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3anpononosano mamemamuyuny mooeav CuUCmeMU
MAC08020 00CY206Y6aAHHA NOMOKY NACAIHCUPIE MICLKO-
20 zpomaocvko20 mpancnopmy. Ompumana mooensv
eiopiznaemoca 6i0 Kanonivnux moodenei meopii maco-
6020 00CNY208YBAHHA YPAXYEAHHAM NPUHUUNOBUX
ocobaueocmeii peanviux cucmem. Ilo-nepwe, npoyec
00Cay208yY6anHs PO3OUMUIL HA HACMYNHI 00UH 3A OOHUM
pisni ceancu oocayzosyeanns. Ilo-opyze, 3asexu Ha
6x001 i Ha 6ux00i cucmemu € epynosumu. Ilo-mpeme,
inmencueHoCcmi 6xi0H020 NOMOKY 6 PIZHUX CceaHcax
oocayeosyeanns pisni. Ilo-uemeepme, 3axonu po3no-
iy wucaa 6UMO2 6 2PYNOBUX 3AA6KAX OIS PIZHUX CeaH-
cie pizui. Ilo-n'sme, 3axonu po3nodiny uucia 3a160x 6
epynax Ha 6x00i cucmemu i 6ux00i 3 Hei MAK0xHC PisHi.

Pospooneno xpumepiii edexmuenocmi cucmemu
oocayeosysanns. Kpumepiii 3acnosanuii na pospaxym-
KY po3nodiny UmoeipHocmel cmanié cucmemu 00cay-
206Y6aHHA HA 6X00i CUCHEMU | AHAN0ZIMH020 PO3NODiNY
Ha eux00i cucmemu. L[i po3nodiny eusnauaiomocs neza-
JIEHCHO 011 KOJCHOZ0 Ceancy 00CY208Y68aHHA, HA AKi
po3ousaemvcs gecv uuka odcayzosyeanus. Yuceavhe
3Hauenns Kpumepito 3a0aemvca 6i0HOWEHHAM ceped-
Hb020 HuUCHa 6i0M08 6 00CaY208Yy6anti 00 cepedHvo-
20 HUCIIA BUMOZ 8 CYMAPHOMY 6X00UN NOMOUL 34 8ECh
yuxa obcnyzoeyeanns. Hozo moxcna euxopucmosyea-
mu 0 ouinku edexmueHocmi cucmemu 00Cay208y-
eannsa Ha 0YOv-aKomy oGpanomy uacoeomy inmepeani
npomsizom 006u, m. . HaAUEHH 3aNPONOHOBAH020 KPU-
mepiro 3anexcums 6i0 008XHCUHU THMEPBATY MINC CeaH-
camu, AKa 6U3HAUAEMBC HUCTOM MPAHCNOPMHUX 3ACO-
0i6 Ha mapwpymi.

Ompumani modeni adexeamiio 6i0odpaxcarono npo-
uec QyHKuioHyeanns cucmemu, w0 0A€ MONCAUGICMb
npoznozyeamu Ge3niv pisHux cumyauii i oyinoeamu
Hacaioxu npononosanux piwenv. Ilpu yvbomy eunuxae
MOJNCIUBICMD NPOZHO3YEAHHS MPAHCNOPMHOL 3a0e3ne-
YeHOCmi HaceNleHHs MA U3HAUEHH KINbKICHUX 3HAYUEeHD
epexmusnocmi ynxuionyeanns cucmemu Micbk020
2POMAOCHKO020 NACANHCUPCHKO20 MPAHCROPMY

Kniouoei ciosa: cucmema macogozo oécayz06yean-
HSl, MICOKUU 2POMAOCOKUL MPAHCNOPM, PO3NO0LTL 8UMO2
6 2pynosiii 3aa6yi, Po3n00ia wucaa 6i0M08

0 0
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1. Introduction

Urban public transport is the industry that provides
the city with services of delivering people on established
routes, guaranteeing accessible, regular and mass traffic.
The functioning of the transport system is one of the most
important components of the city’s life, affecting most of its
inhabitants.

