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1. Introduction

Bearings have probably been the most common units of 
machines and mechanisms throughout the history of technol-
ogy development up to now. And their design has very rarely 
undergone significant changes. One of the recent trends in 
modern engineering is the use of so-called closed bearing 
units with prolonged interservice and warranty periods. 
Thus, for example, closed bearing units for railway rolling 
stock must operate over a warranty period of 800,000 km or 
8 years of operating life (and, in the near future, 1 million km 
and 10 years) without any maintenance; the failure interval 
should be at least 1.5 million km; in contrast, conventional 
axlebox bearings must be serviced after 300,000 km, includ-
ing oil replacement, rollers rearrangement, analysis of rings 
for defects; their failure interval is only 600,000 km. It is 
the savings on regular maintenance and regular repairs that 
underlies the feasibility of using closed bearing units, which, 
although more expensive in production and procurement, 
outperform the rest in terms of a life cycle cost.

However, the advantages of the closed structure turn out 
to be its main problem at the same time. Because there is no 
replacement of grease in closed assemblies, the products of 
roller and ring wear remain inside a bearing unit throughout 
the warranty period. Thus, once wear products appear, they 
subsequently work as an abrasive, thereby intensifying the 
wear almost exponentially. Therefore, in order to achieve such 
high operational indicators, it is necessary, as early as at the 
design stage, to ensure not only a reduction but almost ab-
sence of wear over all the specified operating life. To this end, 
it is necessary to apply, practically simultaneously, all possible 
engineering tools to reduce wear while, at the same time, op-
timizing elements in the design of a bearing unit applying the 
refined, rather than simplified, mathematical models.

2. Literature review and problem statement

Constructing a closed bearing unit involves resolving 
three tasks:
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Закритi пiдшипниковi вузли для залiзничного рухомого 
складу повиннi забезпечувати 800.000 км або 8 рокiв пробiгу (а 
найближчим часом – 1 млн км та 10 рокiв) без будь якого обслу-
говування. Для досягнення настiльки високих експлуатацiйних 
показникiв необхiдно вже пiд час проектування закритих пiд-
шипникових вузлiв забезпечити практичну вiдсутнiсть зносу 
протягом майже всього вказаного пробiгу.

Наведенi результати оптимального проектування еле-
ментiв внутрiшньої геометрiї закритих пiдшипникiв на уточ-
нених математичних моделях на прикладi цилiндричного бук-
сового пiдшипникового вузла «DUPLEX» для рухомого складу 
простору колiї 1520. Основною математичною моделлю було 
обрано геометричну нелiнiйну контактну задачу теорiї пруж-
ностi, для вирiшення якої авторами використовувався метод 
скiнчених елементiв.

Розроблено оригiнальну нелiнiйну скiнчено-елементну 
модель мультиконтактної задачi, яка враховує: контактнi 
деформацiї «рейка-колесо», деформування осi колiсної пари, 
деформування букси та кiлець пiдшипника при контакт-
нiй взаємодiї зi всiма роликами. Модель дозволяє уточнити 
розподiл навантажень в окружному напрямку та, вiдповiдно, –  
максимальне навантаження на ролик. Ця ж модель може бути 
використана в том числi для аналiзу зносу гребня колеса та 
впливу рiзнозазорностi на знос пiдшипника.

Розроблено математичну модель та цiльову функцiю 
для оптимiзацiї профiля ролика («бомбiни», твiрної бокової 
поверхнi обертання) з урахуванням накопичення пошкоджень 
вiд «нерегулярного» навантаження точок поверхнi ролика вiд 
контактiв як з зовнiшнiм, так i внутрiшнiм кiльцем.

Проведено оптимiзацiю форми контактуючих в осьовому 
напрямку торця ролика та робочого борта кiльця, в резуль-
татi якої встановлено, що оптимальними є «антропологiчнi 
форми» опуклого торця ролика та увiгнутого борта кiльця. 
Для технологiчного спрощення конструкцiї замiсть увiгнутого 
борта кiльця прийнято варiант з конiчною поверхнею борту з 
оптимальним значенням «розвалу».

Ключовi слова: закритий пiдшипниковий вузол, бомбiна, 
ролик, мультиконтактна задача, метод скiнчених  елементiв, 
математична модель
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– to design an optimized internal geometry of the bear-
ing to minimize wear amount due to contact stresses;

– to develop a grease that ensures the best compromise 
between maximum anti-wear properties and minimal hy-
draulic resistance;

– to design a specialized cassette seal that ensures a 
similar compromise between a high level of tightness in op-
eration and minimum losses.

Monographs [1–3] academically fully described the 
analytical methods and mathematical models of bearing 
calculation for cases of static, dynamic, combined stochas-
tic, and temperature loads. However, all those models have 
significant simplifications and generalizations, which does 
not make it possible to apply them directly for optimization.

Paper [4] shows that the classic models and analytical 
methods of calculating the lifespan of bearings, given in [1–3], 
do not take into consideration many operational aspects: 
the great variability of loading scenarios, the inaccuracy of 
installation, the non-rigid supports, as well as the residual 
stresses, inadequate conditions of lubrication and the con-
centration of stresses due to the geometry imperfection. It 
was proposed to use a finite-element method (FE) as a tool 
for predicting the service life of surfaces and subsurface 
layers of rings and rollers; a list of additional problems that 
could be solved by using an FE method for such prediction 
was given. However, the cited paper did not directly study 
the bearing by an FE method; the conclusions are advisory 
in nature and are not confirmed by research.

