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This paper reports a study aiming at 
devising a common procedure for determin­
ing the geometric parameters of tools’ cut­
ting part in the technological systems that 
involve machining by cutting. Underlying 
the development of this procedure is the 
generalized theory of determining geomet­
ric parameters on tools’ cutting blades.

The analysis of determining the geome­
try of tool cutting edges in different coordi­
nate systems has shown that the procedure 
used by a given theory depends on the type 
and design of tool cutting edges. In the pro­
cess of cutting, the geometric parameters of 
tools change along the cutting edges while 
existing ones do not fully take into account 
this phenomenon. This is because geomet­
ric parameters are determined in the kine­
matic system of coordinates.

Particularly important to meet these 
requirements is for the cutting process 
whose effectiveness depends significant­
ly on the accuracy in selecting methods for 
determining tool operational parameters. 

In this regard, the current work has 
devised and proposed a general procedure 
for determining the geometry of tool cutting 
edges, directly during its application in the 
kinematic system. The procedure is based 
on the consideration of the resulting speed, 
in the form of the vector amount of the main 
movement and the amount of movement of 
feeds, which can consider feeds specified 
by the system’s equipment.

This approach to the development of  
a general procedure ensures that the geo­
metry of the cutting part of a tool of any 
design is determined along its cutting edges 
during operation. 

The devised procedure has significant­
ly reduced the time of calculations and 
ensured the required geometric parameters 
of the cutting part of a groove cutter
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1. Introduction

The method of machining by cutting represents at the 
present stage of equipment development a complex tech-
nological system. This method of making parts of different 
shapes from different materials has become widespread among 

other shape formation methods. It is characterized by high 
precision and flexibility in industrial processes and enables 
the rapid transition the machining blanks of different shapes 
and sizes at the same equipment [1–4].

Underlying the technological systems involving machin-
ing by cutting are equipment and cutting tools. In addition to  
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the size and shape of the surfaces being machined, they deter-
mine their accuracy and quality, as well as a number of eco-
nomic indicators of the cutting process under consideration.

Modern technological systems are characterized by a high 
degree of versatility, which is achieved using multi-coordinate 
metal cutting equipment, automated control systems, and 
tools that enable this versatility. This, in turn, leads to an in-
crease in the support time of equipment installation and in the 
cost of tools, which is up to 10–15 % of the machining overall 
cost. At multi-spindle adjustments, as well as when using 
expensive tools – up to 50 % of the cost of machining [12, 13].

In a general case, the design of a tool is defined by its 
cutting part, which, first of all, depends on the material and 
its geometric parameters [5–7].

The choice of the brand of tool material is based on ma-
chining conditions, which are determined by the properties 
of the material being machined and the nature of the contact 
interaction between the tool and machined materials during 
cutting [8–10].

There are different requirements for the properties of tool 
materials. They include the high hardness of tool material, 
high strength, heat resistance, durability, manufacturability, 
and affordability. An important characteristic of tool material 
relative to the material being machined is its low physical 
and chemical activity [14, 15].

These requirements are met subject to the constant 
values of the cutting modes and the geometric parameters 
of tool cutting edges [16, 17]. Cutting modes are ensured 
by the brand of material, coating, and various technological 
methods that enhance their properties. 

Each brand of tool material, as well as methods that im-
prove their properties, are accompanied by the recommended 
scope of application. In addition, cutting modes and the geo-
metric parameters of cutting edges are recommended for each 
brand of tool material [18–21].

In machine building, many types of tools are used to ma-
chine blanks of various shapes. Their classification according 
to different attributes is set by different standards [22–24] 
and is given in the catalogs of tool manufacturers, each of 
which is characterized by its specific geometry.

Since the equipment for modern technological systems 
involving machining by cutting is multifunctional, some of 
the tool structural functions are implemented through its 
kinematics. However, the existing procedure for determining 
geometric parameters does not take that into account, which 
not only introduces errors into the calculations of their va
lues but also causes a decrease in the performance of the tool 
and a decrease in the efficiency of the cutting process. This 
hinders the development of new tool designs for multifunc-
tional technological systems. Therefore, it has become ne
cessary to consider features in the procedure of determining 
geometric parameters for the technological systems involving 
machining by cutting.

