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1. Introduction 

Among the components of scientific and technological 
progress at present is the development and introduction of 
unmanned vehicles, including autonomous marine vessels 
(ASV). To be operational on sea routes, such a vessel must be 
equipped with a collision avoidance system (CAS) respon-
sible for divergence from other vessels in accordance with 
International Rules for Preventing Collisions at Sea-72. This 
task is complex, as the proper level of safety has not yet been 

achieved even for conventional, not autonomous, vessels. 
About 150 large ships collide in the world each year, about 3 
of them sink. Technical losses from collisions are enormous. 
Among the measures taken to reduce the number of such 
accidents, the following are worth mentioning. The Inter-
national Rules for Preventing Collisions at Sea (COLREG) 
have been introduced, which are mandatory for all ships 
of varying affiliation. In coastal areas of heavy navigation, 
they have been tightened by national requirements. Vessels 
are equipped with powerful integrated bridge systems that 
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Пропонується алгоритм урахування динамiки судна, 
що оперує, для методу попередження зiткнень «Velocity 
Obstacle». Цей алгоритм забезпечує основу для вибору 
спiльних маневрiв курсом i швидкiстю iз заданим початком 
для розходження з декiлькома «цiлями» шляхом визначен-
ня методом перебору представницької множини допусти-
мих варiантiв маневру. Для застосування методу перебору 
видiляються дiапазони змiни параметрiв маневру (курсу i 
швидкостi) i проводиться їх дискретизацiя з досить малим 
кроком. Для всiх пар дискретних значень змiни курсу i швид-
костi з урахуванням динамiки судна знаходиться траєк-
торiя i тривалiсть маневру з визначенням на момент його 
закiнчення мiсця судна i «цiлей», а також встановлюється, 
чи буде вiн супроводжуватися перетином доменiв небезпеки 
«цiлей». Якщо немає пересiчення жодного з таких доменiв, 
то варiант маневру вважається допустимим. Отримана 
при переборi сукупнiсть таких спiльних змiн курсу i швид-
костi утворює множину допустимих варiантiв маневру. 
При знаходженнi цiєї множини динамiка судна враховуєть-
ся спрощено. Вважається, що повороти виконуються з 
постiйною кутовою швидкiстю, змiну лiнiйної швидкостi 
при гальмуваннi можна представити степеневим полiно-
мом другого порядку, а змiни курсу i швидкостi в спiльному 
маневрi незалежнi. У «цiлей» використовуються круговi 
домени небезпеки, центр яких змiщений вiд центру маси 
«цiлi» в бiк носа на 1/3 частину радiуса домену. В цей радiус 
внесена поправка на розмiри «цiлi» i судна, що оперує.

Для перевiрки отриманого алгоритму була складена про-
грама на мовi «Borland Delphi». Розрахунки по нiй пiдтвер-
дили працездатнiсть алгоритму. Вiн дозволяє в реальному 
часi знаходити множину векторiв швидкостей для розход-
ження з урахуванням динамiки судна, що дозволяє пiдви-
щити точнiсть прогнозу i безпеку маневрiв. Використання 
у «цiлей» змiщених, кругових доменiв небезпеки дає мож-
ливiсть враховувати неоднакову ступiнь ризику при пересi-
ченнi їх курсу по носi i по кормi
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use electronic mapping navigation and information systems 
to facilitate the selection of divergence maneuvers based on 
mapping information. Practical all entries to all major ports 
and transit areas of heavy navigation are equipped with ship 
traffic control and monitoring systems using satellite navi-
gation and communications. The E-Navigation development 
program is being implemented, which would make it possible 
for all participants of maritime transportation process to 
contact each other at any time. And yet, despite constant 
progress, the issue on preventing collisions of ships remains 
unresolved. There are many reasons: unfavorable weather 
conditions, navigation obstacles, heavy traffic; subjectivity 
of assessing the situation and making decisions. Therefore, it 
is still a relevant task to undertake a research aimed at devel-
oping methods to improve the efficiency of ship divergence 
processes at sea.