The direct analysis of a two-row bearing, applied in 
the axlebox of high-speed rolling stock, was carried out in 
work [5]. It is noted that failures of most railway bearings 
are due to contact fatigue damage caused by the contact 
stresses between the roller and the ring. The work does not 
give the dependences of contact stresses on the geometry of 
its rings and rollers. In addition, the authors did not consider 
the dependence of service life on the value of contact stress 
leading to fatigue strains. The construction of a toolset for 
determining these dependences was addressed in works [6, 7], 
which proposed a simplified step-by-step algorithm for solv-
ing the problem of contact analysis by the FE method in the 
Ansys software package.

FEM was used in paper [8] to localize the most dan-
gerous zones with a minimum lifespan for a two-row roller 
bearing. The authors gave a dependence of the projected life 
of the bearing on the value of a static load. They defined the 
dependence of contact stress and service life on the inaccura-
cy of the shape of the raceway of the inner ring. However, the 
optimization method, proposed in the cited paper, appears 
insufficient as the bearing model was simplified to the model 
of interaction between a single roller and a symmetrical 
sector of the ring; it cannot take into consideration the in-
teraction between roller faces with the flanges of the rings. 
Such a serious simplification of the model is due to the fact 
that computation in the Ansys software package is extremely 
time-consuming, which limits its wide application for the 
calculation of complete models.

To address the issue of reducing modeling time, work [9] 
compared the calculation results of two-dimensional and 
three-dimensional models of bearings. It is noted that the 
two-dimensional and three-dimensional models produce 
similar results in certain cases. At the same time, the cited 
work does not provide criteria for the possibility of using a 
two-dimensional model. Article [10] reports the analysis of a 
cylindrical roller bearing and suggests simplifying the geom-

etry of the model to speed up the calculation. The authors es-
tablished the distribution of contact pressures and projected 
lifespans for rings and rollers. However, the cited article uses 
a very rough grid, which calls the results into question. The 
ideas, proposed in papers [8–10], to simplify the model at the 
cost of reducing the accuracy of calculation look doubtful.

A mathematical model of contact analysis of ball and 
roller bearings is proposed in work [11]. The authors gave a 
simplified procedure of solving the contact problem based on 
linear elastic FE calculation of the Hertz alternative theory. 
They analyzed the edge effect at the ends of the non-crowned 
(non-convex cylindrical) roller. To reduce maximum stress-
es, it is proposed to use the Joson Goar profile. The cited 
work does not provide a justification for the optimal applica-
tion of this particular profile, nor does it consider the effect 
exerted by the end of the roller of this profile on the side 
flanges of the rings.

In all the above papers, the studies involved a certain 
theoretical method without comparing the data obtained 
with the data acquired by any other method.

Works [12, 13] report the comparison of results obtained 
by different calculation methods. Paper [12] compared the 
distributions of stresses and deformations of the roller bear-
ing obtained by the classical analytical method, by a finite 
element method, as well as experimentally. It is shown that the 
values of radial deformations closest to the experimental data 
were obtained by a finite element calculation taking into con-
sideration the elastic deformation of rings. The distribution of 
static load among rollers was identical under all methods, but 
the distribution of a radial deformation among rollers, deter-
mined by a finite element method with elastically-deformable 
rings, is significantly (up to 60 %) different from the results 
obtained in line with Harris, Palmgren, as well as by the 
method of finite elements with the assumption that the rings 
are rigid. Paper [13] studied the effect of a radial load, the am-
bient temperature, and a gap, on the deformation of the inner 
and outer bearing rings, as well as the stress on the raceways 
and the rigidity of the bearing. The authors compared the 
values of the bearing radial deformation, obtained experimen-
tally, analytically in line with Harris, and by a finite element 
method with elastic rings. Similar to work [12], it is noted 
that the results obtained by a finite element method are much 
closer to experimental. The authors of [12, 13] conducted a 
diversified study, but both papers considered only one type of 
bearing, making numerical results of their studies inapplica-
ble to investigating bearings of other geometries.

Work [14] studied the operation of a roller bearing as 
part of the K5 freight car trolley by an FE method. The study 
involved two stages. In the first stage, the authors modeled a 
dynamic system consisting of an adapter, bearing, axis, wheel, 
and rail, but the bearing was modeled as a non-deformable sol-
id body. The authors used the established experimental forces 
in the contact wheel-rail while moving along a test section of 
the straight line and curve with a radius of 300 m for 8 sec-
onds. In the second stage, they modeled the bearing operation; 
the data on the stressed-strained state in the cross-section of 
a wheelset were used as the boundary conditions. It is noted 
that the most stressed points are located at the ends of the 
rollers (an edge effect). After obtaining the maximum stress 
intensity, the expected lifespan of the bearing elements was 
determined. The cited work is a validation study, making it 
possible to determine with high accuracy the service life of 
a certain bearing under certain operating conditions, but it 
does not solve the optimization problem.
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A simplified method of determining the dependence of 
the contact stress and radial rigidity of a roller bearing on 
the convex shape of the roller surface was constructed in 
article [15]. A mathematical model is given, which makes it 
possible to solve the roller-raceway contact problem analyt-
ically by the method of finite segments. The authors estab-
lished the dependences of radial rigidity on the bearing load 
for various forms of “crown”. It is argued that the most rigid 
are bearings with a logarithmic shape of the roller surface. 
The article compares the results obtained by various theo-
retical methods; no experimental testing of the results was 
carried out. The simulation was carried out for a bearing sec-
tion with a single roller, without taking into consideration 
the impact of the axial forces.

