models that describe 
the connection “normal displacement – contact pressure” are 
substantially non-linear. These models cannot be linearized 
without loss of physical adequacy and numerical accuracy.

Therefore, nonlinear components appear in the conditions 
of the contact interaction (impenetration). They represent 
physical and mechanical nonlinearity of the material character-
istics of various layers, in particular, the roughness. As a result, 
the structural nonlinearity is supplemented by a physical one. 
The physical nonlinearity is present in the relations that repre-
sent the essence of the structural nonlinearity. It is necessary 
to develop new methods and approaches to solve such prob-
lems, which contain non-linear terms in the contact conditions. 
These circumstances form the actual scientific problem of de-
veloping the new algorithms for analysis of contact interaction 
of construction elements. They have to take into account not 
only structural, but also additional physical nonlinearity.

2. Literature review and problem statement

The analysis of the current state of contact research 
between complex-shaped bodies. As for today, contact inter-
action mechanics (or contact mechanics) has formed into a 
well-established research area [1]. At the same time, numer-
ous methods related to the discretization of the bodies by 
the finite element method (FEM) [2] and boundary element 
method (BEM) [3] have received essential development. 
The theoretical basis of these numerical methods for contact 
problems can be the variational formulations and boundary 
integral equations respectively [2].

As for variational foundations, they have received signif-
icant development on the basis of the variational inequality 
theory [2]. Contact pressure and contact area are defined from 
the extremum conditions of some functionals. In particular, the 
Kalker’s variational principle is one of the options of this type 
of formulations [5]. This variational principle operates with 
a functional defined on the set of nonnegative distributions 
of contact pressure. In fact, the minimum of the functional is 
sought on this set. In addition, a variety of directions for the 
development of variational statements are possible [6].

The boundary element method has its advantages and 
disadvantages as one of the variants of discretization of 
boundary integral equations [1, 3, 4]. On the one hand, the 
physical dimension of the numerical problem is reduced by 
one. On the other hand, it requires operations with densely 
populated instead of sparse matrices.

The question arises: how the physically nonlinear prop-
erties of the interface surface layer of the contacting bodies 
(in particular, related to their roughness) can be taken into 
account within the given mathematical model. It should be 
noted that several very diverse theories of roughness are 
available at this moment.

Contact micromechanics: approaches and models. The 
surfaces of real bodies at the microlevel are not perfectly 
smooth, but there is a random profile consisting of convexi-
ties and concavities. This means that the initial contact will 
not occur over the entire nominal surface, but only on its 
small part that will grow with the increasing force due to the 
microasperities deformations.

The theory of roughness and its influence on the nature of 
contact interaction is far from completion. The first attempts 
to create a model of rough contact are based on the application 
of Hertz’s theory to individual asperity vertices. However, 
the obtained theoretical estimates did not coincide with the 
experimentally established law of proportionality between the 
force magnitude P and the contact area A. The contradiction 
was that not only the area of existing contact spots increases 
with the growth of the load, but new ones arise [7]. To solve 
the problem, an approximation is proposed. According to it, 
the microasperities are located on larger asperities, and even 
smaller microasperities are located on these microasperities. 
Such model gave the desired proportionality in the limit value 
with increasing amount of the levels. The following develop-
ment of the rough contact theory was aimed at obtaining not 
only qualitatively correct, but also quantitatively accurate es-
timates of behavior. The methods of statistical averaging were 
used for this purpose. A comprehensive theory that describes 
the statistical properties of the random surfaces is proposed 
in [8]. However, even before its appearance, Greenwood and 
Williamson developed a contact model based on simplifying 
assumptions about the distribution of the asperities charac-
teristics [9]. In particular, the shape of the bodies was adopted 
as spherical, so that contact is established on circular areas, 
and the curvature is a constant for all peaks, regardless of 
height. Random distribution of the asperities curvature is 
taken into account to develop the model that is proposed in 
[10]. Subsequently, individual statements of the model were 
revised in [11]. It is proposed to use a two-parameter Weibull’s 
distribution for describing the heights of the asperities [12]. 
The contact of individual asperities was taken into account 
independently in the original Greenwood-Williamson theory. 
The combined influence of the deformations caused by the 
application of the contact forces at adjacent vertices was taken 
into account [13]. Individual models contain plastic deforma-
tions [14–15]. The presence of these deformations is usually 
excluded by the fact that the asperities do not increase the 
value of the maximum contact pressure relative to the mean 
value so much that it leads to significant plastic deformations. 
In addition, even if the plastic deformations appear, there is 
a reason to believe that all subsequent loads will be elastic 
after several loading cycles. The disadvantages of the models 
describing the behavior of interface layers given in [7–12] 
consist in the fact that they do not take into account the 
mutual influence of the adjacent microasperities deformation. 
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Some progress in the development of the mutual influence of 
the microasperities is proposed in [13].

