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Ha 6a3i memody apeymenm Qynxuiii ma memooy Qynruii
KOMNJIEKCHO20 3MIHHO20 OMPUMAHT Y3A2AbHIONOUI PIUEHH N0~
cKoi 3adaui meopii npyxicHOCMi 3 GUKOPUCMAHHAM THEAPIAHMHUX
Jupepenyianvux cnissionouwenb, 30amMHUX 3AMKHYMU Pe3yib-
mam 021 nocmaenenoi cucmemu pietanv. Hasederno nioxoou, 3a
0010M02010 AKUX BUHAUAIOMD He cami 00380a10MU PyHKUii, a
ymosu ix icnyeanns. Ile 0o36oas€ pozwupumu Koo 2apmMoniti-
HUX Qynruiil piznoi cxaaonocmi, wo 3a0060JIbHIIOMb GCLAAKUM
KPaiiosum ymoeam npuxiaoHux 3a0a4, wo nOCMitiHo OHO8JI0-
tomvcs. [lo posenndy e3amo 06i 6a306i Qynxuii: mpuzonome-
mpuuna ma QyHoamenmanvra, apzymenmu IKux € HegiooMu-
Mu Koopounamuumu 3anexcnocmsmu. Beedenns 0o poszensoy
apeymenm Qynxuii 3minI0e ni0Xo0U UIHAUEHHA 00360NAIOUUX
3anexcHocmei, momy w0 3a0a4a iCMOMHO CRPOUYEMLC NPU
GusBNeHHT QUPeEPEHUIaNbHO20 36 A3KY NOMINC HUMU Y U201
cnigsionowensy Kowi-Pimana ma Jlannaca. Iloxazano xinvka
ananimuvhux piwens pisnoi ckaaonocmi, akum eionogioaromo
PisHi epanuuni ymoeu. 3icmasienns 3 pesyavmamamu 00Cio0-
JHCeHD THUUX ABMOPIB, NPU 00HAKOBUX BUXIOHUX OAHUX, NPU3BO-
Jumb 0o 00HAK0B020 pe3yvmamy, a npu po3eisnoi mecmogoi
3a0aui 63aeM00ii Memany 3 NpYdr*CHIM Hanienpocmopom — 00
3012y 6U3HAMANLHUX CXEM CUTI0B020 6NIUBY HA NPYiHCHE cepe-
dosuwe.

Taxum uurnom, 3anponoHo8ano Hoeull nioxio piwmenns nio-
ckoi 3adaui meopii npyscnocmi, noeészanuil 3 SUKOPUCMAH-
HAM apeymenm QyHKuiil, wo 0036015€ 3aMKHYmMu 3a0a1y wepes
Jupepenuianvui cnissionowenns Kowi-Pimana ma Jlannaca. Ifi
Y3azanivHeHHs POZWUPIOIOMY KONO 2APMOHIUHUX QYHKUIH, W0
610106i0a0mv Pi3HUM 2PAHUMHUM YMOBAM NPUKIAOHUX 3A0a4

Karouosi cnosa: meopis npyscnocmi, apeymenm Qynruii,
cnigsionowenns Kowi-Pimana, piensuns Jlannaca, epanuuni
yMmosu
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1. Introduction

Papers [1-4] propose a new approach to solving problems
on continuum mechanics by using argument functions for
some basic dependences. This makes it possible to expand
the range of examined applied problems for various purposes.

Using the argument functions simplifies solving the
systems of equations from the theory of plasticity, elasticity,
and dynamic problems. Common provisions are employed to
solve differential equations in private derivatives of different
types, such as hyperbolic and elliptical. A certain invariance
is defined that is associated with finding the conditions for
the existence of permitting functions.

The theoretical approaches presented are in line with
the fast-paced industrial production, which constantly
puts forward new requirements to materials, technologies,
equipment, as well as their theoretical and experimental
justification. There are a lot of fields in mechanics that
are explained by the variety of applied problems. In this
regard, new methods and procedures to solve them are
being developed, including current trends in their advance-
ment. The level of examined problems is both fundamental
and applied in character. These include: contact problems
with a different geometry of the tool and varying friction
conditions; studies of heterogeneous fields of deformations
and stresses, including additive deformation of bodies with
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different shapes; the interaction between bodies with a
different loading.

Separately considered is the classical and non-classical
theories of elasticity, which in the latter case are defined by
different directions, including: asymmetrical, microstruc-
tural, micromolar, multimolar, gradient, as well as other
theories. This necessitates consideration of a new set of prob-
lems on the theory of elasticity, related to the subsequent
transition to more complex and technologically-substanti-
ated applied production issues. The new processes represent
problems with a wide variety of boundary conditions that
must be matched with solutions to problems from the theory
of elasticity. At this stage, it is more effective to find not the
solution itself, but the conditions for its existence through
the defining differential and integrated ratios.

