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Запропоновано метод розв’язання задачі дрібно-нелінійної 
оптимізації. Показано, що саме до такої математичної моде-
лі зводяться численні задачі управління запасами, раціональ-
ного розподілу обмежених ресурсів, відшукання оптимальних 
шляхів на графі, раціональної організації перевезень, управління 
динамічними системами та інші задачі у випадках, коли вихід-
ні дані задачі описані в термінах теорії ймовірностей або нечіт-
кої математики. Проведено аналіз відомих методів вирішен-
ня задач дрібно-нелінійної оптимізації. Найбільш продуктивний  
з них заснований на ітераційної процедурі послідовного поліпшення 
початкового рішення задачі. При цьому на кожному кроці вирішу-
ється задача математичного програмування. Метод сходиться, 
якщо область допустимих рішень компактна. Очевидний недолік 
методу – неконтрольована швидкість збіжності. В роботі запро-
понований метод розв’язання задачі, ідея якого перегукується 
з відомим методом дрібно-лінійної оптимізації. Запропонована 
технологія перетворює вихідну задачу з дрібно-раціональним 
критерієм до звичайної задачі математичного програмування. 
Головне достоїнство методу і його відмінність від відомих поля-
гає в тому, що метод реалізується з використанням однокроко-
вої процедури отримання рішення. При цьому розмірність зада-
чі не є обмежуючим фактором. Вимоги до математичної моделі 
задачі, які звужують область можливих додатків розробленої  
методики:

1) компоненти цільової функції повинні бути сепарабельними 
функціями;

2) показники ступеня всіх нелінійних доданків компонентних 
функцій повинні бути однаковими.

Інша важлива перевага методу полягає в можливості його 
використання для вирішення задачі безумовної та умовної опти-
мізації. Розглянуто приклади

Ключові слова: оптимізація дрібно-нелінійної функції, лінійні 
обмеження, однокрокова процедура, точне розв’язання
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1. Introduction

Numerous practical problems are reduced to optimizing  
a nonlinear fractional functional in the form:

F x
X

g X
( ) =

( )
( )

j
,  X x x x Rn n= ( ) ∈1 2, ,..., , 	 (1)

where j(Х), g(X) are the arbitrary functions, and g(X) 
does not change its sign throughout the entire region of 
determination. It is such a mathematical model to which, 
in particular, inventory management tasks, on the rational 
allocation of limited resources, routing, etc. are reduced un-
der conditions of uncertainty when a problem’s parameters 
are defined in terms of a probability theory or fuzzy mathe
matics. A general scheme for solving such problems is as 
follows. Assume, for example, that the problem’s parameters 
are random variables. It is clear that this uncertainty passes 
in transit into the problem’s objective function. In this case, 
a conventional approach to solving the problem is optimiza-
tion of the average [1–3]. The obvious disadvantage of the 
solution thus derived is the danger of obtaining a result that 
would grossly deviate from an optimum in some specific situ-
ations, which may occur by accident during operation of the 

analyzed object. In this regard, a more appropriate approach 
is to modernize the criterion, which should be wisely chosen 
as the probability of obtaining a value for winning that is not 
below the assigned threshold. The solution that is derived 
in this case is better than the solution, optimal on average, 
for the following reasons. This solution is warranting and 
managed owing to the possibility of a rational choice of the 
threshold value. We shall show below that under the simplest 
and natural assumptions concerning the nature of uncertain-
ty in the initial data the maximization of a source probability 
leads to the optimization of a fractional-quadratic functional 
in the form (1).