Work [16] reports a mathematical quasi-static model of the 
two-row roller bearing. The authors compared bearing rigidity 
under the radial and instantaneous loads at radial and angular 
deformation. The effect of the radial gap and radial load on the 
bearing service life was considered. The authors considered the 
effect of the angular inaccuracy of installation and the radial 
load on the service life of the bearing. However, the cited work 
did not determine the effect exerted on the bearing lifespan 
directly by the geometry of rings and rollers. The authors used 
the simplest rectangular geometry of the raceway cross-section, 
as well as a cylindrical roller, whose non-optimal shape has been 
proven by many authors previously.

Papers [17, 18] studied the contact stressed state of an 
individual bearing in contact with the raceways of the inner 
and outer rings and the optimization of the roller generatrix; 
the cited papers preceded our research.

Article [19] modeled bearings with rollers of different 
shapes; a distribution of contact stresses was obtained for each 
bearing type. The greatest maximum contact stress was ob-
tained at the ends of a conventional roller, in the place where the 
inner ring has the lowest thickness. Experimentally, a 1.67-time 
increase in the lifespan of the bearing was established, when 
using a roller with the optimal surface shape. The cited article 
used a simplified static model with a single roller, which does 
not take into consideration the axial forces. As such, the optimi-
zation in that article comes down to a choice of several variants.

Many of the above works compared the contact stresses 
between a roller and a raceway, obtained by an FE method 
and analytically (using Hertz theory) with very different 
conclusions about the meaning of the discrepancies, which 
makes it impossible to interpret their results unequivocally. 
Most studies focus on the isolated contact between a single 
roller and an external or/and external ring. Some papers con-
sider a problem with a full set of rollers, replaced, however, by 
the estimated rigidity, which, of course, is not equivalent to a 
multi-contact study. Practically, none of these works consider 
a simultaneous multi-contact deformation with the elastically 
deformable rings and axlebox in contact with the outer ring, 
as well as the deformed axle, wheel in contact with the rail. 
Instead of full optimization, several variants are typically 
compared. Except for work [19], the problem of optimizing the 
axial contact of the roller’s face with the flanges of the inner 
or/and outer rings is not considered. Work [19] considers the 
contact with only one ring and only for an almost insignifi-
cant case “convex flange‒flat face of the roller”.

Thus, it can be concluded that the main interest is to 
solve a problem that takes into consideration the simultane-
ous multi-contact deformation with the elastically deformed 
rings and axlebox in contact with the outer ring, as well as 
the deformed axle, wheel in contact with the rail.

3. The aim and objectives of the study

The aim of this study is to optimally design all elements 
in the internal geometry of closed bearings, which would 
make it possible to ensure a maximum reduction of wear and 
thus prolong the maximum service life.

To accomplish the aim, the following tasks have been set:
– to construct the refined mathematical models of the 

contact stressed-strained state (SSS) of rollers and rings, 
taking into consideration the features of loaders of different 
structures; 

– to optimize the “crown” (of side surface) of the roller in 
order to maximally minimize the contact stresses; 

– to optimize the rounding of the roller face in order to 
maximally reduce wear in the axial contact with the working 
flange of the ring.

4. Construction of the refined mathematical models of 
the contact stressed-strained state (SSS) of rollers and 
rings taking into consideration the features of loaders of 

different structures

The principal mathematical model is a geometrically 
non-linear contact problem from the theory of elasticity, 
which was solved by using a finite element method (FEM). 
The physical equations of the Hook’s law are adopted 
in the matrix form σ=Kε, where σ is the vector-column 
of stresses; K is the matrix of elastic constants; ε is the 
vector-column of deformations, and the Cauchy geometric 
equations are taken in the form ε=L u, where u is the vec-
tor-column of displacements; L is the differential matrix 
operator, which, for a three-dimensional finite element, 
takes the following form:
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In this case, the displacements within the u element are 
expressed through the nodal displacements Ve using the 
functions of shape N of the finite element u=N Ve. The algo-
rithm for implementing a contact with slippage μ |Fn|=|Fs| 
was accepted, where Fn and Fs are, respectively, the nor-
mal and tangential forces in a gap; μ is the friction factor. 
Fn=kn(un, J–un,I–Δn), where kn is the normal rigidity, intro-
duced as a real constant; un,I is the displacement of node J in 
the direction of normal; Δ is the gap in the normal direction. 
FS=kS(uS, J–uS,I–Δо), where kS is the “lock stiffness”; uS,I is 
the displacement of node I in the tangent direction; uS, J is 
the displacement of node J in the tangent direction, Δ0 is the 
gap in the tangent direction. In this case, the rigidity matrix 
for such a boundary element in the local coordinates of the 
element takes the following form (2):
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The case when the boundary element is locked and 
does not slide along the contact is described by inequali- 
ty μ|Fn|≥Fs|, and the corresponding rigidity matrix takes the 
following form (3).

[ ]
0 0

0 0
.

0 0

0 0

s s

n n
l

s s

n n

k k

k k
K

k k

k k

− 
 − =  −
 

− 

   (3)

Fig. 1 shows the scheme of a one-dimensional contact; 
Fig. 2–4 show the schemes of a two-dimensional contact. A 
combined penalty method using Lagrange multipliers was 
used to determine normal force.