The further development of the rough contact theory is 
related to the fractal nature of the bodies geometry. The the-
oretical results [16] showed the significance of the scale-ef-
fect of the surface topography on the predicted contact 
behavior. Persson developed an in-depth model, in which 
substantiated the inverse-potential dependence of the con-
tact pressure value on the value of the middle gap between 
the pressed surfaces. This behavior is expected when the 
surfaces are compressed moderately, and the approach leads 
to the development of contact on a large number of vertices, 
but far from the establishment of complete contact. The 
numerical simulations were carried out to verify the basic 
statements of this theory. This confirmed basic assessments 
qualitatively and generally also quantitatively.

The contact stiffness is another value that reflects the 
properties of rigid contact. In [17], a direct analogy between 
the problem of elastic contact and electrical conductivity 
is examined, it is directly related to the resistance of the 
contacting bodies [9, 18]. In accordance with the Green-
wood-Williamson theory, as well as Persson’s theory, the 
contact stiffness is directly proportional to the pressing force. 
However, a number of other studies indicate a power law with 
the exponent from 0.5 to one [19]. The key parameter that af-
fects its accurate value is the fractal dimension of the surface, 
which was expressed in an analytical evaluation [20].

The fractal nature of the geometry of real machine parts is 
taken into account in [16]. However, the relations of the studies 
[13, 16] apply only for moderate pressure. In order to develop 
the theoretical relations in [9, 17–20], the power-law dependen-
cies between the displacements of the surface layers points and 
the contact pressure are proposed. A special case is the contact 
with roughness and adhesion, which is distinguished by a fun-
damentally different law of surface interaction [21, 22].

The application of any aforementioned theories in the 
practice of engineering analysis requires significant changes 
of the simulation tools that are currently being used. FEM 
[1, 2] and BEM [1, 3, 4] have limited possibilities for mod-
elling non-linear properties of the interface layers. Kalker’s 
variational principle [5] also needs to be developed and 
adapted for the case of nonlinearly elastic bodies. From the 
view of the variety of the non-linear models of roughness, 
it is desirable that a new formulation would be general, i.e. 
assume any arbitrary law of the dependence of the state vari-
ables within the interface layer. In [6], an additional term 
was proposed for the Kalker’s variational functional, this 
term takes into account the linear compliance contribution 
of rough surfaces in general terms. Subsequently, this ap-
proach was applied to create the macromodels of the contact 
interaction and implemented using the author’s methods 
for solving the system of contact equations and inequalities 
described in the papers [21, 23–25].

The analysis provides the basis for the following con-
clusion: a combination of the following several methods is 
best suited for the analysis of the stress-strain state of com-
plex-shaped bodies with physically non-linear interface layers. 
The variational formulation of the Kalker’s type principle, the 
boundary integral equation method and the discrete approx-
imation of the unknown functions are used to investigate the 
contact interaction. These methods are presented as a partial 
sum of a series of basic functions with a local support.

Given the circumstances, it is considered expedient to 
develop existing author’s methods and adapt them to solve 

the applied contact tasks [6]. At the same time, their direct 
application is impossible as far as the system of solving rela-
tions is not only structurally, but also physically nonlinear.

3. The aim and objectives of the study

The aim of this research is to develop methods for con-
tact analysis of complex-shaped bodies with account for 
non-linear interface layers.

The following objectives were set to achieve this aim:
– to develop more advanced macromodels for contact 

interaction of complex-shaped bodies based on microme-
chanical approaches;

– to develop additional gap method and additional com-
pliance method to solve the obtained system of non-linear 
relations;

– to study the features of the contact pressure distribu-
tion with the variation of the gap shape and the properties of 
the interface layer between the contacting bodies.

4. Model of contact interaction with account for interface 
layers with non-linear properties 

Consider the model of contact interaction of com-
plex-shaped bodies following [1, 5]. When studying the 
contact of smooth incompliant bodies in the absence of fric-
tion [1], the displacements of the surface points and the gap 
between them are considered only in the normal direction as 
the first approximation. In this case, the kinematic relations 
of the contact are determined.

In the general case, the accurate form of the gap between 
the bodies has to be taken into account. The coordinate 
system with its center (point O) traditionally located on the 
line of the action of the pressing force P (Fig. 1, a) is intro-
duced for this purpose. The equation of each of the surfaces 
is ( , ),i iz z x y=  1,2,i =  and the gap has the form of 

1 2( , ) ( , ) ( , ).h h x y z x y z x y= = +

 
 
 
 
 
 

а                                         b 

 
 
 
 
 
 
 

c  
Fig. 1. Regarding the normal contact of complex-shaped 

bodies: a – the representation of the local gap between the 
contact bodies; b – the deformation of the bodies and the 
formation of the contact area under the action of normal 
forces; c – the displacement of the half-space under the 

action of normal forces
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Both bodies are deformed and come into contact on a 
certain area in the deformed state under the action of the 
force P (Fig. 1, b). The approaches of bodies id  are not relat-
ed to their deformation. The displacements 

izu  correspond 
to deformations caused by the action of the required contact 
pressure. The generally accepted way of setting the nonlin-
ear relations for normal contact is as follows:

