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1. Introduction

Recently, the linear theory of thermal conductivity 
can no longer meet the requirements of both new fields 
of technology and traditional industrial sectors, such as  
heat generation, machine building, and, especially, met-
allurgy. Modern practical tasks require taking into con-
sideration the essential non-stationarity, heterogeneity, 
non-linearity, and other features to which mathematical 
methods developed in the classical (linear) theory of ther-
mal conductivity are hardly applicable. Such problems can 
only be solved through the use of non-linear mathematical 
modeling.

It is known that thermomechanical processes are in-
herently non-linear. Examples include a series of problems 
related to modern technology. The aerodynamic heating 
and destruction of bodies when moving in the atmosphere 
are considered in [1]; high-temperature processes in rocket 
engines ‒ in work [2]. Accounting for temperature stresses 
in the structural elements at high-temperature heat loads 
is necessary for the development of a new class of small 
solid-fuel rocket engines [3]. New technologies of ther-
mocyclic destruction of rocks were considered in [4]; the 
radiation heating in metallurgical furnaces ‒ in [5]. Paper 
[6] examines technologies that use phase transitions; the 
movements of elastic waves in variable-length ropes for 
machines that lift and lower weights using ropes ‒ in [7]. 
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Розв’язано задачу про визначення закону 
руху фронту кристалiзацiї i термомеханiч-
ного стану двохфазного стержня у випадку 
взаємного впливу температурних i механiч-
них полiв. Для розв’язання задачi було вико-
ристано наближений аналiтичний метод, в 
сукупностi з методом послiдовних iнтервалiв i 
варiацiйним принципом Гiббса. Цей метод має 
показати що «вигiднiше» природi при зада-
них зовнiшнiх впливах – змiнити темпера-
туру фiксованого елемента тiла або переве-
сти цей елемент з одного агрегатного стану 
в iнший. Саме такий пiдхiд дозволив враху-
вати вплив температури на напружено- 
деформований стан в тiлi i навпаки через 
закон руху межi роздiлу фаз, що визначаєть-
ся. Отримано спiввiдношення для визначення 
закону руху межi роздiлу фаз, температур-
ного поля i напружено-деформованого стану в 
стержнi. Результати представленi у виглядi 
графiкiв залежностi температури i напру-
жень вiд часу i координати. 

Аналiз отриманих результатiв показує, 
що змiна умов теплообмiну з навколишнiм 
середовищем i геометричних розмiрiв роблять 
визначальний вплив на процес кристалiзацiї, 
а, отже, i на температурнi i механiчнi поля. 
Основний результат полягає в наступному: 
розроблено наближений аналiтичний метод 
i алгоритм розв’язання задачi термов’язко-
пружностi для тiл, що ростуть (тiл з рухо-
мою границею) при наявностi фазового перехо-
ду з урахуванням теплообмiну з навколишнiм 
середовищем. На пiдставi розробленого мето-
ду закон руху границi роздiлу фаз, темпера-
турне поле i напружено-деформований стан 
визначаються в ходi розв’язання так званої 
квазiзв'язаної задачi термов’язкопружностi. 
Отримано наближений аналiтичний розв’я-
зок, який може бути використаний в нау-
ково-дослiдних i проектних органiзацiях при 
моделюваннi рiзних технологiчних процесiв, в 
машинобудуваннi, металургiї, ракетно-кос-
мiчнiй технiцi, в будiвництвi

