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1. Introduction

The study of most complex systems, both natural and 
artificial, shows that their bases are non-linear processes, 

and their behavior satisfies a fundamental principle of dis-
sipative dynamical systems, that is state recurrence. The 
recurrence of states means that certain states of systems 
are repeated in time [1]. There are methods of recurrence 
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Методи обчислення рекурентних дiа-
грам на основi вимiрювання динамiки век-
тора станiв у фазовому просторi на даний 
час широко використовуються для вiзуаль-
ного i кiлькiсного аналiзу поведiнки складних 
динамiчних систем рiзної сфери. Однак цi 
методи, володiючи високими потенцiйними 
можливостями, не можуть безпосередньо 
використовуватися для оперативного обчис-
лення рекурентних дiаграм в реальному 
темпi вимiрювань вектора станiв з ураху-
ванням нерегулярностi вимiрювань. Однiєю з 
причин цього є вiдсутнiсть методу, здатно-
го оперативно i досить достовiрно вiдобра-
жати рекурентнi стани реальних систем 
в рекурентних дiаграмах при нерегуляр-
них вимiрах вектора станiв. Пропонується 
метод оперативного обчислення рекурент-
них дiаграм при нерегулярних вимiрах, засно-
ваний на науковому аналiзi причин низької 
достовiрностi i неможливостi оперативного 
обчислення рекурентних дiаграм, а також 
пошуку та обґрунтуваннi конструктивних 
методiв їх усунення. До таких методiв нале-
жать: поточне обчислення рекурентних дiа-
грам; удосконалення фазового простору за 
рахунок введення операцiї скалярного доб-
утку для векторiв станiв; адаптацiя порога 
рекурентностi до результатiв вимiрювань. 
Процес поточного обчислення рекурентних 
дiаграм заснований на використаннi тiльки 
поточних i попереднiх вимiрювань вектора 
станiв системи. У пропонованому вдоско-
наленому фазовому просторi вдається узго-
дити два ключовi чинники низької достовiр-
ностi вiдображення рекурентних станiв в 
дiаграмах, пов'язаних з невизначенiстю 
норми i порога рекурентностi. Це дозволи-
ло запропонувати метод адаптацiї порога 
для конiчних областей рекурентностi. При 
цьому для забезпечення достовiрного вiдо-
браження рекурентних станiв в дiаграмах в 
умовах нерегулярних вимiрiв вектора станiв 
запропоновано використовувати при обчис-
леннi два адаптивних порога з рiзними куто-
вими параметрами конусiв рекурентностi. 
Працездатнiсть пропонованого оперативно-
го методу обчислення рекурентних дiаграм 
пiдтверджена i проiлюстрована на прикладi 
нерегулярних вимiрювань реальної динамiки 
вектора станiв небезпечної забрудненостi 
мiської атмосфери
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UDC 004.932

DOI: 10.15587/1729-4061.2019.181516



27

Mathematics and cybernetics – applied aspects

plots (RP) proposed in [2] to visualize recurrence states of 
complex dynamic systems, RP methods are fundamental for 
quantitative state recurrence analysis (RQA).

Recently, researchers have widely used RP and RQA 
methods in various sciences and applications [1, 3]. How-
ever, capabilities of RQA methods depend substantially 
on reliability of mapping of the recurrent behavior of real 
systems in RP. It is known that the reliability of mapping 
of recurrence states in RP depends substantially on condi-
tions and nature of obtaining of measurement information. 
One of the limitations of the known methods for calcula-
tion of RP [4] is their inherent threshold uncertainty. The 
threshold uncertainty of the methods limits reliability of 
mapping of recurrence states significantly under unknown 
and changing conditions, which are characteristic to most 
applications. In this regard, the problem of improvement of 
methods for calculation of RP arises.

