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1. Introduction

2. Literature review and problem statement

Currently, the intensity of road traffic is growing steadi-
ly, which requires improved traffic safety. The fulfillment
of this requirement can be carried out by improving the
quality of roads and organizing traffic on them, as well as
by improving the safety of the vehicles themselves. The
main role is given to the active safety of vehicles, since the
solution to this problem ensures the prevention of traffic ac-
cidents. Recent advances in electronics and microprocessors
have contributed to improving the reliability and safety of
cars. The performance of the vehicle’s brake system directly
affects its dirigibility and stability. That is why the control
and analysis of the technical condition of this car system is
given priority. The design developments of the latest models
of automotive equipment are aimed at creating course sta-
bility systems, increased vehicle dirigibility in case of loss of
wheel adhesion with the road surface, which determines the
relevance of scientific research in this direction.

To assess the dirigibility of the car in the steady-state
driving mode, a dynamic coefficient is introduced in [1]
and concluded that “the closer the value of this coefficient
to unity, the better the dirigibility and, accordingly, the
stability of the rectilinear movement of the car”. However,
it should be noted that to maintain the required value of
the coefficient of dynamism, the authors propose to adjust
the ratio of air pressure in the tires of the front and rear
wheels of the car, and this is very difficult to implement in
practice. In [2], it is proposed to increase the dirigibility
and stability of the car during braking by a targeted dis-
tribution of braking moments between the wheels of the
front and rear axles. The paper shows that the distribution
of drive forces can have a significant impact on the stabili-
ty characteristics of the vehicle. However, this approach is
relevant only for vehicles with four-wheel drive, and also,
as in [1], the technical implementation of the proposals



received in [2] cause significant difficulties. In [3, 4], the
authors set out the calculation methods and the results of
experimental studies of an automated vehicle braking con-
trol system that provides stable movement of the car body
during braking. The results of experimental studies have
shown the high efficiency of the system under conditions
of vehicle braking on both dry asphalt and rolled snow
surfaces. An analysis of the accuracy of calculating the
coefficient of utilization of traction force by an automated
system with and without taking into account the rolling
resistance of the wheels of a vehicle showed the possibility
of using the proposed calculation methods in the practice
of automotive technical expertise in the investigation of
traffic accidents involving vehicles equipped with systems
such as ABS. However, it should be borne in mind that the
automatic control of the vehicle’s brake system consists
of three parallel automatic control systems. This is not
only the ABS anti-lock braking system, which protects
the wheels from blocking when the brake pedal is pressed
sharply, but also the TRC traction control system, which
protects the drive wheels from towing when the fuel
supply pedal is pressed too hard, and the VSC system of
course stability, which improves dirigibility a car with a
loss of traction [5]. In [6], various systems for measuring
the angular deviation of the body of a wheeled or tracked
vehicle from a given direction of its movement are con-
sidered. The simplest method is using a ratio linking the
angular velocities of the drive wheels of the right and left
sides with the angular velocity of rotation of the vehicle
body, however this is possible only in the absence of skid
phenomena and slipping of the drive wheels characteristic
of the braking conditions of vehicles. Analyzing the lit-
erature, it is possible to conclude that almost all of them
are associated with the analysis of systems that provide
dirigibility and stability of the car during braking. And
the development of any automated system is a sequence of
solutions, interspersed between the problems of analysis
and synthesis, including the tasks of parametric synthesis.
As a result of solving these problems, the values of the
varied design parameters of the system are determined
that provide the specified requirements for the controlled
processes. Publications related to the synthesis of brake
systems of a car, based on the achievements of modern
control theory, are practically absent in the world scien-
tific and technical literature, which makes it necessary to
conduct research in this direction.

3. The aim and objectives of research

The aim of research is finding the values of the variable
parameters of the electronic control unit of the brake system
of the car, providing high quality processes for controlling
the car braking, first of all, providing the required safety
margin and performance.

To achieve the aim, the following objectives are set:

— to build a mathematical model of the disturbed move-
ment of the closed-loop course stability control system of
the car;

—to carry out parametric synthesis of the closed-loop
VSC system using the “frozen coefficients” method and to
analyze the stabilization processes of the vehicle body during

braking.

