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3anpononosamno Hanpamku onmumizauii mooeJi
EKOHOMIMHO020 3AMOBIEHHS 34 YMOBU HEIHAMHUX 3MIH
8Xi0HUX napamempie Mmemooamu 30ypenv.

Jns docsiznenns memu ompumano ananimuy-
Hi Popmyau MoOei eKOHOMIMNO020 POIMIPY 3AMOB-
JleHHs HA OCHOGI ACUMAMOMUUHOZ0 NiOX00Y 3a
YM06 He3naunux 3min eéxionux napamempis. i
3MIHHI napamempu cucmemu NPUUMAIUCA: OUC-
Kpemme 3pocmanus eumpam Ha GUKOHAHHS 3aM06-
JleHHs, 6UMpPAamMu HA GUKOHAHHS 3AMOBJIEHHS Ma
30epieanns 3anacis, aAxi zanexncamo 6i0 <Majnozo
napamempy», a maxoxnc nepioouuHi KoAUGAHHS
nonumy Ha npooyxuiro.

Ha ocnosi acumnmomuunozo memody 30ypens
00epicano 3pyuny Yy 6uKOpucmanHi popmyay ons
BUIHAYUEHHSL EKOHOMIHO020 POIMIPY 3AMOGIEHHS 3a
YMOBU HE3HAUH020 3POCMANHA eumpam Ha 6UKO-
Hauns 3amosnenns. Taxodnc susnaueno eidcomrxose
giloxunenns <«30ypenozo> po3mipy 3amoeaeHHs 6i0
dopmynu Binvcona. Ouinka uymaueocmi EOQ-
Modei 6UABUNA, WO 610HOCHE 610XUNEHHA <30Ype-
H020»> 00CsA2Y 3AMOBNEHHA 610 ONMUMAILHOZ0 NPU
He3HAUHUX IMIHHUX BUMPAMAX HA 11020 BUKOHAHHS
sapitoemvcs 6 mexcax 6id 1 % do 15 % e 3anesnc-
Hocmi 610 nepiody. Iopisuanvruil ananiz 3azanv-
HUX eumpam, po3pPaxo6anHux 3 GUKOPUCMAHHAM
acumnmomuunoi popmyau ma popmyau Binvcona,
BUABUG, WO YPAXYBAHHS 3MIHU 06CA2I6 3AMO6IeH-
HS NPU3600umv 00 3IMeHUEHHA sumpam Qipmu.

Mo6yoosana o0eonapamempuuna Mmodeas
ONMUMANLHOZ0 POIMIPY 3AMOGIEHHA, AKA 6PaA-
X0BYE AK He3HAUHI 3MIHU GUMPAM HA BUKOHAMN-
HS 3aMO6JleHHA, maK i eumpam Ha 30epizanns
3anacie. Odepicani deonapamempunni acumnmo-
muuni popmynu 0N 6UIHAMEHHS ONMUMATLHOZ0
PO3MIpY 3aMOGNEHH MA 3A2ANLHUX BUMPAM, KL
8i0nogidaromo «36ypenomy > po3mMipy 3amMo6eHHA.

3anpononosana 6 pobomi acumnmomuu-
Ha MoOdenb, AKA 6pAX08Ye OQUCKpemHe He3HAUHE
nideuuwienHs eumpam Ha GUKOHAHHS 3AMOGJEH-
HA ma nepioduvHuil xapaxmep KoAUBAHL NONU-
my na npodyxuito, maec npaxmuune 3nauenns. Is
Modesb Modce Oymu suxopucmana 04 ONMuMiza-
uii cucmemu ynpaeninms n02icmuxoio nionpuem-
cmea uepe3 nabaudcenicmo 0o peaniii ma 3pyu-
Hicmb Y 6uKOpUCMAHHi

Kniouosi caoea: modens ynpasninnsa zanaca-
Mu, Maauii napamemp, menoo 30yperv, ACUMNMO-
muune po36UHEeHHs, POIMIP 3AMOBNECHH
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1. Introduction

disturbance of transport corridors, and fall of consumption

The current economic situation is characterized by an
aggravation of the global crisis phenomena caused by vari-
ous factors including the pandemic consequences. It affects
many countries and leads to the loss of productive capacity
and opportunities for the development of both the global and
local economies caused by breakage of existing logistic links,

and production.

Production potential of a modern enterprise depends
on available fixed and circulating assets and other factors.
Because of long-term work in conditions of quarantine
and economic constraints, circulating assets of enterprises
and organizations decreased and fell to a critical minimum
in some cases. The companies planning to continue their




activities are forced to look for opportunities to resume
financing of circulating assets. In conditions when external
borrowings are limited in the number and interest rates, own
financial assets of enterprises are the most available sources.

Companies face a problem of optimizing the use of
circulating assets which is possible, in particular, by im-
proving their inventory management system and logistics.
This necessitates that managers applied new approaches
and methods of material flow management. Such methods
make it possible to consider the management of material
resources as a part of the basic strategic priorities of the
company development and application of corresponding
modern and effective software. This ensures quick analy-
sis of available material resources coordinating them with
the needs of consumers and peculiarities of interaction
with suppliers.

