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Control processes

1. Introduction

Urban public transport is the industry that provides 
the city with services of delivering people on established 
routes, guaranteeing accessible, regular and mass traffic. 
The functioning of the transport system is one of the most 
important components of the city’s life, affecting most of its 
inhabitants.

Passenger transport is one of the key sectors of the na-
tional economy. Due to the fact that many citizens do not 
have personal vehicles, timely and adequate satisfaction of 
transport demands develops from a purely transport problem 
into a social one. This problem determines the attitude of 
the population not only to the quality of transport services, 

but also to the processes that occur in the regions and the 
country as a whole.

The urban public transport system refers to open sys-
tems. According to the degree of abstraction, the methods 
used in the study of transport systems are arranged in the 
following order: 

– observation and verbal description of processes; 
– full-scale modeling; 
– machine simulation; 
– analytical models [1]. 
Observation of processes boils down to direct registra-

tion of transport phenomena: measuring the rate of passen-
ger flows, passenger traffic, occupancy of rolling stock, etc. 
Full-scale modeling is testing the analyzed system or its 
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Запропоновано математичну модель системи 
масового обслуговування потоку пасажирiв мiсько-
го громадського транспорту. Отримана модель 
вiдрiзняється вiд канонiчних моделей теорiї масо-
вого обслуговування урахуванням принципових 
особливостей реальних систем. По-перше, процес 
обслуговування розбитий на наступнi один за одним 
рiзнi сеанси обслуговування. По-друге, заявки на 
входi i на виходi системи є груповими. По-третє, 
iнтенсивностi вхiдного потоку в рiзних сеансах 
обслуговування рiзнi. По-четверте, закони розпо-
дiлу числа вимог в групових заявках для рiзних сеан-
сiв рiзнi. По-п'яте, закони розподiлу числа заявок в 
групах на входi системи i виходi з неї також рiзнi. 

Розроблено критерiй ефективностi системи 
обслуговування. Критерiй заснований на розрахун-
ку розподiлу ймовiрностей станiв системи обслу-
говування на входi системи i аналогiчного розподiлу 
на виходi системи. Цi розподiлу визначаються неза-
лежно для кожного сеансу обслуговування, на якi 
розбивається весь цикл обслуговування. Чисельне 
значення критерiю задається вiдношенням серед-
нього числа вiдмов в обслуговуваннi до середньо-
го числа вимог в сумарному входить потоцi за весь 
цикл обслуговування. Його можна використовува-
ти для оцiнки ефективностi системи обслугову-
вання на будь-якому обраному часовому iнтервалi 
протягом доби, т. я. значення запропонованого кри-
терiю залежить вiд довжини iнтервалу мiж сеан-
сами, яка визначається числом транспортних засо-
бiв на маршрутi.

Отриманi моделi адекватно вiдображають про-
цес функцiонування системи, що дає можливiсть 
прогнозувати безлiч рiзних ситуацiй i оцiнювати 
наслiдки пропонованих рiшень. При цьому виникає 
можливiсть прогнозування транспортної забезпе-
ченостi населення та визначення кiлькiсних значень 
ефективностi функцiонування системи мiського 
громадського пасажирського транспорту

Ключовi слова: система масового обслуговуван-
ня, мiський громадський транспорт, розподiл вимог 
в груповiй заявцi, розподiл числа вiдмов
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parts in real or close conditions. In this case, the influence of 
traffic intervals on the occupancy of rolling stock, efficiency 
of various types of rolling stock on the route, etc. are taken 
into account. Machine simulation and analytical models 
represent the highest degree of formalization. Distinguish-
ing between machine simulation and analytical models is 
sometimes difficult. They allow describing the urban public 
transport system as an interconnected set of numerical mod-
els. These models adequately reflect the functioning of the 
system, which makes it possible to predict many different sit-
uations and evaluate the consequences of proposed solutions. 
Thus, it becomes possible to predict the provision of the 
population with public transport and determine quantitative 
values of the efficiency of the urban public transport system. 
In this regard, the analysis of the organization of the urban 
public transport system is an urgent and important task.