4. The mathematical model of the disturbed
movement of the closed-loop course stability system of
the car

The automatic control of the car brake system consists
of the following parallel-acting automatic control systems:
firstly, the ABS anti-lock braking system; secondly, the TRC
traction control system; thirdly, the system of maintaining
vehicle stability control VSC [5].

Both the ABS system and the TRC system constantly
maintain stability in the direction of travel of the car. How-
ever, the accuracy of maintaining the car’s directional sta-
bility with the help of these two systems may be insufficient
in case of loss of traction by two front or two rear wheels
and a car skid characteristic for this situation. In this case,
the VSC system comes into operation, the working diagram
of which is shown in Fig. 1. The MBC is controlled by the
driver using the brake pedal BP.
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Fig. 1. The working scheme of the course stability system:
BSE — block of sensitive elements; ECU — electronic control
unit; EM — electromagnet; O4 and O, — control windings;
C — electromagnet rocker; Sp — fixing spring;

N; and N, — locking needles; OHP — hydraulic pump,
MBC — main brake cylinder; WBC — working brake cylinders
of the wheels of the left and right sides of the car;

BP — break pedal

If the car during braking makes a movement in the strict-
ly required direction, then under the action of a fixing spring
the beam of the electromagnet is in the neutral position. And
the brake fluid pressure created by the head cylinder is the
same in the working cylinders of the wheels of the starboard
and starboard sides of the car.



When the car is skidded, the corresponding BSE sen-
sors react to it, and the ECU generates a non-zero control
signal, which leads to the deviation of the magnet arm from
the neutral position and to the corresponding movement of
the locking needles Ny in N,. In this case, the brake fluid
pressure in the working cylinders of the running side of the
car increases, and in the working cylinders of the lagging
side decreases, which leads to the return of the car body to a
predetermined position [6].

The simplest way to measure the angular deviation of the
body of a wheeled or tracked vehicle from a given direction of
its movement is use the kinematic relation

W(0)= 5o, (1) -0, ()] M

linking the angular velocities of the driving wheels of the
right and left sides 6oproB my,(¢) and 6opros wy(t) with
the angular velocity of rotation of the vehicle body (), in
which the radius of the drive wheel is indicated by r and the
track gauge by B [6]. However, relation (1) is valid only in
the absence of skid phenomena and skidding of the driving
wheels characteristic of the braking conditions of vehicles.
More accurate information about the angular deviation of
the vehicle body from a given direction can be obtained
using a gyro-stabilized platform (GSP) with accelerome-
ters installed on it, the sensitivity axes of which coincide
with the main central axes of inertia of the body. Using
this combination of sensors, it is possible to obtain infor-
mation not only about the angular deviation of the body
from a given direction, but also the lateral demolition of
the center of mass in case of loss of wheel adhesion with the
road. However, the GSP is very sensitive to various kinds
of disturbances, especially to shock and jolts characteristic
of driving on the road, not to mention its very high cost. In
this regard, in [6], the authors proposed to choose a strap-
down inertial system (SIS) as the sensitive elements of the
course stability system of the car. SIS contains three gy-
roscopic angular velocity sensors (GAVS), the sensitivity
axes of which coincide with the main central axes of inertia
of the vehicle body. And also, an on-board digital computer
(BDC), which implements the SIS algorithm, with the help
of which it is not the measurement of the angle y(¢), but
its calculation through the parameters of Rodrigues-Ham-
ilton [7, 8]. In addition to the GAVS, the course stability
system contains an accelerometer, the sensitivity axis of
which coincides with its own transverse axis of the body
and with the help of which it measures the lateral drift of
the vehicle’s center of mass y(¢). The scheme of the analog
system of the course stability system of the car is presented
in Fig. 2 [6].

In the scheme shown in Fig. 2, the BDC plays the aux-
iliary role of a computing device that implements the SIS
algorithm for calculating the mismatch angle y(¢). Analogue
VSC of a car implements a control algorithm as follows

U ()= =k, (t) =k, (2) + k,p (1), )

where k,, k,and k, - the variable ECU parameters.

In addition to the angular velocity sensors and the ac-
celerometer, the DSE also contains a Doppler sensor for the
current vehicle velocity o(¢).

The control signal (2) generated by the ECU is supplied
to one of the windings 01 or 02 of the EM electromagnet.