Ключовi слова: термомеханiчний стан, 
варiацiйний принцип Гiббса, фронт кристалi-
зацiї, наближений аналiтичний метод
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The specified processes are associated with a significant 
change in heat-physical characteristics over a wide range 
of temperature changes. All these are non-linearities of  
the I, II, and III kinds; it is impossible to further improve 
modern technologies without considering them. Mathe-
matical difficulties often force a researcher to approach the 
direct linearization of thermomechanics equations (ther-
mal conductivity and thermoelasticity). In many cases, re-
searchers turn to numerical methods that make it possible 
to derive approximate solutions to the non-linear problems 
of mechanics. In particular, work [8] considers the numer-
ical modeling of nonlinear processes in the mechanics of 
continuous media; [9] solves a non-linear thermal problem 
in the presence of phase transitions. Paper [10] proposes a 
numerical procedure to solve the problem of deforming a 
polymeric crystallizing environment, taking into consid-
eration large deformations. Work [11] reports the results 
of computer simulations of casting crystallization. Despite 
the versatility of numerical methods, the results of such 
studies are approximate, they often involve the lineariza-
tion of equations and boundary conditions, and are not 
always convenient for analysis.

An effective way to study the non-linear problems of 
mechanics is the use of approximate-analytical approach-
es. The relevance of this scientific issue is predetermined 
by that the improvement of thermal technologies in order 
to preserve energy resources, the design of better struc-
tures of industrial machines, the choice of their optimal 
operational modes is an important industrial task. It is im-
possible to resolve it without careful and complete math-
ematical modeling of the crystallization process. This is 
due to the fact that experimental studies into the features 
of metal crystallization, for example, in the laypoint of a 
centrifugal machine are typically complicated (high melt 
temperatures, the presence of rotation, a gassed mold 
cavity, etc.).

The proposed scientific research should be carried out 
to ensure that their results could be used in research and 
design organizations in the simulation of various techno-
logical processes in machine building, metallurgy, rocket 
and space technology, construction, as well as in the train-
ing process.

2. Literature review and problem statement

Study [12] addresses the construction of research meth-
ods only for contact problems involving the elements of 
structures for casting, taking into consideration phase 
transitions. The authors consider an associated problem 
of thermoelasticity in the form of a system of differential 
equations in particular derivatives and inequalities, which 
comes down to variational inequalities. However, the issues 
related to determining the change law of an interphase 
boundary and taking into consideration the viscoelastic 
properties of material remained unresolved. The problem 
of a semi-space with microstructural transformations, ex-
posed to the influence of thermal and mechanical pulses, 
was considered in [13]. The problem is solved numerically 
by the method of step-by-step implicit integration over 
time. There are quantitative estimates of temperature 
effects of thermostructural mechanical bonding. Howev-
er, the issue of phase transition was not addressed at all. 
The initial and boundary-value problems describing the 

thermomechanical behavior of alloys with a shape memo-
ry were investigated in work [14]. Some issues related to 
non-linearity problems in metallurgical thermomechanics 
were considered in [15]; the approaches to solving them 
were outlined. In addition, the cited paper notes the need 
to develop and construct analytical procedures to study 
the nonlinear thermal processes; however, no specific an-
alytical methods were considered. Work [16] derived the 
defining equations for growing zero-thickness surfaces and 
their spatial discretization using a finite element method. 
Issues related to the reciprocal influence of mechanical and 
temperature fields were not addressed. Paper [17] tackles 
the construction of linear models for thin plates made from 
polymer gels. A multi-scale approach to modeling the hard-
ening process in magnetic-sensitive polymer materials was 
proposed in [18]. Work [19] gives a one-dimensional for-
mulation of the finite elements for temporal analysis of geo-
metrically nonlinear frames associated with viscoelastic 
viscoplastic materials, including mechanical destruction. 
The issues of numerical modeling of the interaction among 
inclusions in a flat element of the elastic heterogeneous 
environment, depending on their orientation, shape, size, 
and rigidity characteristics, were considered in [20]. The 
safest options for their mutual location were established. In 
order to analyze significantly heterogeneous stresses [21], 
associated with the presence of foreign structures in bodies 
in the form of inclusions, cracks, pores, etc., the projection 
and iterative schemes of the implementation of network 
methods are effective [22].

Thus, one should note that the issue of determining the 
stressed-strained state of a body, which is in a phase transi-
tion, has not yet been considered or addressed comprehensive-
ly. Namely, there is no proposed approach, which would make 
it possible to determine not only the tense-deformed state 
of a body taking into consideration the mutual influence of 
temperature and mechanical fields but also to define, based on 
this relation, the motion law of a crystallization front.