1

1

2 1 2

1 2

2 1 2

1 2

( , ) ( , ) ( , ) ,

( , ) and ( , ) in contact;

( , ) ( , ) ( , ) ,

( , ) a ( , ) out of contact.

z z

z z

u x y u x y h x y

S x y S x y

u x y u x y h x y

S x y nd S x y

 + + = d + d


−


+ + > d + d
 −

	 (1) 

The integral relation is known for an elastic half-
space. It establishes the relationship between pressure 
and normal displacements of the points of its boundary 
(Fig. 1, c) [1]: 

( ) ( )2( , ) 1 / , / d d ,z
S

u x y E p = − ν p ξ η ρ ξ η ∫∫

( ) ( )2 2
.x yρ = − ξ + − η 	  (2)

It can further be derived as:

( ) ( )
1 2

2 2
1 2

1 2

( , ) ( , )

, ,1 1 1
d d d d .

*

z z

S S

u x y u x y

p p

E E E

+ =

  ξ η ξ η− ν − ν
= + ξ η = ξ η p p ρ p ρ  ∫∫ ∫∫    (3)

where , ,i iEν  1,2i =  are the Poisson’s ratio and the modulus 
of elasticity for the material of each of the contacting bodies, 
while the pressure distribution ( ),p ξ η  and the contact area 
S  are the sought-for unknowns.

The piecewise linear representation of the normal stress 
distribution is used. The unknown contact pressure function 
is approximated by the superposition of an array of pyrami-
dal elementary distributions. Their vertices are located in 
the nodes of the regular mesh with the step с. This mesh con-
sists of equilateral triangles. The unknown function is fully 
determined by a discrete set of nodal values of pressure np :

( ) ( )ˆ, , .n n n
n

p p pξ η ≅ ξ − ξ η− η ⋅∑

а                                                   b 

Fig. 2. Regarding the approximation of the contact pressure 
distribution: a – the regular triangular mesh and the 

pyramidal element of the pressure; b – the displacement 
distribution of points of the half-space surface under the 

pressure

The following two approaches, the direct method (or the 
method of collocation) and the variational method (Kalker’s 
principle) can be used to find the pressure values in the mesh 

nodes that best satisfy the boundary conditions [4]. The ap-
plication of each of the aforementioned methods requires the 
ability to calculate normal displacements (3) for the chosen 
pressure approximation. Obviously, this task is equivalent to 
the determination of the displacements zu  corresponding to 
each of the basis loads. Due to the homogeneity, it is suffi-
cient to calculate the values of surface displacements for the 
one unit pyramid with unit sides (Fig. 2) as

where ,m
m

S S=∪  mS  is the hexagonal area of the pyramid  
 
element with a vertex at the node ( ), ,m mξ η  (1)S  is the hexag- 

onal area with unit sides, (1)p̂  is the unit pyramidal distribu-
tion on it, and the “template” of the form of the displacement 
distribution for a unit pyramidal element (Fig. 2):

( )
(1)

(1)

( )

ˆ( , ) , / d d .
m S

w x y p = ξ η ρ ξ η ∑ ∫∫ � � 	  (5)

A simple algorithm for calculating the values of this 
function in separate points as well as on the entire area [5] 
was proposed. The method that is based on the analytical 
determination of the subintegral expressions in (5) for each 
of the triangles was taken as a base. These triangles form 
the basis hexagon (painted in gray in Fig. 2). Thus, the ac-
curate analytical relations are obtained for calculating the 
components of the “template” (5) (Fig. 3). This is a positive 
factor in terms of ensuring the accuracy of numerical mod-
eling of contact interaction. Integer coordinate-subscripts 
( , )i j  correspond to any node of the mesh, such that its 
radius vector is calculated as ( ) ~ .J i j ijc i j J J= ⋅ + ⋅ ⇔r e e  
Also a sequential numbering of nodes can be introduced. 
The equality (4) can be rewritten for the nodal points using 
this indexing:

( )1
, .

*n kl nm m
kl m

u c w i k j l p C p
E

= − − ⋅ =
p ∑ ∑  	 (6)

The equation (6) reflects the calculation of the influence 
matrix of coefficients C, which relates the nodal values of 
displacements to the nodal values of contact pressure.