There are numerous software products in the market that
help improve the quality and efficiency of the logistic process
management. Mainly functions of accounting and movement
of goods are implemented and used in them but there are
almost no effectively implemented functions of calculating
purchase volumes and replenishment time. This significantly
limits the effectiveness of the proposed software products.
Insufficient development of analytical tools, models, and
methods of inventory management is one of the causes of the
absence of effective implementation of these functions.

Modeling of logistic systems at the present stage of
their development requires the use of mathematical optimi-
zation tools that have proven their effectiveness, especially
in the field of inventory management. The existing models
used in the management decision-making process in func-
tional logistics have many limitations, such as invariance of
input parameters of the model which significantly narrows
possibilities of their use in practice. Divergences of a sim-
plified economic and mathematical model from a real one
which describes the company’s logistic system may differ.
In the case when input parameters of the system undergo
minor changes, divergences in simulation results may be
economically small in the area of input parameters. In this
case, asymptotic methods of “perturbations” can be used to
model logistic processes. This makes it possible to obtain
an approximate solution of the problem with an accept-
able error and in an analytical form convenient for use.
Moreover, asymptotic methods make it possible to use the
earlier obtained analytical solutions of applied problems to
solve similar but more intricate problems by establishing
relations between them.

The use of asymptotic methods to solve applied economic
problems in the field of logistics will allow the company’s
management to obtain clear and simple analytical calcula-
tion formulas. These formulas will provide an opportunity
to optimize the company’s overall logistics costs and improve
the competitiveness of the companies that will use them.

2. Literature review and problem statement

Of the recently published studies of asymptotic methods,
it is necessary to note the study [1] in which asymptotic
ideas and methods are presented at a level understood by
many readers. The main ideas of asymptotic approaches
were stated and peculiarities of their application in various
fields investigated. An overview of the perturbation theory
methods for solving differential equations describing prob-

lems of applied physics and mechanics was given and the
advantages of these methods and fields of their application
were discussed in [2].

The study [3] is devoted to the definition of the essence
of the perturbation methods which consists in the fact that
the problem solution is sought in a form of serial expansion
by the small parameter powers. This parameter appears in
the model either naturally or is artificially entered for conve-
nience. The method assumes that a corresponding asymptot-
ic sequence which in the simplest and most common variant
is taken as the power function of the small parameter €" is
chosen for the study of an applied problem.

Perturbation methods are used:

— in mechanics of solid structures (for example, solution
of the problem of stability of a circular cylindrical shell of
variable thickness under axial compression was developed
in [4] with the help of asymptotic approach; a variant deri-
vation of the changed Bress-Tymoshenko equations with the
asymptotic approach was offered in [5]);

— in differential equations. For example, the perturbation
method was applied in [6] to the problem of vibration of a
piezoelectric sandwich plate taking into account the effect of
shear force. A hybrid method based on a combination of an-
alytical asymptotic WKB approach and numerical Galerkin
method was used in [7].

Application of perturbation methods to the problems of
mechanics of solid structures and differential equations is
explained by the fact that they enable the construction of
an approximate analytical solution and estimation of the
system sensitivity to the changes in input parameters. These
methods have not yet been used in applied economic studies
because of their narrow specialization and predominant
focusing on the study of the behavior of mechanical objects.
However, the scope of these methods can be extended to
the problems of optimizing economic processes and making
managerial decisions. The analytical formulas obtained
through the application of perturbation methods are con-
venient for enterprise managers and can also expand the
scope of the economic models, in particular, the inventory
management models.

Problems of inventory management were studied in [8—29].
Features of construction of deterministic single-product
and multi-product models of procurement logistics which
help managers in the decision-making process were studied
in [8,9]. However, input parameters of these models are
considered constant which limits fields of their practical use.

An EOQ model of procurement logistics with the emer-
gence of a shortage caused by the possibility of the presence
of defective products in the ordered batch was developed
in [10]. This model is limited in terms of accounting minor
discrete changes in the order fulfillment costs. A dynamic
model of procurement logistics with the emergence of a
shortage in demand linearly depending on time was con-
structed in [11]. This model makes it possible to estimate
optimal order quantity, order periodicity, and total costs
under this assumption. However, it does not take into
account changes in the order fulfillment and inventory
storage costs. Further source [12] concerns the study of
the behavior of the model of purchasing perishable goods in
the presence of inflation and possible delays in payments.
The issue of possible payment delays was analyzed in [13]
but the models did not take into account possible fluctua-
tions in the demand for the proposed products. A model of
inventory management under the condition of the demand



fluctuation and inventory damage caused by suboptimal
warehouse location, improper storage conditions, etc. was
studied in [14]. In this case, the rate of inventor damage
was distributed according to the Weibull function and
the inventory maintaining cost was considered a discrete
variable. The use of fixed costs for order fulfillment can be
considered a disadvantage of this model. The EOQ mod-
els constructed in [15] for perishable products take into
account possible deterioration of product quality, possible
penalties presented in a form of exponential and linear
functions. Further study [16] concerned the construction of
an integrated inventory management model for one suppli-
er and one customer with a reduction in order costs depend-
ing on the time of the order fulfillment but the variability
of storage costs was not taken into account. Study [17]
was also devoted to the improvement of the single-product
model. The study considered peculiarities of the procedures
of EOQ-optimization of the supply chain. Such procedures
will take into account the feasibility of sharing several ve-
hicles for each order and specifics of payment of the storage
costs both in a form of rent and paying only for the occu-
pied warechouse space. However, there are no analytical
formulas convenient for application and further analysis by
the company’s management. Application of the asymptotic
approach to determining the single-product order quantity
under the condition of variable costs of order fulfillment
was given in [18]. However, the cost of inventory storage
was calculated taking into account the area occupied by
the warehouse for a certain period, and the spatial dimen-
sions of the product unit.