3. The aim and objectives of the study

The aim of this study is to determine the stressed-
strained state in a rod at crystallization, taking into 
consideration the mutual influence of temperature and 
mechanical fields.

To accomplish the aim, the following tasks have been set:
– to build an approximate analytical method and an 

algorithm to solve the quasi-related problem of thermovis-
coelasticity for growing bodies in the presence of a phase 
transition, taking into consideration the heat exchange with 
the environment; 

– to define, based on the constructed method, the motion 
law of an interphase boundary, a temperature field, and the 
stressed-strained state in a rod from the solution to the qua-
si-related problem of thermoviscoelasticity.

4. The stressed-strained state of a rod at crystallization, 
taking into consideration the relatedness between  

the temperature and mechanical fields 

4. 1. Problem statement
Consider a rectilinear rod of length l. Introduce a 

Cartesian coordinate system (x1, x2, x3) in an undeformed 
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configuration, with the x3=x axis directed along the rod 
axis. One end of the rod x=0 is tightly pinched, and the 
other, x=l, is free. Suppose that the rod substance exists in 
two phases ‒ high-temperature and low-temperature. The 
behavior of a rod’s material in the low-temperature phase is 
described by the equations of state of a non-uniformly aging 
viscoelastic body, and in the high-temperature ‒ of an elastic 
body. Denote the temperature of a phase transition through 
θ0: at θ2<θ0, the material’s element is in the low-temperature 
phase, at θ1>θ0 ‒ in the high-temperature one. For certainty, 
we believe that before a deformation, the substance of a rod 
in the low-temperature phase occupies region ω2(t)={l0≤x≤l}, 
and the substance in the high-temperature phase ‒ region 
ω1(t)={0≤x≤l0}. The thermal interaction between the lateral 
and end surfaces of the low-temperature phase of the rod 
with the environment is characterized by convective heat 
release coefficients α1, conv, α2, conv (respectively), and the ra-
diation. In this case, the high-temperature phase is supposed 
to be heat-isolated.

At time point t=0, a longitudinal distributed compress-
ing load of intensity P(t) is applied to the rod; the heat 
is released into the environment from the free end of the  
rod x=l. After this, part of the rod material enters the 
low-temperature phase (material buildup) so that its length 
changes according to the law x=a=a(t).

It is required to define, under the assigned law of change 
in the external load P=P(t), the motion law of an interphase 
boundary a=a(t), the temperature θi=θi(t,x) (i=1,2) and the 
stressed-strained state in the rod for the case of a single-axial 
strained state.

A mathematical statement of the formulated problem 
of thermoviscoelasticity for a rod, growing under the phase 
transition conditions, implies finding the enumerated un-
knowns from the joint solution to the following equations:
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where Ei(t–τ*(x)) is the elastically instantaneous defor-
mation modulus; R(t–τ*(x), τ–τ*(x)) is the relaxation 
core of a viscoelastic material; τ*(x) is the moment when 
a body element enters a solid aggregate state; ρi, ci, 
λi=λi(θi), αi=αi(θ) is the density, heat-conductivity, the 
thermal conductivity factor of the material, the reduced 
heat release factor [23], which characterizes the intensity 
of convective and radiant heat exchange with the envi-
ronment; θi(t, x) is the distribution of temperature in the 
corresponding phase of the rod;
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the power of internal sources (stock) of heat in the low-tem-
perature phase, which also takes into consideration the con-
vective and radiant heat exchange between the side surface 
of the rod and the environment; ε12 is the degree of a mate-
rial’s blackness in a solid phase; σo is the Stefan-Boltzmann’s 
constant; h=s/p, s is the cross-sectional area of the rod; p is 
perimeter; θenv is the temperature of the environment. 

