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1. Introduction

One of the current trends in the development of science 
and technology is expanding the scope of the practical ap-
plication of linear electric generators of various types and 
purposes. For example, “green” power engineering in which 
a linear electric generator is used to convert the energy of 
sea waves is one of the areas of application [1]. Coupled with 
an internal combustion engine, a linear electric generator 
forms an energy system of various autonomous objects [2]. 
The advantages of this arrangement in the power plant 
configuration [3] include compact design, simplification of 
the mechanical part of the system, and its higher reliability 
due to exclusion of crank elements, etc. The choice of design 
options of the linear electric generator itself is possible. Its 
operation is based on inducing electromotive force (EMF) 
in windings during their displacement relative to the in-
ductor [4]. In one embodiment, a fixed stator is used with a 

reciprocating inductor. In another case, windings move with 
a stationary inductor. Besides, a design option is possible 
with counter-moving windings and the inductor. Regardless 
of the electric generator purpose, modeling of the process of 
converting mechanical energy into electrical energy remains 
a difficult task even with a simplified form of impelling peri-
odic mechanical motion [5]. This work is devoted to study-
ing the magnetically active part of a linear electric generator 
in order to develop and experimentally verify an analytical 
model for the initial calculation of its main parameters.

2. Literature review and problem statement

A free-piston engine generator is an energy conversion 
device that combines an internal combustion engine and 
a linear electric machine. A chronological overview of its 
design options used is presented in [6]. Starting from the 
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В автономних системах, що потребують компакт-
ного джерела електроенергiї, а також при необхiдностi 
спрощення механiзмiв конструкцiї енергосистем, все 
бiльш широке застосування знаходять лiнiйнi електро-
генератори. Для дослiдження характеристик лiнiйного 
електрогенератора запропонована аналiтична модель 
його магнiтоактивної частини. В основу моделi покла-
дено припущення про перiодичнiсть лiнiйного посту-
пального руху якоря вiдносно нерухомої цилiндричної 
обмотки. На основi уявлення магнiтного поля, яке ство-
рює якiр електрогенератора, цилiндричними гармонiка-
ми скалярного потенцiалу, проведено аналiз магнiт-
ного потоку, створюваного iндуктором, конструкцiя 
якого мiстить кiлька попарно-протилежно орiєнтова-
них цилiндричних постiйних магнiтiв. Використання 
уявлень на основi цилiндричних гармонiк для магнiтно-
го потоку i ЕРС, яка наводяться в круговому контурi, 
дозволило обґрунтувати рацiональну кiлькiсть цилiн-
дричних магнiтiв якоря i їх геометричнi параметри. 
Проведено оцiнку втрат, викликаних технологiчною 
необхiднiстю застосування замiсть суцiльних цилiн-
дричних магнiтiв кiльцеподiбних, з тими ж габарит-
ними розмiрами. Проведено аналiз втрат магнiтного 
потокозчеплення зi струмовою обмоткою, що виника-
ють у зв'язку з наявнiстю технологiчно необхiдного 
зазору мiж постiйними магнiтами i секцiями обмот-
ки. Проведено аналiз розташування i комутацiї секцiй 
обмоток, що дозволило обґрунтувати вибiр рацiональ-
ного розмiру в поперечному перерiзу. Для експеримен-
тальної перевiрки аналiтично отриманих результатiв 
була створена фiзична модель лiнiйного електроге-
нератора з якорем, що мiстить постiйнi цилiндричнi 
магнiти, поступальний перiодичне рух якого забезпечу-
валося зовнiшнiм електроприводом. Аналiз зафiксова-
них за допомогою цифрового осцилографа залежностей 
ЕРС з невеликою (5 %) похибкою пiдтвердив отри-
манi аналiтичнi результати i коректнiсть покладених 
в основу моделi положень 
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цилiндрична гармонiка
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middle of the last century, such energy sources were mainly 
used as air compressors and gas generators since, at that 
time, they provided advantages over conventional internal 
combustion engines and gas turbines. The efficiency of 
present-day free-piston engine generators is estimated up 
to 46 % at a power level of 23 kW [7]. Although prototypes 
show promising results in terms of engine performance and 
emissions, losses from friction and compression are still quite 
large. In recent years, a concept has been proposed for the 
use of a free-piston engine generator in the production of 
electric and hydraulic energy, mainly in hybrid electric vehi-
cles [8]. However, most of the described prototypes based on 
such a concept have not been commercially successful.

