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1. Introduction

Tubular gas pellet heaters are now being designed and 
created only in single samples, although the practical fea-
sibility of using wood pellets instead of natural gas is quite 
obvious, especially taking into account that pellets are 
renewable energy resources that do not introduce thermal 
disturbances to the temperature balance of the Earth. And, 
if the use of pellets in boilers is a developed practice in ther-
mal power engineering, then tubular gas pellet heaters are 
just beginning to develop.

For the methodological support of the design of tubular 
gas heaters on pellets, of course, scientific results on the 
modeling and optimization of their operation are needed. 

Scientific results are necessary to select the optimal operat-
ing modes for tubular pellet heaters, taking into account the 
existing several criteria for fuel combustion, and also taking 
into account that only an increase in the volume of experi-
mental research increases the costs of their implementation, 
but does not give confidence that the optimal parameters 
have been found. Results related to the optimization of the 
tubular part of the screen heater should ensure the selection 
of tubular heaters in environments where infrared gas tubu-
lar heaters cannot be used, such as in low rooms or in areas 
with limited radiant heat flow, such as greenhouses.

Undoubtedly, the determination of the best (optimal) 
parameters of pellet tubular heaters is of scientific and prac-
tical interest.
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A study was carried out and the optimiza-
tion process was carried out for one of the types 
of equipment for autonomous heat supply using 
renewable resources – a tubular pellet heater. The 
research is expedient, since there is no mathemat-
ical model of the unit operation for the pellet com-
bustion unit, there is only a set of experimental 
results indicating the inconsistency of the crite-
ria presented to it. As a result of the research, new 
algorithms have been obtained: firstly, an algo-
rithm for selecting (multi-criteria optimization) 
the operating mode of the unit for burning pellets 
of tubular heaters, and secondly, algorithms for 
choosing, according to several criteria, the param-
eters of the heat exchange unit of a tubular heater 
with a screen. A set of algorithms for multicriteria 
optimization with binary selection ratios has been 
developed for tubular pellet heaters in full, includ-
ing a pellet combustion unit and a heat exchange 
unit. Selection functions have been defined for a 
pellet combustion unit using dimensionless com-
plexes based on experimental results. For a block 
of a tubular heat exchanger with a screen, a selec-
tion function is built taking into account the crite-
ria of functioning and a mathematical model of the 
heater in the form of a system of nonlinear ordi-
nary differential equations. The practical signifi-
cance of the algorithm for selecting the operating 
mode for the pellet combustion unit lies in the pos-
sibility of obtaining the most preferable (optimal, 
taking into account many criteria) parameters in 
the entire range of permissible parameters, and 
not only among the experiments carried out. The 
practical significance of optimization algorithms 
for a heat exchange unit lies in the ability to select 
specific parameter values during design – the 
thermal power of the heater, air flow, the length of 
the tubular part and the screen, their diameters, 
taking into account several selection criteria
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2. Literature review and problem statement

Pellet tube heaters (PTH) can be seen as a development 
of infrared gas tube heaters (IGTH). IGTH has a long his-
tory of development and use. The United States of America 
was engaged in advanced research in this direction in the 
middle of the twentieth century, and as a result, a Method-
ology for calculating heat loss and heat release for a radiant 
heating system was developed [1]. The issues of energy 
saving when using radiant heating [2], as well as issues of 
designing infrared radiant heating systems in industry [3] 
were actively considered. These heaters are serially produced 
by a number of manufacturers in different countries, for ex-
ample – ROBERTS GORDON [4]. The main components of 
such heaters are: an automatic gas burner, a tubular radiator, 
an infrared reflector and an exhaust or supply fan. Then, 
technical solutions appeared, in which, due to the change in 
the heat exchange part, the scope of application of gas tubu-
lar heaters expanded, which is reflected in [5]. Finally, pellet 
tube heaters appeared, in which the gas burner was replaced 
by a pellet one [6].

A schematic diagram of a pellet tubular heater is shown 
in Fig. 1 (pellet combustion unit PBU and heat exchange 
unit HEU).

The mathematical model of a gas-tube heater was for-
mulated as a model of a hydraulic circuit with distributed 
parameters, first for a linear heater, and then for more com-
plex structures [7]. The mathematical model of a pellet tube 
heater was formulated on the basis of a mathematical model 
for a gas heater.

The heat exchange unit of the heater can be different, 
depending on the specific tasks and requirements for the 
heating process. A number of such technical solutions are 
known. Among the technical solutions is a tubular heater 
with a screen [7], which allows protecting the heated space 
from intense heat radiation. There is a mathematical model 
for tubular heaters with a screen. Fig. 2 shows a cross-section 
of a linear pellet tube heater with a screen.