Fig. 1. Scheme of one-dimensional contact

Fig. 2. Scheme of two-dimensional contact

Fig. 3. Scheme of the point entering and exiting a contact

In standard, simplified calculations, the contact problem 
was considered only for one, the most strained, roller in con-
tact with the inner or/and outer ring. In this case, the distri-
bution of load over a bearing’s rollers (in the circumferential 
direction) is taken in the form of a trigonometric (cosφ) or 
parabolic function (Fig. 5). In this case, the maximum load 
on a roller is taken in the form Qmax=4.06Fr/z.

Fig. 4. Scheme of two-dimensional contact

a                                            b 

Fig. 5. The distribution of load over rollers:  
a – in the absence of a radial gap; b – with a radial gap;  
Qmax is the maximum value of the radial load on a roller;  

Fr – the total load on a bearing (on a row of rollers);  
z – the number of rollers

In this case, the average value of the load on a roller 
Qmid=2.49Fr/z. In the absence of a radial gap, the contact 
angle ψ is considered to be 180°; the emergence of a gap nat-
urally reduces the capture angle of the contact, increasing 
Qmax to 5Fr/z, and Qmid to 2.8Fr/z. 

This study considers a refined approach in the form of the 
calculation of a multi-contact problem, taking into consider-
ation the simultaneous contact between all rollers and both 
rings (internal and external). Moreover, the estimation model 
includes a loader itself (various designs of the axlebox housing 
or a semi-axlebox/adapter ‒ for the case of modeling and opti-
mizing a tapered cassette). Only this approach makes it possi-
ble, not in a rough approximation but in the refined fashion, to 
realize both the pattern of load distribution over all rollers in 
the circumferential direction and the field of contact stresses 
for the most loaded roller. At the same time, one can see the 
effect exerted by the structure of a loader on the distribution 
of loads over rollers and, thus, give preference to a particular 
design of the axlebox box or semi-axlebox.

Since the total number of degrees of freedom in the mod-
el, and, most importantly, the units of non-linear contact 
elements in the estimated model becomes huge, it is very 
important to apply all kinds of symmetry and, above all, the 
symmetry relative to the vertical middle plane of an axlebox. 
Only the unevenness of load in the axial direction, caused by 
the bend of the axle of a wheelset under the influence of the 
car weight, can “interfere” with this symmetry.

To investigate this aspect of modeling, a unique model was 
formed, including a wagon wheel, which is in contact with the 
rail, the axle of a wheelset, the assembled bearing, and the 
axlebox. The load diagram is shown in Fig. 6; the estimated 
model is shown in Fig. 7. Given that this model is not designed 
to calculate local contact stresses, in most areas a rather  
large FE breakdown was used. In addition, the symmetry of 
loading and the geometry of a wheelset was considered rela-
tive to the vertical plane passing in the middle of a wheel axle.

As a result of the calculation, it was found that the 
inclination angle of the axlebox support section did not  
exceed 3 minutes, which makes it possible to consider the 
loading coming from the side frame, almost symmetrical 
relative to another vertical plane passing through the middle 
of the axlebox perpendicular to the axle. 

Thus, the established symmetry of the bearing unit and 
loading in two vertical planes made it possible to use a mod-
el that consists of the internal and external semi-rings and 
one-quarter of the axlebox.
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Fig. 6. Load diagram

Fig. 7. Estimated model

Initially, the distribution of load and contact stresses 
over rollers in the closed cylindrical bearing unit CRU Du-
plex was investigated, placed in the axlebox 100.10.009-0, 
designed by “Uralvagonzavod” (Russia). The chosen esti-
mated scheme is shown in Fig. 8. 

The estimated scheme has the following features:
– the inner surface of the inner ring of the bearing is 

rigidly fixed according to the arrangement onto a wheel axle; 
– a payload of 30.65 kN, equivalent to loading 25 tons 

per axle, is applied from above at the respective sites; 
– the contacts between rings and rollers, as well as 

between axlebox and the outer ring of the bearing, were 
considered with and without friction. The “frictionless” type 
was used in the final calculations due to a slight difference.

The calculations employed an even finite-element grid 
consisting mainly of hexahedra (Fig. 8, b). In most calcula-
tions, the size of the finite elements was ∼3 mm, the rollers 
and rings ‒ less than 2 mm. The finite-element estimated 
model consisted of approximately 220,000 finite elements, 
including contact ones. To calculate the distribution of 
efforts over each roller, the inner surface of the outer ring 
was divided into sectors. It is assumed that the contact area 
of the roller with the ring is in the middle of the sector. The 
calculation of each sector determined the average amount of 
stresses, normal to the surface, which was then multiplied by 
the surface area of the sector in order to obtain integrated 
efforts in each sector. The static balance of forces was ad-
ditionally checked on the vertical axle after designing. To 
obtain normal stresses, an additional cylindrical coordinate 
system was introduced, whose polar axis is directed along 
normal to the surface of the ring. Contact stresses are deter-
mined as a result of calculation without the introduction of 
an additional system of coordinates.