As shown in [9], in the case of using one combustion 
chamber, to ensure the mechanical balancing of the system, 
it is necessary to use a shock absorber. This worsens the 
mass-dimensional indicators of the device. In addition, the 
generator itself must be used as a linear motor [10] which 
further complicates control of the engine-generator system. 
The design of the engine-generator based on two pistons is 
the most popular option for study [11]. This arrangement 
makes it possible to use a common moving part, namely, the 
magnet armature of the linear generator. In this case, the 
armature is mounted on a common rod with pistons at each 
end in two oppositely directed combustion chambers [12]. 
This arrangement eliminates the need for a rebounce device 
since the combustion force in one drives the piston assembly 
to overcome compression pressure in the other cylinder. This 
makes it possible to obtain a compact device with a higher 
power to weight ratio. Total efficiency with this device 
design is about 50 % taking into consideration the thermal 
efficiency of the engine of 56 % and the efficiency of the gen-
erator of 96 % [13]. These studies are mainly focused on the 
optimization of engine parameters. However, no issues of the 
optimal operating mode and the corresponding design of the 
electric generator were examined.

A general requirement for various design options of a 
linear electric generator is the principle of creating maxi-
mum EMF (electric power) at a limited amplitude of recip-
rocal motion [14]. To increase the magnetic flux generated by 
the inductor and, accordingly, the EMF, permanent NdFeB 
magnets with a high value of residual induction are used in 
designing the generator armature. A complete calculation 
of parameters of such an electromechanical system is rather 
complicated [15] even after the introduction of additional 
simplifications for the expressions describing reciprocal 
motion and influence of the load current on it. Therefore, 
when modeling power plants with a linear electric generator, 
individual models for mechanical and electromagnetic sub-
systems are usually constructed.

As is known, analytical models have the widest possibili-
ties in terms of analysis of the design and optimization of its 
parameters. The main difficulty in constructing analytical 
models of the electric generator is the search for an exact 
mathematical representation of the magnetic field of the 
magnetically active part of the generator. This is because of 
the fact that in the case of using a large number of simplifi-
cations in the description of the magnetic field and (or) the 
generator design, the issue of the model adequacy gets more 
acute [4]. Therefore, the representation of the magnetic field 
of the magnetically active part of the linear generator was 
chosen in the study as one of the possible ways of construct-
ing its analytical model based on the cylindrical harmonic 
analysis.

3. The aim and objectives of the study

The study objective is to construct and experimentally 
verify the analytical model of a linear electric generator for 
the initial calculation of the main parameters of its magnet-
ically active part. The model must provide a solution to the 
problem of optimizing the design of a linear electric genera-
tor by analytical calculation of geometric parameters of the 
permanent magnets and current windings.

To achieve this objective, the following tasks must be 
solved:

– to conduct a cylindrical harmonic analysis of the mag-
netic field of longitudinally moving permanent magnets of a 
cylindrical shape;

– to obtain direct expressions of magnetic flux gener-
ated by a set of coaxially arranged cylindrical magnets in 
a current winding of a simplified model of a linear electric 
generator;

– to verify the obtained expressions by comparing with 
the results of the analytical calculation of EMF induced in 
the current winding and oscillograms recorded applying the 
constructed physical model of a linear electric generator.

4. The materials and methods used in the study of a linear 
electric generator with permanent magnets

The study considered a linear electric generator in which 
armature is a moving part containing cylindrical permanent 
magnets of radius R. To carry out a cylindrical harmonic 
analysis of the magnetic field of the magnetically active part 
of the generator, the following simplifications and assump-
tions were made.

Assume that an armature with magnets moves along 
the axial axis z of the fixed winding according to a sinu-
soidal law:

( ) ( )sin ,z t t= ω 		  (1)

where ℓ is the amplitude of periodic translational motion (m);  
ω is the cyclic frequency (s-1); t is the time (s).

In this case, independence of the EMF induced in the 
stationary winding is assumed to depend on the current val-
ue in it. To simplify the model, the elements of the magnetic 
conductor that do not create magnetic flux but participate in 
its redistribution are not taken into consideration. Besides, 
contributions to the magnetic flux from non-magnetic struc-
tural elements and the motor remote from the windings are 
not taken into consideration.