Some researchers consider variations of real situations
in the company’s logistics management system, namely in-
flation, sudden rises and falls in demand, etc. and present
their models of inventory management in an uncertain en-
vironment. For example, a problem of determining economic
order quantity (EOQ) for the case when input parameters
are probabilistic and optimal probability distribution func-
tions are calculated using a geometric programming model
was studied in [19]. A stochastic problem of finding EOQ
in a certain time interval was solved in [20]. However, the
study was mainly theoretical in nature and did not focus on
a practical application.

The study [21] was devoted to the development of an
inventory management model that would optimize costs and
order quantity taking certain non-deterministic parameters
as fuzzy numbers. Demand and related costs are taken in
the study [22] as fuzzy variables, and the Jaeger ranking
method for fuzzy numbers was used to determine an optimal
inventory management policy. However, the obtained mod-
els are difficult to apply in practice for want of convenient
analytical formulas.

The study [23] has proposed a multi-product inventory
management model for a double-level supply chain under
the condition of incentive-sensitive demand marketing. In
this case, the supplier offers the retailer an opportunity to
delay the payment of the purchase price of finished products.
Modeling of logistic processes at an enterprise in conditions
of ordering a wide range of products from one supplier using
asymptotic methods was proposed in [24]. Under the con-
ditions of variable supply costs, a model was obtained that
makes it possible to adapt the enterprise’s logistic system
to the existing business conditions. However, insufficient
attention was paid to determining optimal order quantity
under conditions of the variability of solely order fulfillment

costs. Further development of the asymptotic approach to
multi-item supply was given in [25] which takes into account
changes in the storage costs but at a constant demand for the
proposed products.

A model of inventory management at the retail level in
a system with reverse logistics which allows the company
to maximize profits taking into account volumes of supplies
and their timing was considered in [26]. However, the pro-
posed model takes into account price variability and not the
variability of other input parameters.

Most studies do not take into account transport costs in
the analysis of the EOQ or consider the transport costs as a
constant part of the order cost which is taken into account
in [27] but researchers use an iterative method difficult in
application.

A model taking into account limited resources for stor-
age of products, namely allocation of space in refrigeration
equipment in retailing is another modification of the EOQ
model [28]. This implies the presence of additional costs to
maintain a certain storage temperature but the results do
not take into account changes in the order fulfillment and
inventory storage costs.

Some researchers [29] address the problems of develop-
ing analytical tools to determine EOQ but these tools are
imperfect and need further study.

The optimization methods analyzed in the known studies
can effectively solve the problems of inventory management
but they are often incomprehensible to practicing managers
because of their high complexity (the use of iterative pro-
cesses in calculations, complicated mathematical appara-
tus, etc.). Both researchers and managers find it more con-
venient to use analytical models that describe the object be-
havior according to clear formulas and taking into account
variability of order fulfillment and inventory storage costs
as well as fluctuation of demand for the proposed products.

3. The aim and objectives of the study

The study objective is to optimize the inventory man-
agement model under conditions of minor changes in input
parameters with the application of perturbation methods.
This will expand the scope of this model application in
practice.

To achieve this objective, the following tasks were set:

—to obtain an asymptotic formula of the EOQ model
with an insignificant discrete increase in the order fulfill-
ment costs;

— to obtain an analytical formula for the EOQ model
at variable costs of order fulfillment and inventory storage
which depend on the “small parameter”;

—to derive an asymptotic formula of the EOQ model
under the condition of periodic fluctuation of the demands
for products.

4. Studying the problem of determining EOQ by
perturbation methods

4. 1. Asymptotic expansion of solution under the con-
dition of discrete growth of the order fulfillment cost

The economic order quantity model (the EOQ model) or
Wilson’s formula used to estimate the order quantity can be
presented as follows [4]:



qopt = ]’l ’ (1)

where g,y is the EOQ; Cy is the cost of the fulfillment of one
order, S is the amount of demand in a certain period of time;
h is the cost of storage of a product unit for a certain period
of time.

The cost of delivery is one of the main components of the
order fulfillment costs which is constantly rising because
of rising fuel prices. Assuming that the order costs increase
by i % during a certain period of time (for example, each
month), then it will reach

¢, [1+-12
100%

after n periods of time. Taking the ratio €=

1% (aest)
100 %
for a small parameter, the order cost is obtained in this form:
C,-(1+€)". Since the & parameter is the small parameter,
we can assume that deviation from the initial value of Cy is
insignificant and the condition of constant order fulfillment
costs is satisfied.

