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This paper has proposed a program analysis method over the current state of
the workspace of an anthropomorphic manipulator using the Mathcad software
application package (USA). The analysis of the manipulator workspace helped
solve the following sub-tasks: to calculate the limits of the grip reach, to deter-
mine the presence of “dead zones” within the manipulator workspace, to build
the boundaries of the manipulator workspace. A kinematic scheme of the manip-
ulator typically provides for at least five degrees of mobility, which is why in the
three-dimensional Cartesian coordinate system the work zone boundaries rep-
resent the surfaces of a complex geometric shape. The author-devised method
makes it possible to construct the projections of the boundaries of the manipula-
tor’s work zone onto the coordinate planes in the frame of reference associated
with the base of the robot.

Using Mathcad’s built-in features makes it possible to effectively solve the
above sub-tasks without wasting time developing specialized software. The
Mathcad software application package provides for the possibility of a symbolic
solution to the first problem of the kinematics of an industrial robot, that is, the
program generates analytical dependences of the coordinates for special point P
(pole) of the grip on the trigonometrical functions of the generalized coordinates.
The resulting analytical dependences are used for kinematic and dynamic analy-
sis of the manipulator.

Specialfeatures in constructing mathematical models when using the Mathcad
software application package have been revealed. Simulating the manipulator
movement taking into consideration constraints for kinematic pairs, the drives’
power, as well as friction factors, makes it possible to optimize the parameters of
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1. Introduction

The development of engineering and information tech-
nologies leads to the use of robots not only in the industry
but also for military purposes, medicine, agriculture, to
eliminate the consequences of anthropogenic and natural
disasters, etc. The structure of a robot is often based on the
assembly-modular principle and consists of a self-propelled
platform and attached equipment (manipulator, probe, drill,
etc.). A wide range of structural elements and sensors makes
it possible to construct models with different types of chas-
sis, manipulators, and grippers; as well as to implement dif-
ferent control algorithms and movement laws.

The proliferation of collaborative robotics implies the
presence of a human within the workspace of the manipu-
lator, as well as their dynamic interaction. To ensure full
human safety, the robot’s control system must analyze the
current state of its workspace, namely:

—to timely recognize and identify a person as a moving
obstacle within the manipulator workspace;

—to analyze the possibility of the manipulator continu-
ing to perform programmed movements and technological
operations;

—to calculate the coordinates of those points within the
workspace at which the person is, which are not allowed for
the manipulator;
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— to calculate changes in the region of allowable values of
the manipulator’s generalized coordinates (kinematic pairs);

—to define the valid configurations of the manipulator
to successfully complete technological operations under the
identified limitations;

—to synthesize the law of change in the generalized
coordinates for the successful completion of technological
operations with acceptable values of the kinematic and dy-
namic parameters.

The safety requirements for systems involving a collabo-
rating robot in accordance with ISO 10218 should be revised
by May 2021.

For the effective interaction between a group of robots
and technological equipment, or a person, or the environ-
ment, or each other, it is also necessary to analyze the cur-
rent state of the manipulators” working space according to
some software algorithm.

When using manipulative mobile robots (MR) in a pre-
viously unknown environment, timely detection of obstacles
and appropriate correction of the manipulator’s programmed
movements improves the survivability of the structure and
ensures the success of the mission. Indeed, in eliminating
the consequences of anthropogenic and natural disasters,
at reconnaissance and demining, the working space of the
MR manipulator may be limited (for example, the width of
the opening). This predetermines a change in the set of val-



ues of the generalized coordinates and limits of grip reach,
narrowing the size of the workspace, reducing the number
of acceptable configurations of the manipulator, decreasing
the accuracy of positioning. Neglecting the above limitations
under conditions of autonomous operation and remote con-
trol could lead to a loss of MR functionality.

The relevance of the current work is related to the need
to devise a method for program analysis of the current state
of manipulators’ workspaces in the presence of constraints.
The analysis of the current state of the manipulator’s work-
space implies calculating the limits of the grip reach, deter-
mining the presence of “dead zones” within the workspace of
the manipulator, building the boundaries of the manipula-
tor’s workspace. Based on the data obtained, the movement
of the manipulator is simulated taking into consideration
constraints in the kinematic pairs, drives’ power, as well as
friction factors. This would make it possible to determine
the acceptable configurations of the manipulator, synthesize
the optimal trajectory, successfully complete technological
operations, and preserve the functionality of the robot de-
spite the existence of restrictions and obstacles within its
workspace.

2. Literature review and problem statement

The instability of the economy forces entrepreneurs to
modernize production by expanding the range of manufac-
tured goods, by applying new materials and technologies.
At the same time, robots provide for the high performance,
the accuracy of repetitive operations, the low percentage of
defects, minimum time to reconfigure the production for a
new product [1].

The complexity of technological operations, work within
a limited space, the dynamic interaction of several manipu-
lators lead to the need to analyze the workspace of industrial
robots (IR) not only when they are introduced into produc-
tion but also during operation. The authors of [1], for exam-
ple, studied the rigidity characteristics of the robot Kuka
KR 500 and identified those areas within the workspace
where the least load is applied to the manipulator’s gripper
drives, thereby meeting the stricter requirements for the
accuracy of milling. The task of finding a safe working space
(SWS) for a robot involved in the maintenance and moni-
toring of electrical substations was considered in [3]. Being
the basic material for robots, metal significantly changes the
intensity and distribution of an electric field at positioning
to a working configuration and during operation. The au-
thors gave a method of calculating the safe working space
of the manipulator in a heterogeneous electric field, thereby
preventing an interphase breakdown or breakdown between
the phase and the ground. That ensures the safety of the hu-
man operator, the reliability and economic efficiency of the
substation. The authors of [4] analyzed the limits of reach by
the robot involved in cotton palette stacking. They applied
a graph-analytical method to derive a curvilinear motion
equation in the XOY plane, calculated the limits of the
robot’s wrist reach, and determined the finish area within
the robot’s workspace. That improves the accuracy of posi-
tioning accuracy, as well as loading operation performance.
Therefore, analyzing a workspace during IR operation could
reveal reserves to improve the productivity and quality of
the technological process.