It is a relevant task to devise generalized approaches
to solving the problems on the theory of elasticity, using
argument functions under conditions of complex interaction
between deformable bodies.

2. Literature review and problem statement

Paper [5] stated the basic generalizing approaches to
problems on the theory of elasticity, supported by analytical
solutions. Using a complex variable function [6] makes it



possible to expand the range of approaches when solving
problems on the theory of elasticity. Work [7] outlines
solutions to contact problems in a semi-infinite space. These
also include modern structural solutions to the problem [8],
integrated ratios [9] for assessing kinematic perturbations,
which close parameters [10] that define the overall form of
a gradient solution. It should be emphasized that although
the papers include elements of generalization, their authors
failed to define differential ratios for variables capable of
closing the result of permitting differential equations.

An option to overcome the related difficulties might
be to use the argument functions introduced for consid-
eration for the basic variables. Such approaches were used
in papers [11-13]. Study [11] reports the generalized Cau-
chy-Riemann conditions, but the argument functions that
close the solution to the problem were not introduced for
consideration.

The conditions for the existence of solutions can be de-
termined through the differential ratios shown in work [12];
in this case, the approaches from the cited work do not make
it possible to consider the generalization using argument
functions.

The generalizations reported in article [13] are primarily
related to the theory of plasticity, which limits obtaining a
specific result for the theory of elasticity.

Publication [14] examines the contact interaction be-
tween a sample and a punch. Common approaches to the prob-
lem were complemented by the relationship conditions. The
lack of conditions for the existence of solutions to the problem
complicates calculation and obtaining a reliable result.

The structure of stating a practical problem is deter-
mined within the general problem and the periodically
changing obvious and boundary conditions [15]. From the
argument functions point of view, this makes it possible to
predict one of the basic dependences that should include a
trigonometry variable.

Paper [16] studies cyclical loading for the case of a simple
shift, which finds a cyclical response from internal stresses.
Periodic exposure can also be determined from the basic
trigonometrical function in the proposed method.

An analysis of change in the load pattern for the thick-
ness of a sample exposed to the compact tension is given
in [17]. The maximum zone is closer to the surface, which
indicates the uneven stressed state of the material. Ac-
counting for the heterogeneity of the stressed state of an
alloy is characterized in theory by introducing coordinate
functions for consideration or, in this case, the argument
functions.

The local problem on loading at the discontinuity base
was considered in [18] by using a general approach defined
by the state of the medium. The repeated heterogeneity
of the stressed state or a change in obvious conditions
show the need to use coordinate functions in a solution in
combination with periodic dependences. For the case of an
argument function method, this represents a combination
of basic functions, including a trigonometrical one and the
corresponding argument function.

Paper [19] shows that changing the characteristics of
external loading leads to a change in the characteristics of
internal response under the exponential law. In the method
of argument functions, for the case of solving a linear equa-
tion in partial derivatives, it is advisable to use a fundamen-
tal substitute for a second basic function, which includes the
same dependence.

Varying stresses and deformations during loading are
the main reasons for a decrease in the strength and durabili-
ty of articles [20]. That renders relevance to solving applied
problems that characterize the stressed state of articles by
applying classical equations from the theory of continuum
mechanics.

The scientific literature cited above [8, 10, 11] allows one
to construct mathematical dependences for the basic vari-
ables characterized by argument functions. However, there
are the unresolved issues related to determining general
results, which could show not the solutions themselves but
the conditions for their existence, identifying the invariant
ratios between the argument functions themselves, connect-
ed to the conditions for the existence of closing solutions.

3. The aim and objectives of the study

The aim of this study is to devise new approaches to
solving problems on the theory of elasticity, which are dis-
tinguished by a significant variety of boundary conditions,
by using argument functions.

To accomplish the aim, the following tasks have been set:

—to confirm the argument function method by solving
the problems on the theory of elasticity as an example;

—to solve in an analytical form, using the argument
functions, the theoretical and applied problem on the theory
of elasticity;

— to identify generalizing dependences that would make
it possible to derive conditions for the existence of closing
solutions to the problems on the theory of elasticity;

— to test the obtained result using an example of applied
problems, and to compare with studies by other authors.