It is clear that solving this problem is possible when 
using direct zero-order optimization methods (for example, 
by a Nelder-Mead method) [4, 5]. However, the extremely 
slow convergence of these methods, which manifests itself 
defiantly in the problems of high dimensionality, makes it 
difficult to implement them. On the other hand, the use of 
more powerful methods of optimization of the first and se
cond orders [6–8] is complicated due to the need to compute 
the gradient vector and the Hessian-matrix for functionals 
in the form (1). In this connection, it is a relevant task to 
construct a fast and accurate method of fractional-nonlinear 
optimization.
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2. Literature review and problem statement

The issue on the nonlinear optimization with a fractional 
criterion in the form (1) has been addressed by a large num-
ber of studies. The common characteristic of these works is 
that they solve a fractional-linear problem, that is the crite-
rion to be optimized (1) is not linear in structure only, while 
the functions Φ(X), g(X) that form it are linear. In this case, 
the problem is solved by reducing a fractional criterion to 
normal. Current results from the modification and strength-
ening of the method extend the scope of its application 
in some important areas (solving integer fractional-linear 
problems [9, 10], the problems in which the objective func-
tion coefficients are set over an interval [11, 12] or fuzzily 
assigned [11–15].

Those problems are much more difficult in which the 
functional to be optimized (1) is not linear not only struc-
turally, but also due to the nonlinearity of functions that  
form it. 

Known methods for solving such a problem employ 
different variants for transforming the fractional crite
rion (1) into normal [16–21]. This concept is implemented 
as follows. Assume g(X)>0. Choose an arbitrary vector 
X x x xn

( ) ( ) ( ) ( )( , , ..., )0
1

0
2

0 0=  from the function determination 
domain (1). If the original problem is to maximize the cri-
terion (1) and the selected vector X(0) is not a solution to 
this problem, then there must be some other vector X(1)  
for which:

F X F X1 0 0( ) ( )( ) − ( ) > . 	 (2)

Then, considering (1), record:

Φ X F X F X g X

X g X F X

( ) ( )1 1 0 1

1 1 0

( ) = ( ) − ( )



 ( ) =

= ( ) − ( )⋅ (
( ) ( )

( ) ( ) ( )j )) > 0. 	 (3)

Hence is a simple technique to solve the original problem: 
one must maximize the criterion Φ(X(1)). If inequality (3), 
derived in this case for plan X(1), is satisfied, the plan X(1) is 
better the plan X(0), otherwise the plan X(0) is optimal. Thus, 
the original problem is reduced to an iterative procedure of 
finding a sequence of vectors:

X X X X Xk k0 1 2 1( ) ( ) ( ) ( ) +( ){ }, , , ..., , , ... ,* * * * 	 (4)

for which the recurrence ratio holds:

j

j

X g X F X

X g X

k k k

x

k k

k

* * *

max

+( ) +( ) ( )

+( ) +( )

( ) − ( )⋅ ( ) =

= ( ) −
+( )

1 1

1 1

1
(( )⋅ ( ){ }( )F X k* . 	 (5)

In this case, it is clear that the problems obtained at  
every step of this procedure are easier than the original one. 
In a general case, it is a difficult task to prove the conver-
gence of a sequence of vectors (4) to vector X* that maximi
zes (1). However, for a series of specific tasks the problem can 
be solved, for example, if the set of permissible solutions to 
the problem is finite. 

Assume the problem implies finding a vector X that ma
ximizes the non-linear-fractional function:

F x x
x x

g x x
x x

x x1 2
1 2

1 2

1
2

2
2

1
2

2
2

5
2

,
,

,
,( ) =

( )
( ) =

+
+

j
	 (6)

and which satisfies the constraint:

x x1 22 3+ = . 	 (7)

In accordance with the methodology described, we shall 
assign any initial vector X(0) that satisfies (7), for example, 
X(0) = (1; 1). In this case, F(X(0)) = 2. Next we introduce the 
function:

Φ x x x x g x x F X

x x x x

1 2 1 2 1 2
0

1
2

2
2

1
2

2
25 2 2 3

, , ,( ) = ( ) − ( ) ( ) =

= + − +( ) = −

( )j

xx x1
2

2
23+ . 	 (8)

We shall find vector (x1, x2) that maximizes (8) and sa
tisfies (7) using the uncertain Lagrange multipliers method. 
Introduce:

L x x x x x x1 2 1
2

2
2

1 23 3 2 3, .( ) = − + − + −( )λ 	 (9)

Next:

d

d

L x x

x
x1 2

1
16 0

,
,

( )
= − − =λ  x1

1
6

= − λ;

d

d

L x x

x
x1 2

2
26 2 0

,
,

( )
= − =λ  x2

1
3

= λ.