Typically, the occurrence of an obstacle inside the fenced
workspace when moving the IR manipulator blocks the exe-
cution of programmed movements. After removing obstacles
and interference, the operator restarts the process cycle.
However, modern adaptive robots can identify obstacles
within their workspace based on the information from video
cameras, beacons [6], etc. The synthesis of the trajectory
that bypasses obstacles is conducted by the robot control
system based on the analysis of a digital model of the current
state of the workspace.

Paper [5] states that increasing the speed at which ob-
jects move within the IR workspace leads to that the time
required to build a workspace model is often commensurate,
and sometimes longer, than the time it takes to perform a
process operation. The cited paper proposes a method of
forming a three-dimensional model of the current state of an
IR workspace based on information acquired from a stereo-
scopic system. However, the technical limitations of video
cameras and the lack of light over the workspace lead to the
appearance of halos, shadows, highlights, etc. on the image.

Article [6] examines the algorithm of targeting the led
MR in an unknown environment by the acoustic signal
from a stationary beacon or a beacon of the drive vehicle.
The features of the bearing and filtering the signal in the
presence of noise are analyzed. The authors point out that
the identification of the coordinates of the drive robot and
the formation of a model of the workspace is possible when
at least three beacons interact.

The methods proposed in [5, 6] imply additional costs for
processing primary information from sensors, have a signifi-
cant lag, and could lead to significant errors in determining
the actual distances to obstacles. Such methods to build a
model of the current state of manipulators’ workspace do not
warrant the optimal trajectory, the absence of collisions, and
maintaining a robot’s functionality.

If the robot needs to interact with an object whose po-
sition and orientation are set at some space point M, then,
when planning the movements, it is necessary to check
that the point M is reachable, and that there are alterna-
tives to the acceptable configurations of the manipulator
at this point, and that there is a possibility to enable the
orientation of the grip to capture and hold the object during
programmed movements. Study [7] proposes an algorithm
that sets the required orientation of the manipulator grip
within the selected space of the Cartesian coordinates. The
authors considered 54 orientation-setting techniques based
on the 3x3 turn matrix, and six based on Euler’s angles.
The reported techniques make it easier to pair coordinate
systems associated with the subject of manipulation and the
working body of the robot’s manipulator. However, there
remain unresolved issues related to determining which of
the considered grip orientation techniques could be enabled
by the manipulator’s acceptable configurations. In addition,
in order to hold an object and alter its orientation at manip-
ulating, it is necessary to determine the acceptable regions
of values for the generalized coordinates and the power of
the drives.

The trajectory synthesis and the selection of acceptable
manipulator configurations are based on a digital model of
the current state of the workspace. This leads to the need to
find new, more effective methods to build a digital model of
the manipulator’s workspace. The authors of [8] applied the
Monte Carlo method to simulate the workspace of a service



robot manipulator with five degrees of freedom. The efficien-
cy of the workspace model was confirmed by the numerical
modeling in MATLAB.

The presence of obstacles within the workspace of a
manipulator complicates the task of selecting acceptable
configurations and the synthesis of grip trajectories. The
authors of [9] consider an algorithm for controlling an n-link
manipulative robot in an environment with unknown static
obstacles. A theorem is proved that claims that by moving
on this algorithm within a discrete configuration space the
manipulative robot would, over the finite number of steps,
either capture the object or give a reasonable answer that
the object cannot be captured in any of the configurations.
The results of further research were reported in [10]. The
advanced algorithm functions in continuous configuration
space; the number of obstacles is arbitrary, as well as their
shape and location. It is shown that trajectory synthesis is
reduced to solving the finite number of road planning tasks
in an environment with known prohibited states. A manip-
ulator given in [10] is equipped with a sensor system that
could deliver unreliable information about the environment.
That leads to the need to verify primary information from
sensors, reduces performance, and could lead to collisions.

Paper [11] explores motion planning for robotic manipu-
lators within a single-RRT-based space and a bi-RRT solu-
tion tree. The target configuration in the standard bi-RRT
is replaced in the new algorithm by a group of acceptable
configurations. To determine acceptable and targeted con-
figurations, an algorithm is used to solve the inverse problem
of kinematics at the designated points of the workspace.
Within a workspace with the predefined obstacles, one of
the valid configurations is automatically selected to ensure
the optimal grip trajectory. This method requires significant
computational costs to determine at each iteration of the
target configuration from a set of valid ones.

The authors of [12] propose a technique to set acceptable
configurations and synthesize trajectories using a 3D model.
The operator sees the movement of the model on a miniature
screen of transparent glasses and visually controls the work-
space, for timely maneuvering, making it possible to avoid col-
lisions. When programming the movements of the manipula-
tor, the operator uses an eye, intuition, and experience. When
interference to the movement of the manipulator emerges, the
operator should ensure a quick reaction, the effectiveness of
control influences, a minimum probability of collisions, and a
high accuracy of analysis of the current state of the workspace
in the presence of constraints. In a given case, the optimal
trajectory depends on the skill of the operator.

To improve maneuverability and ensure the evasion of
the manipulator from moving obstacles in the workspace,
it is advisable to use manipulators on a mobile base or
manipulative MR. The authors of [13] report the results of
simulating the movement of the “Varan” MR manipulator
in the implementation of the obstacle detection and collision
prevention algorithm. They devised a parametric technique
to set a totality of cross-sections that assign the shape and
position of the region of permitted configurations at the
different locations of forbidden zones. The analytical depen-
dences derived in [14] make it possible to set the region of
permitted configurations, which is a knowledge base for the
intelligent control over the movement of the arm mechanism
within a predefined external environment. The novelty of
the research is the use of the region of permitted configu-

rations in the synthesis of trajectory within the space of the
generalized coordinates, which makes it possible to correct
the movement of the android robot’s arm in order to antic-
ipate and eliminate dead-end situations in the synthesis of
movements on the velocity vector. The authors of [13, 14]
devised a parametric technique to set the region of permitted
configurations used for the intelligent motion control of the
MR manipulator mechanism within a predefined external
environment. However, the issues related to the detection
of obstacles and the prevention of collisions in an unknown
external environment remained unresolved.