2. Literature review and problem statement

From a functional point of view, urban public transport 
is a queueing system [2, 3]. However, the real system of 
servicing passenger flows by urban public transport has an 
important feature. The traditional canonical queuing theory 
assumes that arrivals are ordinary [4–8]. In [9], the problem 
of evaluating the efficiency of queuing systems with non-or-
dinary arrivals is posed and general recommendations on the 
analysis of such systems are given. In [10], the problem of 
serving batch arrivals in a system with refusals is considered 
for the case when the number of batch arrivals is fixed. In 
[11], the technology proposed in [10] is developed for infinite 
queuing systems. In [12], a single-channel batch arrival 
queueing system is considered. In [13], a multistage batch 
arrival queueing system is considered. In [14], a method for 
analyzing a queueing system with a random number of batch 
arrivals is proposed. The proposed approaches for analysis 
with batch arrivals for a number of fundamental reasons 
cannot be used in assessing the effectiveness of the service 
system of urban public transport passengers. Firstly, in a 
real system, not only arrivals but also departures are batch. 
Secondly, the above works assume that the arrival rate does 
not change during the entire service cycle. In reality, this 
rate is changed in each session of the service cycle. Thirdly, 
there are different distribution laws of jobs in the batch for 
different service sessions. Fourth, known techniques consid-
er waiting systems, while in reality, these are systems with 
refusals. These circumstances determine the need to devel-
op, in terms of queuing theory, a model of the system that 
takes into account the real features of a real service system 
of urban public transport passengers.

3. The aim and objectives of the study 

The aim of the study is to develop a mathematical model 
and a method for assessing the efficiency of the service sys-
tem of the passenger flow of urban public transport.

To achieve this aim, it is necessary to accomplish the 
following objectives:

– in terms of queuing theory, to develop a method for 
calculating the distribution of the number of busy channels 
after a batch arrival at the beginning of service session and 
the number of busy channels after the end of service session;

– to develop a method for calculating the distribution of 
the number of refusals;

– to develop a criterion for the efficiency of batch service.

4. Development of a mathematical model of  
a batch arrival queueing system 

4. 1. Definitions and assumptions
We introduce the following definitions.
Service cycle – a set of all measures for servicing passen-

gers of urban public transport, carried out from the moment 
the vehicle enters the route until the end of the working day.

Service session – a set of measures for servicing passen-
gers starting from the moment the vehicle arrives at the next 
stop until it goes on the route.

Job – the next passenger arriving at the stop to enter the 
vehicle.

Service – passenger travel from the moment of entering 
the vehicle and occupying a free seat (channel) until the 
moment of exit.

Refusal – a situation that a passenger experiences if, by 
the time of entering the vehicle, all free seats (channels) are 
occupied.

We formulate the problem of forming a mathematical 
model of a real queuing system. We introduce the necessary 
notations:

– ζ  – random number of jobs in the batch arrival;
– η  – random number of jobs received by the system on 

free channels;
– ν  – random number of jobs rejected due to the busi-

ness of all channels;
– ξ –  random number of jobs departing from the system 

upon completion of service;
– j – number of channels engaged in service.
Next, let:
–  { }0 1, , ..., nπ = π π π  – probability distribution of system 

states after the departure of served jobs;
–  { }0 1 ,...,, , ..., j nπ = π π π π  – probability distribution of sys-

tem states after batch arrival of jobs to the system.
Let us assume that the flow of jobs entering the system, 

forming a batch arrival, is stationary, ordinary and has no 
aftereffect. Then the distribution of a random number of jobs 
ζ  in the batch arrival during the time interval of length t is 
subject to Poisson law:

( ) ( )
,

!

k

t
k

t
P t e

k
−λλ

= 	 (1)

( )kP t  –  the probability that exactly k jobs arrive to the sys-
tem during the time interval t; λ  – arrival rate of jobs.