The direct solution method for non-Herzian normal 
contact problems for elastic smooth bodies consists in 
writing the contact conditions for a finite number of 
nodes. The obtained system of equations enables to find 
the nodal values of the contact pressure that satisfy them 
[5]. When the same regular mesh is used for the pyramidal 
pressure elements and the collocation points, the contact 
conditions (1) can be expressed in the following discret-
ized form:

0, node in contact;

0, node out of contact.

nm m n n
m

nm m n n
m

C p h J

C p h J

 + − d = −



+ − d > −
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∑
∑

	  (7)
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i
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e
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where 1 2d = d + d  is the total approach, ( , )n n nh h x y=  are 
the nodal values of the initial gap. Another condition is the 
nonnegativity of the pressure that restricts the unknown 
nodal values:

0, 1, ,mp m N≥ =  0,mp =  mJ  – out of contact.	 (8)

The integral force identity is written in the form of:

23 / 2 .m
m

c p P=∑ 		  (9)

The system of equations and inequalities (7)–(9) is 
solved by iterations.

Variational methods for studying the non-Herzian nor-
mal contact. The variational approach is based on the 
weak formulation of the problem. In the considered case, 
the Kalker’s variation principle [4] is the most suitable 
framework. According to it, the full complementary work 
Ф reaches the minimum among all possible nonnegative 
distributions p for the real area and the contact pressure 
acting in contact bodies:

( ) ( )

( )
1 2

1
( ) d d min;

2

, 0 in .

z z
S S

p p u u S p h S

p S

Φ = + + − d →

 ξ η ≥

∫ ∫
	 (10)

where S  is some large enough area of the half-space. The 
same basis functions as above (Fig. 2, a) are used for approx-
imation of p. Using the quadrature formula

( )23 / 2 ,i i
iS

f g dS c f g= ∑∫  

it can be reduced to the next quadratic programming problem

{ }( )
( )

1

2

1 1 1

3 1
min;

2 2

0, 1, .

Т

n n n

N N N

nm n m m m
n m m

m

Ф p

c C p p p h

p m N

=

= = =

 =
  = + − d →  

 
 ≥ =


∑ ∑ ∑ 	 (11)

The expression (11) is the approximation of (10).
It is noteworthy that the nodal values { } 1

,
Т

n n
p

=
 obtained 

as a solution of (11), are identical to the result of applying 
the direct method and satisfy the conditions (7)–(9). The 
advantages of the variational approach are the availability 
of the conditions that determine the contact area and the 
contact pressure distribution simultaneously. Also, quadrat-
ic programming methods can be applied. The latter circum-
stance allows applying the variational formulation for the 
formal justification of using the collocation method.

The contact model of rough bodies. The model of an elastic 
layer was applied in the first approximation to take into ac-
count the influence of roughness on the contact interaction 
of complex-shaped bodies. The stiffness of the intermediate 
layer is equivalent to the properties of the rough surface 
layer in some sense. Then the considered body Ω  consists of 
two parts: ´Ω  – the smooth elastic body and ∧Ω  – a rough 
layer that covers it (Fig. 3).

There is a dependence between the displacements of the 
points zuΣ  of the surface ´S  involved in the description of the 

contact interaction conditions: ґ .z z zu u uΣ ∧= +  Here, ґ zu  is 
the displacement of a smooth body and is expressed through 
the integral relation (2), zu∧  is the displacement of the rough 
layer described by the corresponding model. Various ana-
lytical models of the contact layer are considered in [18, 19]. 
Winkler’s foundation [5] can be mentioned as the simplest 
possible variant:

,zu p∧ = λ 	 (12)

where λ  is the compliance of the layer (or layers), which de-
pends on the material properties and mechanical treatment 
of the surface layer.

Fig. 3. The model of the rough complex-shaped body: S ¢  is 

the boundary of the smooth body ;Ω¢  S ∧  is the border of 
the complex-shaped body

The model (12) is a rather simplified version of more ad-
equate and accurate laws (for example, power-law dependen-
cy) between the deformation and the pressure in the rough 
layer. However, even this simplified form makes a qualitative 
change in the system of interacting bodies by introducing 
additional elements into it. The governing relations take the 
form of:

0,   node  in contact;

0,   node  out of contact,

nm m n n
m

nm m n n
m

C p h J

C p h J

Σ

Σ

 + − d = −



+ − d > −


∑
∑

 	 (13)

where nm nm nmC CΣ = + λd  are the coefficients of the influence 
matrix, nmC  are the coefficients of the compliance matrix, 
which are determined by the relations (6); λ  is the total com-
pliance of the rough layers; { }1, if ; 0, ifnm m n m nd = = ≠  is 
the Kronecker symbol.

Adding diagonal terms to the complete compliance ma-
trix does not affect its positive definiteness. The equation 
(9) is not altered. As a consequence, the resulting system of 
equations by its structure remains identical to the smooth 
body contact but only incorporates the contribution from 
the specially introduced Winkler’s layer.

The presented relations are the starting point for the 
development of advanced models and methods for analyzing 
the contact interaction of complex-shaped bodies taking into 
account the nonlinear characteristics of the interface layer 
material.