The relevance and practical significance of tackling this 
task are emphasized by the simplification of tool structure, 
the reduction of the cost of its design, manufacture, as well as 
the calculations of its geometric parameters.

2. Literature review and problem statement

The main provisions for determining geometric parameters 
are set out in the standards DSTU 2249-93, GOST 25762-83, 
ISO 3002/1-77.

Paper [25] proposes to calculate the geometric parame-
ters of the tool based on the calculation of static ones. This 
approach in determining the tool geometry in modern tech-
nological systems involving machining by cutting leads not 
only to an increase in the volume of calculations but also to 
certain errors since deciding on the depth of cut is subjective.

At the same time, it should be noted that the standards 
imply the determination of geometry in three coordinate sys-
tems; tool, static, and kinematic. The geometry in each system 
is determined relative to the planes oriented relative to the 
main or resulting movements. 

According to the standard, regardless of the coordinate 
system, there is a complete methodological identity in deter-
mining geometric parameters.

The authors of [26], based on the use of this identity, 
describe a theory of determining the geometric parameters 
of tool cutting edges in both static and kinematic coordinate 
systems. It is shown that the geometric parameters of the 
cutting part of the tool characterize the mutual arrangement 
of the front surface, the rear surface, and the cutting plane at 
the examined point of the cutting edge. 

But the issues related to determining the total depth of 
cut in complex technological systems remain unresolved.

A solution to remove the difficulty may be to determine 
the resulting cutting rate taking into account all the kine-
matic movements of the system. This is the approach used in 
work [28]; however, determining in such a way is of a particular 
nature; it is given for specific tools and requires further research.

The authors of [27] report a procedure of determining the 
static front and rear angles of the shaped tool with complex 
kinematics. They demonstrated determining the vector of the 
resulting cutting speed and the calculation of the geometric 
parameters of the shaped tool during its application. But the 
issues related to the design of the shaped tool, taking into ac-
count the implementation of kinematic movements, remained 
unresolved. Solving these issues would make it much easier to 
design the cutting tool [26].

The proposed solutions are not general and imply determin-
ing the geometry for each type and design of the tool. The geo-
metric parameters in the cited work were determined in the kine-
matic system using their values in the static coordinate system.

All this allows us to argue about the expediency of a study 
to devise a general procedure for determining the geometric 
parameters of the cutting part of tools based on the resulting 
cutting movement. Such a study, first of all, could form the pre-
requisites for designing new tool structures taking into account 
the modern equipment for the technological systems involving 
machining by cutting. The application of such a procedure, 
based on the current study would, in turn, help improve accu-
racy in determining the tool geometric parameters.

3. The aim and objectives of the study

The aim of this work is to improve accuracy in determining 
the geometry of tools and to simplify their designs based on the 
general procedure of determining the tool geometric parameters 
for the technological systems involving machining by cutting.

To accomplish the aim, the following tasks have been set:
– to investigate patterns in devising a general procedure 

for determining the geometric parameters of complex tech-
nological systems; 

– to design a tool structure using an example of groove 
cutters that cut teeth for circular cut-off saws.
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4. The study materials and methods 

Underlying the development of a procedure are the basic 
provisions in the theory of determining the tool geometric 
parameters, outlined in work [26]. 

Vector algebra methods have been applied to study pat-
terns in devising a general procedure for determining the 
geometric parameters of tools in the technological systems 
involving machining by cutting.

As already noted, the general procedure is based on  
a kinematic system of coordinates. Currently, the calcula-
tion of geometric parameters in this system is carried out 
in two stages – the static parameters are defined and, on 
their basis, kinematic. The sequence of their determining is  
shown in Fig. 1.

The initial data for calculating geometric parameters in 
the static and kinematic coordinate systems are:

– the shape of the front and rear surfaces; 
– the speed of main movement V and the speed of feed 

movement S; 
– the tool geometric parameters, the front angle gі, the 

rear angle αі, the inclination angle of the cutting edge l,  
the main angle in the plan j; 

– the shape of the cutting edge; 
– the angles that determine the direction of the main 

movement and the feed movement.
These initial data are considered to be known or can be 

determined on the basis of the shape of the cutting edge or 
the profile of the surface being machined. 