Initially, the calculations were performed without taking 
into consideration rollers No. 7, 8, or even without three 
rollers No. 6–8, because the simplified model suggests that 
the loading does not pass into the lower half of axlebox. Sub-
sequently, refined calculations were carried out taking into 

consideration the contact of the rings with all the rollers and 
a realistically-minimal gap (Fig. 8, a, b).

a                                b                                c 

Fig. 8. The estimated model CRU Duplex, placed in  
the axlebox 100.10.009-0: a – taking into consideration  

a contact with all rollers; b – a sample of the finite-element 
grid; c – excluding rollers No. 7, 8

For the case of 14 rollers (Duplex 130×250), the approx-
imate scheme (Fig. 5) produces a maximum load value on 
the roller on the first, vertically located, roller, of magnitude 
Qmax=29…36 % Fr, depending on the size of a gap. The calcu-
lation using the refined model shows that the maximum value 
can be achieved not on a vertically positioned roller but, de-
pending on the size of a gap, on the “second” one, located under 
the center of the main platform of the axlebox. In this case, 
the maximum load value is slightly lower than that using the 
simplified model Qmax=28…34 % Fr. Below is the distribution 
of efforts over the most loaded “upper” rollers for the simplified 
FE model with discarded lower rollers, for a more detailed  
FE grid (the FE size is up to 1.5 mm), and the refined FE mo- 
del with a minimum gap, in which all the rollers are in contact.

Table 1

Distribution of efforts over 5 rollers in percentage 

Conditional 
No. of  

sector/roller

Estimated scheme

Without  
rollers 6–8

Fine grid
All rollers ‘0’ 

gap

1 34.4 % 31.6 % 21.5 %

2 22.3 % 23.5 % 28.5 %

3 8.5 % 8.8 % 10.2 %

4 1.9 % 1.8 % 0.6 %

5 0.1 % 0.1 % 0.0 %

Fig. 9 shows the same information graphically (“Row 1” ‒  
without bottom rollers; “Row 2” ‒ with a more accurate (thick) 
grid of finite elements; “Row 3” ‒ for the refined model, in 
which all the rollers are in contact.

Fig. 9. Distribution of efforts for different estimated FE models
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Given the effects detected, further calculations involving 
an analysis of different forms of loaders were performed for 
the refined FE model when all the rollers come into contact 
with the rings. In addition to the main structure of the axle-
box 100.10.009-0 designed by “Uralvagonzavod” (“Row 4”),  
the spatial shapes of the loading site were considered, applied 
in the semi-axleboxes 50.194.00507, designed by “Ural-
vagonzavod” (“Row 1”), 1711.10.003, designed by “Spe- 
cialized Design Bureau of Carriage Engineering named  
after V. M. Bubnov” (Russia) (“Row 2”), 194.00.053-0, de-
signed by “Uralvagonzavod” (“Row 3”); the results of load 
calculations for them are shown in Fig. 10 in the form of 
charts of projection of forces on a vertical axis.

Fig. 10. The distribution of efforts over rollers  
(in projections on a vertical axis) for different loaders

It can be concluded that in terms of the uniform distribu-
tion of loads and, therefore, reducing the maximum efforts and, 
accordingly, the maximum contact stresses in a bearing unit, 
the shape of the loading site, applied in the axlebox 100.10.009-0 
and semi- axlebox 50.194.00507, is quite rational.

5. Optimization of the side surface of the roller (“crown”) 
to minimize contact stresses

Previously, the problems on optimizing the generatrix of 
the roller rotation side surface (so-called “crown”) were con-
sidered [17]. However, given the non-linearity of the contact 
problem, any refinement of the magnitude of a maximum 
load on the roller leads to a non-linear change in the pattern 
of contact stresses, and, then, accordingly, the optimal shape 
of a crown. Thus, as the load distribution model is refined 
in the circumferential direction, it is necessary to consider 
refinements to optimize the profile of the roller.

First of all, it is necessary to determine which contact 
is critical for the accumulation of damage ‒ with an outer 
or internal ring. As regards the level of maximum contact 
stresses, it is ∼13 % higher in the contact with the inner  
ring (Fig. 11, a), which is logical from the point of view of in-
ternal geometry. However, on the other hand, the number of 
“inputs” of the roller into the zone of maximum stresses with 
the outer ring per unit of time (for example, over 1,000 km 
of mileage) is much higher than into the zone of maximum 
stresses with an internal ring. The results of the correspond-
ing calculation are shown in Fig. 11, b.

Work [17] concludes that contact with the outer ring 
should be used as a critical one with a reference to the radical 
difference in the number of loading per unit of time. However, 
two important circumstances are not taken into consideration.

First, the accumulation of damage, as well as the Weller 
curve, prefers a decrease in strains compared to the number 
of cycles, following an almost linear dependence between 
the stresses and the logarithmic axis of cycles. Thus, the 

four-fold difference in the number of loading is close to com-
pensating for the lower stress value.

                            a                                             b
Fig. 11. Comparison: a – the level of maximum contact 

stresses; b – the frequency of maximum loads

Second, the task of this study is to optimize the profile of 
the roller, not the ring. A crown (side surface) of the roller in 
the process of operation rolls sequentially, through a maxi-
mum load both with the inner and outer rings, thereby accu-
mulating the damage from both types of peak contact loads. 
Thus, the optimization should imply not an alternative to a 
contact with the internal or outer ring, but on the principle 
of accumulating damage. 

As it is known, one of the most used adjusted linear 
hypothesis of damage accumulation under irregular loading 
takes the following form:

( )
( )

d
,

a

a
p

a

n
a

Nσ

σ
=

σ∫     (4)

where dn(σa) refers to the integration for the number of 
cycles that act with a given stress amplitude σa, and N(σa) is 
the number of cycles before destruction under the action of 
variable stresses of amplitude σa. 

