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1. Introduction 

The process of rendering the new types of telecom-
munication services due to the rapid growth of traffic has 
predetermined a significant increase in the need for infor-

mation flows in telecommunication networks. That has led 
to a situation when existing telecommunication networks 
proved to be incapable or came to the limit of their capacity 
to serve subscribers at the predefined indicators of service 
quality.
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The quality of reception, as well as the 
processing and demodulation of the input signal 
in the telecommunication systems' networks, 
are closely related to the quality indicators in 
the functioning of one of the subsystems of these 
networks, namely a phase synchronization system. 
This work has directly considered the issues 
related to improving the performance and reducing 
the transitional component of the phase error 
generated by transition processes in the combined 
synchronization system. A mathematical model has 
been built that makes it possible to synthesize a 
disrupted link in the synchronization system of a 
telecommunication network meeting the condition 
for a decrease in the transitional component of the 
phase error. It is shown that a simple disrupted link, 
synthesized under the condition of suppressing a 
slow-fading transition component, makes it possible 
to shorten the time of the transition process in 
the system while maintaining the initial order of 
astatism. When a complex link is synthesized, the 
transition process becomes oscillatory.

It was established that under the conditions of 
a phase jump or a frequency jump, it is possible to 
improve the dynamics of the system and reduce the 
transitional component of the phase error variance 
by making the parameters for the disrupted 
communication link influence the roots of the 
characteristic equation of the transition process. The 
features in synthesizing disrupted communication 
have been considered for the intervals of movement 
corresponding to areas with the positive and 
negative inclination of the phase discriminator's 
static characteristic. Such conditions have been 
devised that make it possible to determine the value 
and sign of the root in the characteristic equation 
of the transition process, which is introduced 
by the parameter of a disrupted communication 
link separately for areas of the stable and non-
steady movement of the phase discriminator's static 
characteristic. The reported mathematical model 
of disrupted link synthesis has made it possible 
to derive reference results. They indicated that in 
order to suppress the slowly fading component of 
the phase error characteristic equation to "0", it is 
necessary to provide for a significant advantage, up 
to 10 times, of the roots introduced by the disrupted 
communication link over the roots of the specified 
component. By changing the value for a disrupted 
communication parameter, one can significantly, up 
to 5 times or larger, shorten the time of the transition 
process in the combined synchronization system at 
a simultaneous decrease of 18‒25 % in the initial 
value of the transition error
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The issue of improving the architecture of such networks 
and improving the quality of functioning based on the use of 
modern methods and principles has arisen and needs to be 
constantly addressed [1].

One of the directions towards improving the efficiency 
of computer and telecommunication networks is to increase 
the dynamics, which can be achieved by increasing the per-
formance rate of input data demodulation systems, whose 
component is the combined phase synchronization systems. 
The operational effectiveness of a combined synchronization 
system depends, in general, on various factors of external 
and internal influence, as well as various restrictions [2, 3].

The issue of improving the efficiency of the phase syn-
chronization system is a constant important scientific task. 
One of the directions to resolve it is to design and sub-
stantiate optimal schemes for building the system towards 
minimizing a phase error variance while maintaining high 
performance [4].

It is obvious that such schemes resolve the issue of main-
taining the system’s high dynamics at the predefined level of 
phase error variance by designing the scientifically based op-
timal construction schemes that function on the basis of built 
mathematical models. These mathematical models should 
take into consideration both the parameters of the compo-
nents of the synchronization system construction circuit and 
the factors of external and internal perturbations, which was 
defined as a relevant scientific task in works [3‒5].

It is known that one of the factors of internal disturbanc-
es and interference for a radio-electronic circuit is transient 
processes. They are caused by the reaction of the specified 
system to the transition from one stationary state to another 
stationary state [1, 4]. 

For a phase synchronization system, they may be due to 
cases when the input signal is received by the circuit for the 
first time, when the communication is interrupted, due to 
Doppler frequency shift, etc. [5–7].

It is determined in [3, 6] that the presence of such tran-
sient processes as one of the types of internal disturbances 
causes a decrease in the dynamics of the synchronization 
system. And the presence of additional transient oscillatory 
processes in the system increases the variance of the phase 
error by the magnitude of the transition error. Because of 
this, the effectiveness of the synchronization system is com-
promised, which has a significant impact on the operation of 
the entire network in general.

That requires addressing the scientific task of designing 
and building a phase synchronization system for the input 
signal, whose properties are to improve the dynamics of op-
eration and reduce the phase error, taking into consideration 
the impact exerted by the transition process.

2. Literature review and problem statement

General issues of improving the performance speed of 
the synchronization system and minimizing the variance of 
the phase error by a method of the disrupted link synthesis 
are discussed in paper [6]. The mathematical dependences 
reported in the cited paper and the conclusions drawn on 
their basis make it possible to synthesize the complex dis-
rupted link within the synchronization system. The paper 
proposes a scheme for a combined synchronization system 
with the predefined value of the effectiveness of its indica-
tors, depending on the level of external additive Gaussian 

noise. However, the authors do not take into consideration 
the internal factors and the direct impact of transitional 
processes that may affect the effectiveness of the application 
of such a scheme.