2. Literature review and problem statement

The general characteristic of autonomous collision pre-
vention in shipping, with the provision of a series of its the-
oretical foundations, is given in work [1]. It discusses both 
classical methods based on mathematical models and algo-
rithms, as well as methods based on artificial intelligence. 
One of the methods proposed to solve the task on ASV 
divergence is VO – Velocity Obstacle. Underlying it is de-
termining the set of a robot’s velocity vectors that result in a 
collision against obstacles given the permanent character of 
their motion parameters. The region of unacceptable velocity 
vectors, corresponding to a single obstacle, is a sector (a cone 
in 3-dimensional space) of dangerous relative robot courses. 
By selecting the end of the velocity vector outside the cones 
that match all the obstacles, one can avoid collision.

Paper [2] proposes an algorithm for avoiding collisions of 
ships, which makes it possible, by using the VO method, to 
find the maneuvers of divergence that meet the requirements 
by COLREG. A solution to the problem is based on splitting 
the velocity space of OS (own ship) into four areas, and de-
termining in which of them one should not choose the ends 
of velocity vectors. There are the unresolved issues on taking 
into consideration the dynamics of a maneuvering vessel and 
determining the regions of acceptable maneuver parameters 
values, in rapprochement situations with several ships. The 
ways of taking into consideration national requirements 
were also not considered.

Note that some authors termed the VO method dif-
ferently. Thus, in a series of studies it is given as “collision 
cones”, in article [3] – as “prohibited speed maps”, and as the 
“generalized speed obstacles” – in paper [4]. These studies 
addressed various aspects in applying the VO method and 
were conducted without taking into consideration the iner-
tia of an operating object.

Work [5] describes one of the experimental samples of 
an on-board collision prevention support system. It uses a 
model of visualization of the convergence of ships to select 
the course and speed maneuvers. The main requirement to 
this model was to facilitate the evaluation and selection of 
waterway divergence maneuvers. The dynamics of an op-
erating vessel were also not taken into consideration in its 
development.

A procedure to prevent collisions with multiple vessels 
based on the VO method is described in [6]. This procedure 
is used to draw up a divergence plan, followed by determin-

ing a route to the port of destination. The dynamics of an 
operating vessel is also not taken into consideration. 

The VO method is also used in a multi-agency approach 
to solving divergence problems. An example is paper [7], 
which, routinely, does not deal with issues related to ac-
counting for dynamics.

Thus, various options are proposed to use the VO an-
ti-collision method to facilitate assessing ship convergence 
situations and to select divergence maneuvers. However, the 
dynamics of vessels are not taken into consideration in solv-
ing the tasks set. Therefore, the proposed procedures do not 
make it possible to ensure the required accuracy in the calcu-
lation of maneuver parameters, especially for large-capacity 
vessels. The margin of error in the predicted distance of the 
shortest approach could reach 0.5 miles due to neglect of in-
ertia for these vessels. In addition, target danger domains are 
used to form sectors of unacceptable relative courses, which 
do not take into consideration the greater risk of crossing 
their course on the bow than on the stern.

3. The aim and objectives of the study

The aim of this work is to improve the anti-collision 
method “Velocity Obstacle” in relation to maritime nav-
igation by taking into consideration the dynamics of an 
operating vessel.

To accomplish the aim, the following tasks have been set:
– to analyze the possibility of deriving a region of ac-

ceptable maneuver options, taking into consideration the 
dynamics of a vessel by determining its boundaries; 

– to devise a numerical method for defining a set of speed 
vectors that are safe for divergence;

– to verify the validity of the results obtained on the 
basis of the proposed method.

