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The paper presents a new powerful technique to linearize the qua-
dratic assignment problem. There are so many techniques available in the
literature that are used to linearize the quadratic assignment problem.
In all these linear formulations, both the number of variables and the lin-
ear constraints significantly increase. The quadratic assignment prob-
lem (QAP) is a well-known problem whereby a set of facilities are allo-
cated to a set of locations in such a way that the cost is a function of the
distance and flow between the facilities. In this problem, the costs are
associated with a facility being placed at a certain location. The objec-
tive is to minimize the assignment of each facility to a location. There
are three main categories of methods for solving the quadratic assign-
ment problem. These categories are heuristics, bounding techniques and
exact algorithms. Heuristics quickly give near-optimal solutions to the
quadratic assignment problem. The five main types of heuristics are con-
struction methods, limited enumeration methods, improvement methods,
simulated annealing techniques and genetic algorithms. For every for-
mulated QAP, a lower bound can be calculated. We have Gilmore-Lawler
bounds, eigenvalue related bounds and bounds based on reformulations
as bounding techniques. There are four main classes of methods for solv-
ing the quadratic assignment problem exactly, which are dynamic pro-
gramming, cutting plane techniques, branch and bound procedures and
hybrids of the last two. The QAP has application in computer backboard
wiring, hospital layout, dartboard design, typewriter keyboard design,
production process, scheduling, etc. The technique proposed in this
paper has the strength that the number of linear constraints increases by
only one after the linearization process

Keywords: quadratic assignment problem, Koopmans and Beckmann
formulation, linear binary form
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1. Introduction

The quadratic assignment problem (QAP) is a well-
known problem and this is a problem whereby a set of facili-
ties are allocated to a set of locations in such a way that the
cost is a function of the distance and flow between the facili-
ties. In this problem, the costs are associated with a facility
being placed at a certain location. The objective is to minimize
the assignment of each facility to a location as given in [1, 2].

The QAP has application in wiring a computer back-
board, in designing a hospital layout and in the dartboard

design whereby in the game of darts points are scored by hit-
ting specific marked areas of the board. The QAP is also used
in the keyboard design of a typewriter, production process
and scheduling.

2. Literature review and problem statement

In the paper [1], the QAP was linearized and the numbers
of constraints and variables were kept to a minimal level.
This linear formulation is based on the original nonlinear




form given in [2]. Even though the best was done to keep the
numbers of constraints to a minimal level, the QAP is still
very difficult to solve. There is a need to reduce the number of
extra or additional constraints that result from the lineariza-
tion process. The lowest number of additional constraints one
can think of is one (i. e. a single constraint). Taking a look at
the available methods for the difficult QAP, we have the fol-
lowing approaches. There are three main categories of methods
for solving the quadratic assignment problem. These catego-
ries are heuristics, bounding techniques and exact algorithms.

These are algorithms that quickly give near-optimal
solutions to the quadratic assignment problem that are given
in [3, 4]. In [3], extensive computational experiments for solv-
ing quadratic assignment problems using various options of
a hybrid genetic algorithm were performed. The paper [4] ad-
dresses the problem of how to solve QAP under the Adleman-
Lipton-sticker model. There are five main classes of heuristics
for the quadratic assignment problem and these are:

1. Construction methods.

2. Limited enumeration methods.

3. Improvement methods.

4. Simulated annealing techniques.

5. Genetic algorithms.

The major challenge with these heuristics is that the
solutions obtained are near-optimal and, in terms of costs, the
difference between the optimal solution and the near-optimal
one is big for large QAPs.

For a formulated quadratic assignment problem, a lower
bound can be calculated. There are several types of bounds
that can be calculated for a quadratic assignment problem
as given in [5, 6]. The paper [5] relaxes the QAP as an LP
relaxation defined in a lifted high dimensional variable space
with order O(n*) variables and constraints. The paper [6]
explores polyhedral methods for the quadratic assignment
problem. These bounds are:

1) Gilmore-Lawler bounds;

2) eigenvalue related bounds;

3) bounds based on reformulations.