Let m channels be busy in the system by the end of the 
next service session. We introduce q – the probability that 
the service of each of the served jobs will be completed in 
the next session. Then the distribution of the number of jobs 
departing from the system at the end of the service is subject 
to Bernoulli law:

{ } ( )1 ,
m kk k k

m mr k j mBer C q q
−= ξ = = = −  0,1, ..., .k m= 	 (2)

Let the distribution π  of the number of busy channels 
after the end of the previous session be obtained by the time 
the next service session starts.
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4. 2. Essence and justification of calculation methods
We determine the distribution of the number of busy 

channels after the next batch arrival. The probability of 
e channels business is equal to the sum of the products of  
j e≤  channels business probabilities multiplied by the con-
ditional probability of arrival of the number of jobs transfer-
ring the system in a state with e busy channels. Then

1 00 1 ... ,e e e eP P P−π = π + π + + π  0,1,..., .e n= 	 (3)

Similarly, the probability

0 1 1
1 11 1... ,n e n e

e e n ne e n ne r r r r− + −
+ −+ −π = π + π + + π + π  

of e channels business after the end of the next service session 
is equal to the sum of the products of j e≥  channels business 
probabilities multiplied by the conditional probability of the 
number of jobs departing from the system transferring the 
system into the state e. In this case, the distribution of the 
number of busy channels will be as follows:

0,1, 2, ..., .e n= 	 (4)

We now find the distribution of a random number of 
rejected jobs .ν  In this case, the probability of rejection of 
exactly е jobs is equal to the product of the probability of j 
channels business multiplied by the probability that there 
will be exactly n j e− +  jobs in the batch arrival. Then

{ } ( )
( ) ( ) ( )
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0

1

2

2 1 .n

Ber Ber

B

n n

n ner Ber

ν > = π ξ ≥ +

+π ξ > − + π ξ ≥ 	 (5)

To calculate distributions (3)–(5), it is necessary to 
know the values of the parameters of Poisson (1) and Ber-
noulli (2) laws. These parameters can be calculated from 
the results of statistical processing of experimental data. 
The resulting estimates of the parameters λ  and q uniquely 
determine the analytical descriptions of the distribution 
laws (1) and (2). The method for calculating the required 
estimates is as follows [5, 6].

Suppose that, based on the results of direct observations, 
the set 1 2( , , ..., ),nm m m  specifying the arrival rate of a given 
number of jobs k during a given interval (0, t) is formed. Here 

jm  is the arrival rate of exactly j jobs. In accordance with 
Poisson law, the probability of arrival of exactly k jobs on the 
interval of length t is determined by the formula

( ) ( )
,

!

k

t
k

t
P t e

k
−λλ

=  0,1,2,...k =

where λ  is the desired value of the Poisson law parameter, 
which determines the arrival rate of jobs. We find this value 
by maximum likelihood estimation. Let us introduce the 
likelihood function

( ) 0

0 1

.
! !

k k
m mk kn n

t

k k

t
P e e

k k
−λ −

= =

 λ  θ
= =      
∏ ∏ 	 (6)

We determine the value ,λ  maximizing (6). It is conve-
nient to take the logarithm of the likelihood function (6) in 
advance. We have

0

0 1

1
ln ln ln ln .

! !

kn n

k k
k k

L P m e m k
k k

−

= =

 θ  = = = + θ − θ     
∑ ∑ 	 (7)

Then
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n

t m k
=

λ =
∑

	 (8)

The resulting arrival rate of jobs is an unbiased, consis-
tent and asymptotically normal estimate of the true value of 
the desired arrival rate.

In the real study (100 experiments), the number of ex-
periments in which zero, one, two, ..., five jobs arrived within 
two minutes was respectively equal to (10; 17; 26; 25; 17; 5).  
The corresponding frequency distribution is as follows  
(0; 1; 0.17; 0.26; 0.25; 0.17; 0.05). Now, using (3), we obtain 
the most plausible estimate of the arrival rate of jobs:

( )
5ˆ

2 0.17 1 0.25 2 0.25 3 0.17 4 0.06 5

req
1.37 .