4. Methods and materials for solving the set problems 

4. 1. Deriving a region of acceptable maneuver op-
tions based on the dynamics of a vessel by determining 
its boundaries

In order to be able to choose controlling influences, 
it is often necessary to obtain regions of their acceptable 
variants. The VO method is also based on determining the 
regions of unacceptable velocity vectors (RUVV) for diver-
gence. When there is a single “target”, this region is a sector 
of relative dangerous courses, whose boundaries depend on 
the shape taken by a “target” danger domain. “Targets” can 
use target’s domains of danger (TDD) that can be of differ-
ent types [8]. The option of changing a course together with 
velocity is considered permissible in terms of divergence at 
a distance at the closest point of approach (DCPA) if an OS 
does not cross any of the “target” domains. The principle of 
deriving a sector of dangerous relative courses (SDRC) for 
TS with a circular non-displaced domain without taking 
into consideration the OS dynamics is illustrated in Fig. 1. 
The divergence would be safe if one chooses the end of the 
OS velocity vector outside of SDRC.

When using the VO method, the region of unacceptable 
velocity vectors for DCPA for diverting a single vessel is a 
sector of dangerous relative courses (SDRC). This sector is 
determined by its peak and boundary courses, which are cal-
culated analytically through simple expressions [2]. When 
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there are several vessels, RUVV is derived as a combination 
of such regions for individual vessels. RUVV for several 
vessels can be represented by the polar diagram (Fig. 2) that 
matches the beginning of an OS maneuver, which includes 
parts of SDRC that enter a circle with the radius equal to 
the maximum OS velocity. The angular scale of the diagram 
shows the changes in the course to the right and left, and the 
linear scale – the OS velocity values. This diagram makes 
it easier for the operator to choose the right maneuver for 
divergence. An example of a polar diagram with a range of 
course changes from −90° to +90° for an event with 5 TSs is 
shown in Fig. 2.

Fig. 1. A relative dangerous course sector for selecting 
divergence maneuvers: K0, V0 – OS course and velocity 
before a maneuver; KTS, VTS – TS course and velocity; 	

d̂ – the limit of permissible values for the distance at the 
closest point of approach

Fig. 2. Polar diagram of velocities at a range of course 
changes from −90° to +90°

Until now, when solving problems on diverging, the 
regions of maneuvers that were unacceptable for divergence 
were represented only by their boundaries. Therefore, in the 
beginning, to take into consideration the inertia of OS, we 
analyzed the option of deriving RUVV by correcting the 
boundaries of sectors of dangerous true courses (SDTC), 
calculated without taking into consideration the inertia of 
OS. Let us consider the principle of solving this problem 
using a single “target” as an example (Fig. 3).

According to SDRC for this “target” for a specific value of 
Vh the sector of dangerous true courses can be defined as shown 
in Fig. 3. To clarify the boundaries of SDRC, it is possible for a 
series of velocity values to find SDTC taking into consideration 
the OS dynamics [9]. In Fig. 3, such SDTC are marked on the 
circles corresponding to V0 and Vh with bold arcs. By calcu-
lating, for several OS velocity values, the positions of the ends 
of such arcs and by connecting the related ones to one SDRC 
boundary, we shall derive it taking into consideration the OS 
dynamics. However, this line will no longer be straight.

Fig. 3. Considering the inertia of OS

The developed algorithm for determining the boundaries 
of RUUV for a single “target” includes the following oper-
ations.

One finds a moment when an OS comes to the starting 
point of a maneuver. At this point, the coordinates of the 
“target” are calculated. Based on the start point of the OS 
maneuver, the course and velocity of the “target” (Fig. 1), 
the coordinates of the SDRC peak are calculated. 

Based on the position of this peak, the coordinates of the 
“target” and the radius of its domain, one determines the 
directions of SDRC boundaries. The coordinates of the peak 
and direction of the boundaries completely determine SDRC 
without taking into consideration the OS dynamics.

The dynamics of an operating vessel are then taken into 
consideration. In the interval of possible OS velocities at 
divergence, four equally spaced velocity values Vi are se-
lected. For each of them, by using the SDRC parameters, 
one finds the directions of SDTC boundary (Fig. 3). The 
OS course before a maneuver determines the turning angles 
that correspond to these directions. They are considered 
to be the initial approximations of SDTC when calculating 
the boundaries of this sector, taking into consideration the 
inertia of OS.