Passenger transport is one of the key sectors of the na-
tional economy. Due to the fact that many citizens do not
have personal vehicles, timely and adequate satisfaction of
transport demands develops from a purely transport problem
into a social one. This problem determines the attitude of
the population not only to the quality of transport services,
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but also to the processes that occur in the regions and the
country as a whole.

The urban public transport system refers to open sys-
tems. According to the degree of abstraction, the methods
used in the study of transport systems are arranged in the
following order:

— observation and verbal description of processes;

— full-scale modeling;

— machine simulation;

— analytical models [1].

Observation of processes boils down to direct registra-
tion of transport phenomena: measuring the rate of passen-
ger flows, passenger traffic, occupancy of rolling stock, etc.
Full-scale modeling is testing the analyzed system or its



parts in real or close conditions. In this case, the influence of
traffic intervals on the occupancy of rolling stock, efficiency
of various types of rolling stock on the route, etc. are taken
into account. Machine simulation and analytical models
represent the highest degree of formalization. Distinguish-
ing between machine simulation and analytical models is
sometimes difficult. They allow describing the urban public
transport system as an interconnected set of numerical mod-
els. These models adequately reflect the functioning of the
system, which makes it possible to predict many different sit-
uations and evaluate the consequences of proposed solutions.
Thus, it becomes possible to predict the provision of the
population with public transport and determine quantitative
values of the efficiency of the urban public transport system.
In this regard, the analysis of the organization of the urban
public transport system is an urgent and important task.

2. Literature review and problem statement

From a functional point of view, urban public transport
is a queueing system [2,3]. However, the real system of
servicing passenger flows by urban public transport has an
important feature. The traditional canonical queuing theory
assumes that arrivals are ordinary [4—8]. In [9], the problem
of evaluating the efficiency of queuing systems with non-or-
dinary arrivals is posed and general recommendations on the
analysis of such systems are given. In [10], the problem of
serving batch arrivals in a system with refusals is considered
for the case when the number of batch arrivals is fixed. In
[11], the technology proposed in [10] is developed for infinite
queuing systems. In [12], a single-channel batch arrival
queueing system is considered. In [13], a multistage batch
arrival queueing system is considered. In [14], a method for
analyzing a queueing system with a random number of batch
arrivals is proposed. The proposed approaches for analysis
with batch arrivals for a number of fundamental reasons
cannot be used in assessing the effectiveness of the service
system of urban public transport passengers. Firstly, in a
real system, not only arrivals but also departures are batch.
Secondly, the above works assume that the arrival rate does
not change during the entire service cycle. In reality, this
rate is changed in each session of the service cycle. Thirdly,
there are different distribution laws of jobs in the batch for
different service sessions. Fourth, known techniques consid-
er waiting systems, while in reality, these are systems with
refusals. These circumstances determine the need to devel-
op, in terms of queuing theory, a model of the system that
takes into account the real features of a real service system
of urban public transport passengers.

3. The aim and objectives of the study

The aim of the study is to develop a mathematical model
and a method for assessing the efficiency of the service sys-
tem of the passenger flow of urban public transport.

To achieve this aim, it is necessary to accomplish the
following objectives:

—in terms of queuing theory, to develop a method for
calculating the distribution of the number of busy channels
after a batch arrival at the beginning of service session and
the number of busy channels after the end of service session;

— to develop a method for calculating the distribution of
the number of refusals;
— to develop a criterion for the efficiency of batch service.

4. Development of a mathematical model of
a batch arrival queueing system

4. 1. Definitions and assumptions

We introduce the following definitions.

Service cycle — a set of all measures for servicing passen-
gers of urban public transport, carried out from the moment
the vehicle enters the route until the end of the working day.