Works [8, 9] defined and substantiated the possibili-
ties of improving the quality of synchronization systems 
in the class of combined synchronization systems. The 
cited works note that the specified systems can combine 
the principles of regulation for deviation and perturbation 
with the simultaneous provision for the minimization of 
phase error variance. These combinations were defined 
as advantages in comparison with the existing schemes to 
construct synchronization systems; the authors substanti-
ated the prospects of using methods for building this type 
of system. In turn, the issues of taking into consideration 
the transition processes related to the system’s reaction to 
incoming signal disturbances are not discussed or taken 
into consideration in the cited works.

Paper [10] reports the results of studying the features 
of the implementation of the carrier frequency recovery 
system in coherent signal demodulation with a continuous 
phase. The scheme that was given in the paper uses a phase 
auto-adjusting frequency system, which essentially creates 
open feedback in this type of combined synchronization sys-
tem. The issue of practical implementation of the specified 
system on a modern element base is investigated in the paper. 
The influence of internal factors on the efficiency of such a 
system and the direct impact of transition processes on the 
type of system presented is not considered in the cited paper.

The authors of works [11, 12] proposed a method for 
constructing a combined synchronization system, for which 
they proposed an algorithm of a certain type of synchro-
nization of a sequence of signals, which expands under the 
conditions of a significant excess of noise over the level of 
the information signal. To synchronize, one is prompted to 
use a utility channel that operates at the same frequency 
as the information channel. The distribution of channels is 
carried out in the formation of signals of quadratic channels: 
the synphase channel is used to form the phase-manipulated 
signal with the expansion of the spectrum, while the qua-
dratic channel is used to transmit the clock speed signal. 
Taking into consideration the system’s reaction to transient 
processes and the impact of these processes on the perfor-
mance of the proposed type of synchronization system is not 
considered in the cited works.

Paper [13] justified and presented a direct sequence 
modulation scheme for distributed spectrum communica-
tion systems, which is defined as modulation of delay and 
addressing (DADS). The scheme reported in the cited paper 
is easy to implement and does not require alignment of the 
input code at its input, which makes it the most optimal for 
transmitting short signals. The cited paper did not reveal 
the type of scheme for which the findings were substantiat-
ed, and there are no data on assessing its performance and 
the influence of internal factors of this scheme and directly 
transition processes.

Certain considerations on the possibilities of ensuring 
the desired level of performance in the modified combined 
synchronization systems with disrupted communication 
are presented in paper [4]. The research was carried out in 
relation to one of the proposed parameters for building a 
synchronization system in which disrupted communication 
is synthesized against the background of minimizing phase 
error variance.
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The cited paper shows that the synchronization system 
settings can be affected by changing the parameters for a 
link of its disrupted communication. The issues of influence 
of transition processes and other internal disturbances in 
the system on the effectiveness of its functioning were not 
considered in the cited paper.

The issue of assessing the impact of directly changing 
the input signal values on performance and the process of 
minimizing the phase error in the process of tracking the 
carrier frequency by the combined synchronization system 
of a radio communication device is considered in work [7]. In 
the cited work, the expediency of introducing an additional 
link into the disrupted communication under the conditions 
of influence of restrictions on any coordinate of the input 
signal is substantiated. It was established that the effect of in-
troducing such a link has certain limitations, 
and, at certain thresholds of such restrictions, 
do not yield the desired effect and becomes 
impractical. The assessment of the impact of 
the transition process on the performance 
of the system and the issue of its reduc-
tion was not considered in the cited work.

Thus, the prerequisite for increasing the 
bandwidth of computer and telecommuni-
cation networks is to improve the operation-
al efficiency of the synchronization system. 
That requires the development and construc-
tion of a phase synchronization system for 
the input signal taking into consideration 
the impact of the transition process on its operation in the 
process of tracking the carrier frequency. Such work in-
volves researching the impact of the transition process on 
the operation of the synchronization system and the devel-
opment of appropriate models and methods of system syn-
thesis under the condition of reducing the defined impact.

3. The aim and objectives of the study

The purpose of this work is to devise a model of synthesis 
of the system of synchronization of the input signal of the 
telecommunication network, under the condition of reducing 
the transition component of the phase error when tracking 
the carrier frequency.

That would make it possible to further develop a scheme 
of the synchronization system, which should provide for the 
high dynamics under the condition of reducing the phase 
error when tracking the carrier frequency.

To accomplish the aim, the following tasks have been set:
– to build mathematical dependences to model the pro-

cess of formation of the transitional component of the phase 
error in the phase synchronization system;

– to synthesize a link in the disrupted communication of 
the combined synchronization system under the condition of 
reducing the transition component of the error;

– to analyze the influence of the parameters of the syn-
thesized link in the disrupted communication to reduce the 
characteristics of the transition process in the combined 
synchronization system;

– to substantiate the type of link in the disrupted com-
munication of the synchronization system, if the transition 
component of the error is reduced and the performance of the 
synchronization system is improved;

– to define and form the conditions for determining the 
parameters for the disrupted communication link, provided 
that the transitional component of the phase error is reduced;

– to estimate the dependence of the transition process 
parameters on the parameters of the synthesized link for the 
disrupted communication.

4. The study materials and methods

This work considers the combined system of phase 
synchronization (CSS) in which a link for the disrupted 
compensatory communication is synthesized. The structural 
diagram of the linear model of CSS synchronization system, 
which is considered in our work, is shown in Fig. 1.