Sufficient experience has been accumulated in the use of 
binary relations of choice when constructing a mechanism 
for choosing decisions, in particular, scientific results, etc. 
The theory of choice has been studied by scientists from 
many countries for a long time. Methods of pairwise com-
parison of variants are often used in works [8]. In the mono-
graph [9], a new approach to selection problems is developed. 
It is shown that this approach is based on the concept of se-
lection functions, operations that transform these functions, 

and the multiple interaction of options. There is argumen-
tation of the possibility and necessity of going beyond the 
principle of pairing of dominance in the structures and rules 
of choice, as well as the transition to non-classical structures 
and rules [10]. In turn, logical methods for constructing and 
analyzing choice models allow solving a wide range of design 
problems associated with the construction and evaluation of 
formal choice models [11].

In the above-mentioned works, the problem of making 
decisions in wide ranges of admissible values of parameters, 
for example, from a subset of the Euclidean space, was not 
posed. Similar problems were solved with multi-objective 
optimization. Having mathematical dependences for several 
output functions, it is possible to solve the decision-making 
problem as a multi-objective optimization problem [12]. 
There are a fairly large number of scientific results in the 
field of multipurpose optimization [13–15]. Most of the pre-
sented results refer to a situation when mathematical models 
exist for each of the output functions – Pareto optimization. 
But the question remains unresolved that in this case the 
adoption of the final decision from the set of Pareto-optimal 
ones is an additional procedure.

An alternative approach to solving this issue is the for-
mulation of the optimization problem as an optimization 
problem with respect to the choice relation. Earlier, general-
ized problems of mathematical programming were formulat-
ed, for which methods of solution were proposed [16].

To solve multimodal multicriteria optimization problems, 
the application of an evolutionary algorithm with an auxil-
iary choice strategy based on clustering is considered [17]. 
The addition operator and the delete operator are proposed 
to comprehensively account for diversity, both in the space of 
solutions and in the space of targets. The study [18] propos-
es a new multimodal multipurpose evolutionary algorithm 
using the strategy of two archives and recombination. The 
proposed algorithm first analyzes the properties of decision 
variables and the relationships between them to guide the 
evolutionary search. After that, to jointly solve these prob-
lems, a common structure is adopted using two archives, that 
is, archives of convergence and diversity.

Almost all multiobjective optimization methods use 
objective functions to describe the optimization goal. It is 
convenient if it is possible to explicitly represent these ob-
jective functions, and if such a representation is impossible 
or difficult, then it is necessary to use other approaches to 

Fig.	1.	Schematic	diagram	of	a	tubular	gas	heater	with	a	
pellet	burner:	1	–	pellet	feed	tube;	2	–	primary	air	supply;		
3	–	block	for	burning	pellets;	4	–	gas	flow	stabilizer	ring;		

5	–	initial	section	of	the	tubular	pellet	heater;	6	–	main	
section	of	the	tubular	pellet	heater;	7	–	exhaust	fan;	8	–	tube	

for	removal	of	combustion	products

Fig.	2.	Cross-section	of	a	tubular	pellet	heater	with	a	screen:	
1	–	tubular	heater;	2	–	screen;	3	–	incoming	air	from	the	heated	

space;	4	–	outgoing	air	into	the	heated	space;	x1	–	thermal	
power;	x2	–	air	consumption;	x3	–	heater	diameter;	x4	–	screen	

diameter;	x5	–	heater	length;	x6	–	screen	length
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finding optimal solutions with several criteria, for example, 
evolutionary or genetic algorithms.

Effective methods for solving optimization problems 
are developed on the basis of evolutionary search algo-
rithms [19, 20]. Evolutionary algorithms are useful for 
solving generalized mathematical programming prob-
lems [21, 22] without the condition of convexity of the 
choice relation. A general approach to the construction of 
evolutionary algorithms for solving multicriteria problems 
with binary choice relations is presented in [23]. However, 
the solution of such real problems, in particular the problem 
of optimization of tubular pellet heaters, has not been previ-
ously realized, and, as a consequence, is of scientific interest.

It is expedient to conduct scientific research aimed at solv-
ing complex real problems, when part of the system is described 
by a system of differential equations, and the other part of the 
system is characterized by a set of experimental results. For 
this, it is necessary to develop new algorithms: an algorithm 
for the selection (multi-criteria optimization) of the operating 
mode of the unit for combustion of pellets of tubular heaters. 
For this, it is possible to use a limited set of experiments in 
multi-criteria conditions. Also, it is required to develop algo-
rithms for selecting, according to several criteria, the parame-
ters of the heat exchange unit of a tubular heater with a screen.