Service session — a set of measures for servicing passen-
gers starting from the moment the vehicle arrives at the next
stop until it goes on the route.

Job — the next passenger arriving at the stop to enter the
vehicle.

Service — passenger travel from the moment of entering
the vehicle and occupying a free seat (channel) until the
moment of exit.

Refusal — a situation that a passenger experiences if, by
the time of entering the vehicle, all free seats (channels) are
occupied.

We formulate the problem of forming a mathematical
model of a real queuing system. We introduce the necessary
notations:

—{ — random number of jobs in the batch arrival;

—mn - random number of jobs received by the system on
free channels;

—v — random number of jobs rejected due to the busi-
ness of all channels;

—&— random number of jobs departing from the system
upon completion of service;

—j — number of channels engaged in service.

Next, let:

-n= {EO, .. T, } — probability distribution of system
states after the departure of served jobs;

— U=4T0, M1, .., ... n } — probability distribution of sys-
tem states after batch arrival of jobs to the system.

Let us assume that the flow of jobs entering the system,
forming a batch arrival, is stationary, ordinary and has no
aftereffect. Then the distribution of a random number of jobs
C in the batch arrival during the time interval of length ¢ is
subject to Poisson law:

)\‘ k
n=L e 0

P,(t) — the probability that exactly & jobs arrive to the sys-
tem during the time interval ¢, A — arrival rate of jobs.

Let m channels be busy in the system by the end of the
next service session. We introduce ¢ — the probability that
the service of each of the served jobs will be completed in
the next session. Then the distribution of the number of jobs
departing from the system at the end of the service is subject
to Bernoulli law:

rt=Ber{E=k/j=m}=Clg*(1-q)"", k=0,1,..,m. (2)
Let the distribution 7 of the number of busy channels

after the end of the previous session be obtained by the time
the next service session starts.



4. 2. Essence and justification of calculation methods

We determine the distribution of the number of busy
channels after the next batch arrival. The probability of
e channels business is equal to the sum of the products of
j<e channels business probabilities multiplied by the con-
ditional probability of arrival of the number of jobs transfer-
ring the system in a state with e busy channels. Then

T=n,P+nP +..+nP, e=01..n (3)
Similarly, the probability

T, =Tt + Tently + oot Tt 002,

e+l n—1
of e channels business after the end of the next service session
is equal to the sum of the products of j>e channels business
probabilities multiplied by the conditional probability of the
number of jobs departing from the system transferring the
system into the state e. In this case, the distribution of the
number of busy channels will be as follows:

e=0,1,2..,n 4)

We now find the distribution of a random number of
rejected jobs v. In this case, the probability of rejection of
exactly e jobs is equal to the product of the probability of j
channels business multiplied by the probability that there
will be exactly n— j+e jobs in the batch arrival. Then

v, = Ber{v=0}=m,Ber(§<n)+
+n,Ber(§<n—1)+..+xn, Ber(§<n+1)+n Ber(§=0);

v, =Ber{v=1}=n Ber(§ =n+1)+mn,Ber(E=n)+
+m,Ber(§=n—1)+..+xn, Ber(§=2)+rn Ber(&=1);

v,=Ber{v=e}=mn Ber(§=n+e)+
+n,Ber(E=n+e—1)+
+1,, Ber(§=e+1)+...+1n Ber(§=e);

n+l

Ber{v>n}=m,Ber(§>2n)+
+n,Ber(§>2n-1)+m, Ber(&2=n). 5)

To calculate distributions (3)—(5), it is necessary to
know the values of the parameters of Poisson (1) and Ber-
noulli (2) laws. These parameters can be calculated from
the results of statistical processing of experimental data.
The resulting estimates of the parameters A and g uniquely
determine the analytical descriptions of the distribution
laws (1) and (2). The method for calculating the required
estimates is as follows [5, 6].