4. Substantiating the argument function method in
the theory of elasticity

Known statement of the flat problem from the classical
theory of elasticity is used. It includes: two differential
equilibrium equations, a deformations continuity equation,
boundary conditions for stresses in a trigonometrical form.
We introduce unknown argument functions, for the expo-
nential and trigonometrical basic dependences that close
the solution to the flat problem. At the same time, the trigo-
nometric and fundamental substitutions must be confirmed
in the course of obtaining the ultimate result. Differential
ratios between the argument functions demonstrated by
the solution to the problem are the Cauchy-Riemann con-
ditions, which occur in the analytical functions of complex
variables, that is

0,=-A®,, 6, =AD,,

where 0y, 6,, AD,, AD, are the particular derivatives from
argument functions 6 and AD by coordinates.

By using the derivatives, we obtain the elliptical Laplace
equations

0,+6,=0, AD +AD, =0.
A kind of invariant connection is established between

the physical functions, which underlies mathematical trans-
formations when using the method of complex variables.



A feature of this approach is that the ratios resulting from
inference make it possible to close the solution in accordance
with the boundary conditions.

The proposed solutions typically begin with the state-
ment of the problem and the formulation of the boundary
conditions. For a flat problem, we obtain:

30, T _( O 99, g
ox dy | ox oy
V’(o,+0,)=V*(2-5,)=0. )

Boundary conditions for stresses can be brought to
form [3]

. __06.-9,

-sin2¢Q+7t,, -cos2e, (2)

where o is the mean normal stress or hydrostatic pressure.

It should be emphasized that the above statement of
the elastic problem is acceptable for both the flat-stressed
and the flat-deformed state of a material. Analysis of ex-
pression (2) shows that, in order to simplify the solution
and boundary conditions, a trigonometrical substitution
should be used, in the following form:

1,, =T, -sin(A®), 6, -0,=2-T,-cos(AD), (3)

which must be subsequently confirmed by the solution to the
problem and by meeting the boundary conditions. Substitut-
ing (3) in (2), we obtain:

1, =-T,-sin(AD-29), %)

where T;=T;(x, y) is a function of the coordinates for a defor-
mation site, coinciding in functional terms with the intensity
of tangential stresses; A is a constant factor that determines
the elastic state of a deformable environment; @ is a function
of coordinates, one of the argument functions introduced for
consideration that characterizes contact tangential stresses;
¢ is the angle of pad’s incidence.

Given that the differential equation system is linear, it
is possible to use a fundamental substitution in determin-
ing the intensity of tangential stresses T; [21]. It should
be noted that paper [21] accepted a linear dependence on
coordinates in the exponent. It is proposed to introduce
a second argument function 0, that is the exponent, in the
form of an arbitrary continuous function of coordinates,
whose value at this stage of solution is unknown. Typically,
elastic deformations define the stressed state in such a way
that the intensity of stresses is a variable quantity. In this
regard, it is advisable to introduce into consideration a
spatial influence factor associated with the coordinates for
a deformation site, that is:

T,=C,-exp(+6)=C, [ ch(8)+sh(6)]. (5)

It should be added that the 6 exponent is an unknown de-
pendence and is represented by a second argument function.
Taking into consideration comments (3) to (5), we have:

t,=C, -exp(0)-sin(AD),

6,-6,=2-C,-exp()-cos(AD). (6)

In expressions (6), two basic functions (trigonometric
and exponential) and two unknown argument functions
(6 and AD) are considered, which are largely the defining
ones. If there is a mathematical relation between them, for
example, a Cauchy-Riemann condition, then there is suf-
ficient certainty to derive an analytical solution and the
possibility of establishing the conditions for its existence for
the system of equations (1).

The boundary conditions show that the difference be-
tween normal stresses (6) should have a specific mathemat-
ical notation, confirmed by the solution to the flat problem
from the theory of elasticity. According to (1) and (6), taking
into consideration the deviator component for normal stress-
es [22], it is possible to record

then
6,-C,=- E)t—"ydac+J.aﬂl:—“’dy =2-C,-exp(0)-cos(AD).
dy ox
This is possible if

0
J'%dx — _C(j . Cxp(e)'COS(A(D),
Y

at,
j%dy =C,-exp(8)-cos(AD),
x
or
6, =C,-exp(8)-cos(A®)+o, + f(y)+C,
6, =—C,-exp(8)-cos(AD)+c,+ [ (y)+C. @)

Requirements (3) to (7) are set to the solution to the
problem from boundary conditions (2).

Let us consider the mean normal stress that is employed
in the deformation continuity equation. This parameter
should be given special attention, given its presence in the
statement and solution to the problem. Taking into consid-
eration (7), we write

6,+6,=C,-exp(6)-cos(AD)+06,+C+
+[—Cfy -exp(0)-cos(AD)+0, +C]:2d0 +2C.