Substitute the derived expressions for x1 and x2 in (7) 
and find λ:

− + = =
1
6

2
3 2

3λ λ
λ

.

Hence λ = 6 and 

x1
1 1

6
6 1( ) = − ⋅ = − ,  x2

1 1
3

6 2( ) = − ⋅ = .

Check that the inequality F(X(1))>F(X(0)) holds for the 
derived vector X(1) = (–1; 2). Since:

F X F X( ) ( ) ,1 01 20
2 4

7
2

2( ) =
+
+

= > ( ) =  

the procedure should continue. 
Forming the following function anew:

Φ x x x x g x x F X

x x x x

1 2 1 2 1 2
1

1
2

2
2

1
2

2
25

7
2

2

, , ,( ) = ( ) − ( ) ( ) =

= + − +( ) = −

( )j

66
3
21

2
2
2x x+ ,

as well as the new Lagrangian function:

L x x x x x x1 2 1
2

2
2

1 26
3
2

2 3, .( ) = − + − + −( )λ

Next:

d

d

L x x

x
x1 2

1
112 0

,
,

( )
= − − =λ  x1

1
12

= − λ;

d

d

L x x

x
x1 2

2
23 2 0

,
,

( )
= − =λ  x2

2
3

= λ.
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Find λ and the values for vector X(2) components. We 
obtain:

− + = =
1

12
4
3

5
4

3λ λ λ ;  λ =
12
5

;  x1
2 1

5
( ) ,= −  x2

2 8
5

( ) .=

Since:

F X F X( ) ( ). . ,2 1

1
25

5
64
25

2
1

25
64
25

4 863 3 5( ) =
+ ⋅

⋅ +
= > ( ) =

the procedure continues. At the next step, we obtain:

Φ x x x x x x

x x

1 2 1
2

2
2

1
2

2
2

1
2

2
2

5 4 863 2

8 726 0 137

, .

. . ;

( ) = + − +( ) =

= − +

L x x x x x x1 2 1
2

2
2

1 28 726 0 137 2, . . ;( ) = − + − +( )λ

d

d

L x x

x
x1 2

1
117 452 0

,
. ,

( )
= − − =λ  x1

1
17 452

= −
.

;λ

d

d

L x x

x
x1 2

2
20 274 2 0

,
. ,

( )
= − =λ  x2

2
0 274

7 3= =
.

. ;λ λ

− + ⋅





= =
1

17 452
2 7 3 14 54 3

.
. . ;λ λ  λ =

3
14 54.

;

x2
3 3

17 452 14 54
0 012( ) = −

⋅
=

. .
. ;  x2

3 1 506( ) = . ;

F X ( ) . .

. .

.
.

3

2 2

2 2

0 012 5 1 506

2 0 012 1 506

11 3403
1 5

( ) =
−( ) + ⋅( )

−( ) + ( )
=

0002

4 996 3

=

= > ( ). .( )F X

Because the value for F(x1, x2) continues to grow, the 
procedure should continue. Solving it further shows that the 
values for variables x1, x2, F(x1, x2) asymptotically approach, 
respectively, x x F x x1 2 1 20 1 5 5* * * *, . , ( , ) .= = =  In this particular 
example, the computational procedure is simple and the 
rate of its convergence is quite high, however, this gives no 
reasons for the statement of general optimistic conclusions. 
This fundamental circumstance renders relevance to the task 
on devising an alternative finite-step method to solve the 
fractional nonlinear optimization problems, which defines 
the purpose of the current study.