The specified model of CSS includes an additional link 
with a transfer function ( )4 ,W S  which was used to implement 
the disrupted link and build an open control channel [3, 5].

5. The study results 

5. 1. Modeling the process of forming a transitional 
component of the phase error of the synchronization 
system

In most practical cases, along with random fluctuations 
of the generator phase in the synchronization system, there 
are transient processes due to differences between phases 
and frequencies of input and output signals. Such a transi-
tion process occurs, for example, when the signal is received 
for the first time, when communication is interrupted, due 
to doppler frequency shift, etc. Often, these transition 
processes act much more strongly than the random phase 
oscillations.

It is known that optimizing the synchronization system 
to a minimum of phase error variance leads to a deterioration 
in its dynamics [3, 5, 7].

There are two ways to affect transition processes in the 
phase synchronization system [6, 14, 15]:

– reducing the time of the transition process in a single 
jump of the input signal phase without taking into consider-
ation the impact of noise; 

– minimizing the transitional component of the error 
when limiting for the variance of the main (base) error.

In case of reducing the time of the transition process in 
a single jump of the input signal phase without taking into 
consideration the influence of noise, the input signal phase 
is determined as φInp(t)=d(t), where d(t) is the harmful fre-
quency shift at the input of the system [15].
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Fig.	1. Structural	diagram	of	the	linear	model	of	the	combined	synchronization	
system	with	an	additional	link
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Because the phase estimation must be accurate enough 
to be used in the synchronization system. Given this, the 
case with a high signal/noise ratio, when noise can be ne-
glected, is of practical interest. And the estimation of system 
logon time in sync during the absence of noise is important 
in most systems related to synchronization [15, 16].

In addition, this approach makes it possible to devise a 
methodology for the synthesis of open communication with 
respect to synchronization systems, taking into consider-
ation nonlinearity. 

In order to model the process of formation of the transi-
tional component of the phase error in the synchronization 
system, we determine the mathematical dependences that 
reveal the structure of its characteristic equation.

In the expression to determine the phase of the input 
signal φInp(t):

( ) ( ) ( )
1

1
0

0

1 ,
N

r
rInp

r

t t r
−

+

=

= φ + Ω +φ ∑

we assume r=0 (phase jump) and r=1 (frequency jump).
At the same time, we use the method of synthesis of 

open communication under the condition of suppression of 
slow-damping components outlined in works [3, 16, 17] re-
garding linear automatic control systems. 

The transfer function of the phase discriminator, adopt-
ed as a link in the disrupted communication, is set in the 
following form:

( ) ( )1 1 ,W S K N= φ   (1)

where N(φ) is the normalized nonlinear characteristics of the 
phase discriminator.

The corresponding transfer functions of the system are 
obtained taking into consideration the expression for the 
transfer function of the phase discriminator, as a link in the 
disrupted communication ( ) ( ) ( )1 1 1 1/W S K D S F S= +  when 
they include, instead of W1(S),  its value from expression (1).

The expression to display the phase error is represented 
as the sum of the forced φfr(t) and transitional φn(t) compo-
nents [10, 15]:

( ) ( ) ( ).n frt t tφ = φ + φ    (2)

The forced component of the error φfr(t) depends, in this 
case, on the control influence φInp(t) and is defined as the 
solution to a heterogeneous differential equation. It charac-
terizes the accuracy of the system under a steady mode.

The transitional component of the error φn(t) is the solu-
tion to the homogeneous differential equation F(S)φn(S)=0. 
This error occurs in transition modes. The φn(t) value is 
determined by the roots of the characteristic equation of the 
synchronization system.

If the characteristic equation of the synchronization 
system F(S)=0 as a homogeneous differential equation has m 
simple (non-multiple) roots, then the transitional component 
of the error can be represented as its solution, as the sum of 
the exponents [6, 15]:

( )
1

,i

m
S t

n i
i

t A e
=

φ = ∑   (3)

where Si is the i-th root of the characteristic equation, Ai is 
the initial value of the i-th component of the transition error. 

That is, an expression was obtained that defines the 
parameters of the transition process as a component of its 
characteristic equation.

5. 2. Synthesizing a link in the disrupted communi-
cation of the combined synchronization system under 
the condition of reducing the transition component  
of the error

To synthesize a disrupted communication under the in-
fluence of transition processes, we refine the expression for 
a phase error. To this end, to switch from an expression for a 
phase error in the form (2) to a notation form via the time of 
the transition process (3), we shall use the Cauchy theorem 
about deductions. 

Then we obtain [15]:

( ) ( ) ( ),
i

St

S

t Res S Res Se φ = φ = ψ ∑ ∑    (4)

where ψ(S)=φ(S)eSt, the deduction of the function f(x) at a 
special point a, which is the pole of the multiplicity m, and is 
determined from the expression given in [15, 16]:

( ) ( ) ( ) ( )
1

1

1
.

1 !

m
m

m

dResf a x a f x
m dx

−

−

  = −  −  
  (5)

Represent the transfer function of the synchronization 
system and the input influence in the form of the fractional 
rational expressions given in [15]:

( )
( )

( )
( )
( )

0 0

,

m m
i v
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i v i v
m m

i
i m i

i i
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= = =

−
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( )
( )

( )
( )
( )

0 0

,

m m
v

i i h i
i v i v

Inp m m

i i q
i i

S S q S
M S

S
R S

S S S

= =

µ
= =

β β − ′
ϕ = = =

α α −

∑ ∑

∑ ∑
 (6)

where ,iS ′  Si, ,iq′  qi are the zeros and pluses of the transfer 
function and input influence, respectively. 