The magnitude of the electric current i(¢) flowing through
any of the windings 01 or 01 is determined by the equation

di(t) .
L) =ule), @)

where 7, and L, are the ohmic resistance and inductance of
the windings 01 and 02, respectively.
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Fig. 2. Scheme of analogue VSC

When the current i(¢) flows through any of the windings
01 or 02, the rocker arm R of the electromagnet EM turns in
one direction or another by an angle y(¢) in accordance with
the equation

d*y(t)
r d[z

d
+ f,_%+ ev(t)=kilt), )

I

where I, — the moment of rocker arm inertia relative to the
axis of rotation; f, — the coefficient of hydraulic friction
in the axis of rotation of the rocker arm; ¢, — the stiffness
coefficient of the fixing spring Sp; k, — the proportionality
coefficient.

The pressure difference of the working fluid in the brake
lines of the right and left sides of the car Ap(¢) is

Ap(@©)=kn ¥(©).

The disturbing movement of the car as an adjustable
object is recorded [6]:

1Y s, o) ®
L) ®

where I, — the moment of car inertia relative to its own ver-
tical axis of inertia; k. — the proportionality coefficient; My (t) —
the disturbing moment; v(¢) is the current velocity of the
center of mass of the vehicle.

Equations (2)—(6) are a mathematical model of the
disturbed movement of a closed system of course stability
system of the car.

Let’s introduce the notation



L
T, ==, Tf=£; T =£; T; = L,
7, c, & ¢ kk,

k{) =i’ km = kek{; :
T, cT:

As a result, the mathematical model of a closed system in
operator form takes the following form:

(L5 +10)i(t) =k, [k, w (1)~ ysw(e) + Ry (1) ]

(1252 + 7,5 +1) ()= 2o ()
C

T2y (0)=y(6) +—— M, (¢);

sy(t)=—o(t)w(t). )

The system of differential equations (7) is solvable with
respect to the highest derivatives
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Let’s introduce the state vector of a closed system of the
6th order
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Then let’s write the system of differential equations (8)
in the normal Cauchy form:

1 1
SX5 (t) = Tixz (t)"l‘%Mﬂi (t),
sxg () =—0(¢)x,(¢). €)
System (9) is written in vector-matrix form:
sX(t)=A(k) X (¢t)+F(2), (10)
where k& — the 3-dimensional vector of variable system pa-

rameters; A(k) — the proper matrix of the system; F(¢) — the
6-dimensional vector of external disturbances:

1 k, k, k,
0 0 1 0 0 0
e -
A(k)=|Tie, T, T3 :
0 0 0 0 1 0
0 iz 0 0 0
L0 0 0 —o() O 0 |
S
0
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The characteristic equation of a linear non-stationary
system (10) is written

R(s)=det[ A(k)-Es]=0,

or
R(s)=TyT,s" +(T T, +T3)s* +(T, +T,,)s" +

+5° +k ks’ +k,k,s+kot)k,=0. an

The closed-loop course stability control system under
consideration is non-stationary, since in the last equation of
system (9), the coefficient o(¢) representing the current ve-
hicle velocity during braking depends on time. The free term
of the characteristic equation also contains coefficient o(¢).
In the process of parametric synthesis, let’s use the most
common method for studying non-stationary dynamic sys-
tems, called the “method of frozen coefficients” [9]. In accor-
dance with this method, the operating time of the system T

T
is divided into N intervals of duration N each. During each

of the intervals, the value of the time-varying coefficient
is considered constant, equal to its value at the beginning
of the interval. If to assume that the deceleration of the
car during braking is constant and equal to — w, then
the change in its current velocity is determined by the
dependence
o(t)=vo—wt,

(12)



where vy — the car velocity at the time of the braking start
(Fig. 3).
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Fig. 3. To the method of “frozen coefficients”

The method of “frozen coefficients” involves the approx-
imation of a linear function (12) by the piecewise constant
function shown in Fig. 3. In accordance with this method,
the non-stationary system (9) is stable on the braking inter-
val (¢, to+T) if each of the stationary subsystems is stable in
the sections i=1,N. For each interval i=1,N, the charac-
teristic equation of a closed system takes the following form

R(s)=T;T,s"+(T, T,+T;))s” +(T,+T,, )s' +

3 2 .
+5" +k, k" +k ks R0k =0;

(13)

i=LN.