Article [15] solved a direct positional problem to de-
termine the work area and assess the functionality of a
manipulative MR. Combining a mobile platform with om-
ni-wheels and the manipulator could significantly expand
the service area and improve the functionality of the robot
but it reduces the accuracy of grip positioning. In addition,
the proposed design of the MR manipulator with three de-
grees of mobility does not provide for the set of acceptable
configurations for each point of the workspace and reduces
the service ratio.

The TCMP (Task-constrained motion planning) for
the collaborative MR manipulator is explored in [16]. The
authors consider the interaction of the robot and human as
a movement of the manipulator within the workspace with
moving obstacles. To synthesize the law of control, a model
is proposed to maximize the minimum distance between
the obstacles and MR and, at the same time, to minimize
the speed at the points of touch. Using sensor information
and speed-adjusted control, MR could move away from
approaching people, with a wrist fixed to complete a techno-
logical operation (tool manipulation).

The presence of a mobile base improves the maneuver-
ability of manipulative MR, expands the working space, and
increases the number of acceptable configurations of the ma-
nipulator, but reduces the accuracy of (tool) grip positioning.

The problem of synthesis of trajectory control over the
movement of MR in the presence of external moving objects
within the working space was investigated in [17]. To solve
the problem of the relative dynamics of the MR and an exter-
nal mobile object, the authors built proportional-differential
control algorithms with direct compensation of non-linear-
ities. The trajectory synthesis is based on a digital model
of the current state of the workspace. The example implies
bypassing the external moving object on a circular trajecto-
ry and returning to the original desired straight trajectory.
However, the authors of [17] do not give an estimate of the
optimality of the circular trajectory of the bypass maneuver.

Contact operations are considered in [18], where the
robot’s gripping device is in direct contact with objects in
the external environment. The authors solve the problem of
minimizing the risk of damage to the technological tool and
violation of the processing regime. This could be achieved by
having data on the position of the object in space relative to
the end link (grip) of the manipulator and the geometric pa-
rameters of the object. The cited article examines approaches
to the reconstruction of the surface of an object located in
the manipulator’s work area, on the basis of a cloud of points;
the authors also proposed a method to describe the object
with rotation surfaces based on a noisy and incomplete cloud
of points, acquired from a stereoscopic system installed on
the manipulator’s end link. However, the authors do not as-
sess the conformity of the shape and size of actual obstacles



and the reconstruction of the surface of the object located
within the working area of the manipulator.

The development of a programming method to analyze
the current state of the manipulator’s workspace in the pres-
ence of obstacles or constraints in the kinematic pairs and
drives could make it possible:

—to build a digital model of the workspace;

—to assess the limits of the manipulator’s reach if there
are constraints in the kinematic pairs and drives;

—to synthesize an optimal trajectory with acceptable
manipulator configurations;

—to avoid colliding with a person or an obstacle.

The above analysis of the scientific literature suggests
that devising a programming method to analyze the current
state of the manipulator’s workspace in the presence of ob-
stacles or constraints in the kinematic pairs and drives could
resolve an issue related to maintaining the functionality of
the manipulator and preventing collisions.

3. The aim and objectives of the study

The aim of this study is to develop a programming
method to analyze the current state of the manipulator’s
workspace in the presence of obstacles or constraints in the
kinematic pairs and drives.

That would make it possible to identify reserves for improv-
ing the productivity and quality of the technological process for
IR manipulators, ensuring the safe interaction of humans with
the manipulator of collaborative robots, and improving the effi-
ciency and survivability of manipulative MR in eliminating the
consequences of anthropogenic and natural disasters.

To accomplish the aim, the following tasks have been set:

—to define the laws of change in the generalized coor-
dinates ¢;(¢) taking into consideration constraints in the
kinematic pairs, the power of drives, and friction factors;

—to calculate the limits of grip reach, that is, to com-
pute the minimum and maximum distance for special
point P in the frame of reference associated with the base
of the robot;

—to build the boundaries of the manipulator’s workspace
and identify the presence of “dead zones” within it.

4. Materials and methods to solve the sub-tasks in
analyzing the workspace of a manipulator

4. 1. Manipulator design and initial conditions

A universal anthropomorphic robotic manipulator is a
simplified kinematic prototype of a human arm. The struc-
ture of the universal manipulator has at least 4 controlled
degrees of mobility and ends with a flank to attach a man-
ufacturing tool [1]. The initial data for the design of the
manipulator are [19, 20]:

— the kinematic manipulator scheme;

—the geometric dimensions of the manipulator links;

—the permissible laws of change in the generalized coor-
dinates of the manipulator;

— the initial position of the links;

— the structural constraints in the kinematic pairs of the
manipulator;

—load information.

An example chosen here is the structure of a manipulator
with five rotary kinematic pairs of class 5. It was assumed

that the mass of the kinematic pairs could be disregarded
while the links of the manipulator were absolutely rigid
hard rods with an even distribution of mass. The kinematic
scheme of the manipulator is shown in Fig. 1.

Fig. 1. Kinematic scheme of the manipulator
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—the P coordinates (0.05; 0.3; 0) of the gripping capacity
pole at the initial point in time in the X;Y;Z; system.

4.2. Software

To solve problems related to the current analysis of the
manipulator’s workspace, the Mathcad software application
package was employed. The effectiveness of Mathcad appli-
cation when solving the problems of kinematic and dynamic
analysis, the simulation of the manipulator’s movement,
the synthesis and analysis of the trajectories of IR grip was
proven in [19].

