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1. Introduction

friendly and relatively inexpensive way of treatment of ga-

Biochemical degradation compared to physical methods
of degradation of harmful substances is an environmentally

seous exhausts and those dissolved in water. For gaseous ex-
hausts insoluble in water, such as methane, a bioreactor with
a washing layer is used. A bioreactor, in which the processes




of absorption and bio-oxidation in irrigation water are com-
bined, is used for water-soluble gaseous hydrogen sulphide,
sulphur dioxide, ammonia. Biodegradation of formaldehyde
is a periodic aerobic or anaerobic process in tanks with active
sludge. The basis for calculation in the design and practical
use of biotreatment are adequate mathematical models for
processes of biochemical degradation.

The theoretical ideas about the bio-oxidation process
resulted in the dependence «biodegradation rate — pollutant
concentration» with empirically determined coefficients.
The relationship «concentration — time» obtained directly in
the physical experiment cannot be used to verify the theore-
tical formulas either, because of its a priori low sensitivity to
estimated effects. That is why the adequacy of mathematical
models is verified based on the experimental relationship
«biodegradation rate — pollutant concentration», obtained
by preliminary processing. Experimental studies of biodegra-
dation of most harmful substances revealed the existence of
a maximum on the curve «biodegradation rate — pollutant
concentration» [1-11], which proves the existence of the
substrate inhibition effect in this process. The implemen-
tation of this mechanism during bio-oxidation of gaseous
non-soluble (methane), soluble (hydrogen sulfide, sulfur
dioxide, ammonia) and dissolved in water substances (form-
aldehyde) will determine the relevance of the development
of the adequate mathematical model of the process of bioche-
mical degradation with substrate inhibition.

2. Literature review and problem statement

The models of mathematical description of biodegrada-
tion with substrate inhibition, shown in Table 1, can be clas-
sified as theoretical, modified and phenomenological.

The theoretical method of research is based on compiling
and solving the systems of differential equations of enzyme
kinetics. In this case, this system of equations is derived from
the scheme of biochemical reaction, including the formation
of enzyme—substrate complexes (ESC). The mechanism of
substrate inhibition is explained by the emergence of inactive
ESC with the number of attached substrate molecules n>2.
In Table 1, theoretical dependences (a, b, ¢ — empirical coef-
ficients) are represented by models (1)—(6). The research [1]
presented a formula that takes into account the substrate
inhibition effect in the elementary way. Model (1) is the
simplest one because it implies the existence of one inactive
ESC with two non-attached substrate molecules n=2. In pa-
per [12], the applicability of the model (1) for biodegradation
of phenol with determination coefficients R* =0.948 —0.985.
was demonstrated. Applicability of the model with n=2 in
particular cases does not exclude the formation in real pro-
cesses of the arrays of inactive ESC with higher than minimal
order. That is why the desire to obtain theoretical depen-
dences related to the inhibition mechanisms at #>2 is under-
standable. In order to take into account inhibition of higher
intensity, two formulas (2), (3) were proposed in study [2].
To limit the number of empirically determined coefficients,
inactive ESC only with #n=3 is laid in the model (2). How-
ever, the physical picture of the incomplete solution, at which
there is no ESC with n=2, virtually cannot be implemented.

Model (3) is the generalization of model (2) with pre-
viously unspecified #>3. Both models have not gained
a widespread use. Paper [3] virtually represents a final at-
tempt of theoretical research to take into account the effect

of substrate inhibition by the classical method with plotting
the diagrams of enzymatic reactions. Two formulas (4), (5)
were proposed. Model (4) is the only complete solution for
n=3 with four empirically determinable coefficients. The
latter naturally increases the capabilities of model (4) com-
pared with three-parameter models. Model (5) is given in the
general from and is not practical in character. The properties
of the series in the denominator were not studied. However,
knowledge of the patterns for changing coefficients ¢; opens
up the opportunity to reduce formula (5) to a three-para-
meter formula with its generalization to an arbitrary order of
ESC. Article [4] proposed a specific model, which can be also
interpreted as semi-empirical. As a theoretical, a four-para-
meter model (6) corresponds to the mechanism of inhibition
that is less intensive than in model (1). ESC of second order
is active, but its activity is lower than that of ESC with
n=1(cy<cy). A multiplier in brackets can also be regarded
as a correction function. Model (6) was used practically in
comparative analysis with other formulas.

Table 1

Dependences of specific biodegradation rate Von substrate
concentration p
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The modified or hybrid method for description of bio-
degradation is presented in Table 1 with models (7)—(11).
The essence of the approach is that the known theoretical
solution for n=1 (fractional two-parameter dependence
without maximum) is corrected by some empirical function,



which phenomenologically takes into account the inhibition
effect. Almost all possible types of correction functions were
used. In paper [5], the correction exponential function with
a negative exponent was applied as a multiplier. The authors
of article [6] take into account the inhibition effect by sub-
traction of linear correction function. In article [7], the phe-
nomenological correction was proposed in the form of power
function. In this case, this formula became four-parameter
one. In study [8], inhibition effect is empirically taken into
account by multiplying by power function. Model (10) will
give results similar to those calculated according to formu-
la (7) in the region of small ranges of concentration changes.
In paper [9], in addition to the power function in the form
of the common multiplier, free term b of solution with n=1
is additionally corrected by power function in denominator.
In this case, the structure of the five-parameter formula (11)
is clearly overloaded. The modification method also gives
good results when using three empirical coefficients. In this
class of models, model (7) is the most flexible and most often
used. For example, as it follows from the diagram presented
in [13], a good match of experimental values and the values
calculated from this formula was achieved.