If 26,+2C=20,=0 or equals a constant, 26p=const,
then the deformation continuity equation is identically
satisfied. However, these are not the only solutions to the
continuity equation. The integrated ratios shown above (7)
are of interest.

Similar to Mora’s circles, there may be shifts along
the abscissa axis of the stressed state towards negative
or positive values, due to the mean stress og. For the shift
process to be obvious, hydrostatic pressure must be repre-
sented in a comparable form to the “core” of the solution,
in expressions (6), (7). Establish under what limitations
for the argument functions the deformation continuity
equation holds.

There is a need to determine conditions for the existence
of a solution to the Laplace equation of the following form



V’(o,)=V? (CG -exp(0)- cos(ACD)) =0. ®)

We shall analyze dependences (6), (7) for the mean
normal stress in terms of the problem in statement (1). We
obtain 6gin the form

6,=C,-exp(6)-cos(AD).

The last expression makes it possible, in formulae (7), to
eliminate uncertainty when finding stresses o, and o,,.

3. Solving the problem from the theory of elasticity using
the argument function of a complex variable

Let us return to the differential equilibrium conditions.
Given that expressions (6), (7) include exponential depen-
dences, including a complex one, we shall write down a tan-
gential stress via an exponential function in the form:

AD)— —1A®
- :Cc.exp(6+z )2.exp(6 i ) )
: i

To determine normal stresses, one needs to substitute
the expression for tangential stresses (9) in the equilibrium
equation. Partial derivatives take the following form

Xy

After substituting the ratios obtained above, integration

. exp(0+iA®)+exp(6—iAD) .
X c 2

C,

5,=~C, - exp(0+iAD) J2r exp(6—iAD) LC

Moving on to physical functions, we obtain
6,=C,-expB-cosAD+C,
6,=-C,-exph-cosAQ+C. (10)

If the integration determined not the stresses but the
stress deviators s,=0,—0y, s,~0,—0¢, according to [22], then:

6,=C,-expB-cosAD+0,,

6,=-C,-exph-cosAQ+g0,, 11)
at 0,=—AD,, 0,~AD,, 0,,+0,,~0, AD, +AD,,~0.

It should be emphasized that expressions (11) correspond
to expressions (6), which was required when stating the
problem. By representing the deviator component in the
form, we obtain:

SxZGx_Go_f(y)’ Sy:Gy_GO_f(x)’

oy ° 2i

ry

M (6, +iA®, )-exp(6+iA®) (0, —iAD,)-exp(6—iAdD)

)

then

o, —c (6, +iAD )-exp(0+iAD)—(6, —iAD, )-exp(0—iAD)

ox ° 2i

After substituting the derivatives into differential equi-
librium equations and separating the variables, we obtain

do =-C._-

(6, +iA®, )-exp(6+iAD)— (6, —iAD )-exp(6 - iAD)

6,=C,-expB-cosADP+g, +f(y),

6,=-C,-expB-cosAD+c, + f(x). 12)

The above Cauchy Riemann conditions for
the argument functions completely close the solu-
tion to the problem both in terms of boundary

* ° 2i

(6, +iAD )-exp(0+iAD)— (0, —iAD, ) exp(6—iAD)

-dx, conditions (6) and equilibrium equations (1).
The unknown functions 6 and A®D, introduced in
consideration, are determined from the Laplace
equations according to (11), (12), which provides

do,=-C,- - dy. sufficient certainty for their finding. Differential
2 relations
By applying the analyticity condition for bracketed func- 0,=-A®,, 0,=Ad,

tions(6,=—Ad,), (,~—AD,), we obtain the opportunity to
move from one integration variable to another. We obtain

do . =-C,-

(AD, -0, )-exp(0+iAD)—(AD, +i0, )-exp(0—iAD)

0,46, =0, AD_ +AdD, =0, (13)

are the invariants of argument functions that

-dx,

x c 21

do,=-C,-

(-A®, +i6, ) exp(8+iAD)—(-Ad, -0, )-exp(6—iAD) ;

limit the solution to the problem. By using (13),
there is a tool to obtain additional capabilities
for analytical and numerical solution. An entire
class of argument functions emerges, that is

° 2i

Under such a statement, the integrands are recorded
with a single variable. One can show that

Ad, —ip, =LTIAL g g - O TIAD,

! i

6, +iAD 0 —iAD
—AD, +i0, =~ —AD, —if, =L

v of new dependences that meet the boundary

conditions and equations of the system equi-
librium (1).