Lower bounds on their own are not very effective in solv-
ing QAPs but are important in some ways. Besides being used
to approximate optimal solutions, they can be used within
the context of heuristics or exact methods.

There are four main classes of methods for solving the
quadratic assignment problem exactly as given in [7, 8]. The
classes of methods for solving the QAP are well presented
in [7]. The paper [8] gives the properties of the maximization
form of QAP, which are important in solving this difficult
problem. The exact methods are:

1) dynamic programming;

2) cutting plane techniques;

3) branch and bound procedures;

4) hybrids of the last two.

Research on these four methods has shown that the
hybrids are the most successful of these methods for solving
instances of the quadratic assignment problem. The QAP
remains a very difficult problem and the hunt for an efficient
consistent algorithm for this problem must continue.

The QAP has application in wiring, hospital layout,
dartboard design, typewriter keyboard design, production
process, scheduling, etc.:

a) steinberg wiring problem.

When wiring a computer backboard, there is a need to
minimize the total amount or length of wire used. The main
reason we need to minimize the amount of wire or length of

wire is to minimize costs. In addition, minimizing the total
length of the wiring will improve computing time. To achieve
this, the wiring problem is formulated as a QAP and this
problem is now known as Steinberg wiring problem;

b) hospital layout.

In designing a hospital layout, there are so many impor-
tant factors that must be considered. These important factors
include the patients, hospital staff, clinics, X-ray room, emer-
gency room, drug store, etc. In designing the hospital layout,
the objective is to minimize the total distance a patient in
need of urgent care must travel before being treated. This
problem is formulated as a QAP;

c) dartboard design.

A competitive sport in which two or more players bare-
handedly throw small sharp-pointed missiles at a round tar-
get or dartboard is called darts or dart-throwing. In darts,
points are scored by hitting specific marked areas of the
board. These areas follow a principle of points increasing to-
wards the center of the board. The dartboard design problem
can be formulated as a QAP;

d) typewriter keyboard design.

The use of smartphones and tablets is increasing signifi-
cantly these days.

For one to enter data or text on these modern devices,
virtual keyboards are now being used instead of the conven-
tional hardware keyboards. The challenge is what is the best
virtual keyboard layout for these devices? This problem is
modeled as a quadratic assignment problem;

e) production.

In production processes, orders for a number of products
must be scheduled on a number of similar production lines
so as to minimize the sum of product-dependent changeover
costs, production costs and time-constraint penalties. This
is a production problem that can be modeled as a quadratic
assignment problem;

f) scheduling.

Scheduling is very important in big hospitals, large uni-
versities, rail operations, large bus companies, airlines, etc.
As an example, assignment of classes at a university can be
scheduled in such a way that very few similar classes would
be in the same time slot. In order to do this, the problem can
be formulated as a quadratic assignment problem.

More on applications of the quadratic assignment prob-
lem can be found in [9].

There are four main variants of the quadratic assignment
problem. These are the quadratic bottleneck assignment prob-
lem (QBAP), the biquadratic assignment problem (BQAP),
the quadratic semi-assignment problem (QSAP), and the
generalized quadratic assignment problem (GQAP).

Suppose we are given a set of n facilities and a set
of nlocations. Suppose it is also given that for each pair of
locations, a distance is specified and for each pair of facilities
a weight or flow is also specified. The quadratic bottleneck
problem is the problem of assigning all facilities to different
locations with the goal of minimizing the maximum of the
distances multiplied by the corresponding flows.

A biquadratic assignment problem can be defined as
a quadratic assignment problem with cost coefficients for-
med by the products of two four-dimensional arrays.

In the quadratic semi-assignment problem (QSAP), we are
given again two coefficient matrices, which are the flow ma-
trix and a distance matrix. In this case, there are n objects and
m locations and are in such a way that n>m. The objective
is to assign all objects to locations and at least one object to



each location so as to minimize the overall distance covered
by the flow of materials (or people) moving between diffe-
rent objects.