Fully empirical or phenomenological approach is presen-
ted in Table 1 by models (12), (13). The phenomenological
method implies the description of two processes — the fading
increase in biodegradation rate (dependence n=1) and the
actual inhibition effect — by empirical functions at the mac-
ro-level. In research [10], these two processes are represented
in the form of the difference between exponential functions
with negative exponents. Formula (12) is flexible enough
and also successfully applied in the form of two-paramet-
ric (b=0) model. In study [14], determination coefficient
R?=0.963 in relation to phenol fermentation was achieved.
In research [11], the fading increase in biodegradation rate is
represented by power dependence on substrate concentration,
while inhibition effect is taken into account by multiplying by
exponential dependence like in model (7). Using model (13),
the processes of bio-oxidation of five gaseous and water-dis-
solved harmful substances were successfully described [11].
It is possible to regard the impossibility of closed integration
for obtaining the dependence «concentration-time» in the
stationary process as the drawback of formula (13), compared
to most other models. The kind of empirical dependence
with maximum and inflection point characteristic of specific
biodegradation rate with substrate inhibition, proposed by
reference books, is limited to models (12), (13).

The search for adequate dependences of biodegradation
kinetics naturally includes not only the development of
new mathematical models, but also comparative analysis of
the effectiveness of existing formulas. The task of the criti-
cal analysis in this case is clearly solved by comparing the
known parameters of assessing the accuracy of description of
experimental data. It turned out that a characteristic feature
of such research is approximation of results with high deter-
mination coefficients, obtained when using different models.
This conclusion was made by the authors of [15] when com-
paring three-parameter models (1), (7), (9), (10). In this
case, model (9) was calculated for n=0.5; 1. In study [16],
the capabilities of models (1), (4), (6), (7), (9), (11), (12)
were assessed. The best results were achieved for formulas
(1), (6), (7), (9), where determination coefficient fluctuated
in the narrow range R?=0.909-0.933. For models (4), (11),
(12), R?=0.730-0.836. Research [17] gave assessment of ac-
curacy of description of experimental data by models (1), (4),

(6)—(9), ((11), (12) at b=0). Models (1), (4) had the best
result with R?=0.97; 0.98, respectively. High values of deter-
mination coefficients R*=0.89-0.90 are also characteristic of
other formulas. In publication [18], based on the description
of three series of experiments, the practical identity of the
theoretical model (1) R2=0.924-0.976 and purely empirical
formula (12) R*=0.935-0.976 were revealed. The indicators
of the two-parametric model (12) at b=0 — R?>=0.858-0.970
differ insignificantly. The results, presented in [19], testify to
practical match of root mean square deviations of models (1),
(2), (7), (12). For models (4), (6), this indicator is lower by
10 %. In paper [20], theoretical (1) and modified (9) formulas
were applied as equal with determination coefficient R?=0.95.
In research [21], high accuracy in the description of bio-
degradation kinetics by four different models was achieved:
(1) — R?=0.9249, (4) - R?=0.9237, (7) — R*=0.9028, (12) -
R?=0.9527. The authors of [22] showed the adequacy of mo-
dels (1), (4), (6), (9) with determination coefficients within
R?=0.947-0.995. The data published in [23] demonstrate
very close values of root mean square deviation when using
models (1), (4), (7), (9), (2). In paper [24], during com-
parative evaluation of models (1), (4), (11) determination
coefficients ranged within R?=0.9616-0.9877. The data of
research [25] for two series of experiments on ammonium
bio-oxidation show the adequacy of the groups of models (1),
(4), (6), (9), (12), and (12) (at b=0) — R2=0.91-0.99. Ex-
tensive testing of formulas was performed by authors of [26].
In models (1), (3), (6), (7), (12), determination coefficient
reached high values R?>0.963. The results, obtained in [27],
demonstrate practical equality of models (1), (4) — R*=0.989;
0.984, respectively. Excellent conformity with the experiment
was revealed in research [28] for all the studied models — (1),
(4), (7), (9), (11), (12) — at b=0. Multi-variant description
of the same experimental data at high determination coeffi-
cients testify to the possibility of using the unified generalized
solution. Obviously, the quality of generalization for the given
kind of a curve with zero point, maximum and inflection point
will be determined not only by the magnitude of argument
change range, but also by the value of random error of the
experiment.

In general, critical analysis of the structures of formu-
las [1-11] revealed the lack of theoretical dependence for
mechanisms of substrate inhibition of high intensity. In
addition, a comparison of the accuracy of description of the
experimental data [12—-28] by various formulas showed their
closeness in actual ranges of substrate concentrations. That
is why the unresolved problem is finding and substantiation
of the unified theoretical dependence, describing different
mechanisms of substrate inhibition in the generalized form.