5. The results obtained in the study of a magnetically 
active part of the linear electric generator

5. 1. Cylindrical harmonic analysis of the magnetic 
field of the permanent armature magnets

First, let us consider the magnetic flux Φ(z) created by 
one cylindrical magnet in an axially positioned thin con-
ducting circular circuit of radius r as a function of a coor-
dinate z of the position of the magnet center relative to the 
circuit center. For a cylindrical magnet with height h, the 
range of movement of the end faces relative to the centrally 
located conducting circuit will be ±(ℓ+h/2) (Fig. 1). Use the 
following expressions for cylindrical harmonics of the scalar 
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potential of a cylindrical permanent magnet as a theoretical 
basis for the description of its magnetic field [16–20]:

‒ inside the cylinder (|z|≤h/2, ρ≤R):

( ) ( )1 1 0
0

2 1
sin sin d ;

2
R h

U J z K R I z
∞ 

= − λ λρ λ λ λ p λ ∫ 	 (2)

‒ outside the cylinder (|z|≥h/2, ρ≤R):

( ) ( )1 1 0
0

2 1
sin sin d ;

2
JR h

U K R I z
∞

= − λ λρ λ λ λ
p λ∫ 	 (3)

– at ρ>R:

( ) ( )2 1 0
0

2 1
sin sin d ,

2
JR h

U I R K z
∞

= λ λρ λ λ λ
p λ∫ 	  (4)

where J is the residual magnetization (A/m); In, Kn are the 
modified Bessel functions; ρ, z are the cylindrical coordi-
nates of the magnetic field observation point.

The following formula for functional dependence of the 
magnetic flux on time can be obtained by calculating mag-
netic induction [17] using (2) to (4) and performing integra-
tion over the circuit area:

( ) ( ) ( )( )
∞

= µ ×

 × λ λ × λ λ λ  λ∫

0

1 1
0

( ) 4

1
sin cos d .

2

Ф t rJR

h
K r I R z t 	 (5)

An example of such a dependence (5) on time taken as 
a half-period (phase span from –p/2 to +p/2) is shown in 
Fig. 1 by a dashed line. For this example, the following values 
were used as the initial calculation data: J=1.09·106 А/m, 
ℓ=0.02 m, h=0.02 m, ω=2p·16 s-1, r=0.026 m. In order to use 
the common scale of the abscissa axis for movement and 
time, a linear coefficient of time recalculation (4/p) was 
introduced in Fig. 1. Comparing the dashed graph and the 
dot graph for the dependence of Ф on the z coordinate, 
it can be pointed out that nonlinearity of the armature 
movement in time does not change the maximum value 
of magnetic flux in the circuit. Besides, it follows from 
the form of dependence of Ф on the coordinate that the 
greatest steepness of the magnetic flux function corre-
sponds to positions of the end faces inside the circuit 
plane (corresponding points on the graphs z=±0.01 m  
and 4t/p»±0.0066 s).

Fig. 1. The behavior of magnetic flux in a circular circuit when 
a permanent cylindrical magnet is moving through it

A graph constructed for the time dependence of the EMF 
E induced in a circular circuit based on the following formu-
la is shown in Fig. 2.

( ) ( )

( ) ( ) ( )( )
0

1 1
0

4 cos

sin sin sin d .
2

E t rJR t

h
K r I R t

∞

= µ ω ω ×

 × λ λ λ λ ω λ  ∫



 	  (6)

The functional dependence of EMF on time (6) has 
two peaks of the same amplitude but opposite in sign 
corresponding to the moments when the end faces of the 
magnet cross the circuit plane. In other magnet positions, 
the amplitude of the induced EMF is 3 to 5 times smaller. 
It is zero when centers of the circuit and the cylindrical 
magnet coincide.

Fig. 2. EMF induced in a circular circuit during periodic 
translational movement of a permanent magnet

Thus, to generate more energy (to create more EMF 
peaks) during the linear movement of the armature, it 
seems rational to use several short magnets instead of one 
long magnet. In this case, poles of the magnets should be 
oriented pairwise opposite to provide an increase in the 
number of EMF peaks with the same movement of the 
armature. According to dependence (6), this change in 
geometric parameters (length reduction) should change 
the amplitude magnitude of the EMF peak. However, the 
number of short magnets can be chosen so that the change 
in amplitude of the EMF peak is insignificant, for example, 
less than 10 % as for the case with three magnets (solid line 
in Fig. 3).