The Mathcad software application package provides for
the possibility of a symbolic solution to the first problem of
the kinematics of an industrial robot, that is, the software
generates the analytical dependences of the coordinates for
special point P (the pole) of the grip on the trigonometrical
functions of the generalized coordinates. The resulting ana-
lytical dependences were used for the kinematic analysis of
the manipulator [19].

4. 3. Theoretical methods

To solve the problem on the position of a special point P
(the pole) of the grip, the conversion of coordinates by the
Denavit-Hartenberg method [19, 20] was applied.

To determine the permissible laws of change in gen-
eralized coordinates, I have developed a software module
in the Mathcad environment and used the graph-analytic
method [21].

To reduce the error and eliminate the subjectivity of the
assessment, the limits of the grip reach (the limits of distance
for special point P) were calculated in several ways to verify
the results: by using methods to find an extremum of the
unimodal functions (a dichotomy method, a method of the
golden section), and by applying the tracing for graphs x) (¢),
2 (0) 2(0) 1211,

The presence of “dead zones” was determined by using
differential calculus methods [22].

To build the boundary of the manipulator’s workspace, I
have developed a software module in the Mathcad environ-
ment and used the orthogonal design method [21, 22].

5. Results of studying the manipulator’s workspace using
Mathcad

5. 1. Determining the laws of change in the general-
ized coordinates g;(t) considering the constraints

The kinematic scheme of the manipulator is shown in Fig, 1:

1) Each link of the manipulator is associated with the
right-hand Cartesian coordinate system O;X;Y;Z;. The origin
of the countdown O; is located in the center of the kinematic
pair; one coordinate axis runs along the axis of the hinge
rotation; the second coordinate axis runs along the axis of
the link symmetry; the third coordinate axis complemented
the system to the right-hand one [19, 20, 22].

2) The Denavit-Hartenberg coordinate conversion matri-
ces were built [19, 20, 22] for the example under consideration:
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3) Based on the kinematic diagram of the manipulator,
the movement of special point P was represented as a se-
quence of movements along each generalized coordinate. A
chain of movements was compiled, from link 0 (the base of
the manipulator) to link 5, relative to which special point P
is stationary.

A(7.05) 3 A(iaq) 4 A,(7.a5) 5,

in this case,
A=A, (/5,611)y A=A, (1.0,), 47 =4, (1..),
Al=A,(i.q,), Al=A, (}v%)'

4) A matrix equation was constructed to calculate the
coordinates for point P of the manipulator in the base-relat-
ed reference system:

A=A A AL AL AL =T,
where 7 = (xg Y, 2, 1)T are the coordinates of point
P in the manipulator base-related reference system;
T,=A-Al-Aj-..A", is the general matrix that converts
coordinates from the n-th link to link 0 (in the manipulator
base); 7 :(x; y; z; 1) are the coordinates of point P
in the frame of reference associated with the fifth link of the
IR manipulator.

5) The matrices were treated as follows:
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6) I have compiled a program to model the laws of change
in generalized coordinates. Features of the kinematic pair’s % 10 20 30 40
design impose restrictions on the region of values corre- t
b

sponding to the generalized coordinate g;(¢£)€[qimin; ¢imax)-
Fig. 2, a shows a fragment of the program that models the
law of change in the generalized coordinate g3(¢) taking the
constraints into consideration. The drive of the highlighted
degree of mobility generates an increase in the generalized
coordinate according to the following law
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The actual implementation of ¢3(¢) takes into consid-
eration features in the design of the kinematic pair and the

q,(t)e &,2—“ . constraints. The diagrams of change in

the estimated Qs(¢) and actual ¢g3(¢) values of the general-
ized coordinate are shown in Fig. 2, b.

Fig. 3 shows a fragment of the program to model the
laws of change in the manipulator’s generalized coordinates
taking into consideration the predefined constraints in the
kinematic pairs, the power of drives, and friction factors.
The modeling was performed under the following initial
conditions: the laws of change in the generalized coordinates
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Fig. 2. Modeling the law of change in the generalized
coordinate gs(#) taking the constraints into
consideration: a — fragment of the program modeling
the law of change in the generalized coordinate gs3(%)
taking the constraints into consideration; b — charts of
change in the estimated @s(#) and actual g3(#) values of
the generalized coordinate
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Fig. 3. Modeling the laws of change in the manipulator’s
generalized coordinates under the predefined initial conditions

5. 2. Calculating the limits of the grip reach in the
frame of reference associated with the robot’s base

1) The software was developed that makes it possible to
simulate the movements of the manipulator for different laws