min

λ = =
⋅ + ⋅ + ⋅ + ⋅ + ⋅

= 	

The adequacy of the accepted hypothesis about the 
Poisson nature of the distribution law of a random number 
of jobs can be checked using the criterion 2.χ  As is known, 
the Pearson 2χ  criterion allows checking the agreement 
of the empirical distribution function with a hypothetical 
function ( ),f x  selected from some set of traditionally 
used ones (indicative, binomial, normal, etc.). The range of 
possible values of the observed random variable is divided 
into a number of intervals of equal length. In relation to the 
study, it is convenient, instead of splitting, to record the 
observed value of the number of jobs, while determining 
the number of experiments in which the observed random 
variable took a specific value. Let the set ( )0 1 2 6, , , ...,n n n n  
specify the resulting distribution. Here, in  is the number 
of experiments in which the observed random variable took 
the value i, and

1

,
k

i
i

in n
=

=∑

where n  is the total number of jobs.
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Let us introduce the null hypothesis 0 :H  the chosen 
hypothetical distribution of the observed random variable 
does not contradict the experimental data. To validate the 
hypothesis 0,H  the statistical criterion 2χ  is used, calculat-
ed by the formula:

( )2

2

0

.
k

i i

i i

n np

np=

−
χ = ∑ 	

Here ip  is the probability that the observed value will 
take the value i, which is determined in accordance with the 
hypothetical distribution law. If the null hypothesis assumes 
Poisson distribution of the random value of the number of 
jobs, then this probability is equal to

( )
,

!

i

t
i

t
P e

i
−λλ

=  0,1, 2, ..., .i k=

We calculate the values of , 0,1, 2, 3, 4, 5iP i =  for the 
given t=2 and the value of ˆ 1.37λ =  found in (4). We have

21,37 2,74
0 0.065;tP e e e−λ − ⋅ −= = = =

2 ,74
1 2,74 0.178;tP e e−λ − ⋅= λ + = ⋅ =

( )2

2 ,74
2

7,51
0.244;

2! 2
tt

P e e−λ − ⋅λ
= = =

( )3

2 .74
3

20.74
0.223;

3! 6
tt

P e e−λ − ⋅λ
= = =

( )4

2 .74
4

56.36
0.152;

4! 24
tt

P e e−λ − ⋅λ
= = =

( )5

2 .74
5

154.4
0.08;

5! 120
tt

P e e−λ − ⋅λ
= = =

( )6

2 .74
6

423.1
0.038.

6! 720
tt

P e e−λ − ⋅λ
= = =

The obtained set of probabilities of arrival of the given 
number of jobs to the service system allows calculating the 
expected distribution of the number of cases with a given 
number of jobs. Substituting this distribution in (5) deter-
mines the value of the Pearson criterion 2χ . We have

( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) ( ) ( )

2 2

2

2 2

2 2

2 2 2 2 2 2

10 100 0.065 17 100 0.178

100 0.065 100 0.178

26 100 0.244 25 100 0.223

100 0.244 100 0.223

17 100 0.152 5 100 0.08

100 0.152 100 0.08

3.5 0.8 1.6 2.7 1.8 3
6.5 17.8 24.4 22.3 15.2 8

1.888 0.04

− ⋅ − ⋅
χ = + +

⋅ ⋅
− ⋅ − ⋅

+ + +
⋅ ⋅

− ⋅ − ⋅
+ + =

⋅ ⋅

= + + + + + =

= + 0.105 0.327

0.213 1.125 3,69.

+ + +
+ + =

The calculated value of the criterion 2χ  is now com-
pared with the critical value 2

crχ  taken from the Student 
distribution table for the given value of the significance 

level 0.05α =  and the number of the degree of freedom 
1,k rν = − −  where k  is the number of intervals, r  is the 

number of parameters of the hypothetical function. In our 
case  7 1 1 5.ν = − − =  Wherein 2 11.07.crχ =  As a result of the 
comparison, one of two decisions is made:

– if  2 2 ,crχ ≥ χ  the null hypothesis 0H  is rejected;
– if  2 2 ,crχ < χ  the hypothetical distribution function is 

considered consistent with the experimental results and 
there is no reason to reject the hypothesis 0H .