However, the problem is not finalized, as the mean
normal stresses that are included in (7), (11), (12) through
the deformation continuity condition (8) have not been
determined. In this case, the problem is set to determine
at which values for argument functions the continuity
equation (8) holds. Let us write (8) via a complex variable
function



v [Cc _exp(6+iAd) 42r exp(6- 1A<I))) o,

We describe the derivatives with respect to coordinates

e [C . exp(9+iA<D)+exp(9—iA<D):|

2 —_
ox’ -

(6., +ir,,)+(6, +iA®, ) [exp(6+iA®)
=C, +
2
[ (~iAD,)+(0, ~iA®, ) |exp(6-iAd)

2 ’
e [Co' . exp(9+iA<D)42—exp(9—iA<D):|
oy’ -

[(9 +iAD, )+(9y+iA®y)2]exp(6+iA¢°)
=C, : : +
2
[ —iA®,, (Gy—iA(I)y)Q]exp(G—iAd))

5 :

After substituting the derivatives in the deformation
continuity equation and upon contractions, we obtain

exp(0+iAd)x

_(em, +9W)+(A<DH +A<1>W)~i+

+(6, +iA®, ) +(6, +iAD, )

+

exp(0 —iAD)x

[(6,.+6,,)-(A®, +AD,, ) i+]
y =0.

, , (14)
+(6, —iA®,) + (ey - iAq;y)

Operators in (14) that are adjacent to the exponents
contain the same second derivatives for coordinates and
non-linearity. If for some reason the operators are zero, then
there is an identity. Let us show it. We shall describe the
non-linearities in the operators and regroup them.

(0, +iAD, ) +(6, +iAD, ) =
=(6,+Ad,)-(6, —~A®, )+2i(6, - AD, +0,-AD )+
+(0,+A®,)-(0,-AD,),

Yy

(6, —iA®, ) +(0, ~iA®, ) =
=(6,+A®,)-(6, - A®,)-

x

2i(6,-AD, +0,-AD, )+
+(0,+A®,)-(6,-AD,).

By taking in the products of brackets one to be equal
to zero, we move away from non-linearity, then 6,=—A®,,
0,~A®,, which was observed when solving differential
equatlons of equilibrium. The expression for both operators
automatically turns into zero

0,-AQ +0, - AD, =-AD A +AD A, =0.

The continuity equation (14) is significantly simplified
and takes the form

exp(0+iA®)-[ (6,,+6,,)+(A®, +AD, )i]+
+exp(6-iA®)[(6,,+0,,)- (A, +A®,, )-i]=0.

We determine second derivatives from the Cauchy-Rie-
mann conditions, which show that:

0.:+6,,~0,
AD,,+AD,, =0,

that is the deformation continuity equation is identically sat-
isfied. Therefore, the solution to the deformation continuity
equation at

0,= *ACD.% 9]/ =A(Dx, O ey!/= 0, AcDxx+ACD.l/.’/= 0
is

6,=n-C,-expB-cos AP, (15)
where 7 is any number.

The solution (15) is subject to the same constraints as
(11), (12) at the same parameters. It should be emphasized
that the solution to the deformation continuity equation al-
lows the presence in the expression of the mean normal stress
of two exponents simultaneously with the opposite signs of
argument function 0. We show it:

6,=n-C, -exp(—6)-cosA® =
e exp(—0+iAd) ;— exp(-6— lACD).

By substituting in the deformation continuity equation,
we obtain

exp(—0+iAd)x
V—(exx + GW)+ (Ad)xx + ACDW)-H

+(0,-iA®, )" + (0, -iAD, )

+

exp(—-0—iAd)x

(6., +6,,)-(AD, +AD,, )i+ _o. (16)

+(6, +iA®,) +(0, +iA®, )

By comparing (14) and (16), we make sure that the op-
erators before the exponents are of the opposite sign in com-
parison to function 0, but, in terms of solution, they almost
have not changed. We group

exp(—9+iA¢I>)><

x[-(6..+6, )+ (A0, +AD, )-i+(6,+A®,)-(6, - A®, )
~2i-(0,A®, +6,A, )+(6, +AD,)-(6, - A )]+
+exp(—6—iAd)x
x[-(6..+6,)- (A0, +AD,, )i+(6,+A®,)-(6, - A® )+

+2i(6,AD, +6,AD )+(8, +Ad,)-(6, —ACDI)] =0.



By using the Cauchy-Riemann conditions, 6,=A®,,
0,=—AD,, the continuity equation is significantly trans-
formed and takes the form

exp(—0+ iA<I>)~[—(eﬂ +6,,)+(A®,, +AD, ). i] +

+exp(—-6- iACD)'I:_(eu +6 )_(Aq)xr + A(Dw/)' i:l =0.

vy

The established differential relation between the ar-
gument functions makes it possible to determine second
derivatives

0.,=AD,;, 0,,=—AD,,, AD,,=0,,, AD,,=—0,,.