The model with a nonlinear Winkler’s layer between 
contacting bodies. The analysis of contact interaction of 
complex-shaped bodies with an intermediate nonlinear 
Winkler’s layer requires further development of the previ-
ously proposed methods and models. As outlined those only 
considered the contact of the bodies that are either smooth 
or have roughness represented by just a linear elastic layer 
between them. The models proposed in the work above have 
a certain advantage, as they allow for gradual “build up” by 
introducing new additional factors right into the initial for-
mulation. This is due to the fact that the relations adopted 
as a basis are nothing more than the compatibility conditions 
for the displacements of the points interacting when bodies 
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get in contact. These geometric relations do not depend 
on the physical and mechanical properties of contacting 
bodies in the initial form and are strictly fulfilled in the 
actual state for any mechanical system. The influence of the 
elastic properties of the interacting bodies is represented in 
each case by the particular dependence of the surface points 
displacements on the contact pressure. This is the essential 
component that can be updated in the existing models. 
Meanwhile, the original principle and the model structure 
of the fundamental formulation are not changed in this case 
and remain essentially the same as for the smooth contact. 
The new components are simply added to the model, which 
introduces new physical effects but preserves the inherited 
initial mathematical structure of the contact problem.

Thus, not only a linear model, but also a micromechani-
cal model of the general form ( ) ( )z zw u u p w p∧ ∧≡ = ≡  can be 
used to represent the surface roughness or another elastic 
layer between the contacting bodies.

In particular, the power dependence of displacements on 
the contact pressure (for taking into account the properties 
of roughness) is described in a number of papers [1, 5]. Other 
relations can also be considered and implemented as long as 
they adequately describe the properties of the layers between 
the contacting bodies.

Then the equation system in the expanded and matrix 
form is

2

2

( ) , ;

3 / 2 ; 0;

( ) ;

2 3
; 0,

3

c c c c c

c c

c c

c c

n m m m n c c
m N

m m
m N

C p w p h n N

c p P p

Cp D p h

p P p
c

∈

∈

−

 + − d = − ∈



⋅ = ≥   
+ + = d

 
 d = ≥  

∑

∑
 	 (14)

where ( )D p  is the vector of layer deformation components 
( );w p  С is the influence matrix; { }1;1;...,1−d =  is the unit 

row vector.
Thus, the initial system (14), which previously contained 

only linear components in the displacements compatibility 
conditions in the left part is updated with the nonlinear 
components ( ).w p  In other words, the structural nonlin-
earity is supplemented by a physical one. Because of this, 
it is not possible to carry out a direct linearization in the 
relations of the upper row (14) in the general case. This is 
a fundamental difference between this model (addressed 
as structurally and physically nonlinear in the work) from 
the traditional structurally nonlinear, but physically linear 
models.

The relations (14) or similar can also be obtained from 
the generalization of the Kalker’s variational principle

where the third component in the expression ( )pΦ  de-
scribes the deformation energy of a nonlinear elastic layer 

(it corresponds perfectly to the term 2

( )

1
2 S

p dSλ∫  derived in  
 
the case of a linearly elastic layer). The relations anal-

ogous to (14) are obtained by using the same quadrature 
formula as in (11).

Thus, it is possible to propose a universal method by 
which qualitatively new mathematical model can be easily 
derived for the contact interaction of the complex-shaped 
bodies system in the presence of nonlinear deformable in-
terface. The proposed method consists in the formation of 
the functional ( ),pΦ  that contains the energy of the elastic 
deformation of all system components. This procedure does 
not represent a significant complexity due to the fact that 
the functional ( ),pΦ  is additive. At the same time, each 
additional component in ( ),pΦ  can bring new types of non-
linearity. This in turn naturally resolves all the issues related 
to the existence and uniqueness of the solutions to the prob-
lem, as well the convergence and accuracy of the developed 
discretized models.

5. Solution methods for structural and physically  
non-linear problems of contact interaction

The mathematical model of contact interaction of smooth 
or rough complex-shaped bodies and of the bodies with non-
linear elastic layers between them was described above. The 
structurally-physically nonlinear system of relations was 
obtained as a result. It is necessary to develop new methods 
for solving this system of relations, since the traditional ones 
are only applicable to the solution of contact problems with 
linearly elastic components.

As an example, a nonlinear model of an elastic layer can 
be accepted as

,sw p= λ ⋅ 	 (16)

where ,sλ  are some empirical or computable parameters.
The compatibility relations can be formally reduced to a 

system of nonlinear equations as a result. Thus, the problem 
of developing methods for solving such tasks arises.

The augmented gap method. If the displacements com-
patibility relations that enter the system (14) are written as 
a subsystem

;C p h q= d − − λ  { }T

1 2, ,..., ,s s s
Nq p p p= 	 (17)

then formally it can be represented as

,C p h= d −  ( ) ( ).h h p h q h h p= = + λ = + D  	 (18)

Then, the relations (18) formally repeat the linear re-
lations in (20), but its initial gap h  is augmented by some 
compensating components ( ).h pD  These components can 
be called the additional or augmented gaps by analogy with 
the additional load method.