Since the kinematic coordinate system is based on the 
resulting movement and is more general in comparison with 
static, it makes it possible to take into account the versatility of 
modern technological systems. The standards DSTU 2249-93, 
GOST 25762-83, ISO 3002/1-77 set the geometric parameters 
for the cutting part as an integral element of the tool design, 
without which the cutting process is not feasible under the 
specified conditions. 

These standards are fully compatible with each other and 
specify the country or region of their validity. The standards 
describe a procedure for determining the geometric parameters 
of tools produced by different manufacturers in accordance 
with the standards or technical specifications on their design.

The standards for determining kinematic geometric para
meters are set relative to the planes defined by the direction of 
the resulting movement. According to the standard, regardless 
of the coordinate system, the planes Рγ and Рα are considered, 
respectively, tangential to the front and rear surfaces, as well as:

– Рs is the working plane, which hosts the speed of the 
main movement and the feed movement; 

– Рvk is the main plane, drawn through the examined 
point of the cutting edge, perpendicular to the speed of the 
resulting movement; 

– Рnk is the cutting plane, tangent to the cutting edge 
at the examined point and perpendicular to the main plane; 

– Рτk is the main secant plane, perpendicular to the line 
of intersection between the main plane and the cutting plane;

– РH is the normal secant plane perpendicular to the 
cutting edge.

Similarly, the values of the tool’s 
geometric parameters (static and ki-
nematic) are oriented. 

The existing theory to determine 
them provides for the relationship be-
tween the geometric parameters of the 
cutting part of the tool in the tool, 
static, and kinematic systems. This re-
lationship is executed through the an-
gle τn, located between the tool cutting 
plane and static plane, also between 
the static and kinematic, respectively.

Based on the standard for de-
termining the angle τnk between the 
static and kinematic cutting planes, 
an angle between the tool and static 
planes is determined. 

Thus, in order to determine the 
angle τnk, it is necessary to determine 
the cutting angle τnc between the tool 
and static planes.

The angle τn is equal to the angle 
between the normals and the planes 
under consideration; to determine 
the geometric parameters in the kine-
matic coordinate system, it is calcu-
lated from the following dependence: 

cos ,τnk
k s

k s

N N

N N
=

⋅
⋅

	 (1)

where NK is the normal to the kine-
matic cutting plane at the exami- 
ned point; NC is the normal to the 
static cutting plane.

 

- geometric parameters i, i, 
 i,  i
- speed directions V, S
- shape of the front and 
rear surfaces

Initial data
Determine the shape 

of cutting edge

Determine angles , 
Determine the speed of main 
movement and feed

Determine static 
geometrical parameters

Determine kinematic 
geometrical parameters

static front angle

static rear angle

static normal front angle

static normal rear angle

static inclination angle of
cutting edge

static angle in the plan

angle between kinematic and 
static cutting areas

kinematic normal front angle

kinematic normal rear angle

kinematic inclination angle of 
cutting edge

kinematic front angle

kinematic rear angle

tg tgδ sinφN s  

γ γ τ nk nc N

α α τ nk nc N

tgλ ctgφ sin τk s N 

tgγ tgγ / cosλk nk k

tgα tgα cosλ k nk k

tgγtgγ tgμ cosφ
sinφ

i
s s

s

  

ctgαctgα tgμ cosφ
sinφ

i
s s

s

  

tgγ tgγ cosφnc s s 

tgα tgα / cosλnc s s

tgλ tgμ sinφs s 

tgφ tgφ cosμs  

Fig. 1. Algorithm for determining the static and kinematic geometric 	
parameters of the cutting tool
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According to the analysis given in works [25, 26], if the 
tool front γi and rear αi angles, as well as the speed vector V 
of the main movement, are known, the static front and rear 
angles in the normal cutting edge of the cut are equal to:

g g τnc i nc= + , 	 (2)

α α τnc i nc= − . 	 (3)

The angle τnc is the angle between the tool and static cut-
ting planes, which is equal to the angle between the normals 
Nnc, Ǹni, and is calculated from the following dependence:

cos .τns

ns ni

ns ni

N N

N N
=

⋅
⋅

	 (4)

5. The study results

5. 1. Investigating patterns in devising a general proce-
dure for determining the tool geometric parameters

To develop a more general theory of determining geomet-
ric parameters in different coordinate systems, we shall con-
sider the procedure for determining them in a static system.