Of course, in the absence of analytical expressions and 
experimental fatigue curves, integration was replaced with-
out a significant loss for accuracy with a discrete summation 
by Simpson. Formula (4) actually serves as a criterion for 
optimizing the profile of the roller (the generatrix).

The distribution of load in the circumferential direction, 
including the maximum value itself, was used as a result of 
using the refined multi-contact model described in the previ-
ous chapter. In calculating and optimizing the roller profile, 
another FE model was applied with natural condensation in 
the immediate contact area, as shown in Fig. 12, 13, using 
the presence of two instantaneous symmetry planes.

Fig. 12. FE grid in contact with the outer ring  
(quadrant of symmetry)

Fig. 14, 15 show a pattern of the intensity of contact 
stresses for a standard “little-crown” roller in contact with 
the inner (Fig. 14) and outer (Fig. 16) rings. The results 
show a clear effect of stress concentration. One can see it 
better in Fig. 15, 17, where the fragments highlighted by a 
red frame in Fig. 14, 15, respectively, are shown larger below.
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Fig. 13. FE grid in contact with the inner ring  
(quadrant of symmetry)

The optimization was carried out by the Nelder Mead 
method by the direct variation of vertical coordinates of the 
10 nodal profile points, shown by the spline.

Fig. 18 shows the result of optimizing the profile of a cy-
lindrical roller of the Duplex bearing based on the total cri-
terion (4), which, as the figure shows, is very little different 
from the previous results of optimization [21]. This is easily 
explained by the fact that previously [21] found a slight dif-
ference in the optimal profile for the criterion of minimizing 
maximum stresses in the contact between a roller and the in-
ternal and outer rings. As a result, the refined approach with 
criterion (4), which combines the accumulation of damage 
from loading the roller in contact with the internal and outer 
rings, has yielded almost the same results.

Fig. 19 shows a pattern of contact stresses for the optimal 
roller profile, which indicates an extremely equally stressed con-
tact, which is clearly seen in the highlighted fragment (Fig. 20).

 

 
  

 
 

  Fig. 14. The intensity of contact stresses for a standard roller in contact with the inner ring
 

 
 

  Fig. 15. The intensity of contact stresses for a standard roller in contact with the inner ring (enlarged)
 

 
  

Fig. 16. The intensity of contact stresses for a standard roller in contact with the outer ring
 

 
  

Fig. 17. The intensity of contact stresses for a standard roller in contact with the outer ring (enlarged)
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The main result of this study is shown in Fig. 21. It shows 
a change in the shape of a crown if the refined multi-contact 
load distribution model in the circumferential direction is 
applied. 

Fig. 21. Change in the shape of a roller “crown” in the case of 
using the refined multi-contact model

As already indicated, the refined model is charac-
terized by a more even distribution of loads in the cir-
cumferential direction, which leads to a lower value of 
the maximum load on a roller than that in the simplified 
model. Therefore, the application of the refined model 
is tantamount to investigating the impact of loading a 
roller on the optimal shape of the roller profile. As can be 
seen from the comparison of the optimization results, the 
greater the load, the more convex the optimal crown of the 
roller. In this case, the maximum stresses are reduced by 
15 % compared to a standard roller.

5. 2. Optimization of the roller end rounding in order 
to reduce wear in the axial contact with the working 
flange of the ring

The axial contact between the end of the roller and the 
working flange of the ring is characterized by mixed friction 
(sliding and rolling) in contrast to the contact between the 
roller and the raceway of the rings, where there is almost 
pure friction of rolling (with small adjustments to the differ-
ence in the length of the path during the contact deformation 
of the roller). Therefore, the end wear of the roller, all other 
things being equal, is much more intense and dangerous. The 
wear of roller ends receives the most claims in operation. The 
same applies to the energy efficiency of the bearing. Mechan-

 

 
  

Fig. 18. The result of optimizing the profile of a cylindrical roller of the Duplex bearing

 

 
  
Fig. 19. The intensity of contact stresses for the optimal roller profile 

 

 
  

Fig. 20. The intensity of contact stresses for the optimal roller profile (enlarged)
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ical losses from sliding friction are much higher than those 
from rolling friction. Another thing is that in the cylindrical 
bearing unit the end contact is “activated” only at turns, 
slopes, and at train wiggle, while in the tapered “cassette”, 
as a result of the triangle of forces, the end of a tapered 
roller is constantly in loaded contact with the flange of the 
inner ring. Mechanical losses, almost completely turning 
into heat, cause higher temperatures of the tapered bearing  
unit ‒ this is a well-known fact for experts.

First of all, it is necessary to define the mathematical 
criterion for optimizing a convex shape of the end. The 
easiest way to do this is to perform it similarly to optimiz-
ing the profile (crown) of the roller and, in a given case, to 
accept, as an optimization criterion, the minimization of 
maximum contact stresses. However, if such a criterion is 
used, the concomitant result of reducing maximum stresses 
would necessarily imply expanding a “contact spot”. It 
is obvious that, especially in the presence of sliding fric-
tion, such a result, characteristic of providing temporary 
strength, will not be optimal, either in terms of improving 
energy efficiency or in terms of increasing the resource of 
the bearing unit.

Therefore, in this study, the maximum intensity of fric-
tion forces was adopted as an objective function. Imagine a 
“marked point” at the working flange of the ring. During 
the relative rotations of the ring around the wheel axle, 
the axle of the roller around the inner ring, and the roller 
around its own axis, the “marked point” draws some fric-
tion traffic at the end surface of the roller. The calculation 
of this trajectory for one of the “marked points” is shown 
in Fig. 22, b.