In the study, 2 3.69,χ = 2 11.07.crχ =  Therefore, 2 2 ,crχ < χ  
so the hypothesis 0H  is accepted.

The Bernoulli distribution (2) parameter q is estimat-
ed similarly. Let n independent tests be carried out, each 

0,1, 2, ...,i n=  recording the number of jobs ,mk  0,1, 2, ..., ,i m=  
from the sample of the volume of m jobs departing from the 
system. As a result, we get the set ( ) ( ) ( ){ }1 2, , ..., .n

m m mk k k  In accor-
dance with Bernoulli law, the probability that exactly ( )i

mk  out 
of m jobs depart from the system is

( ) ( ) ( ) ( )
( )

1 .
ii i

mm m
m kk k

i mP k C q q
−= −

Then the likelihood function is

( ) ( ) ( )
( ) ( )

( )

( )
( )( )1

1

1 1

1 1 .

m
ni

i imi i i
m mm m m i

i

n n k
m k m kk k k

m m
i i

P C q q C q q=
=

− −

= =

∑ ∑= − = −∏ ∏

Then

( ) ( ) ( )( ) ( )
1 11

ln ln ln ln 1 ;
i

m

n m n
i ik

m m m
i ii

L P C k q m k q
= ==

 = = + + − −∑ ∑  ∏

( ) ( )( )
1 1d

;
d 1

m n
i i

m m
i i

k m kL
q q q

= =
−∑ ∑

= −
−

( )

( )( )
1

1

.
1

m
i

m
i

n
i

m
i

kq
q m k

=

=

∑
=

− −∑

Hence

( )

( ) ( )( )
( )

1 1

1 1

ˆ .

m m
i i

m m
i i

m n
i i

m m
i i

k k
q

m nk m k

= =

= =

∑ ∑
= =

⋅+ −∑ ∑

The resulting estimate of the probability of job departure 
is unbiased, consistent and asymptotically normal.

4. 3. Development of a criterion of efficiency of serv-
ing batch arrivals

Let us go back to the original problem. The above 
relations (3)–(5) specify the probability distributions 
of system states and the number of jobs rejected in each 
of the service sessions. This allows evaluating the effec-
tiveness of the described service system as a whole. As an 
efficiency criterion of the system, it is natural to choose 
the ratio of the average number of rejected jobs during the 
entire service cycle to the average number of arrivals. Let 
us introduce

*

1 1

1

.

e
s
e

s e

s
s

e
g

T
= =

=

⋅ ν
=

λ

∑∑
∑

	 (9)
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Here s is the number of service session, 1, 2, ...;s =  s
eν  –  

probability of rejection l of the job in the s-th session; 
*1, 2, ..., ,e s=  sλ  – arrival rate of jobs in the s-th service ses-

sion; T  – duration of the interval between sessions.
The value *e  is determined from the inequality

( )
*

* ,
!

s

e

s TT
e

e
−λλ

= ε

ε  – a fairly small value (for example, 210−ε = ).
The value calculated in accordance with (9) gives an 

estimate of the efficiency of the passenger flow service 
system for the entire session. Of course, it can be used to 
evaluate the efficiency of this system at any selected time 
interval within 24 hours. It is clear that the value g given 
by (9) depends on the length of the interval T between ses-
sions, which is determined by the number of vehicles on the 
route. If the obtained value of the share of rejected jobs to 
the total number of jobs exceeds the permissible threshold 
(for example, 0.2), then the number of vehicle units should 
be increased. The resulting integer optimization problem 
should be solved by successively increasing the number of 
vehicles per unit until the value of the criterion becomes 
acceptable.

5. Discussion of the results of the development of  
a model for serving batch arrivals

A mathematical model of the queuing system, taking into 
account the features of such a system in relation to servicing 
the passenger flow by urban transport is proposed. This 
model, in contrast to the known ones, takes into account the 
following fundamental features of real systems for servicing 
the flow of urban transport passengers. Firstly, the batch na-
ture of arrivals and departures. Secondly, differences in the 
arrival rate for different service sessions. Thirdly, differences 
in the laws of distribution of the number of jobs in batch ar-
rivals and departures for different service sessions.