Suppose that, based on the results of direct observations,
the set (m,, m,,...,m,), specifying the arrival rate of a given
number of jobs £ during a given interval (0, ¢) is formed. Here
m; is the arrival rate of exactly j jobs. In accordance with
Poisson law, the probability of arrival of exactly % jobs on the
interval of length ¢ is determined by the formula

k
g(r):%ew, k=0,1,2,.

where A is the desired value of the Poisson law parameter,
which determines the arrival rate of jobs. We find this value
by maximum likelihood estimation. Let us introduce the
likelihood function

_Hl TR _];! e ) (6)

We determine the value A, maximizing (6). It is conve-
nient to take the logarithm of the likelihood function (6) in
advance. We have

n k n
L=lnP=2mkln e—e‘o =ka[lni+kln9—9:|. @)
=0 k! k!

=
Then
dL & k
— = ——11=0
o~ % mk(e J
Hence
%kak—n=0, o=—"1— A=—T__ 8)
ket Y mk £y mpk
k=t k=1

The resulting arrival rate of jobs is an unbiased, consis-
tent and asymptotically normal estimate of the true value of
the desired arrival rate.

In the real study (100 experiments), the number of ex-
periments in which zero, one, two, ..., five jobs arrived within
two minutes was respectively equal to (10; 17; 26; 25; 17; 5).
The corresponding frequency distribution is as follows
(0; 1; 0.17; 0.26; 0.25; 0.17; 0.05). Now, using (3), we obtain
the most plausible estimate of the arrival rate of jobs:

5

5;: =
2(0.17-1+0.25-2+0.25-3+0.17-4+0.06- 5)

13754
min

The adequacy of the accepted hypothesis about the
Poisson nature of the distribution law of a random number
of jobs can be checked using the criterion %*. As is known,
the Pearson y* criterion allows checking the agreement
of the empirical distribution function with a hypothetical
function f(x), selected from some set of traditionally
used ones (indicative, binomial, normal, etc.). The range of
possible values of the observed random variable is divided
into a number of intervals of equal length. In relation to the
study, it is convenient, instead of splitting, to record the
observed value of the number of jobs, while determining
the number of experiments in which the observed random
variable took a specific value. Let the set (no,n1,n2,...,n6)
specify the resulting distribution. Here, n, is the number
of experiments in which the observed random variable took
the value i, and

Zin,. =n,

i=1

where 7 is the total number of jobs.



the chosen

Let us introduce the null hypothesis H,:
hypothetical distribution of the observed random variable
does not contradict the experimental data. To validate the
hypothesis H,, the statistical criterion x> is used, calculat-
ed by the formula:

(1,
2 _ i i
* ; np;

Here p, is the probability that the observed value will
take the value i, which is determined in accordance with the
hypothetical distribution law. If the null hypothesis assumes
Poisson distribution of the random value of the number of
jobs, then this probability is equal to

0
i 1 ’

!

i=0,1,2,.. .k

We calculate the values of P, i=0,1,2,3,4,5 for the
given =2 and the value of A=1.37 found in (4). We have

})0 — e—l.t — 6—2»1.37 —2 74 0 065
P = Ate™=274-¢*"=0.178;
2
t
p= () e 5 i 0.244;
21 2
re)’
p= ) o 2074 aa_o9g
3! 6
Ae)'
P = —( ) e™ =756'36 e 27 =0.152;
Al 24
¢ 5
PL;:(}\') €7M=1544 —2.74 008
) 5! 120
Ae) .
P, _M) o = A2 oni_ g 038
6! 720

The obtained set of probabilities of arrival of the given
number of jobs to the service system allows calculating the
expected distribution of the number of cases with a given
number of jobs. Substituting this distribution in (5) deter-
mines the value of the Pearson criterion %*. We have

, (10-100-0.065)’
~ 7 100-0.065
(26-100-0.244)°
100-0.244
(17-100-0.152)° +(5—100-0.08)2
100-0.152 100-0.08
C(35) (0.8)" (16)° (27) (1.8)° 3*

6.5 178 244 223 152 8
=1.888+0.04+0.105+0.327 +

+0.213+1.125=3,69.