Fig. 3. The behavior of the EMF in a circular circuit at various 
values of height of the moving cylindrical magnet

In addition, a decrease in the magnitude of the EMF 
amplitude can be compensated by a small increase in the 
diameter of cylindrical magnets. According to the graph 
shown in Fig. 4, the dependence of the magnitude of the 
EMF peak E(t) on radius R of cylindrical magnets is almost 
linear (as before, consider it equal to r, the radius of the 
conducting circular circuit). A more important factor that 

  

0.02 0.015 0.01 0.005 0 0.005 0.01 0.015 0.024 10 4

6 10 4

8 10 4

0.001

0.0012

0.0014

0.0016 

Ф(z), Ф(t); Wb 

z, m; 4t/, s 

 

0.02 0.015 0.01 0.005 0 0.005 0.01 0.015 0.020.4

0.3

0.2

0.1

0

0.1

0.2

0.3

0.4 
E(t), V 

4t/, s 

 

 

0.02 0.015 0.01 0.005 0 0.005 0.01 0.015 0.020.4

0.3

0.2

0.1

0

0.1

0.2

0.3

0.4
E(t), V 

4t/, s 
 



33

Applied physics

significantly reduces the amplitude of the peaks when using 
an armature with several magnets is constituted by their 
mutual negative effect on the induced magnetic flux since 
the pole orientation of the magnets and the corresponding 
contributions to the magnetic flux of two adjacent magnets 
are opposite.

Fig. 4. Dependence of the maximum EMF value on radius of 
the moving cylindrical magnet

An example of such a decrease in amplitude of the mag-
netic flux induced in a circular circuit by four axially ar-
ranged cylindrical magnets is shown in Fig. 5. The formula 
for calculating the total magnetic flux ФS can be obtained 
on the basis of (5) in a form of a sum of magnetic fluxes in-
duced by four oppositely oriented magnets moved 
along the axis:

( ) ( )( ) ( )( )
( )( ) ( )( )

1 2

3 4 ,

t s z t s z t

s z t s z t

SΦ = Φ + − Φ + +

+Φ + − Φ +  	 (7)

where s1, s2, s3, s4 are displacements of initial 
positions of the corresponding magnet center 
relative to the circular circuit center. For Fig. 5, 
the displacement values are equal to 0 m, 0.02 m, 
0.04 m, 0.06 m.

The following conclusion can be drawn from a 
comparison of the magnetic flux maxima in Fig. 1 
(one magnet) and in Fig. 5 (total ФS of the four 
magnets). The smallest amplitude of the magnetic 
flux peaks is characteristic of the position of two 
middle magnets in the circular circuit center since 
two adjacent magnets have opposite poles for each 
of them. On the other hand, the magnetic flux gen-
erated by the outermost magnets actually reduces 
that of only one adjacent magnet, so when their 
center coincides with the circular circuit center, 
the flux amplitude turns out to be larger. By taking the 
time derivative of the dependence of the total magnetic flux 
in (7), a typical dependence of EMF E(t) can be obtained. 
For the case of the initial position of the first magnet in the 
plane of the circular circuit, a graph of the EMF induced 
by movement of the four magnets is shown in Fig. 6, 7.

The time interval from 0 s to 0.015 s in the graph of 
Fig. 6 corresponds to movement from the first magnet 
center to the second magnet center. The subsequent time 
interval from 0.015 s to 0.03 s corresponds to move-
ment from the second magnet center to the first magnet 
center. The final time interval from 0.03 s to 0.06 s 
corresponds to moving away (up to 0.045 s) and the 
subsequent approach of the four magnets to the circular  
circuit plane.

Fig. 5. The behavior of magnetic flux in a circular circuit 
during periodic movement of an armature of four magnets

Fig. 6. Calculated EMF in a circular circuit during periodic 
movement of the armature composed of four magnets

In practice, the use of continuous cylindrical magnets 
is limited by properties of mechanical strength of the mag-
netic materials used which provide a large value of residual 
magnetization. To increase strength, cylindrical annular 
permanent magnets are used in the armature design. They 
are mounted on a transporting steel rod having a small value 
of magnetic susceptibility. Therefore, in a first approxima-
tion, to simulate magnetic flux Фc of the annular cylindrical 
magnets with internal radius Rin, the difference of magnetic 
fluxes obtained from (5) can be used:

( )
( ) ( ) ( )

( )( )

∞  λ λ − λ × λ
Φ = µ

 × λ λ λ  

∫
1 1 1

0
0

1

4
sin cos d .