3. The aim and objectives of research

The aim of this research is to develop multicriteria opti-
mization algorithms for tubular gas heaters on pellets, which 
include two structural units – a pellet combustion unit and 
a heat exchange unit of a tubular heater with a screen. Evo-
lutionary search with binary choice relations was required 
as a basis for the development of algorithms. This approach 
will make it possible to optimize the design and operational 
parameters of tubular pellet heaters, including a pellet com-
bustion unit and a heat exchange unit, in the presence of 
several decision criteria.

To achieve the aim of research, the following objectives 
were solved:

– for a pellet combustion unit, develop decision-making 
methods in the presence of several criteria for the operation 
of this unit, using only a limited set of experimental results of 
its operation in the form of dimensionless complexes (criteria);

– for the heat exchange unit of the heater, it is required to 
develop algorithms for multi-criteria optimization of the op-
eration of this unit, using a mathematical model in the form 
of a system of differential equations describing the processes 
of motion and heat transfer in the tubular part of the heater.

4. Materials and methods of research

Tubular pellet heater is characterized by a set of param-
eters x1={x1, x2,…, xn}, x1∈Ω1 and x2={xn+1, xn+2,…, xn+m}, 
x2∈Ω2. There is a mathematical model for the parameter 
x1={x1, x2,…, xn}, x1∈Ω1 in the form of a system of ordinary 
nonlinear differential equations dxi/dz=fi (x1, x2,…, xn), 
i=1,2,…,n and there is a set of criteria u={u1, u2,…, ut} for 
parameters x1={x1, x2,…, xn}. It is necessary to obtain binary 
relations of choice RS1 on the set Ω1 taking into account the 
set of criteria u={u1, u2,…, ut}.

There is a training set of experimental results: 2 ,q
obB x=< >  

q=1,2, ..., Nob and the result of the expert assessment in the 

form of a correspondence matrix B={bij}, i=1,2, ..., Nob, j=1,2, ..., 
Nob, which is obtained using the expert choice relation R. It is 
required to find the choice function C for the entire set Ω2 with 
the binary relation RS2 in such a way that the binary relation 
RS2 corresponds to the relation of the expert choice R.

As a result, it is necessary to obtain binary relations of 
the choice of RS on the set Ω=Ω1∩Ω2, which is the final 
result for making decisions taking into account the binary 
relations of choosing RS1 and RS2, and for this it is necessary 
to propose algorithms for making decisions.

In the evolutionary search for solutions, let’s use two 
choice functions: a choice function in the form of preference:

( ) ( ){ }\ , ,SS X x X y X S X xR y = ∈ ∀ ∈    (1)

and a block selection function

( ) ( ){ }| \ , .S S
S

R RS X x X y X S X yR x = ∈ ∀ ∈    (2)

The search algorithm of RS – optimal solution can be 
represented: with a choice function in the form of preference:

( )( )1 ,k kX S G X −= 1,2,...k =    (3)

or with a selection function in the form of a blocking

( )( )1 ,
RS

kX S G X
k −=  k=1, 2,…   (4)

where Xk − set of solutions of the k-th step of the iteration, 
( )SRS X  − selection function in the form of a blocking func-

tion (10), G(X) − generation function

( ) ( ).nG X X G X=      (5)

Here, G(X) − set of new solutions that are generated by 
the fuzzy generation relation RG

( ) ( ){ }, , , 0 .
Gn G RG X y x X yR x x y= ∈Ω ∃ ∈ µ >  (6)

To make decisions in the heat exchange unit, the binary 
choice ratio was presented in the form:

( ) ( )1 1 1 2 1 2 10 an ,d 0Sx R y E x E y ≡ ≤ >    (7)

( ) ( ) ( ) ( )2 1 2 1 2 1 2 10 and 0 a d ,n �E x E y E x E yor  > ≤  >  (8)

( ) ( ) ( ) ( )2 1 2 1 1 1 1 10 and 0 and  ,�E x E y E xr E yo ≤ ≤ ≥    (9)

where E2(.) − generalizing functions of constraints, E1(.) − ba-
sic (objective) functions.

To make decisions for the pellet burner unit, the binary 
selection relation with the selection function G(.) was pre-
sented in the form:

( ) ( )2 2 2 2 2 .Sx R y G x G y≡ ≥    (10)

Also

( ) ( )1 2and .s s sxR y xR y xR y⇔    (11)

This expression describes a binary selection relation for a 
common selection for the entire heater.

Pellet tubular heaters are considered [17]. The design pa-
rameters of tubular heaters (parameters of the input system) 
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are given below: burner area, S; useful area for the passage of 
primary air, Sp; primary air flow rate, Lp; total air consump-
tion, L; burner power, W.