2. Literature review and problem statement

A base of RP calculation methods is real state measure-
ments of complex dynamic systems. Therefore, RP methods 
are attractive tools for studying of a state of complex dynam-
ic systems in various fields [2]. If obtaining of measurement 
information is discrete in time, a change in a vector of states 
of the system in the corresponding phase space will be 
mapped as a point, which moves discretely along a certain 
trajectory of system states. In this case, the recurrence of 
states at discrete instants will mean that arbitrary points 
of the trajectory turn out to be close in some sense [4]. Un-
like the methods of correlation dimension [5], RP methods 
makes it possible to display states of systems considered in 
multidimensional phase spaces in the equivalent simpler and 
more clearly 2-dimensional phase space. It is known that it is 
possible to restore a mapping of a state of complex dynamic 
systems by one measured coordinate of a vector of states [6]. 
However, this path has additional uncertainty of a dimension 
parameter of an enclosing in the calculation of RP. Paper [7] 
considers forecasting of dangerous states of the polluted 
atmosphere of industrial cities based on the RP calculation 
for one of coordinates of a vector of states. The calculation of 
RP goes for the usual metric (distance) in the space of all real 
numbers. The paper does not consider other types of metrics 
and their corresponding spaces. Authors of work [8] consider 
a method for calculation of RP for a 5-dimensional vector of 
states of wind speeds in five regions of Nigeria. They consid-
er linear space and the Euclidean metric only. They do not 
consider other metrics, spaces, irregularity of measurements 
and adaptation of a threshold in calculating of RP. Paper [9] 
considers parameterization of the method for RP calculation 
under conditions of artifacts [9]. The paper considers the 
Euclidean metric of a phase space only. Authors of work [10] 
study methods for calculation of RP of the reconstructed 
vector of states of the Earth’s magnetosphere [10]. However, 
they use only normalized linear spaces with the maximum 
and Chebyshev metrics as the RP calculation methods. Au-
thors of paper [11] note that recognition and classification 
of human motor activity based on the calculation of RP has 
low reliability due to peculiarities of measurement condi-
tions and threshold uncertainty of methods. They propose 
not to consider a threshold in RP methods to eliminate low 
reliability and errors in recognition and classification, and 
to calculate distance matrices directly. However, application 

of neural networks for recognition and classification of mo-
tor activity has well-known disadvantages and limitations. 
Authors of work [12] consider a method for calculation of 
RP in a space with the Euclidean metric for studying of the 
behavior of various biosystems. They note that measure-
ment conditions, duration of a time delay, a dimension of an 
enclosing and a threshold affect reliability of the RP calcu-
lation significantly. A choice of the threshold for each set of 
measurements should be individual, but it should not exceed  
10 % of the maximum diameter of a phase space.

Paper [13] considers a method for RP calculation at 
irregular measurements. RP calculations are limited to 
space with a conventional distance metric. Work [14] con-
siders general recommendations on overcoming of threshold 
uncertainty of RP methods. It proposes to overcome the 
threshold uncertainty by fixing the threshold, depending on 
a specific task of the study. Authors of paper [15] state that 
a threshold value should be some function of a standard de-
viation of measurements. They do not specify a type of func-
tion. They only note that such method of determination of 
a threshold can be useful for any method of RP calculation. 
Authors of paper [16] consider a combination of a multilevel 
network approach and recurrence networks for analysis of 
dynamics of states in multidimensional phase spaces. They 
study a multidimensional vector of states only in a normed 
space with the Euclidean metric. They do not consider other 
types of metrics and spaces and do not discuss irregularity 
of measurements and reliability of calculation of dynamics 
of states. Work [17] considers peculiarities of RP calcula-
tion for localization of transitional processes in systems. It 
notes that it is possible to use spaces with different metrics 
in RP calculation methods. However, it does not consider 
an influence of metrics and thresholds reliability of the 
RP calculation. Authors of paper [18] consider application 
of the RP method for early detection of indoor fires by a 
concentration of carbon monoxide [18]. They use measure-
ments in a one-dimensional phase space with ordinary and 
degree distance metrics. However, they do not consider 
multidimensional phase spaces and threshold adaptation. 
They do not discuss irregularity of measurements and its 
influence on the RP calculation. Authors of work [19] con-
sider methods and devices for adaptation of the threshold 
for identification of dangerous factors of fire [19]. They note 
that adaptation of a threshold is a key factor for trustworthy 
reliable detection [20].