Then the initial value of the k-th component of the tran-
sition component of the error, in accordance with expres-
sions (4) and (5), at the simple roots of the equation F(S)=0, 
can be written in a general form as follows:

( )
( ) ( )

( ) ( )

( ) ( )
( ) ( )

1

1, 1

,

k

m h

m h k i i
i v i

K h
S S

m k i k i
i i n i

k k

k k

b S S S q
A Res S

a a S q S q

D S M S

F S R S

= =
µ

=
µ

= ≠ =

φ

β − − ′
= φ = =

− −

=
′

∏ ∏

∏ ∏

 (7)

where F/(Sk)=dF(S)/dS, S=Sk.

The analysis of expression (7) reveals that it is possible 
to equate to zero the k-th component value only when the 
equality .k kS S= ′  is satisfied.

Synthesize the transfer functions of the links in the 
disrupted communication of the combined synchronization 
taking into consideration the input influence taking into 
consideration the fractional rational forms of their determi-
nation (6).  
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Obtain:

( ) ( )
( )

1
22 2 1 20

2 1
2 2 1 20 2

...
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...
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+ + +
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.K f≥

Substitute expression (8) and the expression for the 
transfer function of the physically implemented link of the 
disrupted communication W4(S)=D4(S)/F4(S), mіn in the 
expression for the transfer function on the error of the com-
bined synchronization system [15, 16]:

( ) ( )
( )

0 .
K

K
K

K

D S S
W S

F S

ν
φ

φ =
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where n=r+k+m,
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After expanding the expression for DφK(S), we find the 
value of its coefficients

( )
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2 3
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Thus, by synthesizing a link in the disrupted commu-
nication of the combined synchronization system with the 
transfer function in form (9), we derived the connection be-
tween the parameters of the link and the coefficients nb′  and 

vb′  in the characteristic equation of the transition process in 
the synchronization system.

5. 3. Analyzing the influence of parameters of the 
synthesized link in the disrupted communication on re-
ducing the characteristic of the transition process in the 
combined synchronization system

The analysis of expression (3) reveals that the mag-
nitude of the transition error depends both on the roots 
of the characteristic equation, determining the intensity 
of the exponents’ descent, and on the initial values of the 
exponents, characterizing the maximum amplitude of tran-

sition oscillation. Thus, by increasing the valid parts of the 
roots, or reducing the initial values of the components of 
the transition component of the error, one can influence its 
value. However, in closed synchronization systems, such 
possibilities are limited since the coefficients for a charac-
teristic polynomial are selected from the condition of the 
compromised setting.

Let us consider and estimate the opportunities towards 
reducing the transition component of the phase error that 
the synchronization systems with combined control offer. 

Expressions (8), (9), as well as their refining expressions to 
determine the components of the coefficients for the poly-
nomial in the transfer function of the system for error, have 
been defined in this work as a model of the synthesis of the 
disrupted communication in the combined synchronization 
system, subject to a decrease in the transition component 
of the error.

The analysis of expressions (8), (9), and expressions for 
determining the coefficients for the polynomial in the trans-
fer function of the system for error (DφK(S), namely, nb′  and 

,vb′  reveals that the specified coefficients depend on the coef-
ficients for the disrupted communication link K4i, which 

are not part of the characteristic equation.
By changing the latter, one can reduce to zero the neces-

sary basic values of the transition component of error Ai giv-
en that the coefficients K4i are introduced into coefficients 

jb′  according to the negative sign. Thus, to reduce to zero the 
initial value of one component of the transition component 
of the error, one must introduce a derivative from the setting 
influence.

Moreover, the order of this derivative, in accordance with 
the condition for the preservation of astatism, should be equal 
to the order of astatism of the original system. Accordingly, to 
reduce K component of the transition component of the error, 
one must introduce K derivatives from the setting influence. 
The power of the polynomial D4(S) should be m=k+v–1.

( )

( )
( )

1 2
4 4 1 4

4 1 2
4 4 1 40

4

4

...
...

.

K v K v v
m m v

K v K v
m m

K S K S K S
W S

T S T S T

D S

F S

+ + + −
−

= − + −
−

+ + +
= =

+ +

=
  

(10)

After the power of the numerator D4(S) for the operator 
of disrupted communication on the setting influence is de-
termined, we find, by substituting W4(S)  in expression (9), 
the polynomials DφK(S) and FK(S). That is, we also obtain 
analytical expressions for the initial values of the compo-
nents of the transition component of the error. 

Having equated the latter to zero (or those among the 
initial values of the components of the transition compo-
nent of the error, which correspond to the slowly damping 
components and the values of the specified components 
must be suppressed), we obtain the following system of 
equations:

( ) ( ) ( ) ( )/ 0.i K i i K i iA D S M S F S R Sφ   = =  

Solving it yields the required values for the D4(S) poly-
nomial coefficients. 

The F4(S) polynomial coefficients are chosen on the 
condition that the real part of the roots of the equation 
F4(S)=0 should be modulo larger than the largest root of the 
characteristic equation of the original system. Thus, we shall 
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determine the parameters for synthesizing the disrupted 
link for setting influence.