The method of “frozen coefficients” does not have a rigor-
ous theoretical justification, but with its help many practical
problems of the analysis and synthesis of non-stationary
dynamic systems are solved.

5. Parametric synthesis of a closed-loop VSC system

The characteristic equation (13) of the closed-loop
VSC system contains three variable parameters ky, k,
and k,, and the VSC system itself is two-channel. The first
control channel for the angle of deviation of the car body
contains variable parameters &, and k‘i,, the second con-
trol channel for lateral skid contains a variable parameter
k, (Fig. 2).

The iterative process described below is proposed to se-
lect the numerical values of these parameters. At the initial
step of the iterative process, it is assumed that &, [0]=0 and
the characteristic equation (13) is written as

A(s)=T.T,8" +(T, T,+ T )s" +(T, + T, )s* +

+5%+k by [1]s+k,k, [1]=0, (14)

where &,[1], k,[1] — the first approximations of the varied

parameters ky and k,.
In the characteristic equation (14) let’s make the chan-

ge [10]
(15)

s=0tjo,

select the real and imaginary parts in the obtained ratio, equate
them to zero, and from the obtained equations let’s obtain

AT T, (o + 0’0’ — o o)+

k, [1]=ki +(1, T, +172) (30" + 20%0" — ')+ ;

»+(T2,_ +7;)(20c3 +5000° )+ 0’ + 0’

(16)
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Using relations (16) in the plane of variable parameters
(ky [1] and &, [1]), let’s draw lines of equal degree of stabil-
ity when o changes from zero to infinity for various values
of a<0. For a=0, the constructed line is the boundary of the
stability region of the closed system. With an increase in the
absolute value of o, lines of equal degree of stability contract
to a point a, which corresponds to the maximum margin of
stability and the maximum performance of the closed system
(Fig. 4). With the values of the parameters of the mathemat-
ical model equal

k=19V L T,=01103s;

T2 =10"cs’ T, =0,55-10"s
the maximum stability margin of the channel of angular
deviation is oy,[1]=-13,8 s, and the values of the first
approximations of the varied parameters ky[1] and £, [1]
corresponding to point a are

k,[1]=90,49 V;

k[1]=13,40 V-s.

g .
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Fig. 4. Lines of equal degree of stability in the plane of
variable parameters k [1], kw [1]

Taking into account the obtained values k;[1] and k& [1]
of the first approximations of the varied parameters of the
angular deviation channel, let’s solve the characteristic
equation (3) with respect to the parameter &,

—k, b, [1]s =k, ki [1]s* = s° -
b= (14T, )
(T 4TS - T

(17)

and in relation (17) let’s make the change (15). As a result,
let’s obtain:
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In the complex plane (Rek, [1], Im &,[1]) let’s draw lines
of equal degree of stability for various values of a<0, shown
in Fig. 5. These lines limit the sections of the real axis, which
are the stability regions of the closed system along the lat-
eral displacement channel. With an increase in the absolute
value of o, the segments of the real axis bounded by lines
of an equal degree of stability contract to point b, which
determines the value of the first approximation of the vari-
able parameter £;[1], which for the accepted values of the
parameters of the mathematical model is &;[1]=9.35V-m™
at o [1]=-4.557". '

Imk,[1]

Rek [1]

100 150

Fig. 5. Lines of equal degree of stability in the plane of
the complex parameter A [1]

It should be noted that the stability margins of the
closed-loop control system along the channels of angu-
lar deviation and lateral displacement o, [1] and o [1]
are different. This suggests that the dynamic processes
along the channels of the system at a first approximation
of the varied parameters are of different tempo, and the
margin of stability of the system as a whole is determined
by the stability of the channel with a minimum mar-
gin [11]. Thus, the values of the varied parameters ob-
tained at the first step of the iterative process provide a
margin of stability of the system as a whole a[1]=0, [1]=
——4.5s 1 [1].

At the next step of the iterative process in characteris-
tic equation (12), let’s assume that &, =k, [2]; k, =k, [2];
k,=k;[1], and replace (14) in it, select the real and imag-
inary parts, and equate them to zero. Then, let’s select the
values k,[2], k,[2] in the obtained relations and determine
the point of maximum stability margin in the (k,[2], &,[2])
plane, and then using the relations (18) and (19) let’s ob-
tain the following approximation of the variable parameter
k*[2]. Usually, 5-6 steps of the described iterative process
are enough to obtain optimal values of the variable param-
eters k,, k, and k,, providing the maximum stability
margin and the maximum performance of the closed-loop
course stability system, and the components is &, =399 V;
ky=138V's; k =143V.-m™".