Thus, a basis of RP calculation methods is finite-di-
mensional linear normed spaces and application of various 
metrics. We can consider the methods for the calculation 
of RP in linear spaces with a uniform, Euclidean and max-
imum metric as the most studied ones for now. Therefore, 
RP for the same system, calculated in spaces with different 
metrics will not be the same due to different methods of 
calculation of distances. Methods for calculation of RP in 
spaces with other types of metrics are less studied. A choice 
of a measure and a threshold affect reliability of mapping of 
recurrence states in RP. There are several heuristics known 
for selection of a threshold at the instant [14]. However, the 
considered heuristics are particular cases, which are limited 
to well-known metrics of spaces and have significant imple-
mentation disadvantages. In this regard, a measure and a 
threshold of recurrence become key factors on the way to 
ensure reliable mapping of recurrence states of real systems 
in RP [1]. Therefore, an important and unresolved part of 
the problem is the development of methods for the quick and 
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reliable mapping of recurrence states in RP under conditions 
of irregular measurements.

3. The aim and objectives of the study

The objective of the study is to develop a method for cal-
culation of recurrence plots to provide operative and reliable 
mapping of recurrence states of real dynamic systems at 
irregular measurements.

To accomplish the aim, the following tasks have been set:
– substantiation of a method for operative calculation 

of recurrence plots at irregular measurements of a vector of 
states to provide a reliable mapping of recurrence states of 
real dynamic systems;

– experimental verification of operability of the pro-
posed method for calculation of recurrence plots on the 
example with irregular measurements of real dynamics of 
states of dangerous pollutants in the urban atmosphere.

4. Substantiation of the method for operative calculation 
of recurrence plots in the presence of intervals with  

the absence of measurements

The base of known methods for RP calculation is real 
measurements of a given m-dimensional Zi vector of states 
of the studied complex dynamic system during a given 
observation interval. Usually, measurements take place at 
discrete i instants of a given observation interval. We can 
generalize the known methods for RP calculation in the form 
of expression

( ),
, ,, ,m

i j i jR ε = Θ ε ∆  , ,i j i jZ Z∆ = −  

,m
iZ ∈Ω  ,m

jZ ∈Ω  , 0,1, 2, ..., 1,Si j N= − 	 (1)

where Θ(ε, Δi,j) is the Heaviside function; ɛ is the recurrence 
threshold, which determines a radius of m-dimensional 
sphere of Zi recurrence states for i time instants; Δi,j is the 
arbitrary norm of corresponding vector of states in m-dimen-
sional space at i and j time instants, respectively; NS is the 
number of measurements.

Following generalization (1), the calculated RP depend 
on the value of ɛ recurrence threshold, measured Zi and Zj 
vectors of a state of system, and the used norm. Each vector 
of states corresponds to a certain point in m-dimensional 
space. This means that there is NS–1 point specified on the 
considered observation interval in m-dimensional space. 
Different methods for determination of the norm in (1) will 
lead to a different number of calculated recurrence states 
or recurrence points for ɛ fixed threshold. If the method for 
determination of the norm is given, then the choice of a too 
small ε threshold can lead to an absence of calculated recur-
rent states, although they are present in the system under 
study in fact. On the other hand, if the threshold ε is too 
large, then almost every vector of states will be recurrent to 
any other vector of states. This means that the RP calcula-
tion of RP in accordance with expression (1) is ambiguous 
and therefore it is not sufficiently reliable. For most applica-
tions, it is necessary to take into account the fact that results 
of measurement of a vector of states at a given observation 
interval arrive sequentially in time, they contain noise. They 
also may simply be absent at certain points in time as a result 

of peculiarities of conditions for real measurements. In addi-
tion, following (1), a base of the RP calculation is the results 
of all measurements of the m-dimensional vector of Zi states 
at i=0, 1, 2,…, NS–1 instants on a given observation interval. 
Therefore, the calculation of RP before obtaining all mea-
surements of the m-dimensional vector of states is not possi-
ble. Therefore, methods (1) in the traditional formulation are 
not operative, since they do not make it possible to calculate 
RP sequentially in time as measurements are taken.