The “perturbed” EOQ, ¢,,, can be represented as an

asymptotic expansion of the artificially introduced small
parameter &:

quzz%“'41'€+qz'€2+.... 2)

Formulas for determining the order quantity take the
form (3):

2C,(1+¢)'S

Go+q,€+q, € +...= z

3

When squaring both parts of equation (3), series expan-
sion in the Taylor row (1+¢)" and neglecting the members of
order g3 and more, we have:

(q0+q1~s+q2-82+...)2:

=26v};)5(1+n~£+n'(7;_1)~£2+.‘.], (4)

a0' +2q,-q,-€+q" € +2q,-q, € +..=

:26']/;’5(1+n~£+n.(’;_1)~82+...]. (5)

By equating the coefficients at the same powers of the
parameter g, the equation for determining the unknown ¢,
q1, 2 is obtained:

, 2C,S
€OZQO2: }: ) (6)
C,S
g, q = ;z n, )
C,S
e 19 +2q,-q,=—n-(n-1). 8)

h

The solution to equations (6) to (8) gives:

2GS _n 2C,S
qO h ’ q1 2 h ’
n-(n-2) [2C,S
= = . 9
q, 3 7 €)

To obtain an asymptotic representation of formula (1),
the found values (9) are to be substituted into expansion (2).
As a result, formula (10) is obtained.

/ (n-2
Qe = 2205-[1+Z-8+n(7;)-32].

As can be seen from formula (10), the “perturbed”
order quantity differs from that obtained from Wilson’s
formula (1) by a multiplier

[1+".s+"'("_2)-32].

(10)

2 8

The total company’s costs under the condition of an in-
significant discrete increase in the cost of order fulfillment
are as follows:

C,(1+€)'S hq,
rc(q,,)- LS s
opt
_ [GSh -(2+n-e+”(n_1)-82], 1)
2 2
.o C(1+e)'S hq',,
TC (g, )=—"— +— =
(42) Do 2
:,/C"jh -[2+n~e+W~ez). (12)

As can be seen from the obtained formulas, the total
costs corresponding to the economic (1) and “perturbed”
order quantities (10) at a slight increase in the order fulfill-
ment costs reach a minimum at ¢ which corresponds to (10).

Let us analyze the sensitivity of the obtained model of de-
termining the EOQ to a change of input parameters, namely
the order fulfillment costs. Calculate the relative deviation
of the optimal batch volume at variable order fulfillment
costs by varying the ¢ parameter. The percentage deviation
of the “perturbed” order quantity from the economic one
calculated according to formula (10) is presented in Fig. 1.

1 2 3 4 5 6 7 8 9 10 11 12

Period n

Fig. 1. Deviation (%) of the “perturbed” order quantity from
Wilson’s formula under the condition of increase in the order
fulfillment costs in periods n



Let us consider the cases when there is an increase in
the order fulfillment costs by 1 % (¢=0.01), 1.5 % (¢=0.015),
2% (6=0.02) and 2.5 % (£=0.025) in each period. As can
be seen in Fig. 1, a gradual increase in the order costs by
1% (¢=0.01) leads to an increase in the order quantity by
3.03 % and 6.15 % in periods 6 and 12, respectively. If the
order cost gradually increases with each period, for example,
by 2.5 % (¢=0.025), the value of deviation is 7.69 % in peri-
od 6 and 15.94 % in period 12.

Let us test the constructed model for optimization of the
inventory management model under the condition of insig-
nificant changes in input parameters on an example of the
purchase of coffee and tea by an enterprise working in the
HoReCa segment. The initial data and calculation of the mod-
el parameters are given in Table 1. The optimal order quantity
was calculated from Wilson’s formula (1). The perturbed
order quantity was determined under the condition of increas-
ing the order fulfillment costs at £=0.025 using formula (10).

Values of the perturbed order quantity g,,, at the end of
the year, i. e. n=12 are given in Table 1. As can be seen, the
absolute deviation of the order quantity at the end of the
period is 43 packs (15.93 %) for tea and 12 packs (15.58 %)
for coffee.

Comparative analysis of total costs calculated from

of the parameter ¢ which characterizes the increasing costs
of order fulfillment.

If the change in the storage costs is delayed compared to
the change in the order fulfillment costs, the relationship be-
tween parameters # and m can be expressed, e. g. by putting

n n .
m= Z], m:[g:l, etc., where [n] means an integer part
of the number. Because of small values of the parameters ¢
and B, assume that deviations from the initial values of C
and & are small and the requirements occurring in the mo-
del (1) are satisfied.

By representing g, asan asymptotic expansion by two
small parameters ¢ and B and neglecting members of the
order of €3, B3, €2, eB? and above, formula (13) is obtained:

Qo =G0+, €+, B+

+q, € +q, e B+q; B +...