(17-100-0.178)’
100-0.178
(25-100-0.223)°
100-0.223

The calculated value of the criterion * is now com-
pared with the critical value 7’ taken from the Student
distribution table for the given value of the significance

level =0.05 and the number of the degree of freedom
v=k—r—1, wherek is the number of intervals, r is the
number of parameters of the hypothetical function. In our
case v=7-1-1=5. Wherein y’ =11.07. Asaresult of the
comparison, one of two decisions is made:

—if x*=%2, the null hypothesis H, is rejected;

—if x*<x2, the hypothetical distribution function is
considered consistent with the experimental results and
there is no reason to reject the hypothesis H, .

In the study, x*>=3.69, x> =11.07. Therefore, %’ <y>,
so the hypothesis H, is accepted.

The Bernoulli distribution (2) parameter ¢ is estimat-
ed similarly. Let n independent tests be carried out, each
i=0,1,2,..,n recording the number of jobs &, i=0,1,2,..,m
from the sample of the volume of m (]obs departing from the
system. As a result, we get the set {k , km Vo k,(,,) In accor—
dance with Bernoulli law, the probability that exactly k out
of m jobs depart from the system is

k)

-q) ki

P(k)=CH g (1

Then the likelihood function is

P:ﬁcﬁ"’)qu’:) (1 m -
i=1

m

Hck 2" _q ’z:‘(m—kg)) .

Then
L:lnP:ln( - Cflg))+ikf,f)lnq+i(m—k$))ln(1—q);
i i=1 i=1
i) s (@)
dizgkm Ei(m_k )
dg ¢ t-¢ ~
m ’)
g __
1-q S (m—pV
2(m-t)
Hence
Sk Sk
G= i _ i

The resulting estimate of the probability of job departure
is unbiased, consistent and asymptotically normal.

4. 3. Development of a criterion of efficiency of serv-
ing batch arrivals

Let us go back to the original problem. The above
relations (3)—(5) specify the probability distributions
of system states and the number of jobs rejected in each
of the service sessions. This allows evaluating the effec-
tiveness of the described service system as a whole. As an
efficiency criterion of the system, it is natural to choose
the ratio of the average number of rejected jobs during the
entire service cycle to the average number of arrivals. Let
us introduce

— s=1 e=1 . (9)



S

Here s is the number of service session, s=1,2,..; v —
probability of rejection / of the job in the s-th session;
e=1,2,..,s, A, —arrival rate of jobs in the s-th service ses-
sion; T — duration of the interval between sessions.

The value e is determined from the inequality

(XsT) efMT —

el -

’

¢ — a fairly small value (for example, £e=107).

The value calculated in accordance with (9) gives an
estimate of the efficiency of the passenger flow service
system for the entire session. Of course, it can be used to
evaluate the efficiency of this system at any selected time
interval within 24 hours. It is clear that the value g given
by (9) depends on the length of the interval T between ses-
sions, which is determined by the number of vehicles on the
route. If the obtained value of the share of rejected jobs to
the total number of jobs exceeds the permissible threshold
(for example, 0.2), then the number of vehicle units should
be increased. The resulting integer optimization problem
should be solved by successively increasing the number of
vehicles per unit until the value of the criterion becomes
acceptable.

5. Discussion of the results of the development of
a model for serving batch arrivals

A mathematical model of the queuing system, taking into
account the features of such a system in relation to servicing
the passenger flow by urban transport is proposed. This
model, in contrast to the known ones, takes into account the
following fundamental features of real systems for servicing
the flow of urban transport passengers. Firstly, the batch na-
ture of arrivals and departures. Secondly, differences in the
arrival rate for different service sessions. Thirdly, differences
in the laws of distribution of the number of jobs in batch ar-
rivals and departures for different service sessions.