Therefore, the well-known methods (1) are ambiguous, 
insufficiently reliable and have low efficiency of RP calcula-
tion. It is possible to ensure the speed of RP calculation in 
the class of methods under consideration (1) by replacing of 
i, j=0, 1, 2,…, NS–1 with the condition for real measurements, 
for which i=0, 1, 2,…, NS–1 and j≤i. Based on the foregoing, 
following (1), we can describe , ,m

iTR ε class of operative meth-
ods by the following expression:

,
,, , if ,

0, if ,

m
i jm

i

R j i
TR

j i

ε
ε  ≤= 

>

0,1, 2, ..., 1.Si N= − 	 (2)

Expression (2) is a transformation of the corresponding 
class of known methods (1) into the proposed class of opera-
tive methods for the RP calculation. A base of (2) is calcula-
tion methods (1), so the proposed class of operative methods 
for calculation of RP is also ambiguous and insufficiently 
reliable. The increase in reliability of the methods of RP 
calculation (1) and (2) is important due to the fact that RP 
are the basis of reliability for subsequent methods for quan-
titative assessment of recurrence of states in real systems. 
However, in practice, one should not consider an increase 
in reliability of the RP calculation unlimited. Reliability 
should be sufficient to display recurrence of states, which 
exist in real systems. Only if we achieve enough reliability, 
we can guarantee a reliable quantitative assessment of recur-
rence of states in real systems. However, there are objective 
difficulties associated with internal and external factors in 
achievement of sufficient reliability. The internal factors, 
which limit reliability of RP calculated by (1) and (2) meth-
ods, are ambiguity of a choice of ɛ threshold and a norm. Ex-
ternal factors, which limit reliability of the RP calculation, 
include presence of noise and irregular measurements.

Researchers set ɛ threshold and norms by the specific 
value of the threshold and the method of determination of 
the norm traditionally independently to overcome the am-
biguity of the choice [1, 21]. Octahedral, spherical, or cubic 
norms induced by uniform, Euclidean, and maximal metrics 
in the m-dimensional phase space, respectively, are the most 
commonly metrics. Zi recurrent states of the system under 
study in the m-dimensional phase space, following (1), will 
be graphically displayed on a two-dimensional matrix (RP). 
The structure of the displayed recurrence states in the ma-
trix will depend on the selected norm of a given ɛ threshold 
value. Each element of such matrix, which is equal to unity 
(black dot), will correspond to the conditional recurrence 
of a vector of states of the system under study for different 
values of i and j, and zero (white point) ‒ to the absence of 
recurrence. The coordinate axes of the RP representation 
will be time axes, which correspond to discrete instants of 
the vector of states measurement. The mapping of recurrence 
states of systems will occur in a similar way on a two-dimen-
sional matrix for the proposed class of operative methods for 
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RP calculation (2). However, unit and zero elements, which 
correspond to presence and absence of recurrence of states in 
the system, will be displayed as black and white dots in the 
lower triangular part of the matrix only. The upper triangu-
lar part of the matrix will have zeros only. The ,m

iTR ε  display 
matrix has triangular form because of the use of only vector 
of states measurements, which precedes i current instant, for 
RP calculation.

It is possible to overcome a negative influence on the 
reliability of the RP calculation caused by noise and irregu-
lar measurements by using of heuristic methods [22, 23]. In 
this case, it is necessary to determine ε threshold depending 
on the dimension of the phase space or the known model 
of dynamics of a vector of states of the system. However, 
we usually do not know the dynamics of a vector of states 
of real systems a priori. It can change during the observa-
tion process arbitrarily. The known methods [22, 23] have 
significant limitations under such conditions. They are 
not constructive to ensure sufficient reliability of the 
RP calculation, and they relate to particular cases. Ir-
regularity of measurements in the observation interval, 
if we use (1) and (2), in the case of the given ε threshold 
and the selected norm for the RP calculation will look as 
corresponding clusters of black dots of square shape (in  
case (1)) and triangular shape (in case (2)). The presence 
of the mentioned clusters on RP will lead to false estimates 
in the quantitative assessment of the recurrence of states of 
the studied system. Therefore, an increase in the reliability 
of the RP calculation is impossible without elimination of 
the influence of irregular measurements.

The choice of the threshold and the method of determi-
nation of the norm should be consistent to ensure sufficient 
reliability of the RP calculation in accordance with (1) and (2). 
The threshold should be adaptive to measurements of the 
vector of states on the observation interval. It is difficult 
to fulfill the indicated requirements within the framework 
of the known spaces and norms [1] for the RP calculation 
[21]. Therefore, it is necessary to improve the known spaces 
to introduce constructive norms, which will make possible 
to reconcile the norms with the threshold, and to adopt the 
threshold to the current measurements of a vector of states 
[10, 24]. It is possible to improve spaces by introduction of 
an additional geometric characteristic into them — a scalar 
product for vector of states [24]. The scalar product of vector 
of states is a mapping of ordered pairs of linear space vectors 
onto the real axis. Let us denote such mapping for two ar-
bitrary vectors of states of the system with T, , ,i j i jZ Z Z Z=  
where T is the transposition sign. In the improved phase 
space, the scalar product will generate the norm for an arbi-
trary Zi vector of states in the form