In ratios (1), (2), and hereafter, the index “1” refers to the 
parameters of a substance in the high-temperature phase, the 
index “2” ‒ in the low-temperature phase. 

The boundary and initial conditions of the problem take 
the form
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where μ is the heat of the phase transition.

4. 2. The method and algorithm to solve the problem
Ratios (1) to (5) are the statement of the thermovisco-

elasticity problem for a growing two-phase rod in a closed 
form. The difference between this statement and those 
considered in [24] is that the thermal conductivity prob- 
lem (2), (4), (5) takes into consideration the non-linearity of 
the first kind due to the dependence of the thermal-physical 
characteristics of material on temperature. One approach 
to solving non-linear thermal conductivity problems is the 
method of successive intervals [25], which implies splitting 
the entire process into finite intervals, in each of which the 
material’s characteristics and the internal heat sources are 
constant. In such a statement, the non-linear problem of 
thermal conductivity is reduced to solving a set of linear 
problems with different initial and boundary conditions for 
each time interval. Therefore, to solve problem (1) to (5), it 
is proposed to use the approximate analytical method, sug-
gested in [24], in combination with the method of successive 
intervals and a Gibbs variation principle in the following 
interpretation.
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The time interval [0, tfin], within which we investigate 
the stressed-strained state in body Ω, is divided by points 
tk=kΔ, Δ=tfin/N, k=0, 1,…, N into sub-intervals, so that the 
continuous gain process is replaced with the following dis-
crete process. At moment tk, the surface efforts f(k), massive 
forces F(k) are applied to the body Ω; the amount of thermal 
energy equal to ω(k) is removed from the body. Let the quan-
tities ū

*
 (displacement vector), θ

*
 (temperature field), and 

a=a(tk) (an interphase boundary position) fully describe the 
true state of the body at each time period. When external 
conditions change, the body exits the thermodynamic equi-
librium ( )(( 1) )1) ( 1

* * *, , ,k k ku a− − −θ  the state it was in at moment tk, 
and instantly enters a new equilibrium state ( ) ( ) ( )( ), , .k k ku aθ  
In the time interval (tk, tk+1), a body Ω is in the state of 
thermodynamic equilibrium ( ) ( ) ( )( ), , .k k ku aθ

The state ( ) ( ) ( )( ), ,k k ku aθ  is a kinematically possible equi-
librium state of the body Ω at moment tk+0 (that is, at t>tk). 
The true state of the body Ω (implemented in reality) at mo-
ment tk+0 shall be denoted through ( )( ) ( ) ( )

* * *, , .k k ku aθ  
The inner energy of body Ω in the states ( )( ) ( ) ( )

* * *, ,k k ku aθ  
and (ū(k), θ(k), a(k)) is equal to ( )

*
kV  and V(k), respectively. 

These quantities are bound by the law of energy conservation
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where A(k) is the work of external surface and mass forces
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The true equilibrium state ( )( ) ( ) ( )
* * *, ,k k ku aθ  is character-

ized by the fact that it delivers the maximum value of a body 
entropy among all possible equilibrium states determined by 
equality (6). 

In order to fulfill the principle formulated above and thus 
ensure that mechanical and temperature fields are inter-
connected, the problem of thermal conductivity (2), (4), (5)  
must first be solved at each time tk. Its solution takes the 
following form:
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Next, we shall determine the field of displacement from 
the solution to the elastic contact problem of two bodies 
ω1(tk) and ω2(tk). In this case, let us assume that a substance 
in the liquid phase occupies region ω1(tk)={0≤x≤a(tk)}, in the 
solid phase ‒ ω2(tk)={a(tk)≤x≤l}.