There are criteria (output functions of the system – 
emissions) of the heater: ash carryover over time, YA; CO 
concentration in waste gases, YCO; concentration of NOx in 
waste gases, YNOx.

There are the following requirements for the parameters 
characterizing the operation of tubular heaters: for CO – less 
than 130 mg/m3 and for NOx – less than 250 mg/m3. For a 
pellet burner, it is desirable that all emissions are minimized. 
But, as can be seen from the results of the experiment, these 
requirements contradict each other. Therefore, the problem 
arises of finding the best compromise solution.

Table 1 experiments can see 5 input parameters − S, SP, 
L, LP, W and 3 output parameters − YA, YCO, YNOx. These pa-
rameters have dimensions. The experimental data of array 1 
and array 2 are presented in Tables 1, 2. Here all parameters 
are relative – referred to their maximum values. The exper-
imental technique and characteristics of the experimental 
equipment are described in [6].

Table	1

Experimental	dataset	1

No. S SP L LP W YA
YCO, 

max=130
YNOx, 

max=250

1 0.5 0.572 0.7155 0.440252 0.335 0.175 0.012 0.964

2 0.5 0.572 0.6795 0.430464 0.313 0.240 0.153 0.681

3 0.5 0.572 0.6795 0.397 0.547 0.231 0.001 0.852

4 1 0.643 0.792 0.738 0.18 0.018 0.102 0.845

5 1 0.643 0.8145 0.828 0.32 0.039 0.016 0.674

6 1 0.643 0.855 0.736 0.355 0.458 0.003 0.757

7 1 0.643 0.7785 0.924 0.828 0.233 – –

8 0.5 0.254 0.8865 0.38 0.26 0.024 – –

9 0.5 0.245 0.7425 0.484 0.32 0.018 – –

10 0.5 0.254 0.7515 0.509 0.36 0.010 – –

11 1 0.287 0.819 0.769 0.3 0.083 – –

12 1 0.287 0.774 0.872 0.6 0.278 – –

13 1 0.287 0.742 0.787 0.94 0.202 – –

14 0.5 0.572 0.723 0.218 0.18 – 0.051 0.431

15 0.5 0.572 0.671 0.134 0.2 – 0.016 0.753

16 0.25 0.084 0.25125 0.134 0.064 0.298 0.063 0.293

17 0.25 0.084 0.21 0.244 0.09 0.583 0.066 0.441

18 0.25 0.084 0.20625 0.26 0.18 0.833 0.164 0.359

19 0.25 0.084 0.188 0.337 0.18 0.583 0.178 0.411

20 0.25 0.084 0.268 0.102 0.047 0.133 0.032 0.48

21 0.25 0.084 0.25125 0.139 0.113 0.408 0.03 0.635

22 0.25 0.084 0.245 0.153 0.1 0.417 0.023 0.691

23 0.25 0.084 0.2275 0.214 0.128 0.300 0.018 0.697

24 0.25 0.084 0.2225 0.14 0.053 0.150 0.018 0.661

25 0.25 0.084 0.208 0.167 0.045 0.058 0.049 0.526

Applying the methods of the theory of dimension and 
similarity, it is possible to reduce the modeling problem to 
modeling 3 dimensionless parameters (complexes):

1 / ,PP  S  S=      (12)

2 / ,PP  L  L=      (13)

3
3 / / /10 .nP  W Q L=     (14)

The correspondence matrix B={bij} is the ratio of the 
expert choice R.

Matrix B represents the results of an expert comparison 
of each mode of operation of the tubular heater with every 
other mode, a value of 1 means that the mode under con-
sideration is preferable (better) than the compared mode, a 
value of 0 – vice versa. Experimental data array 1 (param-
eters 1–3) is presented in Table 3. The experimental data of 
array 2 are presented in Table 4.

Table	2

Experimental	dataset	2

No. S SP L LP W YA 
YCO, 

max=130 
YNOx, 

max=250
26 0.25 0.084 0.194 0.194 0.06 0.142 0.016 0.872
27 0.25 0.084 0.187 0.233 0.112 0.233 0.014 0.852
28 0.25 0.084 0.175 0.285 0.18 0.450 0.026 0.789
29 0.25 0.084 0.17 0.33 0.225 0.875 0.019 0.845
30 0.25 0.084 0.16 0.546 0.225 0.942 0.018 0.859
31 0.25 0.084 0.158 0.197 0.082 0.158 0.025 0.441
32 0.25 0.084 0.15375 0.2439 0.09 0.083 0.010 0.618
33 0.25 0.084 0.13875 0.306 0.113 0.158 0.006 0.497
34 0.25 0.084 0.131 0.362 0.15 0.250 0.01 0.625
35 0.25 0.084 0.121 0.422 0.15 0.400 0.028 0.783
36 0.25 0.084 0.2625 0.13 0.039 0.108 0.067 0.53
37 0.25 0.084 0.21875 0.234 0.09 0.283 0.151 0.184
38 0.25 0.084 0.215 0.25 0.075 0.467 0.065 0.487
39 0.25 0.084 0.21 0.303 0.18 0.292 0.045 0.431
40 0.25 0.084 0.19 0.145 0.05 0.417 0.042 0.382
41 0.25 0.084 0.186 0.188 0.075 0.333 1 1
42 0.25 0.084 0.18875 0.198 0.113 0.317 0.09 0.26
43 0.25 0.084 0.1775 0.281 0.128 – – –