( ) ( )0,5 0,5
, , .T

i i j i jZ Z Z Z Z= = 	 (3)

Following (3), the following ratio determines the norm of 
the difference of Zi–Zj arbitrary vector of states [24]

( ) ( )T
.i j i j i jZ Z Z Z Z Z− = − − 	 (4)

It follows from ratio (4) that the Euclidean metric, 
which determines the geometric distance between two 
arbitrary points, Zi and Zj vectors, induces the norm. If 
we consider (4), we can describe the proposed operative 
method for the RP calculation in the class of methods (2) 
for m-dimensional vectors of Zi states of the system under 

study at the current time in the space of the improved 
structure by the expression

( ) ( )T

, , , if ,

0, if ,

i j i jm
i

Z Z Z Z j i
TR

j i

ε

  Θ ε − − ≤   = 
 >

0,1, 2, ..., 1.Si N= − 	 (5)

It follows from expression (5) that the norm of the dif-
ference of vector of states in the improved space is equiv-
alent to the spherical norm for the Euclidean metric of the 
original space. An important feature of (5) is calculation 
of the square root of the scalar product of the difference 
of the corresponding vector of states of the system instead 
of the spherical norm. In the operative method (5), one 
can choose an arbitrary ɛ threshold or determine it based 
on the well-known recommendations [22, 23]. In contrast 
to the spherical norm induced by the Euclidean metric,  
 ( ) ( )T

i j i jZ Z Z Z− −  norm in (5) contains information not 

only about a distance between the points, which correspond 
to Zi and Zj vector of states of the system, but also addi-
tional information about lengths of the mentioned vectors 
and a relative angular position of the vectors. It is possible 
due to the proposed improvement in the source space. The 
information contained in (Zi–Zj)T(Zi–Zj) scalar product in 
expression (5) makes it possible to perform adaptation of 
the ɛ threshold ɛ, which is impossible in the source phase 
space. The essence of adaptation consists in choosing of the 
ɛ threshold in accordance with the lengths of the measured 
Zi and Zj vector of states with a given value of the γ angle 
between the vectors. Following [21, 24], we can determine 
the adaptive threshold by the expression

( ) Т Т Т Т, , 2 cos .i j i i j j i j jZ Z Z Z Z Z Z Z Z Zε γ = + − γ 	 (6)

Based on expression (6), the ɛ(Zi, Zj, γ) threshold de-
pends on the length of Zi and Zj, vector of states and a given 
γ value, which characterizes a mutual angular position of 
the vectors. The value of γ determines a boundary mutual 
angular position of the vector of states, at which the vectors 
are still considered conditionally recurrent. Let the value of 
the mutual angular position of the vectors γ=πα/180, where 
α is the angle, which sets the acceptable angular distance 
between vectors of Zj states in degrees, at which these vec-
tors are considered as recurrent vectors of Zi states at i time 
instant. Therefore, the calculation (5) at the threshold of (6) 
will ensure adaptation of the RP calculation to the lengths of 
the measured vector of states. The proposed operative meth-
od for the RP calculation (5) will display recurrence states 
in the case of conical neighborhoods equivalent to the angu-
lar distance between vectors of states of the systems under 
study. The neighborhoods of recurrence in the form of cones 
make possible to coordinate the threshold with the norm in 
the improved phase space and to ensure adaptation of the 
threshold to the length of the measured vector of states. 
Thus, we can increase the overall reliability of the operative 
calculation of RP. However, adaptation of the threshold only 
to the length of the measured vector of states does not ensure 
sufficient reliability of the RP calculation fully in the case of 
irregular measurements, because the operative method (5) 
with an adaptive threshold (6) displays false recurrent states 
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in the system due to missing measurements. It is possible to 
modify method (5) with an adaptive threshold to eliminate 
the indicated false recurrence states from the calculated RP. 
One can represent a modification of the operative method 
for the RP calculation with sufficient reliability at irregular 
measurements by expression

( ) ( ) ( )

( ) ( ) ( )