5. 4. Substantiation of the type of link for the dis-
rupted communication if the transition component of the 
error is reduced and the speed of the synchronization 
system is improved

We shall substantiate the type of link for the disrupted 
communication and synthesize its parameters for the com-
bined synchronization system. The synthesis task will be 
carried out under the condition for the possibility of forming 
an impact on the transitional component of phase error and 
during the transition process. These conditions should en-
sure an increase in the accuracy and performance of the syn-
chronization system when monitoring the carrier frequency.

Our study considers a disrupted communication link in 
the form of a phase discriminator, at its triangular charac-
teristic, and a proportionally integrating filter in a closed 
circuit of the synchronization system (at T=0). 

The normalized static characteristic of the phase dis-
criminator, shown in Fig. 2, can be recorded analytically in 
the form borrowed from [15]:

( )

( )
( )

( )
( )

2 / 1,

2 1 2 ,

2 / 1,

2 2 1 ,

k k
N

k k

 π φ +


− π ≤ φ ≤ πφ = 
− π φ +

 π ≤ φ ≤ + π

  (11)

where K=…–1, 0, 1, 2 ….

Taking into consideration expression (11), equality (2) is 
transformed into two expressions describing the movement 
of the system at intervals (2k–1)≤φ≤2kπ and 2kπ≤φ≤(2kπ+1), 
respectively:

( ) ( ) ( )1 1 ,InpS W S Sφφ = φ  (12)

( ) ( ) ( )2 2 * \ ,InpS W S Sφφ = φ

where Wφ1(S), Wφ2(S) are the transfer functions for error for 
the corresponding intervals. Taking into consideration the 
functions of the transfer links, they take the following form 
for a closed synchronization system:
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For a combined synchronization system
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 (14)

where N1=2/π, N2=2/π.
Expanding expression (13) produces

( ) ( ) ( )
( ) ( )

2 2
13 0 1 0 1 2

13 13 ,

W S b S b S a S a S a

D S F S

φ

φ

= + + + =

=
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23 23 ,

W S b S b S a S a S a

D S F S

φ

φ

= + + + =

=
 

(15)

where а0=b0=Т; а1=b1=1; а2=(2А0K)/π. 
The transition component of the error at the 

intervals of the constancy of the parameters in the 
case of simple roots will be described by the follow-
ing expression

( ) 11 12
13 11 12 ,S t S tt A e A eφ = +  (16)

( ) 21 22
23 21 22 ,S t S tt A e A eφ = +

where Aij are the initial values of the exponent; 
Sij are the roots of the characteristic equations 
F13(S) – for the interval of the stable and F23(S) – 
non-steady movement. 

Consider first the case when there is an instantaneous 
jump in the phase with the value of φj(t) at the input. The 
form of the input signal denoted through the Laplace func-
tion will be φj(S)=φj/S. If φj |>π/2 then the movement to the 
point of stable equilibrium (in this case, φj=–((π/2)+2kπ)) 
will be described by both equations (16).

Over the interval of steady motion, both roots of the 
characteristic equation are negative, that is, S11<0, S12<0, 
while |S11|<|S12|. To reduce the transient component of the 
error when the system moves in the interval (2k–1)π≤φ≤2kπ, 
it is necessary to suppress the slow-damping component 
caused by the root S11.

Over the interval of non-steady motion (2kπ≤φ≤ 
≤(2k+1)π), the roots of the characteristic equation accept 
different signs S21<0, S22<0. That is, the phase error would 
approach the boundary of this interval φ=2kπ or φ=(2k+1)π. 
Reducing the movement time of the system in this interval 
can be carried out by introducing an additional rapidly in-

 

 

Fig.	2.	The	normalized	static	characteristics	of	a	phase	discriminator
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creasing component into the second equation of system (16). 
In this case, it is desirable that its initial value is maximal.

Since, in this case, there is a need to compensate (intro-
duce) one component of the transition component of the er-
ror, the transfer function of the open channel can be derived 
from expression (10) at K=1. It will take the following form:

( ) ( ) ( )4 4 4/ 1 .W S K S K S= ±   (17)

At the same time, for the interval of the non-steady 
movement, the denominator accepts a minus sign. And the 
root that is introduced must be positive (the process transi-
tion curve diverges from the point of the non-steady equilib-
rium 02 / 2 2kφ = π + π  to the boundary of this interval). 

Substituting in expression (14) the equation of open 
links and expression (17) taking into consideration nonlin-
earity (11), we obtain:

( ) ( )
( )

3 2
110 11 12

1 3 2
10 11 12 13 1
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3 2
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2 3 2
20 21 22 23 2

,K
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K

D Sb S b S b SW S
a S a S a S a F S

φ
φ

+ +
= =

+ + +
 (18)

where а10=а20=а0Т4, а11=а1Т4+а0, а12=а2Т4+а0, а13=–а23=а2, 
b10=b20=Т2Т4, b12=1–K3K4, b21=Т2–Т4, b22=1–K3K4, а21= 
=а1Т4–а0, а22=b2Т4–а1.