2

in in

c

K r RI R R I R
t rJ

h
z t

	  (8)
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Fig. 7. Photograph of the EMF oscillogram in a circular winding of one 
hundred turns during periodic movement of the armature composed of 

four magnets and a voltage divider 1 to 10 turned on
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The presence of a cylindrical cavity inside the magnet 
decreases the magnetic flux created by it and, accordingly, 
EMF in a circular conducting circuit. The relative decrease 
in the maximum magnetic flux of an annular magnet in com-
parison with a continuous cylindrical magnet of the same 
external diameter and height is shown in Fig. 8 for various 
diameter to height ratios.

Fig. 8. Dependence of magnetic flux in a circular circuit on 
an increase in the internal radius of the annular cylindrical 

magnet

In Fig. 8, ratios of the cylindrical magnet height to its 
outside diameter are as follows: 1 to 20 for the dashed line; 
1 to 10 for the dotted line; 1 to 5 for the solid line. It follows 
from an analysis of the three graphs in Fig. 8 that when in-
side radius Rin=0.4 R, the difference between the magnetic 
flux generated by the annular magnet and that of the con-
tinuous cylindrical magnet of the same diameter does not 
exceed 10 %.

5. 2. Analysis of magnetic flux coupled to the current 
winding

The fundamental difference between geometrical pa-
rameters of an actual circular current winding of a linear 
electric generator and that of the considered circular cir-
cuit consists in presence of a gap between the permanent 
magnets and the winding. Presence of the gap technolog-
ically necessary to ensure movement of the armature and 
laying the winding turns (a larger radius of the winding 
turns compared to the magnet radius) results in a partial 
flux closure inside the winding. This leads to a decrease 
in the total magnetic flux linkage created by the magnets 
with windings. In particular, based on (5), graphs of the 
dependence of relative decrease in the magnetic flux gen-
erated by one centrally positioned magnet on the relative 
increase in the radius of the circular circuit can be con-
structed for one turn of radius r (Fig. 9).

Fig. 9. Dependence of the relative loss of magnetic flux on an 
increase in the radius of a circular circuit

As follows from the graph shown in Fig. 9 by a dashed line, 
when the ratio of the magnet diameter to its height is 20 to 1 
and the gap is 3 % of the magnet radius, the magnitude of the 
magnetic flux coupled to the circular circuit will decrease by 
20 % relative to its maximum possible value. The same de-
crease in magnetic flux when the ratio of the magnet diameter 
to its height is 10 to 1 (a dotted line) was observed with a 
gap of 6 % of the magnet radius. Analysis of the graph shown  
in Fig. 9 by the solid line constructed for the 5 to 1 ratio of  
the magnet diameter to its height shows a 20 % relative de-
crease in magnetic flux at a gap of 11 % of the magnet radius.

Similar to the case with a circular circuit, the presence 
of a gap between the actual winding and the magnets will 
lead to a significant decrease in the magnetic flux coupled 
to a multi-turn winding. In addition, it is obvious that with 
an increase in the outside diameter of the winding, the aver-
age value of magnetic flux in its turns will decrease as well. 
Therefore, the radial size of the winding (Dr=rout–rin is the 
difference between its external and internal radii) should 
be limited proceeding from an analysis of the increase in 
relative losses of the magnetic flux with an increase in the 
winding radius. In a complete analogy with Fig. 9, Fig. 10 
shows a reduction of the average value of the magnetic flux 
coupled to a flat disk-shaped winding. The decrease in mag-
netic flux is shown as a function of the relative outside radius 
of the winding at an inside radius rin of 107 % relative to the 
permanent magnet radius R.

Fig. 10. Dependence of the relative decrease in magnetic flux 
with an increase in the relative outside radius of the winding

It follows from an analysis of the three dependences of the 
magnetic flux losses shown in Fig. 10 that a decrease in rela-
tive thickness of the magnet by half leads to a 10 % increase in 
flux linkage losses. A further four-fold decrease in thickness 
leads to a 20 % increase in losses. Moreover, the increase in 
the flux linkage loss with growth of outside winding radius is 
almost independent of the relative thickness of the permanent 
magnet. The graphs in Fig. 10 substantiate the need for a mag-
netic conductor enveloping the winding to reduce the level of 
flux linkage losses. This is especially true for thin cylindrical 
magnets with a diameter to height ratio of 10 to 1 or more.

