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Значна частина конструкцій має у своєму складі дета-
лі, які перебувають у контактній взаємодії одна з одною. 
Це, наприклад, штампи, прес-форми, верстатні присто-
сування, технологічне обладнання, двигуни тощо. Для них 
характерним є варійований режим навантаження. Тому 
важливим аспектом при дослідженні напружено-дефор-
мованого стану таких конструкцій є визначення залежно-
сті контактного тиску від зовнішніх сил, які на них діють. 
Принцип суперпозиції для контактних задач у загально-
му випадку незастосовний. Однак для такого типу кон-
струкцій установлена лінійна залежність контактного 
тиску від рівня навантаження. При цьому область кон-
тактної взаємодії не залежить від рівня навантаження. 
Продемонстровано, що така закономірність справедлива 
не тільки для однокомпонентного, але і для багатоком-
понентного навантаження. У результаті забезпечується 
можливість оперативного визначення напружено-дефор-
мованого стану таких конструкцій зі збереженням точ-
ності одержуваних результатів. 

Застосовність розробленого методу продемонстро-
вана на прикладі верстатних пристосувань лещатного 
типу. Установлені закономірності мають значення при 
здійсненні проектних досліджень конструкцій. Завдяки 
установленій прямо пропорційній залежності розв’язку 
від діючих навантажень стає можливим скоротити тер-
міни розробок конструкцій із елементами, що перебу-
вають у контактній взаємодії на поверхнях співпадаю-
чої форми. При цьому розглядали різні варіанти набору 
навантажень, а також різні варіанти варіювання цих 
навантажень. Для розглянутих випадків підтвердилася 
пряма пропорційнісь компонент напружено-деформова-
ного стану величині діючих сил у випадку їх узгодженої 
зміни. Також показано, що при нерівномірній зміні окремих 
компонент навантажень залежність контактного тиску 
і компонент напружено-деформованого стану дослідже-
них об’єктів від діючих сил має складний характер, відмін-
ний від прямо пропорційного зв’язку. Одержані залежності 
служать основою при обгрунтуванні проектних і  тех-
нологічних параметрів конструкцій, що проектуються, 
а також режимів їх експлуатації

Ключові слова: контактний тиск, напружено-дефор-
мований стан, теорія варіаційних нерівностей, верстатне 
пристосування, область контактної взаємодії
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1. Introduction

A significant share of machine-building structures ac-
counts for such of them whose composition includes parts 
that are in contact along the aligned (congruent) surfaces. 
These are, for example, the technological equipment (presses,  
machine tools, thermoplastic machines), technological equip-
ment (tools, stamps, molds), engines, etc. In this case, it 
is impossible to avoid solving the problem on the contact 
interaction between the elements of these structures [1]. 
The stage of design estimation of the stressed-strained 
state (SSS) includes, among the variable parameters, not only  
the structural and technological parameters but the applied 

current loads as well. Given that in a general case the contact 
problems are non-linear, this results in that it is necessary to 
perform additional computer calculations of SSS involving 
the variation of each component within the system of active 
loads. Consequently, the volume of computations increases 
dramatically. That coincides with the design state at which 
the duration of numerical studies is the most limiting factor. 
On the other hand, using the simplified analytical depen-
dences to analyze the distribution of the contact pressure 
and the SSS components is unacceptable in many cases as it 
results in a significant loss of solution accuracy. Thus, there 
is a contradiction between the required accuracy and the 
speed of numerical studies into the SSS of the structures’  
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elements. To eliminate this contradiction for a separate class 
of structures, a new method has been proposed, which makes 
it possible to combine the advantages of the numerical and 
analytical modeling of the structures’ SSS. This task is re
levant because resolving it would provide an opportunity to 
dramatically improve the efficiency of research into a wide 
class of structures.