The only region of theoretical solutions requiring further
studying is analysis of high-order formulas included in the
model of the general form (5). To select the generalizing
formula, it is necessary to obtain and analyze the ratio of all
possible theoretical solutions. However, when using the clas-
sical approach, it is impossible to construct a common scheme
for the reaction of undefined order of ESC. To solve the cor-
respondent system of differential equations, it is necessary to
accept in advance the maximal number of attached substrate
molecules. This difficulty is overcome by the representation
of a bio cell with enzymes in the form of a multi-channel
queuing system where an enzyme is the channel. The method
of dynamics of averages can be a particular implementation of
this approach. Statement of the scheme of enzymatic kinetics
reaction in terms of probabilistic model of the queuing theory



make it possible to get a whole range of solutions up to the
limiting order of ESC n—eo. Identification of the generalizing
model in the spectrum of solutions will require an extensive
numerical experiment, including comparison of effectiveness
of application of various formulas with consideration of ran-
dom error in a physical experiment. Construction of proba-
bilistic models of the development of processes in time and
the computation experiment are the methods of simulation.

3. The aim and objectives of the study

The aim of this study is to search for and to substantiate,
using the methods of simulation, a unified calculation depen-
dence «biodegradation rate — concentration of atmosphere
pollutant», generally describing the mechanisms of substrate
inhibition of various intensity determined by order of inac-
tive ESC from two ad infinitum. Pollutants include gaseous
(methane, formaldehyde, hydrogen sulfide, sulfur dioxide
and ammonia) non-soluble (methane), soluble (sulfur di-
oxide, hydrogen sulfide and ammonia) and dissolved in water
(formaldehyde) harmful substances.

To accomplish the set aim, it is necessary to solve the
following tasks:

— to determine the full range of theoretical formulas for
calculating specific biodegradation rate, corresponding the
various mechanisms of enzyme kinetics with substrate inhi-
bition, using the method of dynamics of averages. A full range
is necessary to identify the patterns of the ratio of forms of
curves of calculation dependences as intensity of substrate
inhibition increases and structures of formulas change;

— using the method of numerical experiment, to prove
the existence in the spectrum of theoretical solutions of
the unified generalizing formula, which makes it possible to
perform practical calculations of bio-oxidation kinetics with
substrate inhibition of any intensity in the actual range of
pollutant concentrations with admissible error. The proof
should include the evaluation of the influence of random
error of the experiment on the conformity of the unified ge-
neralizing formula with other dependences of the spectrum.

4. Research procedure

To obtain a full range of theoretical formulas for calcu-
lating specific biodegradation rate, the probabilistic model
was applied. The proposed probabilistic simulation model
is based on the representation of a bio cell with enzymes in
the form of a multi-channel system of queuing. The events of
a substrate molecule meeting an enzyme, as well as the break
of their contact, are accepted as random. Formation and
decomposition of ESC are considered as the Markovian pro-
cess. Biodegradation occurs as a result of a basic enzymatic
act only at one attached molecule of the substrate. ESC of
higher order are inactive.

Mathematical description of the model was performed
using the method of dynamics of averages, in which mean
numbers of ESC of different or-

mathematical modeling of behavior of complex technical and
military systems in the study of operations. The admission of
the method is the replacement of mathematical expectation
of a function with the same function of mathematical expec-
tation. With respect to modeling the kinetics of enzymatic
reactions, errors can occur only at the substrate concentra-
tion in the vicinity of a bio cell, measured by several mole-
cules. Apparently, this admission corresponds to accepting
direct proportionality between the reaction rate and the sub-
strate concentration while compiling the classical schemes of
enzymatic reactions. The formula obtained by both methods
for orders of one and two are the same. Thus, the method
adequately models the kinetics of the process, excluding
the non-working region of virtually zero concentrations of
removed harmful substances, where due to this, relative error
increases dramatically even at an insignificant absolute error.

The substantiation of using the unified generalized for-
mula was proved based on comparative assessment of accu-
racy of description of the specified estimated values of one
function — by the dependence with another mechanism for
substrate inhibition.

For comparative evaluation of the effectiveness of the-
oretical solutions when describing the data, corresponding
to different intensity of substrate inhibition, we used the
method of numerical experiment. The known merits of the
method include the possibility to perform calculations in
a wide range of exactly assigned varied parameters, which is
virtually not realizable in a physical experiment.

At the first stage, twenty calculation points of the described
functions simulated an exact physical experiment without
a random error. The coefficients of the describing formula
were determined by the least-squares method. The designed
programs implement the widely used method of gradient or
quickest descent, written down in VBA. Calculation was per-
formed until reaching the relative change in the sum of squares
of differences in one iteration step less than 1076, Relative
changes of coefficients a, b, ¢ in this case made up 107810719,

At the second stage of the study, the third series of nu-
merical experiments using the random number generator was
performed in order to assess the influence of a random error.
The unit, in which experimental data were represented taking
into account the existing error in a physical experiment, was
added to the developed programs. The numerical experiment
made it possible to vary an error with a view to assessing its
influence, which is not possible when doing experiment.