The GQAP involves the minimization of a total pairwise
interaction cost among m equipment, tasks or other entities
and placement of these entities into n possible destinations
and is dependent upon existing resource capacities.

For more on quadratic assignment variants, readers are
encouraged to see [10]. There are so many mathematical
formulations for QAP. In this chapter, we use the linear form
proposed in [1]. This linear form is an extension of the formu-
lation introduced by [2]. In this formulation, we assume that
new buildings are to be placed on a piece of land and 7 sites
have been identified as sites for the buildings. We also assume
that each building has a special function.

The number of variables and the number of constraints
are used to measure complexity. As an example, the paper [11]
gives a method whose complexity is of order:

O(L\/;(T’l-‘r m)ME e'z).

In this complexity function, 7 is the number of variables in
the cost function, m is the number of constraints, L is the
bit length of the input data, [M], is an upper bound to the
Frobenius norm of the linear systems of equations that ap-
pear and € is the target precision. The more constraints
and/or variables in the linear program, the more complex the
model becomes. In other words, it makes sense to keep these
two factors to the minimum when formulating and lineariz-
ing the quadratic assignment problem.

The formulated linear problem can be solved in many
ways. The first way is to use branch and bound related al-
gorithms [12—14]. In [12], reformulation and bounds are
used to enhance the performance of the branch and bound
algorithm for knapsack problem. In[13], a cut-and-branch
algorithm for the quadratic knapsack problem is proposed,
in which a cutting-plane phase is followed by a branch-and-
bound phase. The basics of the branch and bound algorithm
and simple illustrations are given in [14]. Dynamic program-
ming (DP) can be used to solve some versions of knapsack
models [15]. The main weakness of DP related approaches
for knapsack models is that they become inefficient as the
problem increases in size. Interior-point based algorithms,
which are good for large problems, can also be used [16, 17].
In [16], it was shown that any linear binary problem can be
converted into a convex quadratic problem. Interior point al-
gorithms can solve convex quadratic problems in polynomial
time. In [17], the traveling salesman problem is formulated
as a convex quadratic problem. Other methods that com-
bine heuristics and exact technics can also be used. More on
these methods can be found in [18-21]. The paper [ 18] aims
to find better algorithms for solving parameter reduction
problems of soft sets and gives their potential applications.
The paper [19] proposes a Petri net based mathematical
programming approach to practical problems, in which we
generate integer linear programming problems from Petri
net models instead of the direct mathematical formulation.
In [20], a rectangle blanket is used to speed up the compu-
tations in computer vision applications. In [21], a new for-
mulation based on the definition of new binary variables has
been proposed to convert practical problems in solar systems
to binary linear programming (BLP). The proposed method
finds the global optimum solution more efficiently than any
other method available so.

3. The aim and objectives of the study

The aim of the study is to develop a method for the
quadratic assignment problem. To achieve the set aim, the
following tasks have been solved:

— to linearize the quadratic assignment formulation;

— to reduce the number of extra constraints to only one.

4. Materials and methods used to develop
the method for the QAP

In this case, a theoretical approach was used to develop
the proposed method for the quadratic assignment problem.
This was done by first linearizing the nonlinear quadratic
assignment problem. After that, there was a need to reduce
the number of extra linear constraints to only one.

Let a; be the walking distance between sites i and j;
by be the number of people per week who circulate between
buildings %k and 1

Then the Koopmans-Beckmann formulation of the QAP
is given as (1):

Maximize:

n o n n n

Z= Zzzzaijbkleksz + chikxik'

i=1 j=1 k=1 [=1 i=1 k=1

Such that:

y x.=1, 1<j<n,
2% J

i=1

n
inj:L 1<i<n,

J=1

v, €{0,1}, 1<i<n, 1<j<n. (1)

In this formulation, there are n* variables and 27 con-
straints [2].