Table	3

Experimental	data	array	1	(parameters	1–3)

No. Parameter 1 P1 Parameter 2 P2 Parameter 3 P3

1 1.144 0.614 0.1982
2 1.144 0.632 0.1949
3 1.144 0.583 0.3407
4 0.643 0.932 0.0963
5 0.643 1.017 0.1663
6 0.643 0.861 0.1759
7 0.643 1.187 0.4505
8 0.254 0.428 0.1242
9 0.508 0.652 0.1825

10 0.508 0.677 0.2029
11 0.278 0.939 0.1551
12 0.287 1.126 0.3283
13 0.287 1.061 0.5365
14 0.572 0.557 0.1436
15 0.572 0.282 0.1505
16 0.28 0.535 0.1079
17 0.28 1.162 0.1815
18 0.28 1.264 0.3696
19 0.28 1.789 0.4039
20 0.28 0.381 0.0741
21 0.28 0.554 0.1905
22 0.28 0.625 0.1729
23 0.28 0.942 0.2383
24 0.28 0.631 0.1009
25 0.336 0.804 0.0912
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Table	4

Experimental	data	array	2

No. P1 P2 P3

26 0.336 1 0.1310 

27 0.336 1.243 0.2530 

28 0.336 1.629 0.4356 

29 0.336 1.947 0.5606 

30 0.336 3.419 0.5956 

31 0.336 1.239 0.2184 

32 0.336 1.584 0.2475 

33 0.336 2.201 0.3443 

34 0.336 2.763 0.4850 

35 0.336 3.496 0.5250 

36 0.336 0.499 0.0629 

37 0.336 1.071 0.1743 

38 0.336 1.163 0.1477 

39 0.336 1.448 0.3630 

40 0.336 0.762 0.1115 

41 0.336 1.005 0.1708 

42 0.336 1.053 0.2532 

43 0.336 1.583 0.3054 

The result of the expert assessment in the form of a prefer-
ence matrix B={bij}, i=1, 2, ..., Nob, j=1, 2, ..., Nob, following [25], 
for the experimental data in Table 1 is presented in Table 5, and 
for the experimental data in Table 2 is presented in Table 6.

Table	5

Preference	matrix	for	experimental	data	set	1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 1 1 1 1 1 1

0 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1

0 0 1 0 0 1 1 1  1 1  1 0 1 1 1 1 1 1 1 1 1 1 1 1 1

0 1 1 1 0 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 1 1 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 1 0 1 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 1 0 1 1 1 1 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 1 1 0 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 1 1 0 0 1 1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 1 1

0 0 1 0 1 1 1 1 1 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 1 1 1 1 1 1

1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1

1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1

1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0 1 0 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 1 0 1 1 1 0

0 0 1 0 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 1 1 1 1 1 0

0 0 1 0 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 1 1 1 0

0 0 1 0 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 1 0 1

0 0 1 0 1 1 1 1 1 1 1 1 1 0 1 0 0 0 0 0 0 0 1 1 0

0 0 1 0 1 1 0 1 1 1 1 1 1 0 1 0 0 0 0 1 1 1 0 1 1

Preference matrices (Tables 5, 6) for arrays of experi-
mental data 1, 2 are the result of expert judgment, since their 
analysis is associated with the problem of finding the best 
compromise solution indicated above.

Table	6

Preference	matrix	for	experimental	data	set	2

1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1 1

1 1 0 1 1 1 1 0 0 0 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 0 0 0 1 0 1 1 1 0 1 1

1 0 0 1 0 1 0 0 0 0 1 1 1 1 1 0 1 1

1 0 0 1 1 0 0 0 0 0 0 0 1 0 0 0 1 1

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1

1 0 0 1 1 0 1 0 0 0 1 1 1 1 1 1 1 1

1 1 1 1 1 0 1 1 0 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1

1 0 0 0 1 1 0 0 0 0 1 0 1 0 0 0 1 1

1 0 1 0 1 1 0 0 0 0 1 1 1 0 1 1 1 1

0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 1 1

1 0 0 0 1 1 0 0 0 0 1 1 1 1 1 1 1 1

1 0 0 0 1 1 0 0 0 0 1 0 1 0 1 0 1 0

1 0 1 1 1 1 0 0 0 0 1 0 1 0 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