5. Mathematical modeling of enzymatic kinetics with
different mechanisms of substrate inhibition

The graph of the states of the elements of the proposed
model was represented in Fig. 1, where: F, is the mean quan-
tities of ESC with attached i-th molecules of the substrate;
A;and v, are the intensities of formation and decomposition
of ESC of i-th order; v , s the intensities of product forma-
tion; S and P are mean quantities of molecules of substrate
in the neighborhood of a bio cell.

ders are determined, rather than y) 2 y) 1 p) 1 1
probabilities of the state of each ' = : 4 EEAZEN "
enzyme or substrate molecules in Fo | V» | Fi Fa Fs Fa Fn-1 Fn
a bio cell. The applied method of V. v V. v, ” , o

dynamics of averages is an effec-
tive and widely used method of

Fig. 1. Graph of possible states of enzyme in a bio cell



The method of dynamics of averages [29] enables writing
down the following differential equations for the graph in Fig. 1:

%‘Z: M F,+V,F, (14)
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The existence of stationary phase in the elementary enzy-
matic act, experimentally proved in enzymology [30], makes
it possible to equal to zero the left side of the equations of
the system (15)—(21). In terms of the Tikhonov theorem,
equation (14) or a slow process is called a degenerate system
and equations (15)—(21), or a quick process are called an
attached system. It was mathematically proven [31] that
the solution of the full system (14)—(21) tends to solve
a degenerate system with left parts of the attached system
tending to zero in the absence of the self-oscillatory pro-
cesses. The Tikhonov theorem is virtually successfully used
in modern theoretical studies of enzymatic reactions [32]. In
a well-grounded way, we accept:

ar, _,

e (23)
and obtain the system of ordinary equations:

M F,+ (v, +v,)F =0, (24)
-\, F, +V,F, =0, (25)
A, F, 4V, F, =0, (26)
-\ F+v,F, =0, (27)

AsF, + Vi F, =0, (28)
-AE  +V,E =0, (29)
AE, =V, F, =0. (30)

The solution to system (24)—(30) in relations to produc-
tive ESC will be:
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where F is the total quantity of enzymes in a bio cell:

A =15, (32)

Similarly, we accept intensity of ESC decomposition as
proportional to the number of unproductive attachments:

v, =(i-1)v. (33)
Condition (23) allows writing down:

ds dp

L& 34
dt dt (30

With this in mind, we obtain an expression for the rate of
change in the number of substrate molecules:

AES
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Dependence (35) with accuracy to designations corre-
sponds to the results obtained by the classical method for com-
piling the scheme of enzymatic reaction for first-order ESC
(Monod formula) and second-order ESC (Andrews formula).

For the rate of concentration change specific per biomass
unit, expression (35) can be represented as:

; (36)

+i(cp)é+'"(ni1)!(cp)w

where p is the substrate concentration; a, b, ¢ are the expe-
rimentally determined coefficients.

Formula (36) includes the range of solutions, the size of
which depends on the order n of the original system (15)—(21).
System order corresponds to the order of ESC, that is, the
maximal number of attached substrate molecules. In general,
the whole range of solutions is represented as a set of formulas:
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An increase in the order of the system corresponds to
the mechanism of substrate inhibition with greater intensity.
The formulas obtained, regardless of order n include three
experimentally determined parameters.

Analysis of the spectrum of solutions requires quantitative
estimation of the relationship between the shapes of the curves
of expressions, belonging to it. To do this, it is convenient to
represent formulas (37)—(40) in the dimensionless form:

=V (41)
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where V" is the specific bio-oxidation rate, referred to its
maximum possible value without the inhibition effect; ¢b is
the factor of the shape of the curve, corresponding to a defi-
nite formula of the spectrum; cp is the factor of the range of
argument, determining the curve length by X-axis.

A dimensionless curve shape factor (SF) c¢b unambi-
guously determines the coordinates of maximum and in-
flection points for dependences of spectrum with n>2. At
small values of dimensionless argument range factor (RF) cp,
formulas (42)—(45) will give close results by virtue of quick
convergence of a series in denominator.

By calculation with the use of the least square method,
we found coefficients in statistically significant dependences
(46)—(53) of coordinates the maximum on SF cb. The coordi-
nates, which are the original data for obtaining dependences
(46)—(53), were found by the known method of numerical
differentiation of calculation curves of the corresponding
order. The adequacy of the method is proved by the obtained
values of coefficients in expressions (46) and (50), which
should be exactly equal to 1; 0.5 and 2; 0.5, respectively:

o =1.0032%(ch)"™™ (46)
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cp,, =0.6356 *(cb)“‘“‘“ =0.9953, (48)
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1
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1
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where ¢p,, is the dimensionless coordinate of maximum on
X-axis for the curve of the i-th order; V., is the dimensionless
coordinate of maximum on Y-axis for the curve of the i-th
order; R? is the determination coefficient.

Comparison of coefficients in dependences (46)—(53)
shows a significant quantitative difference of second-order
formulas (46) and (50) from other formulas of the range. In
this case, we should note proximity of dependences (48) and
(49), as well as (52) and (53). These dependences are also
characteristic of the coordinates of inflection points. The
above analysis demonstrates the special place of curve shape
for n=2 in the general series of the curves of higher orders.
With an increase in order n>3, the difference in curve shape
is quickly leveled. Beginning with n=4, the curve shape pa-
rameters quantitatively differ little from shape parameters
for n—eo (cp,,,V,,)-

Thus, formula (45), the corresponding to the mechanism
of limiting order (n—<) with the highest inhibition intensity,
is close by the parameters of the curve shape to all depen-
dences of the spectrum, except for expression (42). That is
why substantiation for the use of formula (45) as generalizing
should be assessment of the possibility of describing with its
use the dependences with lower order and, above all, with
minimal n=2. For complete assessment, it is also necessary
to verify the quality of description of dependences, corre-
sponding to mechanisms of higher inhibition intensity by
formula (42).