T

1

T

2

, , ,

, , , ,    if    ,

0,                                                                         if   ,

i j i j i j

m
i i j i j i j

Z Z Z Z Z Z

T Z Z Z Z Z Z j i

j i

  Θ ε γ − − −   
  = −Θ ε γ − − ≤   
 >



   (7)

where i=0, 1, 2,…, NS–1. There is a difference of two RP 
calculated at adaptive thresholds, which correspond to dif-
ferent angular recurrence cones, used in the expression (7)  
for the operative calculation of RP with sufficient reli-
ability in the case of irregular measurements. Angular 
cones of recurrence determined by boundary mutual 
angular positions of the vectors of γ1 and γ2 states should 
be enclosed. It means that γ1>γ2 condition is necessary 
for enclosing of cones. In this case, the value of γ2 should 
be set from the condition for identification of recurrence 
states caused only by absence of measurements, and γ1 ‒ 
from the condition of ensuring of sufficient reliability of 
the RP calculation.

Thus, the proposed method (7) will provide sufficient 
reliability of the operative RP calculation for arbitrary 
measurements of the vector of states of systems taking into 
account noise and possible absence of measurements.

5. Experimental verification of the method for operative 
calculation of recurrence plots at irregular measurements

We tested the operability of the method for operative RP 
calculation on experimental data obtained during irregular 
measurements of exceeding of the maximum permissible 
concentration (MPC) of real gas pollution of the urban atmo-
sphere. When we chose types of gas atmospheric pollutants, 
it was taken into account that current dangerous sources of 
urban atmosphere pollution are motor vehicles, fires [25, 26], 
and accidents at critical infrastructure facilities [27]. In ad-
dition, we also took into account the existing relationship 
of global atmospheric pollution with the greenhouse effect, 
acid rain [28], and pollution of aquifers [29]. In this regard, 
we chose the excess of MPC by formaldehyde (СН2О), 
ammonia (NН3), and carbon monoxide (CO) as measured 
components of the vector of states of the polluted atmo-
sphere. Paper [30] presents the experimental measurement 
methodology and characteristics of the equipment used. 
The test interval for irregular measurements of the excess 
of MPC by atmospheric pollutants was from 13:00 on  
May 3, 2018 (i=490) to 01:00 on May 11, 2018 (i=520). We 
calculated a number of the i-th measurement of the excess 
of MPC of atmospheric pollutants from 13:00 on Janua- 
ry 01, 2018 (i=0). The indicated test interval was chosen 
due to the presence of significant excesses of the MPC of 
atmospheric pollutants on it [21].

Fig. 1 illustrates RP calculated based on the classes 
of methods (1) and (2) with Euclidean metric and a fixed 
threshold ɛ=2.

а                                               b 
 

Fig. 1. RP for the vector of states of the polluted atmosphere 
calculated with Euclidean metric of space and a fixed 

threshold ɛ=2 based on the methods: a – known class of 
methods (1); b – operative class of methods (2)

Fig. 2 shows the results of application of the proposed 
method of the RP calculation (5) for the considered vectors 
of states of the polluted atmosphere on the test interval in 
the space of the improved structure for various values of the 
fixed ɛ threshold equal to 2 and 1.

а                                               b 
 

Fig. 2. RP for the vector of states of the polluted atmosphere 
calculated based on the operative method (5) in the space 
of the improved structure for various values of the fixed 

threshold: а – ɛ=2; b – ɛ=1

Fig. 3, a shows the influence of replacement of a fixed 
threshold with an adaptive threshold defined by (6) at α=10° 
in the operative method for the RP calculation (5). The 
red oval marks the region of atmosphere recurrence states, 
which characterize laminarity of the processes causing ap-
pearance of dangerous excesses of MPC. Fig. 3, b illustrates 
the dynamics of the adaptive threshold (6) at α=10°. 