(13)

When decomposing the functions (1+£)2 and (1+p) '
into a Taylor series, asymptotic formulas for two parameters
g and B for the “perturbed” order quantity take the following
form (14):

formulas (11), (12) makes it possible to note that the costs 1+ﬁ.€_ﬁﬁ+ n-(n-2) £
corresponding to the perturbed order quantity are less than g = 26,51 2 2 8 ' 4)
the costs corresponding to the order quantity calculated by ” h m-n m-(m+2) .,
Wilson’s formula (1). 4 ep+ S B

Table 1

Initial data and results of the calculation of coffee and tea delivery

Total costs TC at a condition of insignificant in-
crease in the order fulfillment and inventory storage

costs for the economic (1) and “perturbed” order quan-

Order
Annual | Storage Order quantity, Total costs, | tity (14) are obtained in the form:
Product fulfillment mon.un.
demand S,| costs, &, packs.
type Qope Packs | mon. un. costs, Co, . . C,Sh 1 2
Pl mon.un. | q,, | 4, | TC | TC TC( qopt): 9 X Q+§(n-8—m-[3) , 15)
Teapgfl’(f)lter 700 | 10 520|270 | 313 |3159(3128 7 . ,
- TC (q,,)=\~%— x| Q+—(n-e-mB) |,  (16)
Coffee-beans opt 2 4
(1 kg) 240 4.5 56 77 89 [407.1|403.2

4. 2. Solving the problem under the condition of vari-
ation of the order fulfillment and inventory storage costs
In practice, not only the order fulfillment costs but also
the inventory storage costs increase because of rising expens-
es (for example, rising prices for electricity, utilities, etc.).
Let us assume that the storage costs increase with each
0,

% (pe<t)as
100 %
the small parameter, dependence of the storage costs is ob-
tained in the form: Z-(1+B)".

A change in the delivery costs as one of the main com-
ponents in the structure of order fulfillment costs and rising
utility prices which, accordingly, increase storage costs,
often occur in various time periods. Thus, due to various
reasons, prices for resources and materials increase and this
is reflected in the transport tariffs.

It is advisable to take into account various combinations
of values of n and m, £ and B parameters in the EOQ model
taking into account the fact that the interval m of changes in
storage costs is usually smaller than the interval n of changes
in the order fulfillment cost. The B parameter which charac-
terizes an increase in the storage costs may exceed the value

period of time by j %. Taking the value B=

where
Q:(2+n~s+m~[3—g~82—%~Bz+m~n~s~[3).

It can be seen that the total costs TC (16) corresponding
to the “perturbed” order quantity is less than (15) which
corresponds to the economic quantity.

To analyze the sensitivity of the order quantity to the
change in the cost of order fulfillment and the cost of inven-
tory storage, the ratio of the “perturbed” order quantity (14)
to the optimal one (1) was calculated. Different values of
input parameters ¢, p and different intervals of cost changes
n and m were used.

Percentage deviation of the “perturbed” order quantity
from the value of economic order quantity (1) provided that the
cost of the order fulfillment is fixed (¢=0.0) is shown in Fig. 2.

As can be seen in Fig. 2, a gradual increase in the stor-
age costs by 5% (B=0.05) in periods n=4, n=8 results in a
decrease in the order quantity by 2.41 %, 4.75 %, respec-
tively. If the storage costs change significantly, for example,
increases by 20 % (B=0.2) each quarter (periods n=4, n=8,
and n=12), the order quantity decreases by 8.5 %, 16 %, and
22.5 % respectively.
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Fig. 2. Deviation (%) of the “perturbed” order quantity from
the economic one depending on the period n provided that
the costs of the order fulfillment are fixed,

(-0l

The ratio of the “perturbed” order quantity (14) to the
economic one (1) and the percentage deviation provided that
the order fulfillment costs and the of storage costs undergo
minor changes are given in Table 2.

Table 2

The ratio of “perturbed” order quantity to the economic
one, subject to changes in the order fulfillment costs and the
storage costs

Period £=0.01, p=0.1 | €=0.01, =0.2 | £=0.02, p=0.2

n m ot % ot % o %
Gopt Dope Gopt

0 0 1.0 0 0 0 1.0 0
1 0 1.005 | +0.5 | 1.005 | +0.5 | 1.010 | +1.0
2 0 1.010 | +1.0 | 1.010 | +1.0 | 1.020 | +2.0
3 0 1.015 | +1.5 | 1.015 | +1.5 | 1.030 | +3.0
4 1 0973 | -2.7 | 0933 | -6.7 | 0951 | —49
5 1 0978 | -2.2 | 0938 | -6.2 | 0961 | -39
6 1 0983 | -1.7 | 0942 | -5.8 | 0970 | -3.0
7 1 0987 | —-1.3 | 0947 | -53 | 0.980 | —-2.0
8 2 0947 | -53 | 0.873 | —12.7 | 0.906 | -9.4
9 2 0951 | -49 | 0877 | 123 | 0915 | -85
10 2 0956 | 4.4 | 0881 | -119 | 0924 | -7.6
11 2 0961 | -39 | 0885 | —11.5 | 0933 | -6.7
12 3 0921 | -79 | 0.819 | —18.1 | 0.865 | —13.5

Data in Table 2 show that an increase in storage costs
every 4 months leads to a significant reduction in the “per-
turbed” order quantity compared to the economic one. For
example, when n=4 and m=1 at £€=0.01, B=0.1, the order
quantity decreases by 2.7 %; when £€=0.01, p=0.2, there is a
decrease in the order quantity by 6.7 %. In the next period,
n=8 and m=2 at ¢=0.01, B=0.1, the order quantity decreases
by 5.3 %; and at €=0.01, B=0.2, the order quantity decreas-
es by 12.7 %. The changes in costs that occur within one
specified period (4 months) m=1 and a further increase in
the costs of order fulfillment (n varies from 4 to 7) lead to
a gradual decrease in deviation from the undisturbed value.