6. The rationale for applicability of the unified
computational formula for different models
of substrate inhibition

At the first stage, two series of computational experiments
were performed: description of model (43) by formula (42), as
well as description of models (42)—(44) by dependence (45).
Varying values of SF were accepted as overlapping the actual
range: ¢b=0.005; 0.01; 0.025; 0.1; 0.5; 2; 10; 25; 50. Appro-
ximation accuracy was assigned by average relative error (de-
termined by absolute magnitude) from virtually full match to
admissible deviation: 8,=005; 0.02; 0.05; 0.1. Determination
coefficient R? and root mean square error (5:,, referred to limi-
ting value of destruction rate V=a were determined.

These calculations make it possible to compare before-
hand the capabilities of models (42) and (45) by the descrip-
tion of the intermediate variant with n=3. In this case, the
application of the least-squares method will lead to distortion
of original coefficients:

* k, (¢p)
V,, = = , 54
% () cp[ 1+ & ()] )
* k. (cp)
V= . : (55)
"k, (cb)+cpexp[ k. (cp)]
where V,, — dependence (42) describes (43); V., — depen-

dence (45) describes (43); k,, k,, k. are the dlstortlon coeffi-
cients a, b, c, respectively.

For fixed values of &), maximal reachable values of SF cp,
were calculated. Obviously, higher values of cp, ceteris pari-
bus must correspond to the best description of the function.
Table 2 shows calculation values of c¢p, for models (42) and

(45) during description of intermediate ratio (43).



Table 2

Change in maximum achievable range of argument cp,
depending on shape factor cb at assigned relative error
80=0.005; 0.02; 0,05; 0.1

V, describes V3 Vs describes V3
D ey | epes | Pes | Ppro | Pass | Pes | Pes | Py
0.005 {0.9001| 1.648 | 2.557 | 3.625 [0.5076|1.0645|1.8304| 2.82
0.01 {0.9235]| 1.686 | 2.614 | 3.705 |0.5403|1.1124|1.8963| 2.908
0.025 |10.9722| 1.764 | 2.727 | 3.865 [0.6039(1.2061|2.0277| 3.084
0.1 [1.1028( 1.986 | 3.049 | 4.31 [0.6909| 1.45 [2.3787| 3.564
0.5 |1.309 [ 2.504 | 3.842 | 5.39 [0.8839| 1.885 [3.0855| 4.353
2 1.653 | 3.223 | 5.151 | 7.207 |1.1971] 2.409 |3.4107| 4.688
10 |2.3872| 4.718 | 7.702 | 11.015[1.8329| 2.82 [4.2025| 6.118
25 | 3.081[6.005| 9.99 |14.277|2.1879| 3.333 |5.0565| 7.545
50 | 3.772 | 7.331 |12.251|17.567| 2.492 | 3.923 | 6.013 | 9.042

It follows from the data in Table 2 that formula (45)
has significantly more commonality when describing the
dependence with order =3 in all the range of variations in
cb at any specified accuracy 8. Naturally, formula (45) will
also have an advantage over model (42) when describing
dependences with higher order n>3. It is also necessary to
note one negative property of model (42): at ¢b>0.5, there
occurs a catastrophic (up to hundreds of thousands) increase
in distortion coefficients and a sharp increase in the number
of iterations. These effects arise because of poor expression of
a minimum and fractionality of function (42).

Table 3 shows the results of assessment of accuracy of
descriptions of function Vy with the least order by the de-
pendence with limiting order V,. At fixed values of &), we
calculated the maximal achievable values of SF, assigned to
the coordinate of a maximum on the X-axis cpg/cpn,. These
relative values of the range factor (RVRF) make it possible
to assess visually the capabilities of model (45) in practice.
The magnitude of RVRF in laboratory experiments does not
usually exceed 5-6 units, except for the cases for cb<0.01
when cp,/cp=8-10.

Table 3

Change of relative range of argument ¢p,/ cp, and root
mean square error Gg, depending on shape factor cb
at relative error §,=0.005; 0.02; 0.05; 0.1

p./cp, o,

@ 0.005] 0.02 | 0.05 | 0.1 | 0.005 | 0.02 | 0.05 | 0.1

0.005| 8.01 |18.2934.82|60.00 [ 0.00433 | 0.01421 | 0.02759 | 0.04109
0.01 | 6.12 [13.75]26.01 | 44.76 |0.00415 | 0.01367 | 0.02654 | 0.03953
0.025| 4.38 | 9.64 | 18.04|30.970.00383 | 0.0127 |0.02465 | 0.03671
0.1 |2.69|6.17 |11.37/19.30[0.00301 [ 0.01057 | 0.02055 | 0.03048
05 | 1.65 | 4.25 | 7.65 |12.91]0.00162|0.00731]0.01426|0.02123
2 | 122321611 [10.27]0.00081[0.00439| 0.0091 |0.01361
10 | 097 | 2.62 | 5.24 | 8.76 |0.00034|0.00217 | 0.0048 |0.00719
25 | 0.89|2.42 500 | 835 | 0.0002 [0.00139| 0.0032 |0.00481
50 | 0.86|2.32 | 4.89 | 8.16 [0.00014 |0.00098 | 0.00232| 0.0035