3. The aim and objectives of the study

The aim of this study is to construct a single-step method 
to solve the fractional nonlinear optimization problem, which 
would make it possible to obtain a result in a single step.

To accomplish the aim, the following tasks have been set:
– to transform the original model of a fractional non

linear optimization problem to the form typical for conven-
tional problems of mathematical programming; 

– to devise a computational procedure to solve the prob-
lem of mathematical programming, derived in this case, in  
a single step.

4. Construction of a single-step method  
of fractional-nonlinear optimization

Let us consider a possibility to build a single-step optimi-
zation method for the nonlinear fractional functional. 

Here us a specific and practical task (the rational alloca-
tion of limited resource), which comes down to optimizing 
the fractional-quadratic functional. We introduce:

b – value for the resource utilized when making a single 
piece of product of the j-th type, j n= 1 2, , ..., ;

xj – planned number of manufactured pieces of product of 
the j-th type, j n= 1 2, , ..., ;

cj – profit earned when selling a piece of product of  
the j-th type. 

Then

L x c xj j
j

n

( ) =
=

∑
1

is the total profit when implementing production sche
dule X x x xn= ( )1 2, , ..., .

The task on the rational resource allocation implies  
finding plan X, which maximizes the total profit L(x) and 
satisfies the constraints:

a x bj j
j

n

=
∑ =

1

, 	 (10)

x j ≥ 0,  j n= 1 2, , ..., . 	 (11)

This problem is trivial and its obvious solution takes  
the form:

X x j jj= = ≠{ }0 0, ,  j
c

aj

j

j
0 =












max ,  x

b
aj

j
0

0

= .

However, the task is greatly complicated if the profit 
earned when selling a product is random. Assume that the 
random profit from selling a piece of product of the j-th type 
is distributed in line with the normal law with density:

f c
c m

j

j

j j

j

( ) = −
−( )












1

2 2

2

2πσ σ
exp ,  j n= 1 2, , ..., ,

where mj is the mathematical expectation of a random profit 
from the sale of a piece of product of the j-th type; σ j

2  is 
the variance of a random profit from selling a product piece  
of the j-th type. 

Then the total profit L(x) from implementing plan 
X x x xn= ( )1 2, , ...,  is a random variable with a distribution 
density:

f L x
L m( )( ) = −

−( )









∑

∑

∑

1

2 2

2

2πσ σ
exp ,

where

m m xj j
j

n

∑
=

= ∑
1

,  σ σ∑
=

= ∑2 2

1

2
j

j

n

jx .

We can now compute a probability of that a random va
lue for the total profit exceeds a certain preset threshold LΠ , 
which is equal to:



Eastern-European Journal of Enterprise Technologies ISSN 1729-3774	 4/4 ( 100 ) 2019

40

P L x L

L m
L

L L m

( ) >( ) =

= −
−( )











=

∑

∞
∑

∑ −
∫

∑

Π

Π Π

1

2 2
1

2

2

2πσ σ π
σ

exp d

∑∑

∞
−

∫ e u
u2

2 d . 	 (12)

In this case, the problem on the rational distribution of  
a resource can be restated as follows: it is required to find 
plan X that maximizes (12) and satisfies constraints (10), 
(11). We shall transform the lower limit in integral (12):

L m
L m x

x

a x
L a x

j j
j

n

j j
j

n

j j
j

n j j
j

Π
Π

Π

−
=

−








=∑

∑

=

=

=

=∑

∑

∑
σ

σ

1

2 2

1

1
2

1

1

11 1

2 2

1

1
2

11

n

j j
j

n

j j
j

n

j j j j
j

n

j

n

m x

x

L
b

a x m x

∑ ∑

∑

∑∑

−








=

=
−

=

=

==

σ

σ

Π

jj j
j

n

j j
j

n

j

j j
j

n

x

L
b

a m x

x2 2

1

1
2

1

2 2

1=

=

=
∑

∑

∑







=
−












Π

σ

11
2

.