2. Literature review and problem statement

A special feature of modern machine building is the 
wide application and fabrication of progressive struc-
tures performing traditional functions. These include, for  
example, blowers [2, 3], pumps [4, 6], bearings [5], hydrau-
lic machines [7–11], etc. Papers [2, 3] defined the charac-
teristics of these complex structures by using numerical 
and experimental modeling. However, these papers do not 
describe studying the SSS of the blowers’ individual ele-
ments considering their contact interaction. Articles [4, 5] 
describe the numerical and experimental studies into the 
elements of pumps and roller bearings. However, there are 
certain concerns regarding the analysis of performance of 
these elements in terms of their contact interaction. They 
testify to the insufficient attention to the distributions 
of SSS components, predetermined by the action of the 
contact pressure. Papers [7–11] investigated the working 
processes in pumps, hydraulic motors, and rotors in mecha-
tronic systems. However, not enough attention was paid to 
the nonlinear processes and states that are implemented in  
such structures.

Thus, the cited studies substantiate the rational shape, 
size, and operational modes of such structures through the 
development and application of high-efficiency models and 
research methods. In many cases, such studies lead to the 
need to solve the nonlinear analysis problems [4–6]. How-
ever, that significantly increases the volume of numerical 
studies as it contradicts the principle of superposition, which 
is inherent in the linear systems. Thus, an option to remove 
this contradiction is the prospect to establish, at least for 
particular cases, patterns in the performance of solutions to 
the nonlinear problems involving variation, specifically, of 
the applied loads [8–10]. This would create opportunities for 
combining the benefits of numerical and analytical research 
methods. On the one hand, this implies a wide scope of ap-
plication and high accuracy, on the other hand, efficiency, 
as well as the visibility and the forecasting of trends in the 
change in analysis results when varying loads.

In particular, it is very important to analyze the contact 
interaction between bodies along the matching surfaces. It 
is a rather broad and widespread class of structures. An im-
portant aspect for their functioning is to provide the required 
level of strength or rigidity. And this, in turn, is determined, 
to a large extent, by the contact interaction within a sys-
tem of bodies. This has not been a fully investigated field  
up to now [1].

At present, there are a lot of issues related to studying 
the contact between elastic bodies. The contact interaction 
between structural elements makes up an important and 
extensive field in mechanics [1]. A wide range of methods 
and models were constructed to solve problems on con-
tact interaction between structural elements. Specifically, 
papers [1, 12–14]. These papers employ the methods of 
variational inequalities or a Kalker’s variational princi-

ple [14–16] to solve the contact problems that occur in 
this case. These methods and models cover a broad class of 
contact problems but have a series of drawbacks. Among 
them, the lack of a universal mechanism for taking into 
consideration different factors, in particular, the properties 
of materials in the intermediate layers between the bodies in 
contact. Studies [17–19] address the models of properties 
of the rough surfaces of contacting bodies, taking into con-
sideration their wave-like shapes. Papers [20–22] describe 
the effect of a geometric shape of surfaces and the distri-
bution of a material’s properties on the contact interaction 
between elastic bodies. These models are of great method-
ological significance. However, there is an unresolved issue 
regarding the integration of these models into the problems 
within a particular subject area. Works [23, 24] tackle the 
contact involving adhesion. Papers [25, 26] described a JKR 
model to analyze the contact between bodies involving with 
adhesion. These models provide an opportunity to deter-
mine the dependence of not only the forces of compression 
but also the forces of stretching when elastic bodies are in 
contact. However, these models pose some difficulties for 
numerical implementation. Articles [27–29] describe the 
use of a boundary element method for the analysis of con-
tact interaction between elastic bodies. This method has 
some advantages over the finite element method. However, 
there are certain limitations when it is applied to actual 
machine-building structures.

Some factors that are important to analyzing the contact 
interaction between elastic bodies were taken into consider-
ation in a series of studies. Specifically, this is the impact of 
bolted joints [30, 31], the presence of a linear or nonlinear 
intermediate layer between contacting bodies [32–34], etc. 
Furthermore, several papers [35–37] consider the special 
properties of thin-walled structures or the reinforced sur-
face layers in machine parts affecting their strength and 
rigidity. At the same time, classical approaches, described 
in works [38–40], regarding the models of continuum me-
chanics, a finite element method and the minimization 
methods, form the basis only for a general variational state-
ment of the problems on analyzing the contact interaction. 
However, their direct application does not make it pos-
sible to directly state and solve all the types of emerging  
contact problems.