It follows from the data in Table 3, that at high accuracy
80=0.005, practical capabilities of model (45) are limited to
small values of SF ¢6=0.01. However, at a 5 % relative error,
formula (45) already describes with guarantee an actual
range of changes in SF, which for the dependence with mini-
mal order is focused in the region of cb<0.5. For models with
a higher order, the capabilities of formula (45) are higher by
virtue of proximity of curves’ shapes.

The values of relative root mean square error &, decrease
to very small values at an increase in c¢b, which indicates
lesser visibility of the application of this indicator compared
to an average relative error. Determination coefficient also
is inferior to indicator & in sensitivity in relation to varying
parameters.

The above analysis was performed in the coordinates of
dimensionless parameters cpg, and cb, for the described de-
pendences V, of the n-th order. In the framework of the com-
putation experiment, we calculated range factor cpg, and
shape factor cb,,, corresponding to formula V., that describe
dependence V.. Fig. 2 shows the results of the second series
of the computational experiment in calculated coordinates of
the describing formula V.

For each group of curves, the assigned relative error var-
ies from top to bottom: §,=0.1; 0.05; 0.02; 0.005.

It follows from the data in Fig. 2 that the admissible range
of existing calculated parameters cpg, and cb,, of describing
dependence V, corresponds to each described function V,
of the definite order. The regions are inter-crossing and are
limited at the top and at the bottom by curves with max-
imum 8,=0.1 and minimum 8,=0.005 by average relative
errors, respectively. On the left, the regions are limited by
the Y-axis, and on the right — by extreme points of curves
with different values of §y. At an increase in order n, the cor-
responding region of existence of solutions for the describing
dependence expands on both axes and is shifted up Y-axis.
This pattern is indicative of a natural increase in capabilities
of formula V, at an increase in the order of a described curve
at a fixed relative error. The region under the lowest curve
(V,; 8,=0.005) in Fig. 2 is the region of practically invariant
solutions in relations to the order of describing dependence.
In the insensitivity zone, the value of the range factor is so
small that experimental points do not contain any significant
information about the curve shape.

At the second stage of the study, to assess the influence of
a random error, we performed the third series of computatio-
nal experiments using the random number generator. The de-
veloped programs were supplemented with the unit, in which
the experimental data V,, were represented in the form:

V. =V, AV, (56)
where AV, in the non-systematic random error.

The computational series included six implementations
on each of the four assigned values of maximal possible ran-
dom error AV, > AV, The calculated value of relative root
mean square error 6, corresponded to each implementation.
The computational series were performed for varying para-
meters: at 8,=0.05 — ¢b=0.05; 0.1; 10 and at cb=0.1 —
8p=0.02; 0.05; 0.1. Magnitudes of cp; were accepted as equal
to those calculated before for corresponding §, and cb. A cer-
tain initial root-mean square deviation o, also corresponded
to value ). We assessed the influence of a random error on
accuracy of description by formula (45) of dependence (42) —
V.,. and by formula (42) of itself — V..
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cb,, is shape factor when describing dependences V, by formula ¥,

Fig. 2. Dependence of the widest range of argument change ¢p 4, on shape
factor cbe, when describing ratio V," by formula V.". Group of continuous
curves — n=2; dashed curves — n=3; dotted curves — n=4

The results of assessment for the data averaged by
six implementations are shown in Fig. 3, 4. It follows
from the data in Fig. 3, 4 that at an increase in random
error, statistical difference between descriptions V.,
and V,,, continuously decreases. The corresponding
average relative errors 8, and 8, become equal when
condition o,/c,>24 is met. A random non-syste-
matic error 8 seems to absorb initial error 8, of mis-
match of a describing and described functions.

Continuous lines — §, for model V,, dashed
lines — &, for model V,,.. For each pair of curves,
the assigned shape factor varies from top to bottom:
c¢b=10; 0.1; 0.005.

Continuous lines — §, for model V,,, dashed
lines — &, for model V,,.. For each pair of curves, ini-
tial relative error varies from top to bottom: §,=0.1;
0.05; 0.02.

It is obvious that a random error leads to a distor-
tion of numerical values of coefficients when descri-
bing a second-order function itself V.. A relative error
in determining coefficients, averaged by six implemen-
tations, is limited by 8,<0.05 only within 8,<0.01 of
a relative random error for the describing formula as
a whole. At 8;=0.05-0.1, an averaged error in evalua-
tion of coefficients reaches the values of 8,=0.2-0.35.
In particular implementations, considerably larger
gaps in the assessment of the accuracy of a model as
a whole and accuracy of determining its coefficients
were detected. To determine reliably the true values
of empirical coefficients, it is necessary to perform at
least six series of a very accurate physical experiment.
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It is possible to argue that obtained
formula V., describes not original depen-

e2s
dence V,, but rather a new ratio V,,, with
distorted coefficients and the error of ini-
tial mismatch 8, decreasing even to zero.
The latter circumstance follows from the

evident equality:
5(5 = 81) + 85’ (57)

That is why when using the graphs
from Fig. 2 to assess the order of experi-
mental dependences, we should correlate
the points in coordinates «cp,—cb,» with
the curves corresponding to smaller §,
and larger values of 7.