The mathematical model of the thermal and hydraulic 
regime for HEU is presented [7]:

const,M  wF= ρ =     (15)

,p  R T= ρ      (16)

( )
2

,
2 а

w
dp dx g dh

D
Λ

= − ⋅ρ⋅ ⋅ + ρ −ρ ⋅ ⋅   (17)

( )1 1 ,k wdQ Ddx T T= π a −     (18)

( )4 4 ( 8)
1 10 ,P o wdQ Ddxc  T T −= π ε − ⋅    (19)

1 1 1 ,K PdQ dQ dQ= +     (20)

( )2 1 ,k w edQ Ddx T T= π a −    (21)

( )4 4 ( 8)
2 10 ,P o w w edQ D dxc  T T −= π ε − ⋅   (22)

2 2 2 ,K PdQ dQ dQ= +     (23)

( )3 2 ,k e odQ Ddx T T= π a −    (24)

( )4 4 ( 8)
3 10 ,P o e e odQ Ddxc  T T −= π ε − ⋅    (25)

3 3 3 ,K PdQ dQ dQ= +     (26)

1 2 3,dQ dQ dQ= =     (27)

( ) 1 0p  d wFC T dQ dQρ = − +  for 0 ,fx L< <   (28)

( ) 1p  d wFC T dQρ = −  for ,fx L>    (29)

( )0 0/ / 2f fdQ dx Q S y x= π⋅  for 0 .fx L< <  (30)

A general approach has been developed for using mod-
el (15)–(30) when calculating the thermal and hydraulic 
conditions of heaters. The system of heat transfer equations 
(15)–(30) is closed, but nonlinear. The system of equations 
(15)–(30) is solved numerically and dQ1, dQ2, dQ3, dQ4, Twi, 
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Two are found. After transformations of system (15)–(30), 
let’s obtain expressions for the differentials:

( )
2

,
2 а

w
dp dx g dh

D
Λ

= − ⋅ρ⋅ ⋅ + ρ −ρ ⋅ ⋅   (31)

( ) ( )/ ,d dp Rdt RTρ = − ρ    (32)

( ) ( )/ .dw wFdp wdF F= − − ρ ρ    (33)

For a tubular heater with a shield, the equation of the 
second Kirchhoff’s law is also fulfilled, which is illustrated 
by the following expression for the hydraulic circuit.

( ) 5 6d 0,i ip x p p+ D + D =∫    (34)

where the integral is understood as the algebraic sum of the 
pressure losses over the sections of the tubular heater; xi – co-
ordinate of the length of section i, i=1, 2, 3, 4; pi(xi) – pressure 
distribution over section i of the tubular heater.

The presented system of equations can be solved numer-
ically with known initial conditions.

A hydraulic circuit diagram of a linear tubular heater 
with a screen is shown in Fig. 3.

The diagram of a linear tubular heater with a screen 
determines the order of consideration of the main sections of 
the heater and its main structural elements, indicating the 
direction of the medium.

5. The results of the study of pellet tubular heaters to 
optimize design and operational parameters

5. 1. Making decisions for the pellet combustion unit
It is required to find the choice function C for the entire 

set Ω with the binary relation RS in such a way that the bi-
nary relation RS corresponds to the expert choice relation R.

A choice rule π is formulated with a choice function C 
and a binary relation RS, which is defined by a function 
G(x)=G(x1, x2,…, xn) such that G(x1)≥G(x2)≡x1RSx2, where, 
x1∈Ω, x2∈Ω.

In the above search, the selection function was represent-
ed as a regression function. Possible regression relationships 
were presented in dimensionless form:

( ) ( )1 2 3, , .xG P P P= φ     (35)

Specific expressions by the choice function in the 
form (35) are as follows:

( ) 12 1 13 2/ ,G x   a  d a  d= ⋅ +      (36)

1 1 2 1 3 2 4 3

5 1 3 6 2 3 7 1 2,

d  a a P a P  a P  

a P P  a P P a P P

= + + + +
+ + +   (37)

( ) ( )
( ) ( ) ( ) ( )

2 8 9 1 2

10 1 3 11 1 3

1 1

1 1 1 1 .

d  a a  P P

a  P P a P P

= + − ⋅ − +

+ − ⋅ − + − ⋅ −   (38)

( ) ( )1 2 1 2.SG x  G x x R x≥ ≡     (39)

The parameters a1, a2, …, a13 were obtained as a result 
of the evolutionary search for the choice function for 
training data set 1 and tested for the data of the check 
array 2. The evolutionary search for the choice function is 
presented in Table 7.