Thus, current approaches, methods, models, and research 
tools do not provide for a direct opportunity to analyze pat-
terns in the distribution of the contact pressure between bo
dies along the aligned surfaces. However, such a possibility is 
provided by the advancements reported in papers [34, 41, 42].  
These findings extend such known methods as a Kalker’s 
variational principle and a finite element method [16, 28]. 
In this case, it becomes possible to avoid the shortcomings 
associated with traditional methods and models. At the same 
time, this provides an opportunity to apply these findings to 
solve problems on the contact interaction between bodies 
along the aligned surfaces. This naturally accounts for the 
properties of intermediate layers.

It is necessary to pay attention to the fact that a series 
of studies have established the dependences of changes in 
the solutions to problems on the stressed-strained state 
of structures’ elements at the contact surfaces that match 
in shape [34, 41, 42]. However, there remains the uncer-
tain performance of the solutions to such problems under 
a  multi-component set of loads, which consists not of one or 
two but several forces.
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3. The aim and objectives of the study

The aim of this study is to construct a semi-analytic 
method to explore the SSS of structures with elements that 
are in contact with the aligned (congruent) surfaces. That 
would make it possible to accelerate the solving of problems 
on contact interaction between structural elements along the 
aligned surfaces.

To accomplish the aim, the following tasks have been set:
– to devise models and research methods of the contact 

interaction between structures with elements that interact 
along the aligned (congruent) surfaces;

– to solve the test numerical problems;
– to analyze changes in the distribution of the SSS com-

ponents and the contact pressure in the examined objects.

4. Models and research methods of the contact 
interaction between structures with the elements  

that interact along the aligned (congruent)  
surfaces

We shall consider a system of bodies in contact, which 
occupy volumes Ωn, n = 1,…, N (here, N is the number of bo
dies) in space.  The following components of the SSS of these  
bodies are determined: a vector of displacements of the bo
dies’ points 



u n( ),  the deformation ε(n) and stresses σ(n) ten-
sors. These components form the fields, that is, the distribu-
tions of these quantities relative to the spatial coordinates xk,  
k = 1, 2, 3, which are the components of radius-vector 



r  of 
an arbitrary point Mn ∈ Ωn. The SSS components satisfy the 
system of equations from the continuum mechanics [38]:

2ε ij i j j iu u= +, , ;  σij j jf, ;+ = 0

σ εij ijkl klC= ,  i j k l, , , , , .= 1 2 3 	 (1)

Here, the u, ε, σ components are featured without an 
index n associated with the belonging to a particular body, 
meaning they hold to all bodies. 

In equations (1), fi are the components of volumetric 
loads, Cijkl are the components of the tensor of elastic con-
stants of a material. 

Equations (1) are supplemented with the boundary con-
ditions:
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where u*, σ* are the set displacements and loads at surfaces 
Su

n( ) and S n
σ
( ), respectively.

In addition, on the parts of contact surfaces Sc
pq( )  the 

following conditions for impenetrability are met:

u up q
pqν ν δ( ) ( ) ;+ ≤  p q N, ,..., ,= 1 	 (3)

where u up q
ν ν
( ) ( ),  are the displacements in the direction of  

a normal ν  to surface Sc
pq( ); δ δpq p pq qr r( ) ( )≡  is the distribu-

tion of a gap between bodies Ω p and Ωq ; N is the number of 
bodies in contact.

In a general case, δpq(rp) is a certain arbitrary gap distribu-
tion. However, for a certain class of structures (Fig. 1), δpq ≡ 0.  
If, in addition, Sc are the parts of the planes, then, in the ab-
sence of friction, we attain the variational statement of the 
contact problem [12–14]:
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where u u
n

n=  ( )u u
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 are the distributions of displacements of 

points of the contacting bodies that satisfy conditions (2), (3).
The functionality of complete energy of the examined 

system of contact bodies [12–14]:
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was defined on a set of displacements u. When sampling this 
functionality by using a finite element method (FEM) [32], 
the functional takes the quadratic form J:

J U K U U fUij i j i i
ii j

( ) = − ∑∑1
2 ,

, 	 (6)

where U is the array of nodal displacements with compo-
nents Ui; f is the array of nodal forces with components fi,;  
Kij are the components of a rigidity matrix K. 