Vi and the resulting turning angles are used, in line with 
a simplified OS dynamics model, to find the increments 
of coordinates during the maneuver and the time spent on 
it. These data are applied to calculate the end point of a 
maneuver when OS moves relative to TS. The coordinates 
of this point and the coordinates of TS are employed to 
calculate the direction of tangents to the domain and the 
first approximation of directions of the SDTC boundaries. If 
necessary, these directions and the OS course are used again 
to calculate turning angles, and a second approximation for 
the boundaries of SDTC is derived. Two approximations 
would typically suffice to derive these boundaries with an 
accuracy of up to 1°.

The values of Vi and the corresponding SDTC boundar-
ies are employed to find the points (the ends of bold arcs in 
Fig. 3) of SDRC boundaries, taking into consideration the 
dynamics of a vessel. By connecting the SDRC peak and 
the neighboring points derived for the SDRC boundaries in 
straight segments, we obtain the boundaries of SDRC taking 
into consideration the dynamics of the vessel.

The given procedure can be used to represent RUVV on 
a CAS screen to select maneuvers in a dialogue mode with 
this system. However, this procedure does not make it pos-
sible to highlight, using a computer, options in the regions 
of acceptable parameters of the maneuver that, in a varying 
degree, correspond to IRPCS. Typically, this would require 
determining options with a high, medium, and low priority 
for divergence. In addition, when applying the proposed 
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procedure, the RUVV boundary expressions for 
events involving multiple “targets” become cum-
bersome, rendering them impossible to use when 
calculating maneuvers using a computer.

 
4. 2. A numerical method for calculating a set 

of velocity vectors that are safe for divergence
Another method has been proposed to derive 

RUVV, free from the shortcomings described 
above. This method implies mathematical nota-
tion of the region of velocity vectors, unaccept-
able for divergence, via a representative set of its 
discrete values. To derive a given set, we sample 
the ranges of changes in the OS velocity and 
course at a small enough step (ΔV – for velocity,  
Δθ – for course). The number of discrete values 
within these ranges shall be nW and nθ, the ran-
domly selected values in them – Wi, θj, and the 
maneuver option corresponding to them – μ(i, j). 

To determine the set of valid options μ(i, j) 
for all pairs of values Wi, θj, taking the OS dy-
namics in consideration, one finds the trajectory 
and duration of the joint change in course and 
speed. This procedure calculates the position of 
OS and “targets” at the end of the maneuver, and 
determines whether it would be accompanied by 
an excessive rapprochement with the “targets.” If 
a variant μ(i, j) is safe in relation to all “targets”, it 
is assigned a value of “1”, or otherwise – μ(i, j)=0. 

Each of the options identified at sorting, per-
missible by DCPA, can be checked for compliance 
with COLREG. This is performed by using some 
formative version of these rules [10, 11]. The re-
sult is the selected variants with a high, medium, 
and low priority for application. A generalized 
block diagram of the algorithm to obtain a set of 
valid maneuver options is shown in Fig. 4, where  
θ


 is the limit to a change in course to the left.
To reduce the time for sorting maneuver op-

tions, it is advisable to use analytical expressions 
to predict it. The situations with an actual threat 
of collision, considered in this paper, are not ex-
treme and do not require “strong” maneuvers to 
be resolved. It is believed that for divergence, 
the turns will be performed at a specified radius, 
roughly corresponding to the clutch of the steering 
wheel of 15°, while the speed will decrease under a “rear small 
move” mode. Under such a condition, the assumption about 
the independence of these processes can be used to simplify 
the prediction of the turn together with a change in velocity. 
Analytical expressions to calculate the parameters of these 
processes separately can be borrowed from many sources.