The proposed model allows finding:

— the probability distribution of system states at the in-
put at the beginning of service session (3);

— the probability distribution of states at the end of ser-
vice session (4);

— the distribution of the number of rejections in each
service session (5).

It should be noted that the values of the parameters of
the Poisson and Bernoulli laws A and ¢ necessary for cal-
culating the distributions (3)—(5) should be known. If they
can be determined by the results of statistical processing
of experimental data, the resulting parameter estimates
uniquely specify analytical descriptions of the distribution
laws (1) and (2).

According to the results of the study, the estimates of
the arrival rate of jobs (1) and the probability that serving
of each of the jobs will be completed the next session (g)
are unbiased, consistent and asymptotically normal. This
allows assuming that there are no obstacles to the use of the
proposed methods for calculating the distributions (3)—(5),
since the parameter estimates uniquely specify analytical
descriptions of the distribution laws (1) and (2).

However, it should be noted that in the development
of the method, there was an assumption of stationarity,

ordinariness and absence of aftereffect of jobs, forming a
batch arrival. This can be considered one of the limitations
of this study.

The service efficiency criterion taking into account the
number of rejections during the entire service cycle is formu-
lated. The proposed criterion (9) is the ratio of the average
number of rejected jobs during the entire service cycle to the
average number of arrivals. This idea is justified, since the
value calculated in accordance with (9) gives an estimate
of the efficiency of the passenger flow service system for the
entire session. But, at the same time, it remains possible to
use it to assess the efficiency of this system at any selected
time interval within 24 hours. This is due to the fact that the
value g given by (9) depends on the length of the interval
T between sessions, which is determined by the number of
vehicles on the route.

The practical use of the proposed criterion consists in
the possibility of deciding whether to increase the number of
vehicle units on the route. The principle of decision-making
in this case consists in comparing the calculated value of
the share of rejected jobs to the total number of jobs with an
acceptable threshold (for example, 0.2). The resulting inte-
ger optimization problem should be solved by successively
increasing the number of vehicles per unit until the value of
the criterion becomes acceptable. The development of such
an approach based on real operational observations may be
of further theoretical and practical interest.

6. Conclusions

1. A method for calculating the number of busy chan-
nels in case of batch arrival is developed. It is based on
the description of the distribution of the number of busy
channels after the next batch arrival, taking into account
the fact that the probability of business of e channels is
equal to the sum of the products of the probabilities of
j<e channels business multiplied by the conditional prob-
ability of arrival of the number of jobs transferring the
system in the state with e busy channels.

2. A method for calculating the number of busy channels
after the end of service is developed. It is based on the de-
scription of the distribution of the number of busy channels,
taking into account the fact that the probability of business
of e channels after the end of the next service session is
equal to the sum of the products of the probability of j>e
channels business multiplied by the conditional probability
of departure of the number of jobs transferring the system
to the state e.

3. It is shown that in order to determine the distribution
of a random number of rejected jobs v, it is necessary to
take into account that the probability of rejection of exactly
e jobs is equal to the product of the probability of business
of j channels multiplied by the probability that there will be
exactly n—j+e jobs in the batch arrival. It is shown that
the estimates of the arrival rate of jobs (X) and the probabil-
ity that serving of each of the jobs will be completed in the
next session (g) are unbiased, consistent and asymptotically
normal. These estimates of the parameters of the Poisson
and Bernoulli law should be known for using the proposed
calculation methods.

4. It is proposed to choose the ratio of the average number
of rejected jobs during the entire service cycle to the average



number of arrivals as a criterion of efficiency of the passenger  efficiency of this system at any selected time interval during
flow service system. The value calculated in this case gives  the day, since the value of the proposed criterion depends on
an estimate of efficiency of the passenger flow service system  the length of the interval between sessions, determined by
for the entire session. However, it can be used to evaluate the  the number of vehicles on the route.
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