of change in generalized coordinates taking into consider-
ation the power of the drive, friction factors, design features,
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straints in the generalized coordinates q;(t)€[qimin; Gimax)» Xt ———
i=1,...,5 using the Mathcad software application package. fl  f(x])
2 « f(x2
.matricu_peretvorennya 10 « x1 if 2 >11
cos(ql(t)) sin(ql(t)) 0 O 1 0 0 k< x2 if 2 <fl
ALO(D) = —sin(ql(t)) cos(ql(t)) 0 0 A21(0) = 0 co‘s(qZ(t)) sin(q2(t)) cl2 break if (tk —10) < dt
0 0 1 c01 0 —sin(q2(t)) cos(q2(t)) t opt < (0 + tk)
0 0 0 1 0 0 0 N 2
1 0 0 0 1 0 0 f max <« f(t_opt)
A3(1) = g ct‘)'s(q3(t)) sin(q3(t)) ¢23 Ad3(1) = 0 Cés(q4(t)) sin(q4(t)) ¢34 MAX (;,Omljx)
—sin(q3(t)) cos(q3(t)) O 0 —sin(q4(t)) cos(q4(t)) -
0 0 0 1 0 0 0 o
cos(q5(t)) 0 sin(q5(t)) 0
‘ 0 1 0 0
ASA(Y) = —sin(q5(t)) 0 cos(a5(t) 0 ZoIM(f,10, tk, df) = | zs « 0.618
o 0 0 1 el
koordunatu_polyusu R_P(t) := AL0(t)- A21(t)- A32(t)- Ad3(t)- AS4(t) PP th etk = (tk —0)-2s
RP(), = RPW,= RPD,= 2 « 10+ (tk — t0)-zs
2.4 fl « f(tl)
1.219 1.158 112
6 1.221 1161 118 2 <)
K« 1.224 1153 42 delia =tk =10
R_P(); 08 -:-: 1228 T3 RRTT while delta > df
----- R b et bbbt I EIPEY 1105 1133 iff2<f1
RPO2 0| s 1234 1.064 1144 th 2
R_P(1); i 1.235 1.013 157 2t
— 1.234 0.951 1172 2 1l
1.229 0.88 -1.187 tl <tk — (tk —t0)-zs
e 1.218 0.8 -1.202 1« f(th)
4 1.2 0.713 -1.217 if 2211
0 10 20 30 40 [1.173 0.62 -1.228 10 < t1
t 1.137 0.522 -1.236 tl « 2
1.09 0.422 -1.239 fl 2
1.032 0.323 -1.235 {2 « 10 + (tk — t0)-zs
0.963 0.228 -1.223 £« f(12)
iei+1
Fig. 4. Modeling the movement of the pole of the manipulator’s grip under delta ke —10
the predefined constraints in the generalized coordinates g{/€ [Gimin, Gimax), t_opt « G 10) ; 0
/=1,...,5 using the Mathcad software application package { max £(t_opt)
t_opt
3) To find the highest and smallest values for the coor- MAX“({,L,J

dinates of special point P, subprograms have been developed
to compute an extremum of the functions f, f,, /. by a di-
chotomy method and by the method of the golden section. It
should be taken into consideration that the dichotomy meth-
od and the method of the golden section refer to methods for
searching an extremum of the unimodal functions (that is,
functions that have the only extremum over the predefined
section of the determination region). That is why the bound-
aries of the determination region’s section containing a
single point of the extremum [Zy, ;] are the initial conditions
when calling the subprogram. Fig. 5, a shows a routine im-
plementing the method of dichotomy; Fig. 5, b — the method
of the golden section.

For the example considered, Fig. 6 shows the results
of computing the limits for the manipulator’s grip pole
reach under the predefined constraints in the generalized
coordinates q;(t)€[¢imin Gimax), i=1,..,5 by the method of
dichotomy (Fig. 6, @) and the method of the golden sec-
tion (Fig. 6, b).

b

Fig. 5. Subprograms for searching an extremum
of the functions 7, £, f;: a — dichotomy method,;
b — method of the golden section

4) The following differential equations need to be solved
in order to find the highest and lowest value for the coordi-
nates of special point P using the differential calculus methods

dx_(]
i’}
dt
dy

dt

d .
=Efx(sm(qi),cos(qi),ci,t)z 0,

d .
:Efy(sm(qi), cos(q,.),cl.,t) 0,

dz°

d
71] = — i . . . =
I dl A (sm(ql), cos(ql), Ci t) 0,



where f;, f,, /- are the non-linear dependences of the general-
ized coordinates ¢;(¢) on trigonometrical functions; ¢; are the
geometric parameters of the manipulator design; ¢ is the time.

x_max:= DihM(x,t0,dt,5) y_max := DihM(y, t0,dt,5) z max:= DihM(z,2.5,dt,5)

0.605 0.078 4.95
X_max= y_max = z_max =
1.235, 1.162 3923% 1074

/

a
x_mmx:= ZoIM(x,10,5,0.01) y_mmx:= ZolM(y,10,5,0.01) z mmx:= ZolM(z,2.5,5,0.01)

0.609 0.077 (499
X_mmx= y_mmx= z_mmx= _3
1.235 1.162 1.819x 10

b

Fig. 6. The results of computing the limits for the manipulator’s

grip pole reach under the predefined constraints in the

generalized coordinates g{f)€ [gimin; Qimax), F1, ..., 5 by
using the Mathcad software application package: a — by the
dichotomy method; b — by the method of the golden section

In a general case, each of the above differen-
tial equations can have many solutions. For example,
dx,o

dzp =% : (sin(q)i ,cos(q,), ¢,y t)z 0 at te{te1, tyo, tesy beas Lrs),
which means that at points .1, £y, tx3, tx, L5 the function
xg (t) has local extrema. To determine global extrema, one
must calculate the function x) (¢) values for all elements in
the set te{t,1, ty2, ty3, tus, Lys). The global maximum accepted
here is the largest of the local maxima of the function xg (¢)
the global minimum — the lowest of the local minima.

5) The results of mathematical modeling produced the
minimum

T
=0 _ (.0 0 0
Pmin _( pmin ypmin mein 1)
and maximum
T
-0 _ (.0 0 0
erax - (xpmax ypmax meax 1)

distance for special point P in the frame of reference as-
sociated with the base of the manipulator. The Mathcad
software application package provides an opportunity to
determine the limits of the reach of the manipulator’s grip
pole under the predefined constraints in the generalized
coordinates g;(t)€|¢imin i max), i=1,...,5 using the tracing for
charts x)(¢), y)(t), z,(t) (Fig.7).

Based on the results obtained, one can conclude that
x)(¢),, =1.235 is achieved at t=0.6 s.

P

5. 3. Building the boundaries of the manipulator’s
workspace and identifying the presence of “dead zones”
within it

1) The symbolic solution to the first problem of ki-
nematics makes it possible to determine the analytical
dependences of the coordinates for special point P in the
frame of reference, associated with the base of IR, on the
trigonometric functions of generalized coordinates. Fig. 8
shows a fragment of the program for the symbolic solution
to the first problem of kinematics.