Table	7

Evolutionary	search	for	solutions	for	a	function	of	choice.

Evolutionary search 
iteration step

Error (relative) on 
training array 1

Error (relative) on 
check array 2

1 0.3136 0.4444

2 0.2976 0.3210

8 0.2592 0.3210

10 0.2400 0.2839

165 0.2304 0.3025

807 0.2112 0.3086

The selection function in the form (35) with specific 
values of the parameters a1, a2, …, a13 was used to solve 
the generalized mathematical programming problem: find 
the maximum of the selection function with constraints: 
0.2<=xi=<0.5, i=1,…,5. mathematical programming problem 
is illustrated in Table 8, and the results of the evolutionary 
search for three branches of evolution are presented in Table 9.

Table	8

Evolutionary	search	for	solving	a	generalized	mathematical	
programming	problem

Evolution 
iteration 

step

Maximum 
function G(x) 

Branch 1 of 
evolution

Maximum 
function G(x) 

Branch 2 of 
evolution

Maximum 
function G(x) 

Branch 3 of 
evolution

1 –1.788 –3.319 –1.854

2 –0.992 –2.865 –1.582

5 0.737 0.606 4.78E–5

8 0.961 0.991 0.967

10 1 1 0.998

11 1 1 0.999

13 1 1 1

14 1 1 1

Table	9

The	result	of	an	evolutionary	search	for	solving	a	generalized	
mathematical	programming	problem

Evolution 
branch

Parameter 1 P1 Parameter 2 P2 Parameter 3 P3

Branch 1 0.01 0.1 0.08

Branch 2 0.01 0.1 0.08

Branch 3 0.01 0.1 0.08

Thus, using the selection function, the results of an 
evolutionary search were obtained for solving a generalized 
mathematical programming problem and for three branches 

Fig.	3.	Diagram	of	a	linear	tubular	heater	with	a	screen:		
1	–	initial	heater	section;	2	–	main	heater	section;		

3	–	exhaust	fan	section;	4	–	combustion	products	removal	
section;	5,	6	–	conventional	heater	sections
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of evolution for a pellet combustion unit of a linear tubular 
heater.

5. 2. Making decisions for the heat exchanger unit
The operating diagram of the algorithm is shown in 

Fig. 4:

In the presented scheme, the following designations are 
adopted: Ω1 – start of search; W2 – generation of possible solu-
tions { }1 2 6, ,..., ;x = x x x  W3 – generation of a possible heater 
temperature value for the current integration step along the 
heater length; 1

4W  – calculation of heat fluxes dQ1k, dQ1P, 
dQ1; 2

4W  –calculation of heat fluxes dQ2k, dQ2P; 3
4W  – calcu-

lation of the screen surface temperature Те; 
4

4W  – calculation 
of heat fluxes dQ3k, dQ3P; P5 – Has the required accuracy of 
the heat balance equations for the shield been achieved? If 
NO, then go to W3; Ω6 − start of integration of differential 
equations of motion; 1

7W  – calculation of the parameters 
of movement and heat transfer at the beginning of the 
calculated zone; 2

7W  – calculation of the parameters of 
movement and heat transfer at the end of the calculation 
section; P8 – have you completed the integration process? 
If NO, then go to W3; W9 – calculation of the objective 
function.

E1(x)=ῃ – dimensionless efficiency (efficiency), E2(x) 
– generalized penalty function:

E2(x)=E21(x)+E22(x),   (40)

where E21(x) – dimensionless deviation between the 
pressure loss in the tubular heater and the maximum 
allowable pressure loss:

( )( )21( ) 5 6 limit limitd /х i �Е p x p p p p= + D + D + D D∫ , (41)

E22(x) – dimensionless deviation between the tempera-
ture of the screen surface and the maximum allowable 
screen temperature:

E22(x)=å(DTe(xi)/Tmax,    (42)

where

DTe(xi)=–(Te(xi)–Tmax) if Te(xi)≤Tmax  

(43)

and

DTe(xi)=0 if Te(xi)≥Tmax,   (44)

W10 – selection of Nk preferred solutions for each branch 
of NE evolution; P11 – have all possible solutions gener-
ated for each branch of evolution? If NO, then go to W2; 
W12 – calculation of search parameters for a new step 
of the evolution iteration; P13 – Have you reached the 
specified accuracy for determining the most preferred 
solution? If NO, then go to W2; Ω14 – end of search.

The results of an evolutionary search for a solution to the 
problem for a linear tubular heater with a screen are shown 
in Fig. 4.