4. 3. Verifying the validity of results obtained based 
on the proposed numerical method

To verify the results of our study, a program in the Bor-
land Delphi language was developed to simulate the pro-
cesses of divergence. DCPA-permissible collision-prevention 
maneuvers are derived in it by using circular “target” danger 
domains, whose center is shifted from the TS mass center 
toward the stern by 1/3 of the TDD radius. To determine 
this radius, the following expression is used

r=δP+ΔL. 

Here, δP is the safe distance limit δw, introduced to 
CAS, along water surface between the nearest OS and TS 
points; ΔL=(LOS+LTS)/2 is the adjustment to the size of 
vessels, where LOS, LTS is the length of OS and TS. Such 
TDD is determined only by its radius and takes into con-
sideration the greater risk of the TS crossing at the stern at 
a divergence. 

The OS dynamics are taken into consideration simplis-
tically. It is believed that the OS turn takes place at a pre-
defined radius, and the process of changing V at braking is 
described by expression

2
0 1 2 ,V V a t a tt t= + +

where tτ is the braking time. 
In this case, the distance that is traveled at braking is

2 3
0 1 2/ 2 / 3.S V t a t a tt t t= + +
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The a1, a2 coefficients can be found from the data on field 
tests, given on the OS form of maneuver characteristics – 
the time (tAB) and distance (SAB) of braking from velocity 
VA to velocity VB. By substituting these data in expressions 
that describe the velocity and traveled distance, we obtain a 
system of two linear equations from which the values a1 and 
a2 are determined.

2
1 2

2 3

1 2 0 AB

� ,

.
2 3

AB AB A B

AB AB
AB

t a t a V V

t t
a a V t S

+ = -



+ = - 

The program was used to define RUVV in situations 
with multiple “targets” at different types of OS convergence 
with dangerous TS: on opposite courses, on intersecting 
courses, when overtaking. The OS in these events acted 
both as a ship giving way and a vessel that should maintain 
course and speed. The program-based calculations have 
proven the effectiveness of the approach used. Below are the 
results from simulating only a single process of divergence of 
ships, where a rectangular diagram of divergence velocities 
(Fig. 5) is defined in the situation involving six vessels. The 
parameters of their mutual location and rapprochement are 
given in Table 1, where L is the length of the ship; B, D are 
the “target” bearing and the distance to it. Dangerous in this 
situation is TS1. In calculating this diagram, it is accepted: 
δP=5 kb; steps in change of θ and W are 1° and 1 knot, respec-
tively. The cells that meet the DCPA-compliant maneuver 
parameters have been crossed out.

Table 1

Parameters of mutual location and rapprochement of ships

Parameter

Vessels
OS TS1 TS2 TS3 TS4 TS5

L, m 220 250 140 175 330 80

B, degrees – 78 99 287 16 358

D, kb – 69.1 58.7 18.5 49.4 66.3

K, degrees 35 293 302 116 217 26

V, knots 17.0 19.1 17.3 14.8 10.1 15.8

The accepted generalized quality indicators of the pro-
posed method are an estimate of the reduction in the error 
of DCPA forecast compared to determining RUVV without 
taking into consideration the OS dynamics, and the time 
spent to derive RUVV. The second indicator is important 
because a divergence maneuver must be performed in real 
time. Based on the results of RUVV calculation, taking into 
consideration and disregarding the dynamics of the vessel, it 
was found that the error of DCPA in the first case does not 

exceed 15 % of the error in the second. The time to calculate 
the velocity diagrams on a personal computer at nθ≤200, 
nW≤30 for situations in which the number of “targets” did 
not exceed ten, was no more than 0.5 s. This time indicates 
the possibility of obtaining RUVV in real time.

5. Discussion of results of studying the improvement 
of the Velocity Obstacle method by taking into 

consideration the dynamics of an operating vessel

Procedures for obtaining regions of acceptable options 
for maneuvers, joint in course and velocity, taking into con-
sideration the dynamics of an operating vessel for situations 
with several “targets” have not yet been proposed. Here are 
two variants for solving task. A first method is based on 
determining the boundaries of the region of unacceptable 
maneuver options in relation to one “target.” The principle 
of determining the points of these boundaries is shown in 
Fig. 3. Limitations on this variant of RUVV determination 
are noted in chapter 4. 1. This method can be used to select 
maneuvers by skippers under a mode of dialogue with CAS.