By substituting derivatives in the continuity equation,
we make sure that (14) turns into an identity.

We have stated and solved from a unified position the
flat problem on the theory of elasticity, and identified the
generalizing ratios (13) determining the conditions for the
existence of the assigned class of solutions through the in-
variants of differential ratios of argument functions.

The result is the notation

x c

o =1+C .exp(i9)~COSA(D+GO+f(y)+c’

0, =FC,-exp(+8)-cosAD+0,+ f(x)+C,

Y 9

1, =C, exp(10)-sin(Ad),

Xy c

o, =1n-C,-exp(16)-cos AD, 17)

at 0,=FAD,, 0,~+AD,, 0,,+0,,=0, AD,,+AD,,=0.
Analysis reveals that solution (17) can be further
strengthened and represented in the form

o, =+exp(10)(C,cosA® - C,sinA®)+0,+ f (y)+C =
=+[ch(+6)+sh(+6)](C,cosA® - C,sin AD)+
+0,+ f(y)+C,

+

o, =Fexp(20)(C, cos Ab —C,sin AdD)+0, + f (x)+C =
=7[ch(#6)+sh(+6)](C, cos A® - C,sin AD)+
+0,+ f(x)+C,

T, =exp(£6)-(C,sin A® +C, cos A®) =
=[ch(6)+sh(+6)](C,sin A® +C, cos AD),

6, =1n-exp(+0)-(C, cosA®£C,sin AD) =

=n-[ ch(£6)%sh(+6)](C,cos A®C,sin AD), (18)
at 0,=¥ AD,, 0,=*AD,, 6,,+6,,=0, AD,, +AD,,=0.

As a particular case, expression (18) can be considered
as a function of stresses to employ for a comparative analy-
sis. Indeed, a biharmonic equation for a flat problem can be
represented

Viop=V*(V*)=0. (19)
Since V*(o,)=0, hence
v*[V*(o,)]=V*[0]=0. (20)

Paper [23] gave the solutions to a flat problem using se-
ries. The stress function ¢ takes the form

C,-ch(oy)+C,-sh(oy)+

. 1)
+C;5-y-ch(oy)+Cy-y-sh(oy)

o =sin(ow)-

We shall reduce expressions (18) and (21) to a compa-
rable form, that is C5=C4=0, AD=0x, 0=0y, n=1, C;=0,
Cy=—1. In (18), a plus sign is chosen before the expression.
In this case, expressions (18) and (21) coincide, therefore,
for both of them the Cauchy-Riemann conditions and the
Laplace equations must hold, those that were obtained from
the current solution

0,=-A®, 0,=A®,, 0 +0, =0, AD_+AD, =0.

Indeed, 6,=0, AD,=0, 6,=a, AD,=a. The Cauchy-Rie-
mann conditions for a known solution then also hold, 0=-0,
a=a, that is the functions presented in work [23] are tested
with respect to (18). This follows from the fact that functions
ax and ay are the simplest solution to the Laplace equation,
which allows a whole class of harmonic functions in different
combinations. It is assumed that the functions are not neces-
sarily linear and may depend on multiple coordinates at the
same time. For example, the more complex function of AD is
the function of second order. Let us consider several options.
Trigonometric argument functions are:

AD, = AA; AD, = AAgry; AD, =FAA,,(x*-y’). (22)

Second argument functions 0 are determined from the
Cauchy-Riemann condition, in the form

1
0, =AA.y; 6, =—§AA6(x2—y2); 0, =AA,(xy). (23)

Let us check all the functions for harmony, substituting
alternately in the Laplace equation:

8282?‘ + 8282(21)1 =0+0=0; ai.;;)z + 82(—;;(21)2 =0+0=0;
TAD, FAL.(anAns)=0 @0
Next

&;?21 N g;e; ~040=0, %2;?22 N %2;22 ——AA, +AA, =0,

i;?; + %?; —0+0=0. (25)

All three options satisfy the Cauchy-Riemann condi-
tions and the Laplace equations (22) to (25), as was defined
by the solution to the problem. It follows from the last
analysis that there can be as many solutions as the defined
harmonic functions. Then, in a general form, one can write
down:

B

{exp(-_FQ,.)(C,.1 cosA, @, -C,,sinAD, ) + Gio} =

B}



n

o, =% {exp(ie,.)(Ci1 cosA,®, -C,, sinAid>l.)+Gi0} =

n
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—
||

o
=
—_~
I+
N<D
+
w2
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k3
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e
%
+
o
o
o
w2
>
2
—
-
[N}
D
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O, = iini -exp(iel.)(Ci1 cosA,®, FC,,sinAD,)=
i=1

=+Y n,[ch(£6,)+sh(£6,)](C, cosA.®, FC,,sinA,D,),

at

0,=FAQ,, 0, =tAD,, 0, +6, =0, AD, +AD, =0.

iy? ix?