The points presented in Fig. 2 accor-
ding to Table 4 indicate that destruction
of hydrogen sulfide, sulfur dioxide and
methane occurs in a zone of insensitivity
to the order of a described function. For
ammonia and formaldehyde (anaerobic
process), the order is n>4, for formal-
dehyde (aerobic process), destruction
of hydrogen sulfide, sulfur dioxide, and
methane occurs in a zone of insensitivity
to the order of a described functions. For
ammonia and formaldehyde (anaerobic
process), the order is n>4, for formal-
dehyde (aerobic process), n>3.

These conclusions are supported by
direct comparative estimate of capabilities
of formulas of the range, shown in Table 5.
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Fig. 3. Dependence of average relative errors 8. and 9,
on random root mean square error of experiment 65 and shape
factor cb at 5,=0.05
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Table 4
Dimensionless parameters of
description of experimental data [11] by formula V.
Coor-| Hy- Formalde- Formalde-
dina- | drogen Sulfur | Me- | Am- hyde (aerobic | hyde (anaero-
: dioxide | thane | monia - e o
tes | sulfide process) bic process)
cb, | 0.1296 |0.06458 | 0.06493 | 5.276 1.873 9.373
cp. | 0.3362 | 0.3318 | 0.3121 | 1.966 1.124 1.972
Note: the coordinates are shown in Fig. 2 by crosses
Table 5

Comparative estimation of accuracy of
description of experimental data [11] by formulas V,, V5, Vjand V.

Hy- Formal- | Formalde-
Para- droyen Sulfur Meth- | Ammo- | dehyde | hyde (an-
meter & dioxide ane nia (aerobic | aerobic
sulfide rocs oS
process) | process)
Vo | 72.539 67.348 41619 |1.0363-10°| 219.63 3,368.2
Vs | 71.509 64.465 402.42 262.20 207.08 3,314.9
a Vi | 71.350 64.116 400.93 58.392 204.97 3,286.2
Ve | 71.406 64.003 400.66 39.683 203.84 3,263.0
Vo | 39.052 25.784 24102 [1.1633-10°| 1,496.0 4,803.5
b V3 | 38534 24472 | 22992 | 33628 | 1,489.3 | 51388
Vi | 38437 23972 | 22868 | 71480 | 1,499.4 | 52194
V. | 38.488 23.898 2.2843 47.048 1,499.6 5,229.0
Vs 10.0041828 0.0037558 [0.037996| 988.73 0.0026275| 0.0061665
. V3 10.0034280( 0.0028010 [0.029208 | 0.48316 |0.0014410| 0.0024675
V4 10.0033628] 0.0027198 | 0.028514| 0.15185 [0.0012904| 0.0019772
V. 10.0033662| 0.0027023 | 0.028427| 0.11213 |0.0012491| 0.0017924
Vy 1.663 1.818 5.556 0.3394 1.505 19.85
5 Vs 1.640 1.838 5.807 0.2457 1.323 14.94
Vi 1.637 1.843 5.839 0.2400 1.318 13.40
Ve 1.636 1.844 5.842 0.2394 1.336 17.27
Vo | 0.06739 | 0.06049 | 0.03469 | 0.1082 | 0.02774 | 0.1827
5 Vs | 0.06628 | 0.05940 | 0.03643 | 0.08236 | 0.02548 | 0.1392
Vi | 006610 | 0.05926 | 0.03665 | 0.08107 | 0.02564 0.1257
V. | 0.06607 | 0.05916 | 0.03669 | 0.08144 | 0.02585 0.1192
Vo | 09810 0.9793 0.9957 0.9511 0.9234 0.9747
R Vs | 09815 09789 | 09953 | 09744 | 0.9408 0.9857
Vi | 0.9816 0.9788 0.9952 0.9756 0.9412 0.9885
V. | 0.9816 09787 0.9953 0.9757 0.9396 0.9897

Note: magnitudes a, b, ¢ and 6 are accommodated with dimensionalities in [11]

For ammonia and formaldehyde (both kinds of
processes), formula V, has clearly worse indicators
due to the higher order of the described experimental
data. For sulphur dioxide and methane, the advantage
of formula Vs, is not statistically significant, and for
hydrogen sulphide, there is a statistically insignificant
advantage of formula V,. Increased numerical values
of empirical coefficients demonstrate the previously
marked negative feature of dependence V, when de-
scribing the curves of high orders.

Thus, the practical application of model (45) also
proves its commonality when describing the kinetics
of biodestruction of various harmful substances with
substrate inhibition of varying intensity. It should be
noted that formula (45) is workable technically for
any whatever large ranges of concentrations of envi-
ronmental pollutants.

7. Discussion of results of studying the regularities
of biodegradation process with substrate inhibition

The study includes obtaining a full range of theo-
retical solutions for the dependence of biodestruction
rate on substrate concentration and the evidence of
the existence in this spectrum of a unified dependence,
generally describing the mechanisms of substrate inhi-
bition of varying intensity.