The current technique can linearize the Koopmans-Beck-
mann model to the form given in (2).

Maximize:

z= ZZ aijbklyz‘jkl’

Such that:

ZZZZywnz, (2)

i=1 j=1 k=1 I=1

Xyt Xy 22y, Vi jkl,

yiijM,+xj,—1.

Solving this linearized QAP model becomes very difficult
as n increases in size. This linearized model has (n+n?) vari-
ables and O(n") constraints. This is very difficult to manage
as n becomes large.

The Koopmans-Beckmann formulation is a special case of
a quadratic binary problem.

Let a general case of the quadratic binary problem be
represented in (3).



Minimize:

zZ= iichixj +i52’xk-
T

i=1 j=1

Such that:

ayX, +a,%, +..+a,x,<b,

Ay Xy + Aoy Xy + .4 Ay X, <Dy,

Ay Xy + Ay Xy + .t a, X, <b, 3)
where ay, b;, ¢ and ¢, are constants, 1<i<m, 1<j<n,

XX, %, 6{0,1}, 1<i<n, 1<j<n, 1<k<n.

In this formulation, all the variables are binary but there
are a very large number of variables and constraints.

If i=j then (x;)?=(xj)% For binary integer variables, we
have the following.

xi(x,. —1)=0,
x?—x,=0,
X, =x0. (4)

Thus, x? can be replaced by x; in the objective function.
Similarly, xf can also be replaced by x; in the objective
function. Note that this substitution on its own does not
change the number of variables in the problem.

B . . n(n-1)
If i is not equal to j then in the worst case there are 3
combinations of such variables in the objective function.

Proof 1. Suppose that:

— the case of two variables x; and x»: then in the worst
case, we can have the product x1xy as the only possible com-
bination of variables;

— the case of three variables xy, x93 and x3: then in the
worst case, we can have products xyxs, x1x3 or xox3 as the
possible combinations of variables. Thus, these three vari-
ables give 3 possible combinations;

— the case of 7 variables xy, x9, x3, ..., X,,_1, and x;,: then in
the worst case, we can have xx9, X1X3, ..., X1Xp, XoX3, XoXy, ...,
X1, X, as the possible combinations. This results in:

o on(n-1)
(n=1)+(n-2)+..+1 21; 5
possible combinations. The total number of combinations
increases as the number of variables # increases.

The variable combinations of the form xjx; where i is
not equal to j must be removed in order to make the ob-
jective function linear. This is done by using the following
substitution.

Variable substitution. Let:

XX, = A )

Since x; and xj are binary then the only possible products

of these two are 0 and 1. This implies that A’ is also a binary
-1

variable and = 1,2,...,71(717).

In other words, this can be summarized as given in (6-8).
x4 x; =24 + 12 (6)
M+AZ <A, Q)

1
A AZelo ) and r=12,, =1

(8)

Proof.

To prove this, we show that the solution space for
Q(x;,x7)={0, 1} is also the solution space for Q(2,). In ad-
dition, every point in Q(x; ;) has a corresponding point
in Q(%,) and that x.x; = A2 for all corresponding points.

Solution space for x;,x;, 1. e. Q(ax;, x):

—if x;=0 and x;=0, then x;2;=0;

—if x;=1 and x;=0, then x;x;=0;

—if x;=0 and xj=1, then x;2;=0;

—if ;=1 and xj=1, then x;x5=1;

—if Al =1and
Kﬁ:0:>xi+xj:2:>xi:xj:1:>xixj:1.

There are two cases to consider:
— case one:

A, =0 and A} =1=x,+x,=1,=x,=1

and x;=0= x.x,=0.
— case two:

A, =0and A} =1=x+x,=1,=x,=0

and x;=1= xx,=0.
If AL=0 and

A =0=x+x,=0=x=x=0=xx,=0.
~Q(1,)={01).