2) The symbolic solution to the first problem of kine-
matics using the Mathcad software application package
produced the non-linear dependences of the coordinates for
special point P in the manipulator base-related reference
system in the following form:

xg (q1, qz,qs,q/l,qs,t) =0.05cosq, (t)cosq 5(t) -

[(sing, (£)cos g, (¢)x
xcosq,(t)-sing, (¢)x [sing,(¢)+
005 xsin g, (¢)sing, (¢) y
sing, (t)cosq ,(£)x
+| xsing, (t)+sin g, (¢)x |cosq (t)
xsing, (¢)cosq, (t)
sing, (¢)cosg, (¢)x
xsin g (¢)+0.3| xcosg, (¢)—sin g, (¢)x |x
xsing, (¢)sin g, (¢)

sing, (t)cosq ,(t)x
(

xcosq (¢)—0.3| xsin g, (¢)+sin g, (¢)x [x

xsing ,(t)cos g, (t)
xsin g, (¢)+0.6sin g, (¢)cosq (t)cosq, (t)-
—0.6sin g, (¢)-sing,(t)-sin g, (¢)+

+0.7sin g, (¢)- cosq ,(¢)+0.8sing, (¢);

Yo (41951 G3,44,5,t) = =0.05(sing, (¢)cos g 5(¢) -

[ cosq, (t)cosqz(t)x
xcosq,(t)—cosq, (¢)x [sing, (¢)+

005 xsing ,(¢)sing, (t) 5
cosq, (¢)cosq.(t)x

+| xsin g, (¢)+cosq, (¢)x |cosq, ()

xsing, (t)cosq3 (t)

cosq, (¢)cosg, x

*¥ Trace [ %] xsing; (¢)+0.3| x(¢)cosq, (t)—cosq, (£)x |x
Kyde 06 xsing ,(t)sing, (¢)
YWalue 12354 cosq, (t) c0sq, (t) %
o 125 23 375 5 || B, xcosq, (£)—0.3| xsing, (¢)+cosq, (¢)x |sing, (¢)+
t xsing, (t)cosq, ()

Fig. 7. Computing the limits of the reach of the manipulator

grip pole under the predefined constraints in the generalized
coordinates g{H€[gimin, Gimax), /=1, ...,5 using the tracing for

charts x (), ¥, (¢), 2, (t)

+0.6cos g, (¢)cosq ,(t)cosq, (t)—
—0.6cosq, (t)sing ,(¢)sing, (¢)+
+0.7cosq, (t)cosq ,(t)+0.8cosq, (t);



20(4 429591 95,t) =

)
005 xsinq/l( )+
(

said torus. Fig. 11 shows an image of the boundaries of the
workspace of the grip pole of the examined manipulator.

—sing, (¢)x
XC0Sq, (f) .Analiticne_peretvorennya
cql sql 0 O 1 0 0 0 1 0 0 0 1 0 0 0 cq5 0 sq5 0)(0.05
—coqu(t)x
—sql cql 0 O 0 cq2 sq2 0.8 0 cq3 sq3 0.7 0 cq4 sq4 0.6 0o 1 0 O 0.3
. . . . . . N
XSIng, (t 0 0 1050 -sq2 cq2 0 0 -sq3 cq3 0 0 —sq4 cqg4 0O -sq5 0 ¢cq5 0 0
0 0 0 1 0o 0 0 1 o 0 0 1 0o 0 0 1 0 0 0 1 1

-2 -2
—sinqz t)X 5.-10 “-cql-cq5 = 5.-10 “-[ (sql-cq2-cq3 — sql-sq2-sq3)-sq4 + (sql-cq2-sq3 +sql-sq2-cq3)-cq4 ]-sqS +.
-2 -2
xsinq% (l')+ =5.-10"-sql-cq5 — 5.-10 " -[ (cql-cq2-cq3 — cql-sq2-sq3)-sq4 + (cql-cq2-sq3 + cql-sq2-cq3)-cq4 ]-sq5 +
+ +c0sq, (t) % —5.-10_2-[ (—sq2-cq3 — cq2-sq3)-sq4 + (—sq2-sq3 + cq2-cq3)-cq4 ]-sq5 + .
xcosq,(t) Sqi=Sin(q{1)). Cgi=Cos(q(1))
XC08q, (t) Fig. 8. Fragment of the symbolic solution to the first problem of kinematics using the
B . Mathcad software application package
—sing, (t)x
- XCOSQ:;(t)— qq2 = 0,—.. Q2 _max qq3:=0, m Q3 _max qq4:=0, ﬁ Q4_max
xsing; (¢)+0.3 X
—cosq, (t)x yy2(qq2) = O_Ip + (c12 + ¢23 + ¢34)-cos(qq2)
XSiIlq3 (t) yy3(qq3) = O_25 + (23 + ¢34)-cos(qq3 + Q2_max)
yy4(qq4) = O_37 + ¢34-cos(qq4 + Q2_max + Q3_max)
X C0sq, (t) - yy5(qq3) == O 1y + ¢12 + (23 + ¢34)-cos(qq3)
yy6(qq4) = O_315 + c34-cos(qq4 + Q3_max)
—sing, (t)x y = —0.15,0.0001.. 0.15
B Xsmﬂh(f)Jr 222(qq2) == O_13 + (12 + ¢23 + c34)-sin(qq2)
+C08q2 ([) % 2z3(qq3) := O_23 +(c23 + ¢34)-sin(qq3 + Q2_max)
7z4(qq4) := O_33 + ¢34-sin(qq4 + Q2_max + Q3_max)
xc0sq, (¢) 225(qq3) = O_13 + (c23 + ¢34)-sin(qq3)
6(qq4) := O_313 + c34-si 4+ Q3
xsing, (£)+0.5— 726(qq4) 315+ 3 su;(qq Q3_max)
. z(y) ==4/0.157 + 0.137" — y
—0.6sing, (¢)cosq, (¢)-

—0.6cosg, (t)cosq, (¢)—0.7sing, (¢).

3) To determine the presence of “dead zones” within the
workspace of the manipulator, let us analyze nonlinear depen-
dences (1). The functions of the coordinates for special point P
in the frame of reference associated with the base of IR are con-
tinuous and differentiated, meaning there are no “dead zones”.