Different harmonic functions exert different influences
on the ultimate result; they can be characterized by different
boundary conditions for problems. In contrast to the expres-
sions obtained by the method of separating variables, the
argument functions may be non-linear and, at the same time,
depend on two coordinate variables.

For analysis, we shall use the simplest variants of argument
functions (22), (23). Let us show the impact of their construc-
tion on the distribution of contact stresses in the elastic zone.
We examine the stressed state of an elastic semi-space under
the influence of force P from a massive die of width 25 (Fig. 1).
It is assumed that there is a continuous distribution of stresses
throughout the volume of zone of elastic deformation, which
will make it possible, in a contact with a die, to find the law of
distribution of tangents and normal stresses.

|

P
|
i
|
i
x i

0
b b
y

Fig. 1. Effect of a flat die on elastic semi-space

Choose the simplest first variant of expressions (22).
By accepting expression (18), considering Ci=Cs, C2=0, we
obtain differential ratios in the form:

0,=AD,, 0,=—AD,, 0,,+0,,=0, AD,,+AD,,=0.

Stresses take the form:

o, =—exp(-0)C, cosAd+g,,

c,=exp(-0)C, cos A +a,,

T,= exp(—0)C,sinA®, o, =1n-exp(-0)-C, cosAd.

If, in the process of loading, there forms the stressed state
of one sign, for instance, compression, then:

o, =—exp(-0)C, cos AD+n-exp(-0)-C, cos AD,
6, =exp(-0)C, cos A +n-exp(-0)-C, cos AD,
1, =exp(-0)C, sin AD.

In this case, the minimum integer n=2, then:

X

o = exp(—G)CG cosAQ®, 6, = 3exp(—6)C(Y COSAD,

1, =exp(-0)C, sin Ad.
If, given the assumptions accepted, it is necessary to ob-
tain stress 6,=0, then n=1, hence:

6, =2exp(-0)C, cos A®, T, =exp(-6)C,sin AD.

Functions AD and 0 are determined considering the Cau-
chy-Riemann conditions and the Laplace equations (22) to (25):

AD = AA Y, 0=—AAy.

Substituting argument functions in the last expressions
for stresses, we obtain:

c,= 2eXp(—AAGy)CG COS(AAGX),

T, = exp(—AAy)C,sin(AAgx). (27)

Analysis of expressions (27) shows that the solution im-
plies the presence of friction in the contact, which changes
according to the sinusoid law. If one accepts that in depen-
dences (27) the constant A Ag equals zero, the heterogeneity
of the stressed state disappears. Then

cy=2-C6, IW=0.

It follows from the above formulae (27) that the constant
AAg characterizes the heterogeneity of the stressed state,
which in the deformation zone is determined by contact
friction. The stress o, does not change. The equilibrium
equation can yield a connection between constant C, and
power P. Returning to expressions (27), it is clear that
function 6 depends only on a single variable y; as it increases
the exponent decreases. This characterizes the damping of
the impact from the die deep into the semi-space, both for
the normal stress and tangential one. Contact normal stress
changes according to the cosinusoidal law. It should be noted
that the stresses in contact for (27) accept maximum values.

Consider more complex dependences for argument func-
tions in (22):

AD, = AAy, 0,= J—%AAS (x*-y).

By adopting the Cauchy-Riemann conditions in form
0,=AD,, 6,=—AD,, we shall write an expression for stresses
in the following form

c,= 2exp[%~ AA, (x2 - yz):|C6 cos(AAy),



(28)

T, = eXp[%~ IV ES —y2):|CG sin(AAxy).

In Fig. 1, the coordinates origin is at the contact
surface; the tangent stresses in this case are zero, which
excludes them from consideration. We consider the prob-
lem on the impact exerted by a flat die on an elastic semi-
space without taking into consideration contact friction.
It should be emphasized that the change in coordinate
functions changes the ability to meet boundary conditions
in contact, that is a change in the problem. As in the pre-
vious case, the constant AAg being zero leads to an even
distribution of stresses across the elastic deformation zone.
However, the value for AAg is no longer determined by
contact friction, but by other indicators. It is evident that
the extreme values of trigonometrical functions are derived
not only in contact but also in the depth of a half-space. In
this case, expressions (28) are recorded:

_ 1 =n sy T
Gy—2exp|:2~2byo(x -y )]CGCOS(ZbyO xy],

(29)

where yq is the position of a point deep in a half-plane for the
case of an extreme value for the trigonometrical function.