Corresponding points. Point in Q(x,xi). Corresponding
point in Q(A, ).
A =0 and A’ =0,

x,=0 and x, =0,

x;=1 and x, =0, Al =0 and A’ =1,

x;=0 and x;=1, A, =0 and A} =1,
x;=1and x;=1, A, =1 and A} =0.

In other words, both the nonlinear and linear forms are
made up of binary variables only.

This linearization process has serious weaknesses. Two addi-
tional variables are added for every product of variables x;, x;
where 7 is not equal to j appearing in the objective function.
n(n-1)

For every any quadratic binary problem, there are

such products, and this was shown in Section 2. The number
of new variables is given in (9).

ZXg(n—i)zn(n—i) new variables. 9)

This gives a total of n(n—1) new variables+n original
variables, which is equal to n® variables. Also, two additional



constraints are added for every product of variables x;, x;
where 7 is not equal to j appearing in the objective function.
The total number of new constraints is given in (10).

(10)

2% g(n —1)=n(n—1) constraints.

The total number of constraints (m) is given by (11).
This comes from, m=m original constraints+n(n—1) ori-
ginal constraints, which is simplified to (11).

(n2 +m— n) variables.

(11

This gives the total number of variables, which becomes
large as the number of variables increases.
The linearized model becomes as given in (12).
Minimize:
%(n_1) n
Z=Y ¢+,
r=1 i

Such that:

a,x, +a, %, +..+a,x,<b,

1nn

Ay Xy + Agy Xy + o+ Ay, X, < by,

a,x,+a,,x,+..+a,x, <b (12)
X2, =20+ A7, Vi ],

1 2 . .
A AN <1 Vi,

x,x;,x,€{01}, 1<i<n, 1<j<n, 1<k<n,

ki,kf 6{0,1} and r=1,2,.., n(n—l).

The number of additional constraints in this linearized
model is large and there is a need to reduce it to the smallest
manageable level possible.

4. 1. Minimization of the number of additional con-
straints in the linear model

Solving a linear model with n(n—1) additional con-
straints and (n*+m-n) additional variables is a mammoth
task for very large QAPs. There is a need to minimize the
number of additional constraints.

The following two additional constraints can be com-
bined into one:

XX =20+
A +AZ<t.

The additional constraint in (6) can be expressed as given
in (13) and (14).

X+ 2= 2K + 20 - A (13)
X2+ A =20+ 20 (14)
a0 =2(0 +A2). (15)

From (7) AL+’ <1, thus (15) is reduced to (17).

(16)
A7)

X+ x,+A <2(1).
XX+ <2,

This reduces the number of additional constraints and
n(n-1)
—5
. . . n(n-1)
The minimized additional variables —
moth task for large QAPs. The number of additional con-

500(500—1)
2

variables to

is still a mam-

=124.750.

There is still a need to further minimize the number of ad-
ditional constraints. This can be done by combining all the
additional constraints into one.

straints and variables increases by

2 2
X+, +A <2 x+a,+A, <2,

X, +x,+A<2, (18)
-1
where (= n(n2 )

Combining ¢ additional constraints, we have (19).

2 2 2 2
X+ X, A+ 2 F X A X X, HA<2424..4+2,(19)

(n=1) (o, + 3, + o x, )+ (A + 45+ 417 ) <20 (20)
Then the linearized model becomes as given in (21).
Minimize:

%(n—1) n
Z=Y ¢'M+Y ¢,

r=1 i

Such that:
ayX,+a,%, +..+a,x, <b,
Ay Xy + Ay Xy + .+ Ay, X, S by,
A Xy + @, 0%y + .t a, x,<b,, 21)

(n=1)(x, + 2, + .t x, )+ (AT + A+ 4 A ) < 20,

Note that the number of additional constraints increases
by only one as given in (19).
Since AL +2A2 <1, then (20) is simplified to (22), which
further is simplified to (23).
Minimize:
L(n-1)

z=Y3 a?(1-x§)+iajxk,

r=1
Such that:
a, X, +a,x,+..+a,x,<b,

Ay Xy + Aoy Xy + .. Ay X, < Dy,

n

Ay Xy + Ao Xy + ot a, x, < b

mn”"n m’