The application of the method of dynamics of aver-
ages resulted in obtaining of a full range of theoretical
dependences of biodegradation with substrate inhibi-
tion. The solution of the spectrum is distinguished by
the number of terms of a quickly converging power se-
ries in denominators of formulas. The number of terms
of the series characterizes the order of the dependence,
corresponding to various inhibition intensity, chang-
ing from minimal #=2 to limiting n=c. We detected
the proximity of shapes of curves for dependences of
specific bio-oxidation rate on concentration of harmful
substances for orders from n=3 (V3) to n=o (V,), and
consequently, the essential difference of the depen-
dence of minimum order n=2 (V5) on other formulas of
the range. The value of coordinate of maximum of func-
tion Vy is by 1.42 times higher than in dependence Vs.
The results of analysis of the full spectrum of solutions
made it possible to determine formulas Vs and V, for
estimation of their application as generalizing ones and
state the sequence of necessary calculations.

To prove the possibilities of using the unified for-
mula in describing the processes of bio-oxidation with
substrate inhibition, the method of numerical experi-
ment was applied. Mutual description of various func-
tions from the full range was performed using the least
squares method until obtaining the maximum range of
the change in argument at the assigned relative error.

At the first stage, the accuracy of description of
intermediate dependence V3 by formulas V5 and V,
was compared. The obtained data (Table 2) suggests
that the range of variation of argument in formula V, is
by 1.5-2 times more in comparison with dependence V5.
This result made it possible to exclude formula V;
from the candidates to being applied as a generalizing
dependence. At this stage, the numerical experiment
on description of dependences of other orders V,, V3



and V; by formula V, was performed. It follows from the data
of Table 3 that formula V, describes dependence V, with 5 %
accuracy in the actual range of changes in concentrations
of harmful substances. The ratio of the range of a change of
argument to the position of maximum is >5 even under con-
ditions of its weak expression.

At the second stage of the numerical experiment, the effect
of a random error on the possibility of using a unified formula
was simulated. The existence of a random error also leads to
a distortion of results when describing experimental data with
order n=2 by dependence V,. That is why the influence of
a random error on comparative accuracy of description of ex-
perimental data with a minimal order of inhibition by formulas
Vs and V, was modeled. The results of the numerical experi-
ment (Fig. 3, 4) indicate that with an increase in a non-syste-
matic error, the statistical difference between the descriptions
by Vs and V, continuously decreases up to zero. Convergence is
achieved at the ratio of a random error to the initial error that
is equal to >2.4. This result extends the capabilities of formula
V, when describing actual data of a lower order.

The results of the numerical experiment prove the possibili-
ty of using formula V, as unified during practical calculations of
kinetics of the biodegradation process with substrate inhibition
of varying intensity. Dependence V, in its pure form describes
the stationary bio-oxidation process without changing the
reaction zone and additional arrival of a pollutant in it. The
proposed model is not a complete model of a non-stationary
process in the bioreactor. The development of such a model re-
quires a separate study. The resulting unified formula is a neces-
sary component of a non-stationary model as the scientific basis
for the development of calculation methods and substantiation
of project solutions for biochemical treatment plants.

Subsequent improvement of calculation methods also
involves assessing the impact of a change in biomass concen-
tration in the biodegradation process.

8. Conclusions

1. Using the method of dynamics of averages, we found
a full range of theoretical solutions for dependences of speci-

fic bio-oxidation rate V, on pollutant concentration p. Each
solution differs by the inhibition intensity expressed by the
number of members of quickly converging power series in de-
nominators of equations. The size of the series is determined
by the order of a solution, varying from minimal n=2(V3) to
limiting n—oo(V,). The formulas with more than minimal
order n>3 are characterized by the proximity of the shapes
of curves of «specific rate V,, — concentration p». The shape
of the curve for the solution with minimal order V, differs
significantly from other dependences of the range. The value
of coordinate of the maximum of function Vs, is by 1.42 times
higher than that of dependence V.

2. Mathematical modeling of physical experiments proved
the possibility of the practical use of the solution of limiting
order V, as a unified formula enabling to calculate specific
biodegradation rate at any intensity of substrate inhibition.
In three series of computational experiments we consistently
showed:

—the advantage of formula V, compared to formula
of minimal order V; in accuracy of description of experi-
mental data with intermediate intensity of substrate in-
hibition V3. The advantage is that the possible range of
a change in concentrations at the same relative error is by
1.5-2 times larger;

— guaranteed ensuring 5 % accuracy during the descrip-
tion by formula V, of experimental data with minimal order V,
in the actual range of changes in pollutant concentration.
The ratio of the maximum range to the coordinate of the
position of maximum is always >5;

— convergence, even up to statistical equivalence, of
descriptions by extreme dependences of ranges V, and V,
of experimental data of minimal order at an increase in
a random non-systematic error. Convergence is achieved at
the ratio of a random error to the initial description error
equal to >2.4.

The versatility of the dependence of limiting order
V, is proved by the adequate (determination coefficient
R?=0.9396-0.9953) description of empirical data on five
harmful substances with varying degrees of inhibition. The
existence of biodegradation processes with inhibition inten-
sity of more than minimal #>3 was revealed.
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