A second method is based on determining a change in 
course and speed within a discrete set of possible pairs of val-
ues for its parameters taking the vessel’s dynamics into con-
sideration. The algorithm of this method is shown in Fig. 4. 
When determining RUVV, one takes into consideration the 
size of a vessel and “targets” and the lower risk of crossing 
their course on bow at divergence. The result of our numerical 
experiment, according to the developed algorithm, is the sets 
of acceptable variants of joint maneuvers were, one of which is 
shown in Fig. 5. The generalized quality indicators for the pro-
posed method are given in chapter 4. 3. Each variant of the ac-
tion for divergence that is predicted during a sorting process, 
can be analyzed to the extent of compliance with COLREG. 
Such an operation makes it possible, by computation, to de-
termine effective maneuvers in CAS. It has been established 
that the use of the developed method makes it possible to 
determine maneuvers to evade a collision with several vessels 
in real time. Let us emphasize that the task accomplished is 
aimed only at facilitating the choice of action to evade danger. 
This task is an important part of identifying strategies for 
divergence with joint course and velocity changes. Such strat-
egies should include not only a collision evasion, but also ac-
tions to return to the route to a port of destination. When they 
are synthesized, one should establish the sequence of actions 
necessary for the divergence, the values of the parameters, and 
the initiation points of these actions. Identifying divergence 
strategies that include changes in course along with velocity 
is the goal of our further work. At its first stage, it is expected 
to construct methods for the synthesis of two step-by-step 
strategies optimal in terms of the loss of running time. 
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17                X X X X              X X X X X X X X            
16               X X X               X X X X X X X X             
15                              X X X X X X X X               
14                            X X X X X X X X X                
13                          X X X X X X X X X                 X 
12                        X X X X X X X X X                  X X 
11                    X X X X X X X X X X X                   X X X 
10              X X X X X X X X X X X X X X                     X X X X 
9            X X X X X X X X X X X                        X X X X X X 
8                                            X X X X X X X X 
7                                         X X X X X X X X X X X 
6                                      X X X X X X X X X X X X X X 
5                                X X X X X X X X X X X X X X X X X X X X 

 Fig. 5. Rectangular velocity diagram with a range of changes in course from –50° to +50°
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Such methods should be built considering the dynamics 
of a vessel, the COLREG requirements for situations with 
multiple “targets” and navigational obstacles. A detailed as-
sessment of results from solving a general problem, using the 
method proposed in this paper, is planned after constructing 
the methods for the synthesis of two step strategies optimal 
in terms of the loss of running time.

6. Conclusions

1. A mathematical procedure has been proposed to de-
termine the boundaries of the region of values, acceptable 
at divergence, for parameters of a joint maneuver by course 
and velocity, taking into consideration the dynamics of an 
operating vessel. Displaying this region on a CAS screen 
would make it easier for the watch assistant to choose such 
maneuvers under a mode of dialogue with the system and 

to avoid the errors associated with disregarding the ship’s 
dynamics.

2. We have developed a numerical method for finding, 
taking into consideration the inertia of a vessel, a set of ac-
ceptable variants for a joint maneuver by sorting its possible 
options. At sorting, each of the valid options can be analyzed 
for the degree of compliance with COLREG. Executing such 
an operation makes it possible to make recommendations in 
CAS on divergence considering these rules.

3. The Borland Delphi-language program has been devel-
oped in order to simulate ships divergence processes, making 
it possible to obtain, based on the constructed numerical 
method, a set of possible variants of maneuvers for events in-
volving several ships. The calculations that were performed 
by applying this program for a different number of “targets” 
in different situations of OS convergence with dangerous TS 
have confirmed the effectiveness of the developed method 
and a possibility to obtain real-time results when using it.
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