In this case, the contact problem for two bodies ω1(tk) and 
ω2(tk) at moment tk is reduced to solving the following system 
of equations (the bar means a derivative for coordinate x)
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A solution to problem (7), (8) takes the following  
form [24]:
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Calculate the work of external forces A(k+1) when moving 
from a thermodynamical equilibrium state ( )( ) ( ) ( ), ,k k ku aθ  
at moment tk to a thermodynamical equilibrium state 
( )( 1) ( 1) ( 1), ,k k ku a+ + +θ at moment tk+1:
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By substituting expressions (11), (12) in ratio (13) and 
integrating, we obtain
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 (14)

Find the inner energy V(k) of a rod in a thermodynamical 
equilibrium state at moment tk (k=1,2,…,N). To this end, let 
us assume the following:

1. At overheating, there are intense streams of heat in 
the liquid phase due to convection; temperature changes in 
it are almost absent. Therefore, following [26], a temperature 
difference along the length of the liquid part of the rod is 
taken as Δθ1.

2. According to the law of energy conservation, the dif-
ference between the amount of heat that is released by the 
side surface and the end of the rod by convection and radia-
tion to the environment is equal to the heat accumulated by 
a given body:

( )( ) ( )

( )
( )

2 2 2

2 2 env,  d ,

m

l

a t

c s l a t t

sq p t x x

− ρ θ =

 = − α θ − θ ∫



			   (15)

where s is the cross-sectional area of a rod; p is perimeter; ( )2
m tθ  

is the incremental temperature per unit of time in a body;

( )
( )

( ) ( )2
2 1 1 2 env

,
,

kx a t

t x
q a t t l

x
=

∂θ
 = −λ + µρ − α θ − θ ∂



– the amount of heat accumulated in a body when heat 
spreads in the axial direction;

( )
( )

2 2 env,  d
l

a t

p t x x α θ − θ ∫

– the amount of heat that the side surface of the rod releases 
to the environment. 

Equation (15), taking into consideration the solution for 
θ2(t,x), can be converted to the following form
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		  (16)

Then, under the assumptions made, the internal energy 
will be calculated from the following formula

( )

( ) ( )( ) ( )

( ) 2
1( ) (0)

* 1 1 1
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2 2 2 2
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 σ

+ ρ θ − θ + 
  

∫

∫ 	 (17)

where ( )(0) 0 0
* 1 0 1 2 0 2V l l l= ρ ψ + ρ − ψ  is the inner energy of a 

body in its natural state; 0
iψ  (i=1,2) is the specific internal 

energy of a substance in the liquid and solid phases, respec-
tively, in its natural state. In a given example, assume 0 0.iψ =  

We substitute expressions (9), (10) into relation (17), 
and perform integration over the variable x. We obtain
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Determine the entropy S(k) in 
a thermodynamic equilibrium state 
at time tk

( ) ( )
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The entropy ( 1)kS +  in a transition from the thermody-
namic equilibrium state ( ) ( ) ( )( ), ,k k ku aθ at time tk to the ther-
modynamic equilibrium state ( ) ( ) ( )( )1 1 1, ,k k ku a+ + +θ  at moment 
tk+1 will take the following form

Then, in accordance with a Gibbs variation principle, 
the point a(k+1)=a(tk), which characterizes the position of 
an interphase boundary at time tk+1, delivers the maximum 
value of function F(a(k+1))=S(k+1)–S(k). It follows from the 
condition for an extremum of the function that
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Substituting ratios (14), (18) and function θ2(t, x)  
into (19), we obtain
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Believing that the a(t), P(t), θi(t, x) functions are 
continuous and are differentiated for t over the exam-
ined time period, we assume 

( ) ( ) ( )1 ...,k k ka t a t a t+ = + D +

( ) ( ) ( )1 ...,k k kP t P t P t+ = + D + 	 (21)

where the ellipsis denotes terms of the Δ2 order. 
Substituting (21) into θi(t,x) and (20), by moving 

to the limit at N→∞, Δ→0, tk→t, we obtain
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where functions 
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=

Ratios (16), (22) to (24) are a system of non-linear equa-
tions to determine the temperature field in a rod and the 
position of an interphase boundary. 