It is clear that the maximization of integral (12) is en-
abled by minimizing the derived value for its lower limit.

We introduce:

d m
L
b

aj j j= − Π ,  d j > 0,  j n= 1 2, , ..., .  

Now, the rational resource allocation problem is reduced 
to the following: it is required to find plan X that maximizes:

d x

x

j j
j

n

j j
j

n

=

=

∑

∑







1

2 2

1

1
2

σ

	 (13)

and satisfies (10), (11). The maximization problem (13) is 
equivalent to the minimization problem:

F x

x

d x

j j
j

n

j j
j

n
( ) =








=

=

∑

∑

σ2 2

1

1

2 . 	 (14)

Thus, the problem is stated as follows: it is required to 
find a non-negative vector X that minimizes (14) and sa
tisfies constraints (10). In a general case, when allocating  
a multidimensional resource, constraint (10) takes the fol-
lowing form:

a x bij j
j

n

i
=

∑ =
1

,  i m= 1 2, , ..., . 	 (15)

Therefore, we obtained a fractional nonlinear optimi
zation problem. 

To solve the problem obtained, we introduce new variables:

y
d xj j

j

n0

1

1
=

=
∑

,  y y xj j= 0 ,  x
y

yj
j=
0

,  j n= 1 2, , ..., .

In this case:

y d x d yj j
j

n

j j
j

n

0
1 1

1
= =

∑ ∑= = , 	 (16)

a y b yij j
j

n

i
=

∑ =
1

0,  i m= 1 2, , ..., . 	 (17)

Then the objective function (14) is transformed to the 
form:

R y
y

y
y yj

j

j

n

j j
j

n

( ) =


















=





= =
∑ ∑σ σ2

0

2

1
0
2 2 2

1

. 	 (18)

The original task is now stated as follows: it is required to 
find vector y y yn0 0, , ..., ,( )  which minimizes (18) and satisfies 
constraints (16), (17).

We shall obtain a solution by applying the uncertain La-
grange multipliers method. 

We introduce:

Φ Y y a y b d yj j
j

n

i
i

m

ij j i
j

n

m j j
j

n

( ) = − −






− −

= = =
+

=
∑ ∑ ∑σ λ λ2 2

1 1 1
1

1

1∑∑






.

Next:

d Y

dy
y a d

j
j j i ij

i

m

m j

Φ( )
= − − ⋅ =

=
+∑2 02

1
1σ λ λ ,  j n= 1 2, , ..., ,

whence

y a dj
j

i ij
i

m

m j= + ⋅




=

+∑1
2 2

1
1σ

λ λ ,  j n= 1 2, , ..., . 	 (19)

To define a set of λ λ λ1 2 1, , ..., ,m+( )  the derived expressions 
for yi will be substituted in (16), (17) and we shall solve the 
resulting system of linear algebraic equations:

a a d b y i m

d

ij
j

i ij
i

m

m j
j

n

i

j

⋅ + ⋅






= =
=

+
=

∑∑ 1
2

1 22
1

1
1

0σ
λ λ , , ,..., ,

⋅⋅ + ⋅






=











=
+

=
∑∑ 1

2
12

1
1

1 σ
λ λ

j
i ij

i

m

m j
j

n

a d .

	 (20)

The system of linear algebraic equations is solved by 
any known method. For the simplest particular case of  
a single-dimensional resource allocation we obtain m = 1 and 
aij = aj, bi = b; system (20) is simplified to the form:

y a
a

a d by

y d
a

a

j j
j

j
j

i

n

j
j

n

j j
j

j
j

i

n

= + ⋅ =

⋅
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=
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2

2 1
1

2
1

0

2 1
1

σ
λ λ

σ
λ

( ) ,

(∑∑∑ + ⋅ =











=

λ2
1

1d j
j

n

) ,

or

λ
σ

λ
σ

λ
σ

λ
σ

1

2

2
1

2 2
1

0

1 2
1

2

2

2 2

2 2

a a d
by

a d d

j

ji

n
j j

ji

n

j j

ji

n
j

= =

=

∑ ∑

∑

+ =

+

,

jji

n

2
1

1
=
∑ =











 ,
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or

λ λ1 11 2 12 0C C by+ = ,  λ λ1 12 2 22 1C C+ = .