Let us consider, for example, a situation when n=4,
and m=1 at a constant percentage increase in the storage
costs (B=0.2) and a percentage increase in the order ful-
fillment costs (from £=0.01 to £=0.02). Deviation of the
“perturbed” order quantities from those calculated by for-
mula (1) decreases from —6.7 % to —4.9 % and from —12.7 %
to 9.4 % at n=8 and m=2.

Table 3 shows the sensitivity of the “perturbed” order
quantity to the economic one depending on the rate of
growth of the storage costs. The change in costs occurs once

every 3 periods in the first case (m =[%]), and once eve-
ry 4 periods in the second case (m = [%])

Table 3

Sensitivity of the “perturbed” order quantity to
the storage costs

rea | | lp | e | | ot

Gopt Gopt Gopt Gopt
0 0 1.0 1.0 0 0 1.0 1.0
1 0 1.005 1.005 1 0 1.005 1.005
2 0 1.010 1.010 2 0 1.010 1.010
3 1 0.968 0.929 3 0 1.015 1.015
4 1 0.973 0.933 4 1 0.973 0.933
5 1 0.978 0.938 5 1 0.978 0.938
6 2 0.937 0.864 6 1 0.983 0.942
7 2 0.942 0.868 7 1 0.987 0.947
8 2 0.947 0.873 8 2 0.947 0.873
9 3 0.908 0.807 9 2 0.951 0.877
10 3 0.912 0.811 10 2 0.956 0.881
11 3 0.917 0.815 11 2 0.961 0.885
12 4 0.880 0.758 12 3 0.921 0.819

As can be seen from Table 3, dynamics and interval of
increase in the storage tariff rate affects the order quantity.
For example, the deviation of the order quantity is —6.3 % at
n=6, ¢=0.01, and B=0.1 if storage costs change every 3 peri-
ods and —1.7 % when storage costs change every 4 periods.
At n=6, £=0.01 and p=0.2, these changes are more signifi-
cant, namely —13.6 % and —5.8 %, respectively.

Dependence of the ratio of “perturbed” order quantity
to the optimal one on parameters ¢ and B at n=4 is shown
in Fig. 3.

Fig. 3. Dependence of the ratio of “perturbed” order quantity
to the optimal one on the parameters ¢ and 3

Fig. 3 shows the nature of deviation of the “perturbed”
order quantity from the economic one under different condi-
tions of gradual increase in the order fulfillment and inven-
tory storage costs.

By modeling the nature of changes in the order fulfill-
ment costs and utility tariffs in a short term, managers can



make appropriate adjustments to the organization of the
company’s procurement by determining the order quantity
by means of an asymptotic formula (14).

4. 3. Solution of the EOQ problem using the asymp-
totic method under the condition of periodic fluctuations
in demand for the proposed products

In practice, in addition to the changes in order fulfill-
ment and inventory storage costs, demand § for products
may also fluctuate depending on various exogenous and
endogenous factors, such as seasonality, etc.

Take the order fulfillment costs as C,(1+€)". Period-
ic changes in demand S can be represented as a function

5(1 —Bsin %), where B<<1 is the small parameter.

Using the procedure described above, the order quantity
q,, was defined as the asymptotic expansion of two small
parameters ¢ and p while neglecting the members &3, £2f and
the members of higher orders:

@ =(q0+B-0,)+(Gy+B-7,)- e+ g, € +... an

The asymptotic formula for the “perturbed” order quan-
tity takes the form:

1+2.¢ Bsinﬂ—
. 2C,S 2 2 (8)
opt
h . nn n(n-2) ,
——e-Bsin—+ €
2 8

As can be seen from formula (18), the “perturbed” order

quantity differs from Wilson’s formula (1) in the multiplier:
(n=2

%E'BSinM+M'S2J’

2 2 2 8

(1+£-e—lﬁsinﬂ—
2

Depending on the value of the sine function, the value
of the order quantity will undergo periodic changes in the
direction of increase or decrease relative to the value given
by Wilson’s formula (1).

Fig. 4 shows the deviation of the “perturbed” order quan-
tity from the economic one under the condition of a gradual
increase in the order fulfillment costs and insignificant fluc-
tuations in demand (while fixing the amplitude of demand
fluctuation f=0.02).

1,13
. 1,08 - T 001
& - &=0.
*\U - // .
103 - —#-¢=0.015
’ ' £=0.02
0,98 T
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Fig. 4. Sensitivity of deviation of the perturbed order
quantity from the optimal one (g* / gy to a gradual increase
in the order fulfillment costs depending on the period n at
insignificant demand fluctuations

As can be seen in Fig. 4, the increase in the order ful-
fillment cost and insignificant demand fluctuations cause
fluctuations in the order quantity. Moreover, the larger the
value of the perturbation parameter ¢, the more significant is

a deviation from the economic size of the order calculated by
formula (1). For example, the deviation of the order quantity
from the optimal one is +6.4 % at €=0.015 in the 7th period
and this deviation is as high as +8.24 % at £=0.02.