Transform equations (16), (24). To this end, differ-
entiate equation (24) for t; substitute ( )2

m tθ  from (16) 
into the result. As a result, we shall have the following 
system of differential equations to determine the motion 
law of a crystallization front and the mean temperature  
in a rod:
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Once the function a=a(t) is determined, a temperature 
field in the rod is determined from formulae (22), (23), and 
the stressed-strained state ‒ from formulae (9) to (12). 

Thus, one can build the following algorithm to determine 
the stressed-strained state in a body Ω during the phase 
transition. At moment tk:

1) fix the interphase surface a(tk); determine, from a 
solution to the stationary problem of thermal conductivity, 
the temperatures ( )( )k

i xθ  (i=1,2) in a body Ω; 
2) solve the contact problem for two bodies occupying 

the regions ω1(tk) and ω2(tk), and determine the displacement 
field ( );ku

3) for available values ( ) ( ) ( )( ), ,k k ku θ γ , determine the in-
ternal energy ( )kV  and the entropy S(k) of a body Ω;

4) from the first law of thermodynamics and the condi-
tion for a maximum of entropy S(k) of the body Ω, find the 
true position of an interphase boundary ( )

* ;ka  
5) when one found the position of an interphase bound-

ary surface ( )
*

ka  determine the true temperature ( )
*
kθ  and the 

true displacement field ( )
* ;ku   

6) at the next time tk+1, the initial temperature and the 
position of an interphase boundary correspond to those 
found at moment tk, that is

( 1) ( )
* ,k k+θ = θ  

( 1) ( )
* .k ka a+ =

In this case, the proposed algorithm for solving the asso-
ciated problem of thermoviscoelasticity takes into consider-
ation the backstory of the entire process at each point of time 
tk in the motion law of an interphase boundary, determined 
from a Gibbs variation principle.

5. Solving the quasi-related problem of 
thermoviscoelasticity for a rod at crystallization

To illustrate the applicability of the proposed method, 
let us consider specific examples: the crystallization (build-

up) of a rod with a heat-insulated side surface; the problem 
of building up a rod when interacting with the environment 
taking into consideration a phase transition.

5. 1. Solving the problem of crystallization (build-up) 
of a rod with a thermally insulated side surface

For the case of crystallizing a rod with a heat-insulated 
side surface(α2,conv=α2=0) in problem (1) to (5) the expres-
sions defining the motion law of an interphase boundary, as 
well as a temperature field in the solid phase, are simplified 
and take the following form
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and the stressed-strained state is determined from formu-
lae (9) to (12). 
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The numerical results are obtained at the following val-
ues of the basic parameters: 

l=0.5 m, l=0.4 m, E2=1.4·1010 kg/m2, θ0=1,765 K, 
θenv=293 K, f=1,800 K, μ=2.4 MJ/kg, ρ1=7,000 kg/m3, 
ρ2=7,800 kg/m3, c1=837 J/(kg·K), c2=565 J/(kg·K), 
λ1=23.3 W/(m·K), λ2=48.1 W/(m·K), ε12=0.8; 

they are shown in Fig. 1–6.

Fig. 1. The effect of rod surface cooling intensity on 	
the motion law of an interphase boundary

Fig. 2. The effect of cooling intensity on the temperature of 
the rod end surface. The bottom part of the chart illustrates 

the highlighted color-filled fragment

Fig. 3. Temporal dependence of the mean mass temperature 
of the solid phase for the rod of length l=0.5 m (l0=0.4 m) at 

different values of heat release factor

Fig. 1–3 show the motion law of an interphase boundary, 
a change in the temperature of the end surface of the rod over 
time, and temporal dependence of the mean mass solid phase 
temperature for the rod of length l=0.5 m.