Hence:

λ1
0 22 12

11 22 12
2=

−
−

y bC C
C C C

,  λ2
11 12 0

11 22 12
2=

−
−

C C y b
C C C

. 	 (21)

Substituting (21) in (19), we obtain:

y
y bC C
C C C

a

C
C C y b
C C C

d
j

j

j

j

j

=
−

−
⋅ +

−
−

⋅0 22 12

11 22 12
2

11 12 0

11 22 12
22 2σ22 , j n= 1 2, , ..., .	(22)

Now, by substituting (22) in (17), we shall find y0, then 
we shall define the desired solution:

x
y

yj
j=
0

,  j n= 1 2, , ..., .

Thus, the introduced transformation that converts the 
non-linear-fractional criterion (14) to the form typical of 
mathematical programming problems, has made it possible to 
obtain a single-step solution to the original problem. 

Consider an example. Assume:

F x x
x x

x x
1 2

1
2

2
2

1 2

2

2

2
, ,( ) =

+
+( )

	 (23)

x x1 23 1+ = .

We give a solution to the example using the proposed 
technique without detailed explanation.

y
x x0

1 2

1
2

=
+

,  y y xj j= 0 ,  x
y

yj
j=
0

,  j = 1 2, .

In this case:

F y y y y1 2 1
2

2
22, ,( ) = +

y y y

y y
1 2 0

1 2

3

2 1

+ =
+ =





,

.
	 (24)

Next:

Φ Y y y y y y y y( ) = + − + −( ) − + −( )1
2

2
2

1 1 2 0 2 1 22 3 2 1λ λ ;

d

d

Φ Y

y
y

( )
= − − =

1
1 1 22 2 0λ λ ,  y1

1 22
2

=
+λ λ

;

d

d

Φ Y

y
y

( )
= − − =

2
2 1 24 3 0λ λ ,  y2

2 12
4

=
+λ λ

. 	 (25)

To find λ1 and λ2, substitute (25) in (24):

λ λ λ λ
λ λ

λ λ
λ λ

λ λ

1 2 2 1
1 2 0

1 2
2 1

1 2

2
2

3
3

4
11
4

7
4

2
3

4
7
4

9
4

1

+
+ ⋅

+
= + =

+ +
+

= + =

y ,

..










Hence:

λ1
014 18

25
=

− + y
,  λ2

022 14
25

=
− y

. 	 (26)

Now, by substituting (26) in (25), we find y1, y2:

y y1 0

1
5

3= −( );  y y2 0

1
25

16 17= −( ). 	 (27)

Finally, by substituting (27) in the second equation of 
system (24), we find y0.

2
5

3
1

25
16 17

1
25

46 27 10 0 0−( )+ −( ) = −( ) =y y y ,

hence y0 7 9= .
In this case:

y1

1
5

3
7
9

4
9

= −





= ,  y2

1
25

16 17
7
9

1
9

= − ⋅





= .

Then:

x
y
y1

1

0

4
9

9
7

4
7

= = ⋅ = ,  x2

1
9

9
7

1
7

= ⋅ = .

The problem is solved.
Consider another example. We return to the problem 

considered above (6), (7) and solve it by the proposed 
method of non-linear-fractional programming. Thus, the 
problem is stated as follows: it is required to find vector 
X x x= ( )1 2, , which maximizes the objective function (6) and 
satisfies constraint (7). We introduce:

y
x x0

2

1
2

2
2

1
2

=
+

,  y y xj j= 0 ,  x
y

yj
j=
0

,  j n= 1 2, , ..., .