(22)

(n=1)(x, + 2, + .t 2, )+ (AT + A5+



Minimize:

Sty Sty "
_ =0 —0n 2 —1
Z= Z c, - Z 0,7»,_+chxk.
r=1 r=1 i

Such that:

ayX, +a,%, +..+a,x,<b,

Ay Xy + Agy Xy + o+ Ay, X, <Dy,

Ay Xy + Ay Xy + .t a,, X, <b, | (23)
(n=1)(a, + 20, + .42, )+ (AT + 5 4447 ) <20

n
5(7‘4)

Since z ¢’ | is constant, then (23) is reduced to (24).
r=1
Minimize:
5(n=1) 5(n=1)

Z=Y ¢ -y E,Oxf+§n:5k1xk.
r=1 i

r=1

Such that:

X, +a,X, +.+a,X

1nn

<b,

Ay Xy + Agy Xy + .o+ Ay, X, <Dy,

Ay Xy + Ay Xy + .t a, X, b, (24)

(n=1)(x, + 2, + .t 2, )+ (M) + 2+ 4 A0 ) <20

This is another way of linearizing the quadratic assign-
ment problem whereby the number of linear constraints
increases by only one constraint.

5. Results of the development of the method for QAP

5. 1. Linearize the quadratic assignment problem

In the numerical illustration, the given problem in (23)
is linearized by introducing 6 new variables and 6 new con-
straints as given in (26).

3. 2. Reduce the number of extra constraints to only
one and solve

The linearized problem given in (26) has 6 extra con-
straints. These 6 extra constraints are reduced to only one as
given in (27).

Numerical illustration.

Solve the quadratic assignment problem given in (25)
using the proposed approach.

Minimize:

2=36x, +32x, +33x, +30x, +16x +25x,x, +

+2620,2, + 28,20, + 282,20, + 320,00, + 2722 + 31,

Such that:

24x,+32x, +30x, +31x, 263,
34x,+28x, +32x, +37x, 268,

31x, +35x, + 28, + 33x, 2 65, (25)

where x;€{0,1},j=12,34.

There are three stages in solving this problem. These
stages are linearizing the problem, reducing the additional
constraints in the linear model and then solving it.

Making the model linear.

Let x,=x7 and xx;=—-A then the linear model in the
numerical illustration becomes as given in (26).

Minimize:

z=36x, +32x,+33x,+30x, +

+(16x7 =161x, )+ (-2547 )+ (2613 )+ (2813 ) +
+(—287 ) +(—3242)+(27x] = 27x, )+ (-3113).
Such that:

24x,+32x,+30x, +31x, 263,

34x,+28x, +32x,+37x, 268,

31x,+35x, +28x, +33x, 2 65.

Extra linear constraints:

X, +x, +A <2,

X, +x,+A <2,

X, +x, +A<2,

Xy +a,+ A <2,

Xy + 2, +A2 <2,

Xyt +A <2, (26)

where x; €{0,1},i=1,2,3,4 and 1} €{0,1}, j=1,2,3,4,5,6.

The problem is now linear and our next stage is to reduce
the number of extra constraints.

If the six extra constraints are combined into one, then
this is reduced to (27).

Minimize:

z=52x,+32x, +60x, +30x, — 2507 — 261, —

—28); —28)7 — 322 - 31A,

Such that:

24x,+32x,+30x, +31x, 263,

34x,+28x, +32x, +37x, 268,

31x, +35x, +28x, + 33x, 265,

30,432, + 30, + 320, + A2+ A2+ AL+ AL+ A2+ A2 <12,(27)
where x, €{0,1}, i=1,2,3,4; 7{]2. e{01}, j=1,2,3,4,5,6.

The number of extra constraints in the linear model has
been reduced to one and we now need to solve a linear model.