Fig. 4. The effect of rod length on the motion law of an 
interphase boundary

Fig. 5. The effect of rod length on the temperature of the end 
surface of the rod

Fig. 6. Temporal dependence of the mean mass temperature 
of the solid phase of the rod at α1,conv=40·103 W/(m2∙K) for 

different values of its length

Fig. 4–6 show the dependences a(t), θ2(t,l), 2 ( )m tθ  at the 
heat release factor α1,conv=40·103 W/(m2∙K) for a rod of vary-
ing lengths, but at l0=0.4 m.
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5. 2. Solving the problem of building up a rod in ther-
mal interaction with the environment, taking into consid-
eration the phase transition

For the case of crystallization (build-up) of a rod in 
thermal interaction between the lateral and end surfaces 
and the environment taking into consideration the phase 
transition, the results of solving the equations (25), (26) 
are shown in Fig. 7, 8.

Fig. 7. The motion law of the growing rod crystallization 
front at different values of the heat release factor

Fig. 8. The effect of conditions for heat exchange with 	
the environment on the crystallization process in a rod. 	
The bottom part of the chart illustrates the highlighted 	

color-filled fragment 

The results of the problem solving showed that both the 
geometric dimensions of a body and the conditions of heat 
exchange with the environment exert a significant impact on 
the hardening process.

6. Discussion of results obtained in solving  
the quasi-related problem of thermoviscoelasticity for  

a rod at crystallization

An analysis of our results demonstrates that cooling 
intensification, first, reduces the hardening time, and, 
second, increases the size of the solid phase at a fixed time 
value (Fig. 1). 

Fig. 2 show that the increase in heat release factor leads 
to a sharp drop in the temperature θ2(t, l) at the initial mo-

ment in time. Thereafter, this temperature changes not so 
dramatically and, throughout the entire hardening process, 
it is a monotonously descending function. At high heat 
release factor values, the end surface is instantly cooled to 
a temperature close to ambient temperature and remains 
constant until the end of the process.

The charts shown in Fig. 4 demonstrate that changing 
the initial length of the solid phase has a significant impact 
on the crystallization process. This is confirmed by the re-
sults shown in Fig. 5, 6. 

Thus, it has been established that both the geometric di-
mensions of a body and the conditions of heat exchange with 
the environment have a determining influence on the hard-
ening process, which is consistent with known experimental 
and estimated data [27, 28].

Fig. 7 shows that if there is a heat exchange between the 
side surface and the environment, it significantly reduces the 
time of the hardening of the material. 

The charts shown in Fig. 8 demonstrate that the heat 
exchange from the side of a rod has a greater impact on the 
crystallization process than that from the end surface, as ev-
idenced by known experimental and estimated data [27, 28]. 

The results obtained are explained by the statement of 
the problem and the method of solving it.

One of the features of the proposed method is that the 
motion law of an interphase boundary is determined ana-
lytically from the joint solution to the contact problem and 
the problem of thermal conductivity, rather than set from 
the outside or determined from the experiment. The second 
feature is that the combined application of the method of 
successive intervals and a Gibbs variation principle makes 
it possible to take into consideration the mutual influence 
of mechanical and temperature fields not only on each other 
but also on the motion law of an interphase boundary. 

All functions that are part of the defining ratios should 
be continuous.

It should be noted that the issue of solving the related 
(rather than quasi-related) problem of thermoviscoelasticity 
remains open. Under a classical statement, the boundness of 
the fields requires that either the temperature should be part 
of the mechanical equations of state or vice versa. This point 
has not yet been taken into consideration in this paper but it 
is the subject of further research. 

One of the options for advancing the current study could 
tackle the need to take into consideration the dependence of 
heat-physical characteristics on time. However, it might be 
difficult to derive an analytical solution.

7. Conclusions

1. An approximate analytical method and an algorithm 
have been constructed for solving the quasi-related problem 
of thermoviscoelasticity for growing bodies in the presence 
of a phase transition considering heat exchange with the 
environment. This method makes it possible to assess the 
influence of both geometric and physical parameters of the 
problem on the formation of the stressed-strained state of 
a body taking into consideration the connection between 
thermomechanical fields, as well as analytically determine 
the motion law of a crystallization front.