Interestingly, exactly such a pattern can be seen on 
most rollers as a typical pattern of roller wear (exploiters 
call it “herringbone”), which confirms the correctness of 
the model (Fig. 23, a, b).

Next, the intensity of friction work along the received 
trajectory was integrated, taking into consideration the 
intersection of the contact spot, and then the intensity of 
friction forces for all points at the working flange was sum-
marized, integrating it for the flange height

d ,ТрiG A h= ∫     (5)

where 

= ∫ σ d .Трi
contA f L     (6)

 
a  

b 

Fig. 23. Typical wear pattern of a cylindrical roller end 
(“herringbone”): a – sample No. 1; b – sample No. 2

Minimizing such a criterion directly corresponds to 
improving the energy efficiency of the node (reducing me-
chanical losses) and reducing wear, as it is close to the linear 
hypothesis of accumulating damage under irregular loading. 
It should be emphasized that the integration was performed 
for both contacts: with the working flange of the inner and 
outer rings. A special macros (Fig. 24) was written to cal-
culate the integrated functionality (5) in the FEM shell of 
the suite. The very contact problem of analysis was solved, 
as geometrically non-linear, by an iterative method, and 
there was a much worse convergence than when calculating 
the contact between a roller and the raceway. The following 
computational technique was used to improve convergence. 
In the first stage, the contacting bodies are forcibly closer 
to a small amount without the application of an axial load 
(kinematic conditions). After the formation, as a result of the 
convergence, of the primary small contact spot, in the second 
stage, a full-time axial load was applied, and the problem is 
solved to complete convergence. The shape was optimized 
by the modified Nelder Mead method directly through the 
variation of the nodal points of the spline of the generatrix of 
the rotation surface.

 

 
 
 

 
  

 

 
 
 

 
  

 
 
 

 
  

 
 
 

 
  a                                                                                                     b 

Fig. 22. Friction traffic at the end surface of the roller: a – calculation of reference points; b – trajectory synthesis
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A FE model of the multi-contact problem for the end of 
the roller together with the flanges of the inner and outer 
rings is shown in Fig. 25. To reduce the dimensionality of an 
already costly computational task, some of the calculations 
were performed separately for a contact with the outer and 
inner ring, using a symmetry fragment.

                                a                                       b

Fig. 25. A finite-element model for the multi-contact problem: 
a – model for the end of the roller together  
with the flanges of the inner and outer rings;  

b – fragment of symmetry

The first thing that was logical to check in the refined 
mathematical model, it is a long-used and experimental fea-
ture of the design of cylindrical bearings in the form of the 
so-called “flange camber”; a deviation of the surface of the 
working flange from the perpendicularity of the ring axis, 
which ensures the durability of the bearing.

A standard cylindrical crown roller with a flat end was 
taken; the surface of the working flange of the ring was 
varied from flat, perpendicular to the axis, to conical, with 
a variation of the camber of the flange from zero to 40 µm 
at the extreme point of the flange (0, 10, 20, 30, 40 µm), 
which is equivalent to the variation of angle θ (Fig. 26, a). 

Fig. 27 shows the charts of the distribution of the intensity 
of friction forces for the height of the ring, as well as the 
diagrams illustrating the integrated value of friction forc-
es ‒ criterion (5), maximum stresses in MPa, the area of a 
contact spot in mm2. Although the maximum value of wear 
intensity is achieved at a camber of 10 µm, the integrated 
criterion (5) is minimal precisely for the flange camber  
of 20 µm, which, while established experimentally, has 
been used for many years in the design and production of 
axlebox bearings. Next, the effect of angle α of the synchro-
nous inclination of the flat end of the roller and the working 
flange of the ring was considered, retaining their above-de-
scribed optimal mutual location. It was established that the 
optimal angle αopt=2°.

In addition to the above-mentioned issues of optimizing 
the shape of the end contact, including the shape of the end 
of the roller and the return surface of the working flange, 
based on criterion (5), in order to improve the energy ef-
ficiency of the node (minimizing the energy of mechanical 
losses) and to increase the resource (minimizing wear), and 
the serially produced contact between the flat end of the 
roller and the camber of the flange of the ring (Fig. 26, a), 
the following cases were also considered:

– (B) a flat end of the roller and a convex working flange 
of the ring (Fig. 26, b); 

– (C) a convex end of the roller and a conical camber of 
the flange (Fig. 26, c); 

– (D) a convex end of the roller and a concave flange 
(Fig. 26, d).

The case (B) was previously considered in article [22] 
without taking into consideration the refined load of a 
multi-contact model. The rest of the procedure for introduc-
ing variable parameters, as well as the method of optimiza-
tion, were kept intact. 

 
  Fig. 24. The main screen of the macros (an example of the general view)
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e 
Fig. 27. Effect of the flange camber on main indicators  

(for the whole figure: 1 – flange camber of 0 µm, 2 – 10 µm, 
3 – 20 µm, 4 – 30 µm, 5 – 40 µm): a – distribution charts of 

the intensity of friction forces for the height of the ring;  
b – maximum stresses; c – area of a contact spot;  

d–e – integrated value of the work of friction forces

The radius of the roller curvature in the contact area and 
the height of the point (center) of contact above the edge 
of the flange before the groove were selected as variable pa-
rameters for the case (C). For the case (D) ‒ the radius of a 
convex end of the roller, the radius of a concave flange of the 
ring, and the height of the point (center) of contact above the 
edge of the flange. 