The position of the tool cutting plane is determined by 
the vector P , which runs tangent to the cutting edge, and 
the vector Vn , perpendicular to the tool main plane. Then 
the normal’s vector to the tool cutting surface is determined:

N P Vni n= × . 	 (5)

Further calculations in determining geometric parameters 
are as follows: the original data that can be considered are 
the aggregates of the vectors P , V , F , R and S in the selected 
system of coordinates. The vector F , is tangential to the front 
surface at the examined point of the cutting edge, the vector  R 
is tangential to the rear surface at the examined point of the 
cutting edge. With known initial data, a calculation order of 
the static geometric parameters of the cutting part of the tool, 
at the examined point of the cutting edge, is as follows:

– the static angle of the cutting edge:

sin ;l s

V P

V P
=

⋅( )
⋅

	 (6)

– the vector of the normal Np to the static cutting surface:

N V Pp = ⋅ ; 	 (7)

– the vector of the normal to the front surface:

N V Fn = ⋅  ; 	 (8)

– the vector of the normal to the rear surface:

N P Rr = ⋅ ; 	 (9)

– the static front angle in the cross-section normal to the 
cutting edge:

sin ;g n

p n

p n

N N

N N
=

⋅( )
⋅

	 (10)

– the static front angle γ in the main secant plane:

tg
tg

g
g
ls

n

s

=
cos

; 	 (11)

– the static rear angle in the cross-section normal to the 
cutting edge:

sin ;
`

αn

p r

p r

N N

N N
=

⋅( )
⋅

	 (12)

– the static rear angle in the main secant plane:

cos cos ;α α ls n s= ⋅ 	 (13)

– the vector of the normal Ns to the working plane, which 
hosts the direction of the speed of the main movement V , and 
the feed movement S :

N V Ss = ⋅ ; 	 (14)

– the static angle in the plan js is an angle between the 
static cutting plane and the working plane Ps :

cos .js

p r

p r

N N

N N
=

⋅( )
⋅

	 (15)

When analyzing the static geometric parameters of the 
cutting part of the shaped tools, the order of calculation dif-
fers by replacing the normal to the front surface NF with the 
normal to the original tool cutting surface Nå.

The original tool surface depends on the accepted shape- 
formation scheme and is determined at profiling.

As a rule, in the shaped tools, the normals are set at the 
examined point of cutting edge by two vectors F1  and F2.  
In this case, the cutting edge is defined as the line of inter-
section between the front plane and the original tool surface. 
Thus, the vector of the normal to the front surface is deter-
mined from the following formula:

N F FF = ⋅ 1 2 , 	 (16)

and the vector P  to the cutting edge is:

P N Np= × Σ . 	 (17)

Given the versatility of the equipment of modern techno-
logical systems involving machining by cutting, there is a need 
to determine the geometric parameters of the tool directly in 
the kinematic system. In this case, the knowns are the geomet-
ric parameters g i, αi, li and ji in the tool system of coordinates, 
the shape of the front and rear surfaces, and the resulting speed 
of the tool relative to the blank, which is recorded as:

V V Ve se= + , 	 (18)

where the vector V  is the speed of the main movement,  
Vse  is the vector sum of feeds implemented in the technolo
gical system to machine a surface of a certain shape.

In this regard, there is a task to determine the geometric 
parameters of the front, rear, inclination angles of the cutting 
edge of the tool in the process of machining the surface, and 
an angle in the plan in the kinematic coordinate system.
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In any coordinate system, the front angle is measured in 
the main secant plane Pt between the front surface and the 
main plane Pv, and the rear angle – in the same plane between 
the rear surface and the cutting plane Pn.