In this case, ratios (3) take the form:

U Ue g− ≤ 0, 	 (7)

where the e, g indexes correspond to the normal displace-
ments of conjugated nodes in the finite-element models of 
the bodies in contact.

Thus, the original problem takes the form of a problem 
on quadratic programming [40, 43, 44]: find a minimum of 
function (6) on the set given by conditions (7). Such state-
ments are considered in papers [32, 34, 41, 42]. However, the 
resolving relationships in these papers are constructed for  
a general case of the distribution of the initial gap between 
the bodies in contact.

a b c

Fig. 1. Examples of structures with the contact of bodies along the aligned surfaces: 	
a – vise with a single movable jaw; b – universal prefabricated assembly; c – vise with two movable jaws
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As noted in studies [41, 42], for the case of stamps and 
molds, the partial regularities for the distributions of the 
contact pressure are confirmed. These patterns imply that 
for the single- and two-component systems of forces one 
observes a directly proportional dependence between the 
level of the applied forces and the level of the contact pres-
sure. At the same time, the contact area remains unchanged 
when the operating forces are varying. There is a task to 
determine the legitimacy of these features for the case of  
a multi-component system of forces that act on the examined 
structures.

For the case of an arbitrary system of forces acting on 
structures with bodies in contact along the aligned sur
faces, it is possible, similarly to [41], to consider a minimum 
of the quadratic form (6) over regions assigned by con-
straints (7) [43, 44]. As shown by Fig. 2, in this case, we 
obtain a proportional dependence of the solution, that is the 
point of a minimum from the load level. In other words, if 
one increases all components of the array f of nodal forces by 
τ times, the solution will also change proportionally. In this 
case, if the inequality holds in ratios (7), we obtain an uncon-
ditional minimum J (points О0, Оτ in Fig. 2). If the equality 
holds in (7), then we obtain a nominal minimum (points Т0, 
Тτ in Fig. 2). The subsets of nodes, in which the equality and 
inequality hold, remain unchanged. Physically, this means 
the constant contact area.

 
Fig. 2. Lines of the function J levels 	

in cross-section Ue–Ug

Thus, for the discretized model of the examined object, 
we have shown a known validity [1] of the direct propor-
tional dependence of the SSS components within a system 
of bodies in contact along the aligned surfaces on the level of 
the current system of forces.

5. Solving test numerical 
problems

We shall consider a ma-
chine’s assembly of the vise 
type as an example of the ex-
amined structure. It is cha
racterized by the presence of 
three components of active 
forces. The first is created by  
the fixing forces F, which ope
rate at bolts B1 and B2 (Fig. 3).  
The second component is the 

fixing effort Q, generated by a force cylinder. The third com-
ponent is the force of cutting a part N, which acts from the 
side of a tool when performing a technological operation. The 
contact is assigned between the sole of the vise and the base.

 
 

 
 

 
 

 

B1 

F 
F 

B2 
Q 

N 

 
a b

Fig. 3. Machine assemblies of the vise type: 	
a – image of the examined object; b – estimation model 	

and the scheme of forces application

Let us accept the rated values F0 = 30 kN, Q0 = 60 kN, 
N0 = 40 kN. In this case, the current force value is:

F FF= ⋅τ 0;  Q QQ= ⋅τ 0;  N NN= ⋅τ 0. 	 (8)

The following problems are stated: to vary coefficients τF, 
τQ, τN and to derive dependences:

q
q

q
F Q N^ max

max

( , , )

( , , )
;=

τ τ τ
1 1 1

 σ
σ τ τ τ

σ
^ max

max

( , , )

( , , )
;= F Q N

1 1 1

u
u

u
F Q N^ max

max

( , , )

( , , )
,=

τ τ τ
1 1 1

	 (9)

where qmax is the maximum contact pressure; σmax is the 
maximum equivalent stresses by Mises; umax is the maximum 
complete displacements at the specified values τF, τQ, τN.