The law of changing the phase error for a combined 
system, in contrast to the closed system (16), will consist of 
three components:

( ) 11 12 131 11 12 13 ,S t S t S t
K t B e B e B eφ = + +

( ) 21 22 232 21 22 23 ,S t S t S t
K t B e B e B eφ = + +   (19)

where the roots S13=–1/Т4, S23=–1/Т4  are introduced by 
additional link (17). The absolute value of the specified 
roots must be greater than the largest root of the original 
system. The initial values are determined from expres-
sions (17), (18):
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a S S S S

+ + φ
=

− −  (20)

To reduce the time of movement of the system over the 
interval of steady movement, it is necessary to suppress the 
slowly damping component, that is, the following condition 
must be met

B11=0.  (21) 

From this condition, we determine the value of the pa-
rameter K41 in the numerator of the synthesized disrupted 
communication.

2
41 10 11 3 .K b S K=   (22)

The value of the parameter Т41 can be found from the 
condition |S13|>>|S12|, for example, S13=10S12.

Then

T41=1/(10S12).   (23)

The expression for the transition component of the phase 
error will take the following form

( ) 12 131 12 13 .S t S t
K t B e B eφ = +   (24)

The B12, B13 values are obtained from (20) after the sub-
stitution of values (22), (23). Neglecting the rapidly damp-
ing component, the time of the transition process (tP1K) 
in this interval can be approximately estimated from the 
following expression:

( ) ( )P1K 12 121 2 ,t S n B≈ π  ( ) ( )P13 11 111 2 .t S n A≈ π  (25)

We shall determine parameters for an additional link for 
a non-steady movement interval. The value for the parameter 
Т41 in the denominator is also selected from the condition 
|S23|>>|S21|. That is, the root introduced by this link must be 
positive and accept a larger value than the positive root S21 
in the initial system. For example, S23=10S21. Then:

T42=1/(10S21).   (26)

When determining values for the parameter K41, we 
shall consider the following reasons. The roots of the char-
acteristic equation F23(S)=а0S2+а1S+а1=0, describing the 
movement of a closed system in the interval of non-steady 
movement (15), will equal:

( ) ( )2
21 1 1 0 2 04 2 0S a a a a a= − + < ,

and 

( ) ( )2
22 1 1 0 2 04 2 0.S a a a a a= − − <

Given the above, the first component in expressions (16) 
and (19) will ascend while the second component will de-
scend. To ensure that the difference in phases when moving 
over this interval is quickly gained (approaching the bound-
ary value), it is necessary that the third component of the 
transition component of the error (19), introduced by the 
disrupted communication, should accept the sign identical to 
that of the first component. That is, the K42 parameter must 
be selected so that the following condition is met

signB21=signB23→maxB23.   (27)
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If one expands expression (20), one can see that the 
initial values of B2i are related via linear dependences to the 
K42 parameter.

5. 5. Conditions for determining the parameters for 
a disrupted communication link if the transition compo-
nent of the phase error is reduced

The conditions for determining the roots S13, S23 are as 
follows.

For the interval of the steady movement of the nor-
malized static characteristic of the phase discriminator  
((2k–1)π≤φ≤2kπ), Fig. 2:

– it is necessary to suppress the slow-damping compo-
nent, predetermined by the root S11 (16); 

– the absolute value of the root S13 must accept the value 
of the largest root in the original system; 

– to reduce the time of the transition process in the sys-
tem over the interval of steady movement, it is necessary to 
suppress the slowly damping component under the condition 
of |S13|>>|S12|.

For the interval of the unsteady movement of the nor-
malized static characteristic of the phase discriminator 
(2kπ≤φ≤(2k+1)π), Fig. 2:

– the roots of the characteristic equation must accept 
different signs and values by modulo, equal to S21<0, S22<0;

– the absolute value of the root S23 must accept the value 
of the largest root in the original system; 

– the root S23 should be positive and accept larger values 
than the positive root S21 in the initial system;

– the third component B13 of the transition component 
of error (19), introduced by the disrupted communication, 
must accept the sign identical to that of the first component.

5. 6. Estimating the dependence of transition process 
parameters on the parameters for the synthesized dis-
rupted communication link 

To estimate the results of synthesizing the open commu-
nication under the conditions of the influence of transient 
processes on the performance of the combined synchroniza-
tion system, we shall model and build the dependences of the 
coefficients B2i that are components of the roots of the char-
acteristic equation of the transition process on the parameter 
K42 for the synthesized disrupted communication link. That 
is, on the parameter associated with the synthesis by the 
specified link of the derivative from the setting influence, the 
degree of which depends on the coefficient B2i.

Charts of these dependences at K42=const are shown 
in Fig. 3.

Fig.	3.	Dependence	chart	B2i=f(K42)	at	T42=const

When modeling, the value of K42 was taken as a negative 
derivative of the second order; its effect on the transition 
process described by the characteristic equation with coeffi-
cients to the second power was estimated.

In order to assess the proposed model, we synthesized 
the disrupted communication in the telecommunication 
network synchronization system under the condition for 
reducing the transition component of the phase error by 
mathematically modeling the influence of the disrupted 
communication link’s parameters on the transition process 
in the system.

The modeling was carried out for the moment of a 
jump of the input signal phase of magnitude |jj|≤π/2. 
That is, within the linear section of the normalized static 
characteristic of the phase discriminator. At modeling, 
we derived the law of change in the transition error φn(t) 
dependent on the time of the transition process subject to 
conditions (27). Meeting which was ensured by suppress-
ing the first component with a positive coefficient of the 
third component. 