Fig. 28 combined optimization results for all cases, in-
cluding a wear pattern for the end contact of the original 
design of the axlebox cylindrical bearing.

a  

b 
Fig. 28. Combined optimization results: a – charts of  

the intensity distribution of friction forces for the height of 
the ring; b – integrated value of the work of friction forces

6. Discussion of results of the FE simulation of  
a multi-contact problem 

Based on the results of the FE simulation of a multi-con-
tact problem, both the quantitative and qualitative differ-
ences have been determined in the circumferential distri-
bution of efforts over rollers from that used in simplified 
models. Small gaps reveal a transition of the maximum effort 
from the vertical position of the roller to the position under 
the platform where axlebox is exposed to efforts (Fig. 9, 10). 
There is also the occurrence of contact load on the lower 
rollers as a result of the inconsistent deformation of the outer 
ring and the axlebox case.
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a                                                   b                                                   c                                                   d 

Fig. 26. Variants of contact between the roller end and the ring working flange: a – flat end of the roller and a flat flange of  
the ring; b – flat face of the roller and a convex working flange of the ring; c – convex end of the roller and the conical camber 

of the flange; d – convex face of the roller and a concave flange
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Given that a contact problem is non-linear in nature, 
namely, geometrically non-linear, establishing the true value 
of the maximum load on a roller is important both for the 
general understanding of the loading in axlebox assembly 
and for finding the optimal shape of the roller profile. The 
greater the load, the more convex the “crown arrow”. In a 
given case, not any of the roller’s contacts (with the internal 
or external ring) was taken as critical, but rather the accu-
mulation of damage from loading a roller in both contacts. 
However, as it follows from Fig. 18, the differences caused 
by this clarification are insignificant, which is a consequence 
of previously established minor differences in the optimal 
profile while minimizing maximum stresses from a contact 
with the internal or external ring.

As regards the optimization of an end contact, one can see 
from the comparison shown in Fig. 28 that the best results are 
achieved for cases (C) and (D), and, despite a different wear 
intensity pattern along the radius of a contact, the values of 
integrated criterion (5) are very close (Fig. 28, b). The value 
of the integrated criterion is somewhat better for case D, 
which can be termed “anthropological” (resembling a human 
joint). However, this difference does not justify the techno-
logical difficulties of making a concave flange. Thus, one can 
consider the best solution to be the combination “B ‒ a conical 
flange of the ring with an optimal camber and a convex end of 
the roller with an optimal rounding and the optimal coordi-
nate of a contact point”. The values of the optimal curvature 
radius and the coordinates of the starting contact point are 
within Ropt≈3.7…4.2 m and L2opt≈1.2…1.3 mm, depending on 
the load on the axle and gaps in the bearing.

7. Conclusions

1. An original non-linear FE model of the multi-con-
tact problem has been built, taking into consideration, in 
addition to the simultaneous contact between all rollers 
and the internal and outer ring, the following: the contact 
deformations “rail‒wheel”, the deformation of a wheel axle, 
the deformation of axlebox and the bearing rings in con-
tact interaction with all rollers. Unlike most works, which 
consider only an isolated contact “roller–ring” or “a row of 

rollers–rings”, this model makes it possible not only to refine 
the distribution of loads in the circumferential direction 
and, accordingly, the maximum load on a roller for different 
designs of the “loader”, but also the multi-loading over the 
rows, the impact of gap difference and distortion. It has been 
established that the effect of the shape of axlebox on the 
distribution in the circumferential direction is significant. 
The same model could be used to analyze the wear of a wheel 
flange, as well as the reciprocal effect of the trolley elements 
on the SSS bearing unit and vice versa.

2. Most often, the accepted criterion for optimizing the 
“crown” (profile) of a roller is the condition for a minimum 
of maximum contact stresses. This criterion produced, 
on simplified models, the long-known “logarithmic” and 
“enhanced logarithmic” profiles. This study reports a new 
mathematical profile optimization model with an objective 
function that reflects the accumulation of damage from the 
“irregular” loading of the roller’s surface points in contacts 
with both the outer and inner ring. This criterion removes 
the problem of selecting which contact should be considered 
critical because it takes into consideration the accumulation 
of damage from all loads.

3. The axial contact of the end of the roller with the work-
ing flange of the ring is the weakest point of the cylindrical 
bearing, because, unlike the tapered bearing, which accepts 
a significant part of the axle load on the contact between a 
raceway and the roller, in the cylindrical node the axial load-
ing is entirely accepted by the end of the roller. To optimize 
the surface of the roller’s end and the “response surface” of the 
working flange of the ring, a new criterion has been employ- 
ed ‒ a minimum of the intensity of friction forces, reflecting 
the intensity of wear. It is the prevention of wear that is the 
main requirement for closed bearings. The result of numerical 
optimization has established that “anthropological shapes” 
are the optimal ones ‒ a convex end of the roller and a con-
cave flange of the ring. For the technological simplification 
of the design, instead of the concave flange of the ring, a 
variant with a conical surface of the flange with the optimal 
“camber” value has been accepted. These shapes were patent-
ed before the industrial development of mass production of  
“Duplex” [20‒23], and the specific values of the radii of cur-
vature and the camber of the flange constitute a trade secret.
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