Solving a linear integer model.
Solving a linear model, the optimal solution is obtained
as given in (28).

x1:x2=x4=k§=k§=k§:1,
xy=A=A;=A2=0. (28)

The problem is now solved to give an optimal solution
shown in (28).

6. Discussion of numerical illustration

The given problem is in (25) and to solve this problem
it must be linearized first. In order to linearize it, products
of two different variables in the objective function are con-
sidered. In this case, products of different variables are xjxs,
X123, X1X4, XoX3, X954 and x3x4. There are six such products and
it implies there must be 6 new variables in the linear formu-
lation. In other words, the number of new variables depends
on the products of different variables. The number of new
constraints also depends on the number of given variables.
In this case, there are four variables x1, x9, x3 and x4. The num-
ber of new constraints is the same as the number of all possible
combinations (“C,=6) of these four variables. Using the
noted patterns, any QAP can be easily linearized.

The second stage in the proposed method is to reduce the
number of extra constraints in the linearized form of the QAP.
The linearized form is given in (26) and there are 6 extra con-
straints. In order to reduce the 6 extra constraints, they are
combined into one constraint by mere adding as given in (27).
This is an excellent feature that is inherent in the proposed
method. It is the only method whereby the number of extra
constraints increases by only one. We are not aware of any
other method that can do that. The only limitation of the
proposed algorithm is that there are no computational results
to compare with other methods at the moment.

To linearize the quadratic assignment problem given in
Section 5. 1, we need a total of 6 extra constraints. Thus,
the new linear problem has a total of 4 original variables,
plus 3 original constraints, 6 new constraints and 6 new
variables. The 6 new or extra constraints can be reduced
to only 1 constraint as given in (25). This can be solved
more efficiently than the form given in (24) to obtain the
optimal solution given in (26). The strength of the proposed
approach is that the number of constraints increases by one
no matter what size.

7. Conclusions

1. The quadratic assignment formulation was linearized.
A numerical illustration is presented in which 6 new con-
straints and 6 new variables are added to linearize the given
quadratic assignment problem.

2.In every linearizing process, using the proposed ap-
proach, the number of new constraints is reduced to only one.
This is illustrated in the numerical example whereby the new
6 extra constraints are reduced to only one.

The complexity of most models including (QAP) is mea-
sured in terms of the number of variables () and the number
of constraints (m). Reducing any of these two parameters
or both of them can significantly reduce the complexity of
the model. In this paper, we proposed a technique to fix the
increase in the number of extra constraints to only one. We
are not aware of any method that can do that.

Acknowledgments

We are grateful to the editor and the anonymous referees.
We also take this opportunity to thank the NWU Faculty
of Economic and Management Sciences (FEMS) for the
research support.

References

1. Munapo, E. (2012). Reducing the number of new constraints and variables in a linearised quadratic assignment problem. AFRICAN
JOURNAL OF AGRICULTURAL RESEEARCH, 7 (21). doi: https://doi.org/10.5897 /ajarx11.073

2. Koopmans, T. C., Beckmann, M. (1957). Assignment Problems and the Location of Economic Activities. Econometrica, 25 (1), 53.
doi: https://doi.org/10.2307 /1907742

3. Drezner, Z. (2008). Extensive experiments with hybrid genetic algorithms for the solution of the quadratic assignment problem.
Computers & Operations Research, 35 (3), 717-736. doi: https://doi.org/10.1016/j.cor.2006.05.004

4. Yang, X., Lu, Q., Li, C,, Liao, X. (2008). Biological computation of the solution to the quadratic assignment problem. Applied Mathe-
matics and Computation, 200 (1), 369—377. doi: https://doi.org/10.1016/j.amc.2007.11.016

5. Adams, W, Johnson, T. (1994). Improved linear programming-based lower bounds for the quadratic assignment problem. DIMACS
Series in Discrete Mathematics and Theoretical Computer Science, 43—75. doi: https://doi.org/10.1090,/dimacs/016,/02