The equation (18) is a nonlinear operator equation for 
which the real distribution of the contact pressure is a fixed 
point of the operator of the complete equations system 

{ } { }T T
, ,h h PΚ d =  under conditions 0.p ≥  Thus, the iterative  

process can be organized as

( )

( ) ( ) 0

1
( ) d

2
(15)

( )d ( ) d min, ( , ) 0 in .

z
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p

S S

p pu S

p h S w p dp S p S

Φ = +

  + − d + → ξ η ≥    
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1
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τ τ τ τ

ττ τ τ
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
 d = Κ ∧ ∧ ∧ τ = τ +
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The variables Р, q, h, d  are refined iteratively at the final 
step (^^^) in (19). Herewith, (0)h  is the vector of initial (nom-
inal) gaps between the surfaces of the contacting bodies. It-
erations are carried out within the cycle (***) (:) (***).→ →  
The condition for the completion of this process can be either 
a criterion in terms of the increments of additional gaps, or 
the pressure:

( ) ( ) ( 1) ( )

( ) ( ) ( 1) ( )

/ ;

/ ,

h h

p p

h h h

p p p

τ τ τ− τ

τ τ τ− τ

D = D − D D ≤ ε


D = D − D D ≤ ε
	 (20)

where ( ),h
τD  ( )

p
τD  are the controlled parameters of the pro-

cess convergence; ,hε  pε  are the predetermined limit values 
for ( ),h

τD  ( )
p
τD  respectively, after which the mentioned itera-

tive process stops; •  is some vector norm.
Thus, the solution of the problem is equivalent to the 

solution of the problem (7) for the contact of the smooth 
bodies, but with the corrected distribution of the gaps.

The method of variable coefficients of influence. Presenting 
the displacement compatibility equation in the system (14) in 
the presence of the Winkler’s layer on the boundary of bod-
ies (16) in the form of

( )( 1) ,sC p p p h−+ λ ⋅ = d −  		  (21)

and introducing the notation ( 1)( ) ,sp p −λ = λ  one can rewrite 
(by analogy with the method of variable parameters of elas-
ticity) the equation (21) in the form of

,C p h= d −  ( ) .C p C E= + λ ⋅ 	 (22)

An iterative process can be arranged to solve (22):

( )

( ) ( ) ( )

( )

( )

( ) ( )
( )

1 1( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( ) ( 1)( )

: 0; (*) : ; ** ; (***)

{ , } { , } ;

: { 0 ; 0 ;

0 ; 0 };

: ; : 1. (:)

T T

n n

n n

s

C C C

p h P

J p n J p n J

n J n J

C C p E

β β
β

− −β β β β β

β β β

β β

β −β

  β = = Κ = Κ    
Π = d = Κ ⋅Η = Κ ⋅ ∧
 ≥ ∀ ∈ = ∀ ∉  ∧ ∧D = ∀ ∈ D ≥ ∀ ∉ 
  = + λ ⋅ ∧ ∧ ∧ β = β +  

	 (23)

In (23), the iterative process goes in the sequence 
(***) (:) (***).→ →  The termination of the iterative pro-
cess can be implemented on the condition of stabilization of 
the iterative approximation of the set of nodes in which the 
contact is realized: ( ) ( 1).J Jβ β−=

The presented algorithm (23) differs from the algo-
rithm (19) by the fact that not the right-hand side of the 
system of equations with invariable components of the sub-
matrix С is being changed, but on the contrary the matrix 
itself is changed while the right-hand side is constant.

The proposed approach can be interpreted as follows: 
such a distribution on the nodes of the compliance coeffi-
cients mesh ( )n n Jλ ∈  of the linearly elastic Winkler’s layer 
with an irregular stiffness on the contact area is determined 
in the solution (22) by the algorithm (23) that the solution 
of the problem with the matrix 

: ,nm nm n nmC C C= + λ ⋅d

{ }0, , 1,nm m n m nd = ≠ =  

gives the same distribution of the contact pressure, as in the 
case of a nonlinearly elastic layer (16).

In general, the developed methods for solving problems 
of the contact interaction analysis of the complex-shaped 
bodies with a nonlinearly elastic interface layer are adapted 
to solve the obtained systems of equation and inequalities. 
This determines the advantage of the developed methods 
compared to the known traditional methods for solving 
nonlinear equations.

6. Test problems solution and results analysis

The methods and models of contact interaction analysis 
developed for complex-shaped bodies in the presence of a 
nonlinear elastic interface layer need to be tested by solving 
a set of representative problems. In particular, the conver-
gence of the numerical solution using the developed iterative 
procedures has to be evaluated. The test problems chosen for 
this purpose involve contact of two bodies limited by parab-
oloids with nonlinear elastic layers between them (Fig. 4, a). 
Varied are the elastic characteristics of the nonlinear layer 
in terms of the function ( ).w p  In particular, the following 
types of nonlinearities were considered (Fig. 4, b–d).