Based on the research results, we construct the depen-
dences of non-dimensional characteristics q^, σ^, u^ on pa-
rameters τF, τQ, τN. Define the following scenarios for varying 
parameters τ:

1) τQ = τN = 0; τF ∈ [0.1; 10];
2) τQ = 0; τN ∈ [0.1; 10]; τF ∈ [0.1; 10];
3) τQ ≡ τN ≡ τF ≡ τ ∈ [0.1; 10]. 
The results from solving problems 1–3 are analyzed further:
1. At variable τF (τQ = τN ≡ 0), we obtain, by using the finite- 

element packets, an unchanging pattern of the distribution of 
the contact pressure, stresses, and displacements (Fig. 4–6).

The contact area is constant.
The dependence q^(0, 0, τF), σ^(0, 0, τF), u^(0, 0, τF) on  

τF is directly proportional (Fig. 7).

 
                          a                                                  b                                                 c

Fig. 4. Patterns of displacement distributions for the characteristic values 	
of a bolt fixing force: a – τF = 0.1; b – τF = 1; c – τF = 10
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0
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12

0 2 4 6 8 10 12
τF

u^

q^

σ^

Fig. 7. Dependence of change in the non-dimensional 
characteristics q^, σ^, u^ on the degree of variation of 	

a bolt fixing force τF

2. At variable τF, τQ (τN = 0), the pattern of the distribu-
tion of the contact pressure, stresses, and displacements is 
heavily dependent on the τF, τQ ratio (Fig. 8–10).

The contact area is variable.
The dependence q^(0, τF, τQ) is complex in nature (Fig. 11).
At the same time, at the fixed ratios of τN, τF, there is  

a directly proportional relationship of the q^, σ^, u^ charac-
teristics on τ = τN = τF.

3. Under the aligned variation τQ = τN = τF = τ, there is  
a linear pattern of the contact pressure, stresses, and displace-
ments distributions when changing τ (Fig. 12–14).

The q^, σ^, u^ quantities are directly proportional  
to τ (Fig. 15).

The contact area is unchanged.

 

                           a                                                   b                                                  c

Fig. 5. Patterns of stress distribution for the characteristic values of a bolt fixing force: 	
a – τF = 0.1; b – τF = 1; c – τF = 10

 
 

 
 

 

a

b

c

Fig. 6. Patterns of the contact pressure distribution for the characteristic values of a bolt fixing force:  
a – τF = 0.1; b – τF = 1; c – τF = 10
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                           a                                                 b                                                 c

  
                           a                                                   b                                                    c

Fig. 8. Patterns of the displacement distributions for different variation options τN, τQ : 	
a – τF = 10, τQ = 0.1; b – τF = 1, τQ = 1; c – τF = 0.1, τQ = 10

Fig. 9. Patterns of the stress distribution for different variation options τN, τF : 	
a – τF = 10, τQ = 0.1; b – τF = 1, τQ = 1; c – τF = 0.1, τQ = 10

 
 

 
 

 

a

b

c

Fig. 10. Patterns of the contact pressure distribution for different variation options:  
a – τF = 10, τQ = 0.1; b – τF = 1, τQ = 1; c – τF = 0.1, τQ = 10
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Fig. 11. Dependence qˆ on τQ, τF

   
                           a                                                   b                                                   c

Fig. 12. Patterns of the displacement distributions under aligned variation at τQ = τN = τF = τ: a – τ = 0.1; b – τ = 1; c – τ = 10

Fig. 13. Patterns of the stress distributions under aligned variation at τQ = τN = τF = τ: a – τ = 0.1; b – τ = 1; c – τ = 10

Fig. 14. Patterns of the contact pressure distribution under aligned variation at τQ = τN = τF = τ: a – τ = 0.1; b – τ = 1; c – τ = 10

   
                           a                                                   b                                                   c

 
 

 
 

 

a

b

c
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0 2 4 6 8 10 12 τ

u^

q^

σ^

Fig. 15. Dependence of change in the non-dimensional 
characteristics q^, σ^, u^ on a degree of variation 