The roots in characteristic equation (24) of the tran-
sition error were chosen among the values determined for 
one of the practical implementations of the automatic phase 
auto-adjusting scheme [1]:

( ) ( )
( ) ( )

0.0394exp 6.25

0.0231exp 4 5.041exp 40 .
n t t

t t

φ = − − +

+ − + −

At modeling, condition (27) was met; satisfying it was 
ensured by suppressing the first and second components 
with a positive coefficient of the third component associ-
ated with the parameter Т41 of the disrupted communica-
tion link.

The corresponding dependences are shown in Fig. 4, 5.

Fig.	4.	Dependence	of	the	transition	process	at	simple	roots	
of	the	characteristic	equation	in	the	synchronization	system:	

1	–	closed	type;	2	–	combined	type;		
3	–	optimal	system

The dependences of the influence of the parameter Т41 
for the disrupted communication link on the transition 
process in the combined synchronization system are shown 
in Fig. 6, b. For comparison, Fig. 6, a illustrates the law of 
change in the transition process in the closed-type synchro-
nization system.
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6. Discussion of results of synthesizing the disrupted 
communication, subject to an increase in the 

performance of the combined phase synchronization 
system

Our analysis of dependences in Fig. 3 reveals that in 
order to satisfy the first condition (27), the K42 parameter 
must be negative, that is, one must suppress, through a 
sign-different value relative to the corresponding component 
of the characteristic equation of the transition process, the 
specified component to zero. To meet the second condition, it 
is necessary to suppress a slow-growing component.

That is, disrupted communication would ensure the 
maximum performance of the combined synchronization 
system in the interval of non-steady movement if the numer-
ator parameter satisfies the following condition:

K42<0, B21=0.  (28)

From inequality B21=0, find 

( )2
42 21 21 21 31 / .K b S S K= −   (29)

Substituting K42 from (29) in (20), we find the initial 
value B22, B23. The expression for the transition component 
of the error at this interval is

( ) 22 23
2 22 23 .S t S t

K t B e B eφ = +   (30)

If the damping component is neglected, then the move-
ment time over this interval, that is, the time of transition 
process damping, can be determined for the combined sys-
tem (tP2K) and closed system (tP2З), respectively, from the 
following approximated expressions (at φНmax=π/2):

( ) ( )P2K 13 231/ ln / 2 ,t S B≈ π  

( ) ( )P23 21 211/ ln / 2 .t S A≈ π    (31)

Equalities (25) and (31) demonstrate that the introduc-
tion of the disrupted communication with transfer func-
tion (17) makes it possible to reduce the time for movement 

over both intervals in proportion to the value of 
the root introduced. Thus, the combined synchro-
nization system synthesized on the condition for re-
ducing the transition component of the error at the 
triangular characteristic of the phase discriminator 
must contain two links W41(S), W42(S), and a logi-
cal device. In this case, the transition process in the 
system will be determined by the remaining root of 
the characteristic equation of the original system.

Our analysis of the dependences shown in Fig. 5 
reveals that the suppression of one weakly damping 
component at the simple roots of the characteristic equa-
tion can significantly reduce the time of the transition 
process in the combined synchronization system (de-
pendence 2) compared to the closed-type synchroniza-
tion system (dependence 1). With complex roots of the 
characteristic equation of the closed-type synchroniza-
tion system, the transition process in it would demon-
strate an oscillatory character (dependence 1, Fig. 5).

The introduction of the disrupted communication 
link of type (17) into the system, which is synthesized 

under the condition of suppression of both components of 
the characteristic equation of a transient error, makes it 
possible to reduce the value of the transition error, rela-
tive to the values for the closed type system, by 18‒25 %. 

The transition process becomes rapidly damping by up to 
3 times, compared to the time of the transition process in a 
closed-type system (dependence 2, Fig. 5).

The analysis of the dependences shown in Fig. 6, a re-
veals that the time of the transition process in the system 
depends on the value of the parameter of the time constant 
Т1 for the disrupted communication link (the value of the 
additional root in the transfer function). In this case, the 
time of the transition process in the combined system can 
be significantly reduced in comparison with the closed-type 
synchronization system by varying the Т1 parameter. Our 
estimation data show that at Т42=0.087 s, Т42=0.022 s, and 
Т42=0.0087 s the transition time in the combined system 
in comparison with a closed one decreases by 5.2, 6.5, and 
6.7 times, respectively.

In the combined system, the synthesis of the correspond-
ing disrupted communication can make it possible to provide 
for such a mode of operation when a displayed point does not 
extend beyond a certain area bounded by two straight lines, 
drawn through two adjacent points of the non-steady equilib-
rium parallel to the point of ordinance under the predefined 
initial conditions (Fig. 3). The initial conditions are accept-
ed much larger than for a closed synchronization system.

The special features of the proposed method for synthe-
sizing disrupted communication are taking into consideration 
the existence of a transition process in the synchronization 
system and devising methods for reducing its negative impact. 
Practically, this consideration is implemented in the reported 
mathematical model for synthesizing the disrupted commu-
nication in the synchronization system. The specified model, 
during synthesis, makes it possible to minimize the effect of the 
transition process on the parameters of the characteristic equa-
tion of the transition process in the synchronization system 
when tracking the carrier frequency. That was not investigated 
and implemented in the studies addressing the construction 
of promising combined systems of phase synchronization for 
telecommunication networks, or those tackling scientific tasks 
close to the material reported in the current work [8, 9, 11].