 
 
 
 
 
 

a                           b 
 
 
 
 
 
 
 

Fig. 4. Regarding the test problem: a – the scheme of 
interaction of paraboloids 1 2,Ω Ω  with a nonlinear layer 

3Ω  placed between them; b – the elastic-rigid dependence 

( );w p  с – the “root” dependence of the form ;w p= λ   
d – the bilinear dependence ( )w p

The distributions of contact pressure depending on 
the threshold pressure value at which the transition to 
the horizontal section of the dependence ( )w p  (Fig. 4, b)  
takes place are presented in Fig. 5. The threshold is set by 
the value of the coefficient cr max/a p pλα =  where maxpλ  is the 
maximum contact pressure in the distribution obtained 
during the solution of contact problems without limita-
tions crp  (the case 0aα =  corresponds to the contact of 
smooth bodies).

As it can be seen from the presented distributions, 
there is a gradual transformation of their shape with the 
variation of the coefficient aα  in the interval [0; 1] (Fig. 6, 
k is the iteration number). The zone of transition between 
the regions І and ІІ is clearly visible (Fig. 7). There are 
different distributions of the contact pressure q in regions 
І and ІІ in the zone of 0,5,aα ≈  and the transition zone is 
between them.

The distributions q are close to the limit at approxima-
tion aα  to 0 or 1 (respectively, for 0,aα = 1aα = ).
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Fig. 5. The contact pressure distribution in the axial section 
scaled to the maximum pressure in the Hertz model:  
1 – the bilinear dependence, αa=arctg0,5 (Fig. 4, d);  

2 – the elastic-rigid dependence w(p), αa=0.5;  
3 – the contact of smooth paraboloids; 4 – the contact of 

paraboloids with the linearly elastic Winkler layer, λ=10Cnn; 
5 – the “root” dependence w(p) (Fig. 6, c); 6 – the bilinear 

dependence, α2=arctg1,5  (Fig. 6, d); 7 – the bilinear 
dependence, α2=arctg2  ( Fig. 6, d); 8 – the elastic-rigid 
dependence, w(p), αa=0.5, the solution obtained by the 

method of variable coefficients of an influence; 9 – bilinear 
dependence, α2=arctg1,5 (Fig. 6, d), the solution is obtained 

by the method of variable coefficients of influence

Fig. 6. The change of the contact pressure distribution 
patterns in the axial section during the iteration process of 
their refinement for the elastic-rigid model of the interface 

layer (Fig. 4, b), αa=0.6

Fig. 7. The line of transition between the elastic and “rigid” 
sections of the dependence w(p) (Fig. 8, a) when the 

parameter αa∈[0;1] is being changed

The change of the relative maximum contact pressure 
during the iteration process (Fig. 4, b) is illustrated in Fig. 8.  
It is seen that the iterative process converges sufficient-
ly quickly. In addition, the contact pressure level varies 
smoothly, but within a sufficiently wide range when varying 

.aα  The changes of the contact pressure distribution with 
varying parameter aα  are shown in Fig. 9. The evolution 
of the contact pressure distribution is noticeable, as well 
as the transition zones between branches І and ІІ of the 
dependence ( )w p  (Fig. 4, b). The contact pressure distribu-
tions when root dependence ( )w p  (Fig. 4, c) are shown in  
Fig. 10, 11. The coefficient max max/b p pλα =  is being super-
vised, where maxp  is the maximum contact pressure at the 
“root” distribution ( ),w p  maxpλ  is the same one, but for the 

linear Winkler layer. It is seen that the “root” model (Fig. 4, b)  
generates a more smooth contact pressure distribution, es-
pecially in the peripheral zone, in which the pressure level 
decreases sharply.

Fig. 8. The change of the relative value of the maximum 
contact pressure during the iteration process

Fig. 9. The change of the contact pressure distribution in 
the axial section when the parameter αa is varied (Fig. 4, b) 

(isometry view)

Fig. 10. The change of the contact pressure distribution at 
the “root” dependence w(p) (Fig. 4, c) depending on the 

number k of the iterative process

Fig. 11. The change of the contact pressure distribution for 
the “root” dependence w(p) (Fig. 4, c) depending on the 

number k of the iterative process (isometry view)

The contact pressure distributions in the variation of the 
coefficient 2 1arctg( / )cα = λ λ  (Fig. 4, d) are also shown in 
Fig. 5. As follows from the analysis of the obtained distribu-
tions, the contact pressure distribution tends to be the same 
as for the elastic-rigid model (Fig. 4, b) when cα  approaches 
to zero. The contact pressure distributions have a lower level 
in the middle part and wider contact areas accordingly when 

cα  approaches to / 2.p  The contact pressure distributions 
obtained not only by the augmented gap method, but also by 
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the method of variable compliance parameters are shown in 
Fig. 6. It is seen that the results obtained by different meth-
ods generally coincide.