A technique to determine the (g, α, j and l) angles is set 
by the standard. So, by definition, the front angle is between 
the front surface and the main plane, which is perpendicular 
to the cutting plane. Then the angle between the normal to 
the front surface N F  and the normal to the cutting plane 
equals (90°–g).

In accordance with this, the normal to the kinematic cut-
ting plane is defined. Then the kinematic front angle in the 
cross-section normal to the cutting edge equals:

tgg k

nk F

nk F

N N

N N
=

⋅
⋅

. 	 (19)

The normal N nk  to the front surface is determined by the 
resulting speed and the tangent to the cutting edge P :

N P Vnk e= × . 	 (20)

The position of the vector F  depends on the shape of the 
predefined front surface and is determined as:

N P FF = ×  . 	 (21)

According to a similar procedure, αk is determined:

cos .αk

nk R

nk R

N N

N N
=

⋅( )
⋅

	 (22)

An angle in the plan j is the angle in the main plane Pv 
between the cutting plane and the working plane Ps. A ki-
nematic angle in the plan is generally determined from the 
following formula:

cos .jk

nk R

nk R

N N

N N
=

⋅( )
⋅

	 (23)

Here, the position of the working plane in technological 
systems is determined by the vector of its normal:

Ns P Vse= ⋅ . 	 (24)

Knowing the vector P,  tangential to the cutting edge at 
the examined point of the cutting edge, and the position of 
the working plane at this point, we can determine the kine-
matic angle in the plan at different points of the cutting edge. 

The kinematic inclination angle of the cutting edge λ, 
according to DSTU 2249-93, is measured in the kinematic 
cutting plane between the cutting edge and the kinematic 
main plane:

sin .lk

e

e

V P

V P
=

⋅( )
⋅

	 (25)

Our analysis of the proposed approach to determining 
geometric parameters reveals that we should consider, ex-
cluding the component Vse , in formula (18), only the main 
movement.

The algorithm for implementing the general procedure of 
determining the tool geometric parameters is shown in Fig. 2.

Initial data:
- geometrical parameters:  γi, α i, φ i, λ i;
- main movement speed;
- front and rear surface shape

Determine resulting feed 
movement sеV

Determine
е sеV V

Determine cutting 
edge shape

Determine:
- of inclination angle  of speed
- of inclination angle  of speed

front angle in the cross-section normal to the cutting edge

rear angle in the cross-section normal to the cutting edge

cutting edge

cutting edge inclination angle

 
cosφ

nk sе

k
nk sе

N N

N N






 
cosλ

е

k
е

V P

V P






Determine geometrical parameters
in the technological scheme involving machining by cutting

FN P V   

 
cosα nk R

k
nk R

N N
N N






nk eN P V   tgγ nk F
k

nk F

N N
N N






sеV
еV

se seN P V   R eN P V   

Fig. 2. Algorithm to analytically determine a tool’s geometric 
parameters in the technological system of cutting

Thus, considering patterns in the procedure of deter-
mining geometric parameters in the technological systems 
involving machining by cutting, it is possible to determine 
parameters in different systems of coordinates.

5. 2. Designing a tool structure for machining cutoff 
cutters at a gear-hobbing machine

Cutoff cutters are typically machined by a special tool by 
cutting the grooves between their teeth.

As an example of the implementation of the general pro-
cedure for determining the tool geometric parameters, we 
shall consider the process of cutting at a gear-hobbing ma-
chine the teeth of the circular cut-off saw with a diameter of 
315 mm and the number of teeth Z = 200, by the disk groove 
cutter Æ140 mm, Zm = 5, and thickness B = 15 mm (Fig. 3).