Hence, it follows that the uneven distribution of stress-
es in the deformation zone is primarily associated with
the fading effect of the die on the elastic half-space. If one
assigns position in the contact, that is, yo=0, we shall also
obtain extreme values for trigonometrical functions. In this
case, (29) take the form:

1 = P
o, =2exp|:2~2by0(x ):|CG, T, =0.

The lowest stress in contact is obtained at x=0. An in-
crease in y( decreases the exponent, which indicates a signif-
icant impact exerted by this parameter on the heterogeneity
of the stressed state.

Fig. 2 show the distribution of normal stresses in con-
tact and in the depth of a half-space. The diagrams are
constructed using relative magnitudes x/2b and o,/0,,
where 6, is the minimum value for normal stresses in the
deformation zone.

In contact, the distribution of stresses is determined
from expressions (30), the tangent stresses are absent,
which is set by the condition to the problem. The de-
pendence of normal stress is defined by a change in the
exponent. The stress diagram is concave in shape. As the
y coordinate increases, the stresses decrease; they would
ultimately equal zero, which corresponds to the damping
effect of the die on the elastic half-space. Ultimately, such
a damping effect over long distances is reminiscent of the
Saint-Venan principle.

It is interesting to compare result (29), (30) to the
already known theoretical and experimental data. The
proposed variant qualitatively correctly reflects the distri-
bution of stresses, which is confirmed in studies by many
authors [6-8]. Indeed, we have obtained the following law
of stress distribution under a flat hard die without taking
friction into consideration:

(30)

P
q(x)=—r
b —x?
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Fig. 2. Distribution of normal stresses in contact and in the
depth of a half-space exposed to the action of a flat die
without taking friction into consideration

The contact stress diagram is a concave curve, with a
minimum, similarly to case (30), at point x=0. Hence, it
follows that all qualitative characteristics of the stress distri-
bution under a flat smooth die correspond to data from the
scientific literature, except for point x=b. In this case, g(x)
turns into infinity. However, there are papers [26] that show
that the stress remains limited at point b. In the current
study, such a limitation is the parameter y.

6. Discussion of results of studying
the stressed-state using the argument functions of
a complex variable

The use of the same generalizing approaches in the form
of differential ratios and equations in partial derivatives (13)
in the theory of plasticity, elasticity, and dynamic problems,
makes it possible to extend the method of argument func-
tions to the continuum mechanics.

The solutions considered (18) are a test confirming the
validity of the new result.

It is possible to use the result from study (22), (23) to
solve problems:

— with different patterns of external power distribution;

— with different schemes of loading an elastic semi-space;

— with different boundary conditions and the stressed
state schemes;

— with a complicated geometry of the tool,

— considering friction in contact.

It should be emphasized that the represented solution
does not fully exploit the biharmonic equation (19), (20): it
is satisfied at an earlier stage.

At the same time, there is a possibility of losing some
solutions.

The current study can be advanced if the biharmonic
equation is to be completely closed using argument functions.



By summing up, one can note that the introduction of the
argument functions into consideration, which make it pos-
sible to close the problem and to identify their generalizing
characteristics in the form of Cauchy-Riemann conditions
and the Laplace equations (13), brings sufficient certainty
to obtaining the ultimate result (15).

7. Conclusions

1. We have advanced the method of argument functions
when solving various applied problems in the mining in-
dustry, metal treatment under pressure, instrumental and
manufacturing engineering.

2. The argument functions method has been applied to
demonstrate generalized conditions for the existence of solu-

tions to the problems from the theory of elasticity. This expands
practical possibilities in the operation of facilities, machinery
and assemblies, in the design and construction of equipment for
various purposes in metallurgy, machine engineering.

3. We have defined the differential dependences between
argument functions in the form of the Cauchy-Riemann
conditions, the Laplace equations, which make it possible to
close the problem in a general form. There is a possibility to
use them to solve different types of differential equations in
partial derivatives in mathematics, continuum mechanics.
To solve applied problems on the interaction between elastic
bodies in the regions of intensive loading for transport engi-
neering, aerospace engineering.

4. The result that is comparable to studies by other au-
thors has been shown, used in geomechanics when loading
massive bodies on the ground of a semi-infinite space.
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