One can see that the value of the recurrence thresh-
old turns out to be different and varies depending on the 
state of the polluted atmosphere at each measurement. 
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Fig. 3. RP for the vector of states of the polluted atmosphere 
calculated based on the operative method (5) at the adaptive 

threshold (6) and its dynamics: a – RP; b – threshold dynamics
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The greatest value of the adaptive threshold corresponds 
to time instants when states change little (the level of red 
color of the surface in Fig. 3, b). Such states are character-
istic to stationary conditions when there is no dispersion of 
pollution and its accumulation in the atmosphere. A nature 
of the dynamics of the adaptive threshold in time depends 
on the specified angle of recurrence of vectors of states. 
Fig. 4, b shows the dynamics of the adaptive threshold (6) 
at a larger value of α=60°. The dynamics of the adaptive 
threshold turn out to be more regular in the region of the 
current recurrence of states in this case. However, the 
adaptive threshold does not make it possible to recognize 
and filter false recurrence states in RP caused by a lack of 
measurements. Fig. 4, a shows the obtained RP in the case 
of angles α1=10° and α2=0.001° as an illustration of reliable 
operative calculation of RP based on (7).

The red oval in Fig. 4, a shows the region of reliable re-
currence states, which correspond to dangerous excesses of 
MPC of atmospheric gas pollution in the considered interval 
between 504 and 511 counting. Separate black currents in 
Fig. 4, a indicate the presence of random recurrence states, 
which occur at various discrete time instants. Separate 
recurrence points do not indicate occurrence of dangerous 
states in the polluted atmosphere.

6. Discussion of results from experimental verification of 
the proposed method

We calculated RPs shown in Fig. 1 based on the meth-
ods of classes (1) and (2). Euclidean metric of spaces and 
a fixed threshold are characteristic to them. A comparison 
of RPs shows that the methods of class (2) are operative. 
Visually RPs in Fig. 1, a, b are the same taking into account 
symmetry, since they are calculated for the same metric with 
the same fixed value of the recurrence threshold. The main 
difference between the methods of the RP calculation is that 
we need measurements over the entire specified observation 
interval to calculate RP shown in Fig. 1, a. In contrast to the 
class of known methods (1), a base of the operative meth-
ods (2) is the results of current and previous measurements 
only. Therefore, they make it possible to calculate RP in real 
time. If we have a given fixed threshold ɛ=2, we can see that 
the known and operative methods do not make it possible to 
reliably detect dangerous excesses in the maximum permis-
sible concentration in the observation interval between 504 
and 511 counts. In this case, one can see the measurement ir-

regularity in the form of clusters of recurrence states (black 
points) on RP, which are false for the vector of states of the 
observed polluted atmosphere.

Clusters of recurrence states (black points) of a rectan-
gular and square shape on RP are false, because their cause 
is not recurrence states of the studied system of atmospheric 
pollution, but absence of measurements (observations) and 
peculiarities of their representation at the indicated time 
instants. In this case, we cannot consider the calculated RPs 
as reliable and reliable mappings of recurrence states of the 
observed system. That is why the class of operative methods 
under consideration (2) requires a corresponding improve-
ment in the direction of increasing of the required reliability 
and reliability of RP by elimination of the indicated false 
recurrence states in the RP calculation.

Therefore, we propose improving the initial phase 
space by introduction of the scalar product for vectors 
of states measured at discrete time instants into it. 
Fig. 2 illustrates RPs calculated for various values of the 
recurrence threshold in accordance with the operative 
method (5). A comparison of the obtained RPs evidences 
that a decrease in the threshold leads to a decrease in 
the number of individual recurrent states per RP. At the 
same time, despite the efficiency of the method, there is 
no mapping of dangerous excesses of the maximum per-
missible concentration in the interval between 504 and 
511 counting on RP, and there is no elimination of false 
clusters of recurrence states associated with absence of 
measurements.

The RPs calculated in accordance with method (5) 
at an adaptive recurrence threshold for α=10° and shown 
in Fig. 3, a indicate advantages of using of the adaptive 
threshold. Such a threshold (6) makes it possible to in-