6. Ramakrishnan, K. G., Resende, M. G. C., Ramachandran, B., Pekny, J. F. (2002). Tight QAP bounds via linear programming. Series
on Applied Mathematics, 297-303. doi: https://doi.org/10.1142,/9789812778215 0019

7. Cela, E. (1998). The quadratic assignment problem: theory and algorithms. In Combinatorial Optimization. Springer, 287. doi: https://
doi.org/10.1007 /978-1-4757-2787-6

8. Nagarajan, V., Sviridenko, M. (2009). On the Maximum Quadratic Assignment Problem. Mathematics of Operations Research, 34 (4),
859-868. doi: https://doi.org/10.1287 /moor.1090.0418

9. Abdel-Basset, M., Manogaran, G., Rashad, H., Zaied, A. N. H. (2018). A comprehensive review of quadratic assignment problem:
variants, hybrids and applications. Journal of Ambient Intelligence and Humanized Computing. doi: https://doi.org/10.1007/
$12652-018-0917-x

10. Billionnet, A., Elloumi, S. (2001). Best reduction of the quadratic semi-assignment problem. Discrete Applied Mathematics, 109 (3),

197-213. doi: https://doi.org/10.1016,/s0166-218x(00)00257-2



11.

12.

13.

14.
15.

16.
17.

18.

19.

20.

21.

Casares, P. A. M., Martin-Delgado, M. A. (2020). A quantum interior-point predictor—corrector algorithm for linear programming.
Journal of Physics A: Mathematical and Theoretical, 53 (44), 445305. doi: https://doi.org/10.1088/1751-8121/abb439
Al-Rabeeah, M., Munapo, E., Al-Hasani, A., Kumar, S., Eberhard, A. (2019). Computational Enhancement in the Application of the
Branch and Bound Method for Linear Integer Programs and Related Models. International Journal of Mathematical, Engineering
and Management Sciences, 4 (5), 1140—1153. doi: https://doi.org/10.33889 /ijmems.2019.4.5-090

Djeumou Fomeni, F, Kaparis, K., Letchford, A. N. (2020). A cut-and-branch algorithm for the Quadratic Knapsack Problem.
Discrete Optimization, 100579. doi: https://doi.org/10.1016 /j.disopt.2020.100579

Taha, H. A. (2017). Operations Research: An Introduction. Pearson Education.

Arbib, C., Pinar, M. C., Rossi, F, Tessitore, A. (2020). Codon optimization by 0-1 linear programming. Computers & Operations
Research, 119, 104932. doi: https://doi.org/10.1016 /j.cor.2020.104932

Munapo, E. (2016). Second Proof That P=NP. EngOpt 2016. Program of the Conference.

Munapo, E. (2021). The Traveling Salesman Problem. Research Advancements in Smart Technology, Optimization, and Renewable
Energy, 88-109. doi: https://doi.org/10.4018,/978-1-7998-3970-5.ch006

Han, B, Li, Y., Geng, S. (2017). 0—1 Linear programming methods for optimal normal and pseudo parameter reductions of soft sets.
Applied Soft Computing, 54, 467—484. doi: https://doi.org/10.1016 /j.as0c.2016.08.052

Kodama, A., Nishi, T. (2017). Petri net representation and reachability analysis of 0—1 integer linear programming problems. Infor-
mation Sciences, 400-401, 157—172. doi: https://doi.org/10.1016/j.ins.2017.03.014

Demiréz, B. E., Altunel, I. K., Akarun, L. (2019). Rectangle blanket problem: Binary integer linear programming formulation and
solution algorithms. European Journal of Operational Research, 277 (1), 62—83. doi: https://doi.org/10.1016/j.ejor.2019.02.004
Bakhshi-Jafarabadi, R., Sadeh, J., Soheili, A. (2019). Global optimum economic designing of grid-connected photovoltaic sys-
tems with multiple inverters using binary linear programming. Solar Energy, 183, 842-850. doi: https://doi.org/10.1016/
j.solener.2019.03.019