The proposed model allows finding:
– the probability distribution of system states at the in-

put at the beginning of service session (3);
– the probability distribution of states at the end of ser-

vice session (4);
– the distribution of the number of rejections in each 

service session (5).
It should be noted that the values of the parameters of 

the Poisson and Bernoulli laws λ and q necessary for cal-
culating the distributions (3)–(5) should be known. If they 
can be determined by the results of statistical processing 
of experimental data, the resulting parameter estimates 
uniquely specify analytical descriptions of the distribution 
laws (1) and (2).

According to the results of the study, the estimates of 
the arrival rate of jobs (λ) and the probability that serving 
of each of the jobs will be completed the next session (q) 
are unbiased, consistent and asymptotically normal. This 
allows assuming that there are no obstacles to the use of the 
proposed methods for calculating the distributions (3)–(5), 
since the parameter estimates uniquely specify analytical 
descriptions of the distribution laws (1) and (2).

However, it should be noted that in the development 
of the method, there was an assumption of stationarity, 

ordinariness and absence of aftereffect of jobs, forming a 
batch arrival. This can be considered one of the limitations 
of this study.

The service efficiency criterion taking into account the 
number of rejections during the entire service cycle is formu-
lated. The proposed criterion (9) is the ratio of the average 
number of rejected jobs during the entire service cycle to the 
average number of arrivals. This idea is justified, since the 
value calculated in accordance with (9) gives an estimate 
of the efficiency of the passenger flow service system for the 
entire session. But, at the same time, it remains possible to 
use it to assess the efficiency of this system at any selected 
time interval within 24 hours. This is due to the fact that the 
value g given by (9) depends on the length of the interval 
T between sessions, which is determined by the number of 
vehicles on the route.

The practical use of the proposed criterion consists in 
the possibility of deciding whether to increase the number of 
vehicle units on the route. The principle of decision-making 
in this case consists in comparing the calculated value of 
the share of rejected jobs to the total number of jobs with an 
acceptable threshold (for example, 0.2). The resulting inte-
ger optimization problem should be solved by successively 
increasing the number of vehicles per unit until the value of 
the criterion becomes acceptable. The development of such 
an approach based on real operational observations may be 
of further theoretical and practical interest.

6. Conclusions

1. A method for calculating the number of busy chan-
nels in case of batch arrival is developed. It is based on 
the description of the distribution of the number of busy 
channels after the next batch arrival, taking into account 
the fact that the probability of business of e channels is 
equal to the sum of the products of the probabilities of  
j e≤  channels business multiplied by the conditional prob-
ability of arrival of the number of jobs transferring the 
system in the state with e busy channels.

2. A method for calculating the number of busy channels 
after the end of service is developed. It is based on the de-
scription of the distribution of the number of busy channels, 
taking into account the fact that the probability of business 
of e channels after the end of the next service session is 
equal to the sum of the products of the probability of j e≥  
channels business multiplied by the conditional probability 
of departure of the number of jobs transferring the system 
to the state e.

3. It is shown that in order to determine the distribution 
of a random number of rejected jobs ,ν  it is necessary to 
take into account that the probability of rejection of exactly 
e jobs is equal to the product of the probability of business 
of j channels multiplied by the probability that there will be 
exactly n j e− +  jobs in the  batch arrival. It is shown that 
the estimates of the arrival rate of jobs (λ) and the probabil-
ity that serving of each of the jobs will be completed in the 
next session (q) are unbiased, consistent and asymptotically 
normal. These estimates of the parameters of the Poisson 
and Bernoulli law should be known for using the proposed 
calculation methods.

4. It is proposed to choose the ratio of the average number 
of rejected jobs during the entire service cycle to the average 
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number of arrivals as a criterion of efficiency of the passenger 
flow service system. The value calculated in this case gives 
an estimate of efficiency of the passenger flow service system 
for the entire session. However, it can be used to evaluate the 

efficiency of this system at any selected time interval during 
the day, since the value of the proposed criterion depends on 
the length of the interval between sessions, determined by 
the number of vehicles on the route.
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