4) The projections of the boundaries of the manipulator’s
work zone onto the coordinate planes in the reference system
associated with the base of IR were determined using the
Mathcad software application package. Fig. 9 shows a frag-
ment of the program to calculate the boundaries of the manip-
ulator’s workspace and to construct its projections onto the
YOZ plane of the reference system associated with the IR base.

Fig. 10 represents the projection of the boundaries of the
manipulator’s workspace onto the YOZ plane.

5) The boundaries of the manipulator’s workspace were
determined using the Mathcad software application pack-
age. For the manipulator whose kinematic scheme is shown
in Fig. 1 the changes in the generalized coordinates ¢;(t)
€[qimins Gimax), 1=2, 3, 4 occurs around the OX; axes, while
a change in the generalized coordinate q1(¢)€[q1 min; G1 max]
occurs around the OZ; axis, and a change in the generalized
coordinate ¢5(t)€[q5 min; ¢5max] Occurs around the OY; axis.
In the three-dimensional Cartesian coordinate system, the
boundaries of the working space of a given manipulator rep-
resent the surfaces of a complex geometric shape.

When one changes the generalized coordinate ¢ from 0
to 2w radians the working space is a torus whose cross-sec-
tion is the shape depicted in Fig. 10. If the generalized
coordinate g is restricted, the working space of a given
manipulator is the corresponding part of the surface of the

zz2(0) = 0.05 zz3(0) = 1.869 zz2(QQ2 _max) = 1.869 2zz3(Q3_max) = —0.383
274(0) = -0.383  zz5(0) = 0.05 2z(-0.15) = 0.137 2z(0.15) = 0.137
7zz4(Q4_max) = 0.137 zz6(0) = 1.176  zz6(Q4_max) = 0.137

yy2(0) =2.1 yy2(QQ2_max) =-1.05 yy3(0) =-1.05
yy3(Q3_max) = -1.05 yy4(0) = -1.05 yy5(0) =2.1
yy4(Q4_max) = -0.15 yy6(0) =0.15 yy6(Q4_max) = 0.15

Fig. 9. A snippet of the program to calculate the boundaries of
the workspace of the manipulator grip pole under the predefined
constraints in the generalized coordinates g{f€ [Gimin, Gimaxl,
i=1,...,5 using the Mathcad software application package

2.5

7z5(qq3) .‘.
zz4(qq4) 15
2z3(qq3)

ZZZ( qq2)

zz6( qq4)

25 =2 -15 -1 05 0 05 1 15 2 25
yy5(q93),yy4(qa4),yy3(aq3) ,yy2(qq2) ,yy6(qq4) .y

Fig. 10. Projection onto the YOZ plane of the boundaries of
the workspace of the manipulator grip pole under the specified
constraints in the generalized coordinates g{€[q;min, Gimaxl,
~1,...,5 using the Mathcad software application package



Fig. 11. The boundaries of the workspace of the manipulator

grip pole under the predefined constraints in the generalized

coordinates g{#)€ [9imin; Gimax), =1,...,5 using the Mathcad
software application package

6. Discussion of results of studying the workspace of a
manipulator using Mathcad

The obstacles within the workspace of manipulators are
registered by a sensor system and processed by the control
system. In order to avoid collisions, no-go zones are formed
within the workspace. Solving the inverse problem of kine-
matics establishes in the forbidden zones of the workspace
a set of unacceptable configurations of the manipulator as
the sets of prohibited values of the generalized coordinates.
Consequently, the region of determining the values of gener-
alized coordinates, if there are obstacles within the workspace
of the manipulator, narrows and could be set by intervals
qi(O)€[Gimin; Gimax), i=1,..n. The drive of mobility degree gen-
erates a build-up of the generalized coordinate according to
the law Q;(t)=f(a;,b;,t,qi0). The actual implementation of g;(¢)
takes into consideration the drive-generated law of change in
the generalized coordinate, the design features of the kinemat-
ic pair, and the constraints ¢;(t)€ [¢i min; ¢imax]- Fig. 2, a shows
a fragment of the program that models the law of changing
the generalized coordinate g3(¢) taking into consideration
the constraints. The charts of the change in the estimated
Q3(?) and actual g3(¢) values of the generalized coordinate are
shown in Fig. 2b. If, under these conditions, the manipulator
must perform programmed technological operations, the con-
trol system performs a synthesis of the trajectory based on a
digital model of the current state of the workspace taking into
consideration the inaccessibility of forbidden zones, unaccept-
able configurations, and generalized coordinates.

Sometimes, during the execution of technological oper-
ations, there is partial jamming of the kinematic pair; the
power of the drive is not enough to implement the planned
law of changing the generalized coordinate, or the actual
friction factor in the drive does not provide for the required
increment in the generalized coordinate. In this case, it is
necessary to determine by a programming method the laws
of changing the generalized coordinates ¢;(t) taking the
constraints into consideration. For the example considered,
a fragment of the program to model the laws of changing
the generalized coordinates of the manipulator taking into
consideration the predefined constraints for the movement
of the grip pole is shown in Fig. 3. In order to maintain the
functionality of the manipulator, trajectory synthesis is
performed considering the above constraints. The actual im-
plementation of g;(¢) takes into consideration the drive-gen-
erated law of change in the generalized coordinate Q;(¢) at
the specified power and friction factor, the design features
of the kinematic pair, and the constraint ¢;(¢)€ [¢; min; Gi max]-

The simulation of the manipulator’s movement was con-
ducted in the Mathcad environment for different load vari-
ants, different sequences of movements, and laws of change
in the generalized coordinates. That has made it possible to
analyze the acceptable configurations of the manipulator,
synthesize the trajectories of the grip, and choose the op-
timal trajectory. For the considered example, the results of
the simulation of the movement of the grip pole are shown
in Fig. 4.

The limits of reach for special point P could be found by
using the methods to search for an extremum of unimodal func-
tions by applying differential calculus methods, or numerically,
by employing the tracing for charts x7 (¢), v, (¢), z, (¢).