2. Based on the developed method, two applied problems 
have been solved: the crystallization (build-up) of a rod with 
a heat-insulated side surface; the problem of building up a rod 
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when interacting with the environment, taking into consider-
ation the phase transition. The results of solving these prob-
lems have shown that both the geometric dimensions of a body 
and the conditions of heat exchange with the environment 
have a significant impact on the hardening process. Namely, 
a change in the initial length of the solid phase affects the 

process of crystallization and, as a result, the stressed-strained 
state of the body. The presence of heat exchange between a 
side surface and the environment significantly reduces the 
hardening time of a material. In this case, the heat exchange 
from the side surface of the rod has a greater impact on the 
crystallization process than from the end surface.
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1. Introduction

In recent years, in agricultural production for the puri-
fication, separation and processing of cereals, seeds, fruits 
and other bulk materials, technologies using electric and 
magnetic fields have spread [1–5]. On a large amount of 

experimental data, the effectiveness of the effect of an ar-
tificial electromagnetic field for stimulating the vital and 
growth processes of plants has been proved [4, 5]. Therefore, 
the use of electrophysical methods of processing biological 
objects is a good alternative to using it in agricultural pro-
duction to increase crop yields of chemicals and genetically 
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У статтi виокремлено особливостi застосування 
загальних рiвнянь математичної фiзики елiптичного типу в 
задачах моделювання специфiчних явищ взаємодiї електро-
магнiтних полiв з елементами i частинками неоднорiдного 
дисперсного середовища. Такi явища мають мiсце в уста-
новках сепарацiї органiчної та мiнеральної сировини або 
електромагнiтної обробки зерна, насiння та iн. Зазначене 
є актуальним, оскiльки звичайний пiдхiд до формулювання 
математичних моделей у наведених задачах, що базуєть-
ся переважно на диференцiальних рiвняннях теорiї поля у 
спрощенiй формi, не завжди адекватно вiдображає фiзич-
ну сутнiсть згаданих явищ. Тому вiн обмежує можливостi 
поглибленого дослiдження впливу багатьох факторiв, якi 
обумовлюють кiнцевi результати процесiв сепарацiї та 
електромагнiтної обробки (ЕМО). В роботi запропонова-
но альтернативний пiдхiд, побудований на використаннi 
iнтегральних рiвнянь теорiї поля, який базується на кон-
цепцiї первинних i вторинних джерел поля i дозволяє значно 
зменшити порядок системи рiвнянь при чисельнiй реалiза-
цiї алгоритмiв розв’язання задач ЕМО та загальний обсяг 
потрiбних обчислювальних ресурсiв. При такому пiдходi 
виявляються доступними для обрахування локальнi пара-
метри поля у взаємодiї з окремими частинками та їхньо-
го впливу одне на одне. Зазначений аспект є суттєвим 
для визначення технологiчних характеристик виробни-
чих установок ЕМО. Представлена математична модель, 
на вiдмiну вiд поширених спрощених пiдходiв до визначен-
ня параметрiв поля i пондеромоторних сил, що дiють у 
полi на частинки речовини, адекватно вiдображає фiзич-
нi закономiрностi розподiлу потенцiалiв i напруженостi 
електричного поля реальних зарядiв та iндукованих дже-
рел. Завдяки цьому вона наочно вiдтворює механiзм фор-
мування головних складових механiчних зусиль, що дiють 
на поляризоване тiло з боку електричного поля в цiлому, 
через щiльнiсть елементарних зусиль, якi справляє поле на 
поверхневi заряди, що iндукуються в дiелектричних тiлах 
у зонi дiї полiв. Така математична модель є унiверсаль-
ним i компактним iнструментом аналiзу, проектуван-
ня та оптимiзацiї рiзноманiтних установок i пристроїв, у 
яких використувуєтся електричне поле та його електроме-
ханiчна взаємодiя зi середовищем i окремими тiлами

Ключовi слова: електромагнiтна обробка, дисперснi 
матерiали, математичне моделювання, електричне поле, 
частинки, речовина, сила
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