Fig.	5.	Dependence	of	the	transition	process	at	complex	roots	of	the	
characteristic	equation	in	the	synchronization	system:		

1	–	closed	type;	2	–	combined	type
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Further promising areas of research within the frame-
work of resolving our scientific problem include a direct 
assessment of the impact of transient processes on the dy-
namics of the synchronization system and the development 
of practical recommendations for improving the dynamics of 
the system and accuracy in estimating the carrier frequency.

 This paper considers the synthesis of simple disrupted 
communication, which has certain limitations to minimize 
the phase error. These constraints are determined by the 
presence of external influence in the form of additive Gauss-
ian noise [6] and do not make it possible, in the future, to 
improve the accuracy of estimation of the carrier frequency 
and minimize the variance of the phase error [6].

The issue of influence of the additive Gaussian noise on 
the operation of the proposed scheme for building a synchro-
nization system with a synthesized disrupted communica-
tion link has not been considered in the current work.

A promising area of research that could eliminate the 
above shortcomings and limitations may be to synthesize 
complex disrupted communication of the phase synchroniza-
tion system, provided that the transitional component of the 
phase error is reduced. A link for the complex disrupted com-
munication that could be proposed is a parallel or sequential 
combination of two phase discriminators. Such a combina-

tion would require additional research into the simulation of 
the synthesis of these disrupted communication links in the 
synchronization system, provided that the transitional com-
ponent of the phase error is reduced against the background 
of the influence of additive Gaussian noise.

7. Conclusions

1. We have built the mathematical dependences for mod-
eling the process that forms the transitional component of 
phase error in the phase synchronization system. It is deter-
mined that the value of the transition phase error depends on 
the initial values of the constant components and the values 
of roots in the characteristic equation.

2. A mathematical model has been built that makes it 
possible to synthesize the disrupted communication in the 
synchronization system of a telecommunication network 
under the condition of reducing the transitional component 
of the phase error. The model makes it possible to establish 
a connection between the parameters of the synthesized link 
and the coefficients in the characteristic equation of the 
transition phase error in the synchronization system.

3. We have analyzed the influence exerted by the param-
eters of the disrupted communication link on the parameters 
of the transition process in the phase synchronization system 
when tracking the carrier frequency. It has been established 
that under the conditions of phase jump or frequency jump, it 
is possible to improve the dynamics of the system and reduce 
the transitional component of phase error variance by select-
ing the parameters for a disrupted communication link. The 
selection of these parameters should imply their suppression 
by the values of the corresponding roots in the characteristic 
equation of the transition process. It has been shown that the 
simple disrupted communication, synthesized under the con-
dition for suppressing a slow-fading transition component, 
makes it possible to shorten the time of the transition process 
in the system while maintaining the initial order of astatism. 
And, with complex disrupted communication, the transition 
process becomes oscillatory.

4. A phase discriminator has been substantiated as a 
disrupted communication link; its transfer functions have 
been synthesized under the condition of forming an impact 
on the transitional component of the phase error and on the 
transition process time in the synchronization system. The 
features in the synthesis of disrupted communication have 
been considered, for the intervals of movement correspond-
ing to areas with the positive and negative inclination of the 
static characteristic of the phase discriminator.

5. We have established the conditions for determining 
the parameters of a disrupted communication link, provided 
that the transitional component of the phase error of the syn-
chronization system is reduced. The modulo values and signs 
of the parameters for the characteristic equations of the tran-
sition process have been substantiated, influencing which 
could ensure shortening the time of the transition process 
and reducing the transitional component of the phase error. 
The specified conditions should be met by the parameters of 
a disrupted communication link in the synchronization sys-
tem relative to the parameters of the characteristic equation 
of the transition process in it, taking into consideration the 
parameters of the phase discriminator for each region of the 
stable and non-steady movement of its static characteristic.

b	
	

Fig.	6.	Dependences	of	the	transition	process	in	the	
synchronization	system:	a	–	closed	type;	b	–	combined	
system,	depending	on	the	values	of	Т1	parameter	for	the	

disrupted	communication	link	
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6. The dependence of the parameters of the characteristic 
equation of the transition phase error on the parameters of 
the synthesized disrupted communication link was estimat-
ed. It was established that in order to suppress to “0” the 
slowly fading component of the characteristic equation of the 
phase error, it is necessary to provide for a significant advan-
tage, up to 10 times, of the roots introduced by the disrupted 
communication link over the roots of the specified compo-
nent. In this case, the parameter of the transfer function of 
the disrupted communication link must accept a value up 
to 0.1 from the root value of the second component in the 
characteristic equation of the phase error, and be taken as 
a negative derivative of the second order. It has been shown 
that changing the value of the disrupted communication pa-
rameter could significantly, by up to 5 times or larger, reduce 
the time of the transition process in the combined synchro-

nization system at a simultaneous decrease of 18‒25 % in the 
initial value of the transition error.

Our results have confirmed the possibilities of the pro-
posed mathematical model to reduce the parameters of the 
transition process by the influence exerted by the parame-
ters of the synthesized disrupted communication link.
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