τQ = τN = τF = τ

6. Discussion of results from the analysis of trends  
in the change of the distribution of the SSS components 

and the contact pressure in the examined objects

To analyze the SSS in the system of elastic bodies, which 
are in contact along the aligned surfaces, we have constructed 
a numerical based on a finite element method. The contact 
problem is reduced to minimizing the quadratic form, which 
approximated the functionality of full energy of the examined 
system on a set of nodal displacements. Within the space of 
these nodal displacements, the contact constraints are the 
hyperplanes that pass through the coordinate origin. Given 
such peculiarities, the problem solution, as shown by Fig. 2, 
is directly proportional to the current forces. That is, if an 
unconditional minimum of the quadratic form is reached, it 
increases directly in proportion to the current forces due to 
the linearity of the system of equations ∂I/∂Ue = 0, ∂I/∂Ug = 0. 
If the condition Ue = Ug is met, that is the case of equality in ra-
tio (7), a different, but the linear equation ∂I/∂Ug = 0 remains. 
In both cases, the solution is directly proportional to forces f.

Thus, based on the defined pattern of the numerical 
model of the contact interaction between bodies and the 
matching surfaces, we have proposed a semi-analytic method 
for analyzing the contact interaction between structural ele-
ments along the aligned surfaces. It implies finding a solution 
to similar contact problems at the random level of active 
forces based on the solution at a certain level of these forces 
by a direct proportional scaling. 

The resulting solutions to the test problems confirm the 
projected dependences of the distribution of the contact pres-
sure, the stresses, and displacements, on the existing forces. 
Thus, under a misaligned variation of the individual com-
ponents of the system of existing forces one observes sharp 
changes in the patterns of the SSS distribution (Fig. 11). If 
the active forces are directly proportional to a single param-
eter, the SSS characteristics are directly proportional to this 
parameter (Fig. 7, 15).

The proposed method has advantages over traditional 
numerical statements because it sharply limits the required 

number of solutions to the problems on the contact interac-
tion in a multivariant study involving the varying levels of 
operating forces.

The defined features in the distribution of the contact 
pressure and the SSS components (Fig. 4–6, 8–10, 12–14) 
are important in the analysis of displacement balance in tech-
nological systems (the type of «part-machine-tool-assembly»,  
which was examined in this work). For such systems, it 
becomes possible to linearize the solutions to problems on 
the displacement of points at assemblies for certain ratios 
between forces: fixing atop a machine, clamping parts, and 
cutting. The problem was stated in a general form (without  
a reference to the number of components from the sets of ope
rating forces); the numerical solutions were considered only 
for a three-component system of forces. This constraint is to 
be removed in the further studies. In addition, it is expected 
to determine the sensitivity of a solution to the problem on 
the contact interaction when varying the geometric shape of 
surfaces of the examined bodies.

7. Conclusions

1. We have proposed a model of the stressed-strained 
state taking into consideration the contact interaction bet
ween bodies along the aligned surfaces. This model is based 
on a variational statement. In this case, it takes into conside
ration the features when there is a zero gap between the 
bodies in contact. Discretizing the problem by using a finite 
element method reduces the problem to minimizing the  
quadratic form under one-sided constraints in the form of 
linear homogeneous ratios.

2. The discretized model of the contact interaction bet
ween bodies along the aligned surfaces makes it possible 
to predict a directly proportional dependence of the com-
ponents of the stressed-strained state of these bodies on 
the level of the current forces provided their components 
are proportional to a single parameter. Accordingly, at the 
design stage of estimating the elements of structures, when 
one needs multi-optional studies into the stressed-strained 
state taking into consideration their contact interaction, it 
becomes possible to reduce the amount of computation. The 
SSS of these bodies is calculated at a certain set of forces. 
Varying the levels of forces accordingly changes the calcula-
tion results, despite the nonlinearity of analysis problems in 
a general case.

3. We have confirmed, using machine assemblies of the 
vise type as an example, the dependences of the components 
of the stressed-strained state on the level of operating forces, 
predicted on the basis of an analysis of the structure of the 
mathematical and numerical model of the stressed-strained 
state. Contact areas remain unchanged when the level of ope
rating forces changes. The magnitudes of the contact pres-
sure and the SSS components grow directly in proportion to 
the current forces.
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