Fig. 5 shows sensitivity of the economic order quantity
to the amplitude of demand fluctuations at fixed rates of
growth of the order fulfillment costs (¢=0.01 was recorded
in Fig. 5).

1,07 ,
‘
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B i ——(=0.01
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» -
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0,99 1
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Fig. 5. Sensitivity of the order quantity (§* / gqps) to the
amplitude of demand fluctuations depending on the period n
at fixed rates of growth of the order fulfillment costs

Fig. 5 shows that provided the parameter ¢ is fixed,
an increase in the amplitude of the demand fluctuations
leads to an increase in the order quantity in odd periods
n=3, 7, 11,.... On the contrary, in odd periods n=5, 9,..., it
decreases depending on the form of the function chosen for
the demand approximation. Therefore, the company’s man-
agement must take these fluctuations into account when
deciding on an order.

Let us consider, for example, period 3 when the order
fulfillment costs increase by 1 % (¢=0.01) and the amplitude
of demand fluctuations is 1.5 % (p=0.015). The “perturbed”
order quantity increases by 2.26 % compared to the econom-
ic order quantity and the deviation will be +6.4 % in the
11th period under these conditions. However, if the order is
fulfilled in the 5th period, the deviation will decrease.

Fig. 6 shows the sensitivity of deviation of the order
quantity to the gradual increase in the order fulfillment
costs at insignificant demand fluctuations. To build the
graph, it is necessary to fix the amplitude of demand fluctu-
ations (the value of parameter f=0.015) and change ¢ in the
range from 0 to 0.02 (the rate of change of the order fulfill-
ment costs does not exceed 2 %).

1,120 —— e

Fig. 6. Sensitivity of deviation of the order quantity to the
gradual increase in the order fulfillment costs (€) in periods n
at insignificant demand fluctuation amplitude

Fig. 7 shows the dependence of deviation of the order
quantity on the amplitude of demand fluctuations at an
insignificant increase in the order fulfillment costs. To build
a graph, fix €=0.01 (growth rates for the order fulfillment
are 1 %) and change B, i. e. the amplitude of demand fluctu-
ations from 0 to 0.2.



Fig. 7. Sensitivity of deviation of the order quantity to the
amplitude of demand fluctuations (B) at a slight increase in
the order fulfillment costs in periods n

Thus, Fig. 6,7 make it possible to visually assess the
nature of the dependence of deviation of the “perturbed”
order quantity from the optimal one calculated from Wil-
son’s formula.

5. Discussion of the results of optimization of
the inventory management model using the perturbation
methods

The proposed asymptotic approach to the development
of the inventory management model using perturbation
methods makes it possible to find a solution to the problem in
a small range of the input parameter variation. This signifi-
cantly expands the field of application of the EOQ model. A
small parameter in the problem of finding the optimal order
size can be understood as the percentage rate of growth of
the storage and order fulfillment costs, the amplitude of de-
mand fluctuations, and other factors.

In this study, the range from 0 to 0.025 (that is, 0-2.5 %)
was adopted as the range of variation of the small parameter
¢ which characterizes rates of growth of the order fulfillment
costs. The range from 0 to 0.2 (that is, 0-20 %) was chosen
as the range of variation of the parameter B which deter-
mines the rate of growth of the storage costs. Such values of
parameters are determined by the specificity of each of them.
The parameter B takes values larger than the parameter ¢ due
to a significant increase in utility costs (water, electricity,
heating, etc.). However, since members of the order of small-
ness greater than &2 and B? were neglected during the model
construction, the calculation error is insignificant from the
economic point of view.

The derived formulas of the EOQ model contain param-
eters n and m which describe the dependence of the inven-
tory storage and order fulfillment costs. They characterize
the intervals of changes in the inventory storage costs (m)
and changes in the order fulfillment costs (n). In practice,
the change in the storage costs is delayed compared to the
change in the order fulfillment costs, so the relationship
between parameters 7 and m can be expressed using a math-
ematical function of the integer part of the number y=|[x].

Analytical solution of the problem of determining the
EOQ under the condition of a discrete increase in the order

fulfillment costs was obtained in the form of a one-parame-
ter formula (10). According to it, formula (12) was derived
for calculating the total costs of the order fulfillment and
the inventory storage. The application of formula (10) in-
stead of Wilson’s formula (1) reduces the company’s overall
costs (12). Evaluation of the sensitivity of the EOQ model
has shown that the relative deviation of the optimal order
quantity (Fig. 1) at insignificant changes of the order fulfill-
ment costs varied from 1 % to 15 % depending on the period.