In this case:

F y y y
y
y

y
y

y y1 2 0
2 1

2

0
2

2
2

0
2 1

2
2
25 5, ,( ) = +







= +  
y
y

y
y

1

0

2

0

2 3+ = .

The problem now takes the form: it is required to find 
( , ),y y1 1  which maximize:

F Y y y( ) = +1
2

2
25

and satisfy the system of constraints:

y y y

y y
1 2 0

1
2

2
2

2 3

2 1

+ =

+ =






,

.
	 (28)

We introduce the Lagrangian function:

Φ Y y y y y y y y( ) = + − + −( ) − + −( )1
2

2
2

1 1 2 0 2 1
2

2
25 2 3 2 1λ λ .

Next:

d

d

Φ Y

y
y y

( )
= − − =

1
1 1 2 12 4 0λ λ ,  y1

1

22 1 2
=

−( )
λ

λ
;

d

d

Φ Y

y
y y

( )
= − − =

2
2 1 2 210 2 2 0λ λ ,  y2

1

25
=

−
λ

λ
. 	 (29)
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Substitute (29) in the equation of system (28):

λ
λ

λ
λ

λ
λ

λ
λ

1

2

1

2
0

1
2

2

2
1
2

2
2

2 1 2
2

5
3

2 1 2 5
1

−( ) + ⋅
−

=

−( )
+

−
=











y ,

( )
.

Hence:

λ λ λ λ λ λ

λ λ λ λ

1 2 1 2 0 2 2

1
2

2

2

1
2

2

5 4 1 2 6 1 2 5

5 2 1 2

−( ) + −( ) = −( ) −( )
−( ) + −(

y ,

)) = −( ) −( )





2

2

2

2

2
2 1 2 5λ λ .

The solution to this system is: λ1 = 0, λ2 = 5, y1 = 0. To 
calculate y2 and y0, we shall use equation (28). In this case, 
we obtain y1 1= ,  y0 3 2= .  Then, the desired solution to the 
problem takes the form:

x y y1 1 0 0* ,= =  x y y2 2 0 3 2* .= =

A value for the objective function at optimum set x x1 2
* *,( ) 

is equal to F 0 3 2 5; .( ) =  This solution naturally coincides 
with the one obtained earlier. 

It should be noted that the described technique of the 
fractional-non-linear optimization is applicable for solving 
problems with an arbitrary power of variables in the numera-
tor and denominator of the optimized functional.

5. Discussion of results of constructing a method  
to solve a fractional nonlinear optimization problem

We have proposed a single-step method for solving a frac-
tional nonlinear optimization problem. In contrast to those 

known [15–19], the proposed method has the following 
fundamental features:

– a possibility to derive a solution to the problem of 
arbitrary dimensionality without using a labor-intensive 
iterative procedure, whose rate of convergence cannot be 
estimated even approximately;

– the order of nonlinearity of the components of an ob-
jective function is not limited. To implement the proposed 
method for solving a problem, the model must meet the fol-
lowing requirements: functions Φ(X) and g(X) must be sepa-
rable; the order of nonlinearity of all terms for the numerator 
and denominator of the optimized function must be the same.

If these requirements are met, the method implements  
a single-step procedure for solving a problem. 

Directions for the further research are associated with the 
development of techniques for extending the method to cases 
when the parameters for the problem’s objective function 
and constraints are described in terms of fuzzy [22] or inac-
curate [23, 24] mathematics. Possible ways to overcome the 
problems that emerge in this case are proposed in [25–27].

6. Conclusions

1. We have proposed a method for solving the optimi-
zation problem of nonlinear-fractional functional in the 
presence of linear or nonlinear constraints. The method is 
based on the introduced special transformation of an original 
fractional-nonlinear structure of the optimized criterion to 
the form typical for standard problems of mathematical pro-
gramming of arbitrary dimensionality.

2. The fundamental merit of the proposed method is that 
the method makes it possible to obtain the desired solution 
in a single step of the computational procedure that employs 
the standard methods of mathematical programming.
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