An analysis of relations (18) and (19) shows that the
values of the variable parameter k, depend on the current
car velocity during braking and increase with decreasing
velocity o (). The value k=143 V-m™ is calculated at the
maximum braking start velocity g max=20 m-s~L. It is advis-
able to change the coefficient k; in time depending on the
current velocity of the car, measured by the Doppler velocity
sensor, in accordance with the formula [12]

_ ku z'}() max

k;(t)—w-

For small values of the current velocity of movement v (¢),
the variable coefficient £;(z) becomes unacceptably large;
therefore, it is advisable to choose the static characteristic of
the Doppler velocity sensor in the form shown in Fig. 6.
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Fig. 6. Static characteristic of the Doppler velocity sensor

Fig. 7 shows the stabilization processes of the car body
during braking with constant acceleration w, when the
velocity of the center of mass changes in accordance with
formula (12), for different values of v and w.

y(0), y(1),m

w(0); (1), m W(0); (1), m

1,0

A N\

-05 t,s
0 05 10 0 05 10 0 05 10

a b c
Fig. 7. Transient stabilization processes of the oidy:
a—v=20ms"; w=4ms 2% b— =15ms"’
c—v=10m-s""; w=2ms2
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Analysis of the processes shown in Fig. 7 leads to the
following conclusions:

— with a decrease in the initial braking velocity vy, the
time of transient processes decreases — if for vp=20 m-s~!
the regulation time is 1 s, for v9=15m-s~! the regulation
time is 0.85 s, then for v9=10 m-s~! regulation time does not
exceed 0.75's;

— with decreasing values of vy, the oscillation index of
the closed-loop course stability system decreases, and the
transition process along the coordinate of lateral drift y(¢)
approaches aperiodic.

6. Discussion of the research results of parametric
synthesis of the electronic control unit of the brake
system of the car

The values of the variable parameters of the electronic
unit are obtained, which ensure the maximum safety margin
and maximum performance, which are the main quality in-
dicators of a closed two-channel control system, which is the
aim of research. The high quality of the synthesized system is
ensured by an adequate mathematical model of the stabiliza-
tion object and the closed system as a whole, strict use of the
selected algorithm for the parametric synthesis of the system
and the subsequent analysis of the stabilization processes of
the car body. The formulated problem is solved by the method
of successive approximations using the method of “frozen co-
efficients”. The method is based on an iterative process of se-
quential selection of numerical values of the variable parame-
ters of the electronic unit. The method of “frozen coefficients”
does not have a rigorous theoretical justification, but with its
help many practical problems of the analysis and synthesis of

non-stationary dynamic systems are solved. In the future, the
possibility of solving this problem using the algorithmic meth-
od of synthesis of an automatic control system is considered.
The method is based on the direct calculation of the integral
quadratic quality functional with its subsequent minimiza-
tion using the Optimization Toolbox or Minimize software
packages. The method also offers a targeted choice of weight
coefficients of the additive quality functional, reflecting a set
of tendencies towards a stabilized object [13].

7. Conclusions

1. A mathematical model of the disturbed motion of a
closed-loop course stability system of a sixth-order auto-
mobile is obtained, which most fully describes the physical
processes that occur in the course stability system during
car braking.

2. Parametric synthesis of the closed-loop VSC system is
carried out using the “frozen coefficients” method. Stability
domains are constructed in the plane of variable parameters.
As a result, the optimal values of the varied parameters
are obtained, providing the maximum safety margin and
maximum performance of the closed-loop course stabili-
ty system. They amounted to k,=399V; k;,=138V:s;
ky=143V-m™. In this case, the margin of stability of the
systemis o' =—-8.857".

3. An analysis of the stabilization processes of the vehicle
body during braking made it possible to conclude that, with
a decrease in the initial braking velocity v, the transient
time decreases. Also, the oscillation index of the closed-loop
course stability system decreases, and the transient in the
lateral drift coordinate y(¢) approaches aperiodic.
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