An asymptotic solution of the problem of determining
the EOQ under the condition of variation of the order ful-
fillment and inventory storage costs was obtained using the
perturbation method in the form of a two-parameter formu-
la (14) which reduces total costs (16) of the company in this
case. The study of the sensitivity of the order quantity to the
changes in the order fulfillment and the inventory storage
costs (Fig. 2, 3) has found that it depends on the periods of
change in the input parameters and the percentage change
in the corresponding costs. Calculation of deviation of the
order quantity according to formula (14) relative to Wilson’s
formula (1) (Tables 2, 3) at different values of input param-
eters has shown a multidirectional dynamics. For example,
the deviation can range from +3 % to —16 % for respective
periods.

The solution of the EOQ problem under the condition
of growing costs of order fulfillment and periodic fluctua-
tions in demand for the proposed products was obtained in
the form of formula (18). The nature of the dependence of
deviation of the order quantity on the increase in the order
fulfillment costs at minor demand fluctuations is shown in
Fig. 6. Changes in the optimal order quantity from —1 %
to +12 % occur with an increase in the order fulfillment
costs. Dependence of deviation of the perturbed order
quantity on the amplitude of the demand fluctuations with
increasing costs of the order fulfillment (Fig. 7) is multidi-
rectional. The nature of changes depends on the period. For
example, the minimum order quantities were in periods 1, 5,
9 and maximum order quantities were in periods 3, 7, 11. The
order quantity varied from —10 % to +15 %.

However, the use of selected forms of functional depen-
dence of the order fulfillment and the inventory storage costs
as well as demand for the company’s products.is a limitation
inherent in this study.

The obtained one-parameter and two-parameter solu-
tions of the EOQ model are of practical significance as
analytical asymptotic formulas are convenient for analysis
and use by company managers. They can be used in further
studies provided that the nature of cost variation changes.

The total costs corresponding to the order quantity
obtained from the asymptotic formulas in this paper did
not differ significantly from those that correspond to the
order quantity of the classical EOQ model. However, cost
reduction can be significant in the scale of general enterprise
procurement.

In contrast to [4-7], the proposed method of “pertur-
bations” applied to the model of inventory management is
the development of analytical tools for procurement man-
agement and inventory logistics. In particular, the proposed
asymptotic formulas make it possible to model the inventory
management system of the enterprise under the condition
of variable order fulfillment and inventory storage costs, as
well as take into account fluctuations in demand for goods
and services offered by the company in the market. The
available user-friendly model that takes into account chang-



es in demand and costs makes it possible to introduce timely
adjustments to the procurement process of the enterprise,
minimize overall costs and improve the company’s competi-
tiveness in the market.

The prospects for further studies are connected with the
adaptation of the method of “perturbations” to other logis-
tics models in which the small parameters having economic
significance can be identified. In addition, it is advisable to
develop analytical asymptotic models for managing logistic
processes in the case of variable input parameters of the sys-
tem. In particular, the method of “perturbations” can be ap-
plied to the construction of a model of multi-item deliveries
under the condition of variable system parameters.

6. Conclusions

1. Based on the method of perturbations, an asymptotic
formula was derived to determine economic order quantity
on conditions that there is a small discrete increase in order
fulfillment costs. This formula contains a small parameter
that characterizes variation of the order fulfillment costs
depending on periods. It is easy to use and it enables ob-
taining refined values of the order quantities and total costs
which allows the company’s management to optimize logistic
processes. Deviation of the disturbed order quantities was in
the range from 1 % to 15 % depending on the period. Com-
parative analysis of total costs calculated using the Wilson
formula and the asymptotic formula has made it possible to
state that taking into account changes in order quantities
corresponding to the perturbed order quantity leads to a
decrease in total logistic expenditures of the company.

2. A two-parameter inventory management model was
constructed. It takes into account both minor changes in or-

der fulfillment and inventory storage costs. Asymptotic for-
mulas with two small parameters were derived to determine
the optimal order quantity and total costs corresponding to
the order quantity determined by Wilson’s formula (1) and
the perturbed quantity. The study of the nature of deviation
of the “perturbed” order quantity from the economic one
under different conditions of gradual increase in the order
fulfillment and the inventory storage costs has shown that
it is mostly linear due to the small input parameters of the
model. Deviation of the disturbed order quantities was in
a range from +3 % to —16 % for the corresponding periods.

3. A two-parameter model was obtained taking into
account the discrete increase in the order fulfillment costs
and the periodic nature of fluctuation of demand for the
proposed products under the condition of minor expenditure
changes. It contains two small parameters characterizing
the percentage change in the order fulfillment costs and
the amplitude of fluctuations in the demand for products.
The sensitivity of deviation of the perturbed order quantity
from the optimal one at a gradual increase in the order ful-
fillment costs depending on the period with minor demand
fluctuations was from —2 % to +13 %. Percentage deviation
of the order quantity from the optimal one depending on
the amplitude of demand fluctuations and the period n at
a fixed rate of growth of the order fulfillment costs was
from —1 % to +6.5 %. According to the study results, the
rate of growth of the order fulfillment costs has a greater
impact on the optimal order size than the amplitude of fluctua-
tions in the demand for products which are small parameters of
the constructed model. This model is of practical importance
for the company’s management because, in addition to changes
in the order fulfillment and the inventory storage costs, de-
mand for the company’s products may also fluctuate because of
the changes in various internal and external factors.
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