To find the highest and smallest value of the coordinates
for special point P, routines have been developed to calculate
an extremum of the functions £, f,, /> by a dichotomy method
and by the method of the golden section. Fig. 5a shows a rou-
tine implementing the method of dichotomy; Fig. 5,5 — the
method of the golden section. It should be taken into con-
sideration that the dichotomy method and the method of the
golden section refer to methods that search for an extremum
of unimodal functions (that is the functions that have the
only extremum over a predefined section of the determination
region). That is why the boundaries of the determination
region’s section containing a single point of the extremum [z,
tz] are the initial conditions when calling the routine. For the
example considered, Fig. 6 shows the results of searching for
the highest and least value of the coordinates for special point
P under the specified constraints by the method of dichotomy
(Fig. 6, @) and the method of the golden section (Fig. 6, b).

When tracing the charts xg (t), yg (t), 22 (t), the user
“through the peephole” determines the point of an extre-
mum, so this method cannot be considered reliable. Fig. 7
shows the results of calculating the limits of the reach of
the grip pole of the manipulator under the specified con-
straints in the generalized coordinates ¢;(¢)€|[gimin; Gimaxl,
i=1,..,5 using the tracing for charts x?] (), yg (), zﬁ(t). Cal-
culating the limits of the reach by the grip pole implies using
the methods to find an extremum of the unimodal functions
by applying differential calculus techniques, or numerically,
using the tracing for graphs xg (¢), yg (¢), 22 (). To reduce the
error and eliminate the subjectivity of the assessment, I have
compiled subprograms to calculate the limits of grip in sev-
eral ways to verify the results.

To determine the presence of “dead zones” within a
workspace of the manipulator, the nonlinear dependenc-
es (1) were analyzed to calculate the coordinates for special
point P in the frame of reference associated with the base
of the manipulator. Since functions (1) are continuous and
differentiated, it was concluded that there are no “dead
zones”. It should be noted that formulae (1) could be derived
on the basis of the symbolic solution to the first problem of
kinematics using the Mathcad software application package.
A fragment of the symbolic solution to the first problem of
kinematics using the Mathcad software application package
is shown in Fig. 8.

Since the kinematic IR scheme typically contains at least
five degrees of mobility, in the three-dimensional Cartesian
system the boundaries of the work zone represent the surfac-
es of a complex geometric shape. It is proposed to consider
projections of the boundaries of the manipulator’s work
zone onto the coordinate planes in the frame of reference
associated with the base of the robot. A routine in Mathcad
has been developed to calculate the boundaries of the ma-



nipulator’s workspace and build its projections. Fig. 9 shows
a fragment of the program to calculate the boundaries of the
workspace of the pole of the manipulator’s grip under the
predefined constraints. Fig. 10 shows a representation of the
projection of the boundaries of the workspace of the pole of
the manipulator’s grip under the predefined constraints onto
the YOZ plane in the frame of reference associated with the
base of the robot.

In a three-dimensional Cartesian coordinate system,
the boundaries of the working space of a given manipulator
represent a part of the surface of the torus. Fig. 11 shows
a representation of the boundaries of the workspace of the
gripping pole of the manipulator in question.

It should be noted that programming languages (Fortran
(USA), Pascal (Switzerland), C (USA) or mathematical
packages (MATLAB (USA), Mathcad (USA) could be used
to analyze the current state of the workspace on a computer.

To effectively use the devised method, a manipulator
must be equipped with a sensor system that generates op-
erational and reliable information about the environment.
Otherwise, the need to verify primary information from
sensors reduces performance and distorts the digital model
of the current state of the workspace.

Since the actual implementation of the generalized co-
ordinates ¢;(¢) and the coordinate of the manipulator’s grip
pole xg (t), yg(t), 22 (t) are the functions of time, at the im-
plementation phase of the method it is necessary to adjust
the discretion of the sensor survey, the step of the program
implementation, and the minimum time necessary for the
manipulator to avoid obstacles. Otherwise, acquiring and
processing information, calculating the boundaries of the
manipulator’s workspace, planning the trajectory of the
workaround, synthesis, and the implementation of the rele-
vant law of change in the generalized coordinates may take
too long and would not avoid a collision.

When applying the devised method for manipulative
MR, it should be taken into consideration that the bound-
aries of the workspace are defined in the frame of reference
associated with the base of the robot placed on a mobile
platform. Therefore, the planning of the trajectory of the
workaround, the choice of acceptable configurations of the
manipulator, the synthesis of the optimal trajectory of the

manipulator grip should be carried out taking into consider-
ation the degrees of mobility and accuracy of the positioning
of the platform.

When advancing the proposed method, it is advisable to
refine a three-dimensional representation of the boundaries
of the manipulator’s workspace using the Mathcad software
application package. One should take into consideration, in this
case, certain constraints of the Mathcad’s graphics capabilities.

7. Conclusions

1. The actual laws of change in the generalized coor-
dinates ¢;(t) have been defined, taking into consideration
constraints in the kinematic pairs, the power of drives, and
friction ratios. A routine in Mathcad has been developed to
simulate the movement of the manipulator taking the above
constraints into consideration. Based on the data obtained,
the current state of the set of unacceptable manipulator con-
figurations is determined, as the sets of prohibited values for
the generalized coordinates.

2 The limits of grip reach in the presence of restrictions
and obstacles in the workspace of the manipulator were
calculated in the Mathcad environment. In this case, pro-
grammatically, based on the sets of forbidden values for the
generalized coordinates, unattainable points or forbidden
zones of the working space are identified.

3. The construction of the boundaries of the manipula-
tor’s workspace and the detection of the presence of “dead
zones” within it was carried out using the Mathcad software
application package. This could make it possible to synthe-
size the optimal trajectory taking into consideration the
prohibited regions within the workspace and the set of ac-
ceptable configurations of the manipulator, as well as ensure
the orientation and accuracy of grip positioning.
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