Another limitation imposed on the geometry of the cy-
lindrical winding is associated with a change in the initial 
EMF phase in the coil turns with different longitudinal 
coordinates. The difference in initial phases of the EMF 
induced in longitudinally laid turns is determined by the dif-
ference in distance between the turns and the magnets with 
a translational nature of the armature movement according 
to (1) and (6). The difference in the geometric position of 
turns leads to a difference in instantaneous values of the 
magnetic flux and initial phases of the EMF in them, and, 
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as a result, to a decrease in the total EMF of the winding. 
Therefore, it is advisable to limit the longitudinal size of the 
winding in such a way as to minimize the spread of initial 
phases of its outermost turns. For example, the longitudinal 
size of the winding can be limited to a value equal to the 
height of cylindrical magnets. Then the typical spread of ini-
tial phases of the EMF induced in opposite outermost turns 
of the winding will lead to a 20 % decrease in the total EMF 
amplitude compared to the doubled amplitude of the EMF 
in a turn (Fig. 11). Fig. 11, 12 show calculated and experi-
mental time dependences of the instantaneous EMF value. 
Also, the dashed and dotted lines in Fig. 11 show the EMF 
induced in each of two identical circular turns positioned 
axially at a distance equal to the height of the cylindrical 
armature magnets. The total EMF of two turns spaced by 
5 mm is shown by the solid line in Fig. 11.

Fig. 11. Time dependence of the EMF at various initial 
positions of the circular circuit

When observing the total EMF induced in the cylindri-
cal winding and that shown in Fig. 11, 12, closeness of its 
shape to a sinusoidal dependence can be seen. To increase the 
generated power, such windings (sections) should be located 
above each cylindrical armature magnet and in its middle po-
sition and switched in series opposing to each other. Then the 
problem of calculating the total EMF of the generator will be 
reduced to multiplying the number of such winding sections 
by the calculated value of the EMF induced by one section.

5. 3. Verification of the obtained expressions using 
the constructed physical model of a linear electric gen-
erator

To verify the adequacy of the proposed analytical 
model of the magnetically active part of a linear electric 
generator, a physical model was constructed and studied. 
Its appearance is shown in Fig. 13. To ensure periodic 
translational movement of armature 1 relative to winding 
2 on stationary cylinder 3, electric motor 4 was used with 
flywheel 5 to which connecting rod 6 was eccentrically 
attached. During rotation of the flywheel, a periodic 
translational movement with an amplitude of 0.02 m and 
a frequency of 16 Hz was transmitted to shaft 7. Thus, the 
law of periodic movement of the armature was ensured 
according to (1).

Fig. 13. General view of the physical model: 	
1 - magnets; 2 – winding; 3 – bearing cylinder; 4 – electric 

motor; 5 – flywheel; 6 – connecting rod; 7 – shaft

Four permanent annular cylindrical magnets with a 
height h=0.007 m, outside and inside radii R=0.026 m and 
Rin=0.01 m, respectively, were used in the constructed physi-
cal model. According to Fig. 14, the distance between centers 

of the axially arranged magnets was equal to the 
amplitude of periodic motion of 0.02 m. A 0.005 m 
dia. winding containing 100 turns was mounted 
on a 0.06 m dia. bearing cylinder so that its center 
coincided with the center of one of the perma-
nent armature magnets. To record instantaneous 
values of the EMF generated in the winding, a  
RIGOL DS1000B digital oscilloscope was used.

Typical screenshots of oscillograms obtained 
in experiments with a physical model are shown 
in Fig. 7, 12. For direct quantitative comparison of 
the oscillograms with the calculated dependences, 
it should be taken into consideration that the 
experimental data were obtained for a winding 
of one hundred turns with the voltage divider 1 
to 10 turned on. Therefore, to obtain the EMF 
induced in one averaged winding turn, the mea-
sured voltage should be divided by 10. Whence it 
follows that magnitude of the peak EMF induced 
in one averaged winding turn is (4.3/2)×(400/2)= 
=430 mV (Fig. 7) and 1.4/2=0.7 V for the oscilla-
tion amplitude (Fig. 12).