The main movement is the rotation of the cutter ωm. 
The resulting movement is determined by the sum 

of the vectors of the main movement and the movement 
of the feed. At rolling, the feed movement is a complex 
motion that involves directly the axial feed of the saw 
blank and the movement of the roll, that is the rotation of  
the blank Vrot. 
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The complex movement of 
the groove tool is determined, 
in a general form, by the fol-
lowing dependence:

V S Vse rot= + . 	 (26)

Since the cutter single ro- 
tation cuts the number of 
teeth equal to the number of 
teeth of the cutter, the rota-
tion of the saw (ω) and cut- 
ter (ωm) are kinematically 
linked in and determine the 
number of teeth of the saw (Z) 
and groove cutter (Zm), the 
angular velocity of the saw’s  
rotation is:

ω
ω

=
⋅m mZ

Z
. 	 (27)

In order to analyze the geometric parameters of the cut-
ting part of the groove cutter, we determine the direction of 
the vector of the speed of the resulting movement according 
to the procedure outlined in work [26]. 

To this end, we determine the vector of the speed of the 
main movement in the system of coordinates associated with 
the disk groove cutter XmYmZm whose axis coincides with the 
axis of the spindle of the machine and in the system ОXYZ, 
associated with the blank of the saw whose axis coincides 
with its axis.

The main cutting movement is:

V Rm M= ⋅[ ]ω , 	 (28)

where RM is the radius vector of any examined point M of the 
cutting edge in the XmYmZm system.

The coordinates of the points in the system associated 
with the groove cutter are determined [27, 28].

A scheme to determine the vector of the speed of the main 
movement and the radius of any point of the cutting edge is 
shown in Fig. 4.

After determining the radius-vector of any cutting edge 
point in the XmYmZm system, we determine in the same sys-
tem the radius vector of the examined point of the circular 
cut-off saw tooth profile, the vector of the feed speed Vs 
defined by the vector sum of the rolling motion and the feed 
movement. 

As a result, the vector of the 
resulting movement Ve is deter-
mined as follows:

V V Ve s= + . 	 (29)

The proposed procedure makes 
it possible to machine cutoff cut-
ters at a gear-hobbing machine, 
which ensures, based on the data 
from tests, a two-fold increase in 
performance, as well as significant-
ly simplifies the design of the tool.

6. Discussion of results of studying the development of 
a general procedure for determining the geometry of the 

cutting part of tools

The general procedure and the algorithm for determining 
geometric parameters (Fig. 2), devised on the basis of this 
study, make it possible, regardless of the complexity of the 
shape of the machined article, its size, and the number of per-
mitted movements in the technological system, to calculate 
the kinematic parameters excluding the stage of determining 
static parameters. This reduces the time for calculations by 
at least half.

However, if one needs to reduce the number of move-
ments considered, one can change the depth of cut.

Reducing the number of movements taken into account 
and simplifying the design of the tool reduces the auxiliary 
time to adjust equipment and the cost of the tool up to 25 % 
of the existing standards.

The general procedure is the basis for simplifying the de-
signs and developing more advanced technological systems.

Thus, our studies considered an example machining cut-
off cutters at a gear-hobbing machine, which showed that it is 
possible, based on the general procedure for determining geo-
metric parameters, to machine complex surfaces using mo
dern multifunctional cutting systems in order to improve the 
performance of the machining process. This greatly simplifies 
the design of the tool and reduces the cost of manufacturing.

The tests have shown a 2-fold increase in performance 
when machining cutoff cutters at a gear-hobbing machine, 

 
Fig. 3. Schematic of movements of a groove cutter and a cutter blank

 Fig. 4. Scheme to determine the vector of the speed of the main movement 	
and the radius of any point of the cutter’s cutting edge
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even though the devised procedure is general. Our study has 
not considered the possibility of determining the geometric 
parameters of the tool in high-speed machining using this 
procedure.

7. Conclusions

1. Our study into the development of a general procedure 
for determining geometric parameters in the technological 
systems involving machining by cutting has shown that the 

proposed procedure could significantly improve the accuracy 
of determining them, simplify the design of the tool, and 
improve machining efficiency through the use of modern 
multifunctional systems.

2. An example of the development of cutoff cutters has 
been given to show that the proposed procedure makes it 
possible to employ, in order to machine articles, modern 
technological systems, as well as simplify the design of the 
tool using it. Our test results of machining cutoff cutters at 
a gear-hobbing machine demonstrated a two-fold increase in 
the machining efficiency.
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