Thus, as it can be seen from the obtained results, the co-
efficients ,aα  ,bα  cα  strongly affect the character and the 
level of contact pressure distribution. As a result, the stress-
strain state of contacting bodies can be significantly affected 
by varying these coefficients.

The solution of the non-linear equations systems (13) 
and inequalities systems (14), which compose the discrete 
contact conditions, was carried out by using a software de-
veloped in previous studies, in particular [19].

The numerical algorithm and its implementation have 
been tested on a number of test tasks, in particular by com-
paring them with known analytical theories and the results 
of finite-element modeling in ANSYS.

In addition, the error behaviour of the approximate solu-
tion is studied. It displays constant and rapid convergence, 
and hence the accuracy of the presented results.

7. Discussion of the proposed model capabilities

The problem of contact interaction of linearly elastic bod-
ies with a nonlinearly elastic layer between them has been 
reduced to a structurally and physically nonlinear problem 
by means of the boundary integral equation method and 
Kalker’s variational principle. The obtained mathematical 
model is related to the system of equations and inequations 
in contrast to the conventional formations. These equations 
and inequations make up the conditions for compatibili-
ty of displacements, which contain nonlinear components 
with respect to the non-negative contact pressure. Thus, 
the structural nonlinearity, mathematically represented in 
relations of the inequations type, is supplemented by the 
physical one, which gives rise to the appearance of nonlinear 
components in the equations of compatibility. It complicates 
the mathematical model, but makes it more adequate and 
describes the behavior of real objects more accurately. On 
the other hand, it requires the development of new methods 
for solving the obtained system of relations.

An alternative way of creating a mathematical model of a 
contact interaction of systems of bodies and layers is to use 
a variational formulation. In this case, in addition to com-
ponents of the initial level (the energy of the elastic bodies 
deformation), the components that describe the contribution 
of other components can gradually be added. Afterwards, a 
direct procedure for minimizing the functional is applied, or 
a system of equations and inequations is obtained from the 
minimum conditions and constraints respectively.

For the solution of the formed structural-physically 
nonlinear relations, the augmented gap method has been 
developed. It reduces the initial structurally and physically 
nonlinear problem to a sequence of structurally nonlinear 
but physically linear problems, each having a particularly 

evaluated distribution of the fictitious supplementary gap. 
Since effective iterative algorithms for solving such tasks 
were developed previously, this allows solving effectively 
and accurately physically nonlinear problems.

In addition to the augmented gap method, the method of 
variable compliance parameters has been developed. It con-
sists in reducing the initial physically nonlinear problem to 
a sequence of physically linear ones through the specially in-
troduced stiffness of an equivalent linear Winkler’s founda-
tion that is distributed not uniformly over the contact spot.

Compared to the case of smooth bodies, the additional 
compliance of rough surfaces leads to an increase in the 
contact area and a decrease in the maximum value of the 
contact pressure. At the same time, the considered non-lin-
ear laws of the pressure dependences (in particular bilinear 
and power ones) and an approach in the layer are more phys-
ically adequate in view of the finite ability of asperities to 
the compression.

8. Conclusions

1. The new approach for creating mathematical models 
of the contact interaction of elastic bodies with nonlinearly 
elastic layers between them, as well as taking into account 
other factors, is proposed. It is based on the gradual en-
hancement of the structure in accordance with the intro-
duction of any new particular factor. The initial core in this 
sequence is the displacements compatibility equation for sur-
faces points of smooth bodies (in the actual state) in terms 
of contact pressure. Further, the components representing 
an additional factor are added to this core. As a result, the 
system of relations that describes the influence of various 
factors in total is obtained.

2. The approach based on using the boundary element 
approximations of the sought-for contact pressure on a reg-
ular triangular mesh is used to discretize the mathematical 
model. As a result, the problem is reduced to minimizing the 
convex function on a convex set of nodal values of contact 
pressure.

3. New regularities in the contact pressure distribution 
between the complex-shaped bodies for different dependen-
cies ( )w p  have been obtained. It is determined that the 
obtained pressure distributions have two characteristic re-
gions with a transition zone for the case of an “elastic-rigid” 
characteristic of the properties of an interface elastic layer. 
At the same time, changing the “threshold” of the transi-
tion from the elastic to the rigid branch of this character-
istic leads to a continuous change of the obtained contact 
pressure distribution. It is established that the obtained 
pressure distributions have a more smooth transition to 
zero distribution outside the actual contact area compared 
with the case of a linear elastic layer for the problem with 
the “root” characteristic that describes the properties of an 
interface elastic layer.
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