Fig. 14. Arrangement of permanent magnets 1 of 	
the armature relative to winding 2
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6. Discussion of the results obtained from constructing an 
analytical model of a linear electric generator

Thus, based on the proposed analytical model, initial 
values of geometric parameters of the current winding can 
be calculated, and then the number of the winding turns 
is calculated based on its specified impedance. Next, based  
on (6), one can obtain the value of the EMF induced in each 
section of a cylindrical winding of a linear electric generator 
and calculate the generated electric power which is propor-
tional to the square of the frequency of periodic translational 
movement of the armature. At a periodic law of motion of the 
armature (1), the generated electric power quadratically in-
creases with increasing amplitude of displacement ℓ. In other 
words, with an increase in the armature stroke length by a 
factor of two, power will increase by a factor of four. A simi-
lar increase in power will be with an increase in the number 
of cylindrical magnets (while maintaining the longitudinal 
size of the armature).

To plot graphs and calculate values of the integrals in ex-
pressions containing modified Bessel functions, specialized 
mathematical software package MathCAD16 was used. In 
this case, the property of fast decay of the Bessel functions 
was used to calculate the integrals from (5) to (7) in which 
the infinite upper limit was replaced by a finite number of 
the order of 103.

A comparison of the experimentally obtained oscillo-
grams with those calculated on the basis of the analytical 
model has shown their insignificant discrepancy. The dis-
crepancy in calculations is caused by the use of averaged 
coordinates of a single turn under an assumption of using a 
sufficiently thin winding and a scatter of residual magneti-
zation of permanent magnets.

The model features a field character as it is based on 
direct analytical expressions for the EMF in the current 
winding, which allows one to find rational values of design 
parameters of the magnetically active part of the electric 
generator. The use of cylindrical harmonic analysis of the 
magnetic field has made it possible to examine in detail the 
scatter fields which are usually neglected in other models. 
In particular, the model makes it possible to consider the 
relative loss of magnetic flux in the current winding as a 
quantitative criterion of effectiveness of the generator design 
option. In addition, based on the periodic law of armature 
movement, the model makes it possible to calculate time de-
pendence of the EMF induced in the current winding. This 
is important from the point of view of optimizing the use of 
generated electricity.

The model can be further refined by introducing in (6) 
to (8) integration (or summation) in terms of coordinates 
of all winding turns. It is also obvious that the model can 
be adapted for the case of a more complex law of periodic 
mechanical movement of the armature characteristic of a 
free-piston generator.

However, the preliminary nature of the analysis based on 
the presented simplified model of an electric generator with-
out a magnetic conductor should be taken into consideration. 
The complexity of the spatial distribution of the magnetic field 
of the magnetic conductor does not allow an analytical de-
scription without additional simplifications. Their introduc-
tion negatively affects the model accuracy. Therefore, it seems 
rational to use numerical models for the exact calculation of 
power produced by the generator with its structural parame-
ter values obtained using an analytical model.

7. Conclusions

1. As a result of a cylindrical harmonic analysis of the 
magnetic field created by permanent armature magnets, an 
analytical model of the magnetically active part of a linear 
electric generator was developed. It features the inclusion of 
losses in a form of scatter fields in the analysis of magnetic 
flux in the current winding as well as the possibility of rep-
resenting instantaneous EMF values in accordance with the 
law of mechanical movement of the armature.

2. Based on the mathematical apparatus of cylindrical 
harmonics of the scalar potential of the magnetic field, re-
lations were obtained for initial calculation and analysis of 
parameters of the armature and current winding of the elec-
tric generator. The relationships make it possible to search 
for the optimal design of the generator by the criterion of 
maximum efficiency of conversion of mechanical energy into 
an electrical one.

3. Using the constructed physical model of a linear elec-
tric generator, experimental studies were conducted. They 
have confirmed the adequacy of the proposed analytical 
model. Within the framework of the stipulated assumptions, 
the accuracy of the analytical model is limited by the scat-
tering of values of residual induction of the permanent mag-
nets. For permanent magnets from one batch, the relative 
difference in residual induction is within 5 %. Parameters 
of the magnetically active part of the armature calculated 
using the model are basic for subsequent analysis and cal-
culation of a magnetic conductor design for a linear electric 
generator.
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