crease reliability of the RP calculation. It makes it possible 
to display recurrent states of the polluted atmosphere (red 
oval), which correspond to dangerous atmospheric states. 
However, the adaptive threshold does not make it possible 
to eliminate false recurrence states caused by a lack of mea-
surements. The illustration of the dynamics of the adaptive 
threshold in Fig. 3, b at α=10° and in Fig. 4, b at α=60° 
indicate its significant difference from the case of using of a 
fixed threshold in (5). One can observe a significant change 
in the dynamics of the adaptive threshold in the interval of 
dangerous excesses of MPC, which correspond to recurrence 
states. In this case, an increase in the boundary value of α an-
gle between the vectors of states of the polluted atmosphere 
leads to a smoothing of the character of the dynamics, but 
it remains significant in the interval of dangerous excess of 
MPC. The diagrams in Fig. 4, a indicate that the proposed 
method (7) provides operative reliable calculation of recur-
rence states of the polluted atmosphere in the absence of 
calculation of false recurrence clusters caused by irregular 
measurements. Sufficient reliability of the RP calculation 
makes it possible to adequately map actual dangerous states 
of the polluted atmosphere. The sufficient reliability of the 
RP calculation means the calculation of RPs, which maps 
adequately recurrence states caused by properties of the 
systems under study only, and not false states caused by 
measurement peculiarities. It was established that the pro-
posed method (7) provided a reliable mapping of recurrence 
states of atmospheric pollution at angles α1=5–10° and α2= 
=0,001–5° in the case of using of irregular experimental 
data. RPs map recurrence states inherent only to the sys-
tems under study under the described conditions.

     

 а b

Fig. 4. Dynamics of the adaptive threshold (6) at α=60° and  
RP for the vector of states of the polluted atmosphere (7) in  
the case of the adaptive threshold at α1=10° and α2=0.001°:  

a – RP; b – threshold dynamics
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One should note that the well-known one-parameter 
spherical neighborhoods of recurrence of states transform 
into equivalent three-parameter conical neighborhoods of 
recurrence in the improved space. The new paradigm of a 
three-parameter conical neighborhood for recurrent states 
makes it possible to move on to generalized recurrence of 
states. The concept of generalized recurrence makes it pos-
sible to substantiate introduction of an adaptive threshold 
consistent with the chosen metric. The adaptive threshold 
provides an increase in reliability of the RP calculation. The 
proposed adaptive threshold ensures invariance of the RP 
calculation to the measured lengths of vectors of states of the 
system, and the angular size of a state recurrence cone pro-
vides a given accuracy for calculation of recurrence states.

We propose a method for the RP calculation based on the 
difference of two RPs to expand advantages of application of 
an adaptive threshold at irregular measurements. We calcu-
late each of the two indicated RPs at an adaptive threshold 
with different accuracy. It means that it has been proposed 
to use two with different angular sizes of a cone instead of 
one conical neighborhood of recurrence. The base of the RP 
calculation subtraction of RP with a smaller angular cone 
size from RP with a larger angular cone size.

The limitations of the study include numerical results 
on the admissible values of the angular sizes for two cones 
used in the proposed method for the RP calculation, because 
we obtained the results for specific atmospheric pollution 
conditions. They are not general recommendations. Howev-
er, verification of the above recommendations under other 
conditions and various systems suggests the general nature 
of the results. Therefore, confirmation or clarification of the 
obtained recommendations can be useful for other systems 
and conditions. One can consider them as a possible direc-
tion for the development of the study.

7. Conclusions

1. A method has been developed for the operative RP 
calculation at irregular measurements of a vector of states 
of real dynamic systems. A new scientific result was the 
theoretical substantiation of the method of operative RP 
calculation. The base of the method was improvement of 
the phase space for vectors of states by introduction of the 
scalar product operation of vectors into it. Further, we rep-
resented the space metric as a scalar product of a difference 
of the corresponding vectors of states. That has made it 
possible to coordinate a choice of the norm with the thresh-
old, and adaption of the threshold to measurement results 
in order to ensure reliable mapping of recurrence states 
of real systems in RP. The use of two adaptive thresholds 
with different angular parameters made possible to develop 
a method for the operative calculation of RP in the case of 
irregular measurements. The method provided sufficient 
reliability of the mapping of recurrence states in RPs for 
applications.

2. The efficiency of the proposed operative method for 
calculation of recurrence plots has been demonstrated on 
the example with irregular measurements of the real dy-
namics of the vector of states of the excess of MPC of urban 
atmosphere pollution. We took formaldehyde, ammonia 
and carbon monoxide as dangerous atmospheric gas pol-
lutants. Overall, the obtained results of the RP calculation 
confirmed the efficiency of the proposed method. It was 
established experimentally that the proposed method of 
the vector of states of the excess of MPC of atmospheric 
pollution at for irregular measurements provided a reliable 
mapping of recurrence states with the angular parameters of 
the recurrence cones α1=5–10 and α2=0.001–5° for the first 
and second adaptive thresholds, respectively.
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