Thus, in the process of making decisions for the heat 
exchange unit of a linear pellet radiant heater with a screen, 
the operating scheme of the algorithm was determined and 
the dependences E1(x)=ῃ – dimensionless efficiency (effi-
ciency), as well as E2(x) – generalized penalty function.

The article outlines two directions for the development of 
decision-making algorithms for tubular pellet heaters, which 
are presented above. The first area relates to decision-mak-
ing based on a limited set of experiments and is associated 
with decision-making in the presence of several criteria. 
This direction is presented in the form of the final result of 
optimization in Table 9.

In accordance with the Table 9 the solutions obtained 
matter:

1 0.1,PP = S  / S =     (45)

2 0.01,PP = L  / L =     (46)

3
3 10 0.08.nP = W / Q / L / =   (47) 

Table 9 clearly shows that the solutions obtained co-
incide in the evolutionary search in three independent 

Fig.	4.	Operator	diagram	of	the	algorithm
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Fig.	5.	Evolutionary	search	for	a	linear	tubular	heater	with	a	screen	
for	2	criteria:	a	–	the	function	of	the	dimensionless	efficiency	E1	

of	the	KIT	iteration	number;	b	–	general	penalty	function	E2	of	the	
KIT	iteration	number
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branches of evolution, which indicates the existence of a 
single optimal solution with the constructed choice function 
and the adopted constraints. Obviously, knowing the values 
of dimensionless complexes, it is possible to determine the 
dimensional parameters.

The second direction relates to decision making in the 
presence of a mathematical model of the object, when the ob-
jective function and constraint conditions can be presented 
in an analytical form (14)–(34), (40)–(44).

When looking for a solution to the optimization prob-
lem for a heat exchanger as finding the most preferable 
solution, one can instead look for a blocking solution tak-
ing into account three criteria. In this case, following the 
approach [24], the binary choice relation can be written as:

x1RS1y1≡[E2(x1)≤0 and E2(y1)>0] 
and [E3(x1)≤0 and E3(y1)>0],   (48)

and [E1(x1)≥E1(y1)].    (49)

An evolutionary search for a solution to such an optimiza-
tion problem in the presence of three criteria is shown in Fig. 5.

In the figures representing the optimization process, 
the points correspond to the found values of the optimized 
functions, on the abscissa axis – the number of iterations of 
the evolutionary search, the lines connecting the calculated 
points give a visual representation of the progress of the 
process of finding solutions. It also clearly shows the conver-
gence of the evolutionary process for independent branches 
of evolution (here – 3 branches of evolution).

6. Discussion of the results of the study of optimization 
of heater parameters in the presence of several decision 

criteria

As a result of the study, it was established that both the 
first direction and the second direction of decision-making 
are reduced to the formulation of generalized mathematical 
programming problems and their numerical solution, which 
indicates the fruitfulness of using evolutionary search algo-
rithms with binary choice relations.

Let’s note that the algorithms used for the evolutionary 
search for the most preferable solutions are designed to 
solve a wide class of problems with binary choice relations. 
The presented results of numerical calculations indicate 
the advisability of using the proposed evolutionary search 
algorithms when making decisions for pellet tubular heaters.

To optimize the operating modes of the combustion unit, 
the following sequence of actions is proposed:

– use of dimensionless complexes (optimization criteria) 
(12)–(14) and the presentation of the entire set of experi-
mental results in the form of dimensionless complexes (Ta-
bles 3, 4);

– use of expert judgment to build preference matrices 
(Tables 5, 6);

– construction of the decision selection function (Ta-
ble 7), reflecting the preference matrix in the form of depen-
dencies (36)–(39).

The end result of such actions is the formulation and 
solution of the generalized mathematical programming prob-
lem, presented in Tables 8 and 9.

Fig.	6.	Evolutionary	search	for	a	linear	tubular	heater	with	a	screen	according	to	3	criteria:	a	–	dimensionless	efficiency	E1;		
b	–	dimensionless	difference	E2;	c	–	dimensionless	difference	E3
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To optimize the design parameters of the tubular part 
of the heater, the following sequence of actions is presented:

– use of a previously constructed mathematical model 
and expressions for the optimization criteria in analytical 
form (14)–(34), (40)–(44);

– formulation of the optimization problem using the bi-
nary choice relations (7)–(9).

The optimization results are presented in the graphs 
in Fig. 5, 6.

The advantages of this study are a unified approach to 
solving the problems of optimization of both the pellet com-
bustion unit and the heat exchange unit for a tubular heater 
with a screen. The results of the optimization of the pellet 
combustion unit depend on the results of the expert judg-
ment used to construct the preference matrices, which can 
be considered a disadvantage of a specific optimization, and 
the algorithmic part can also be used with other results of 
the expert assessment of the preferences of individual exper-
imental results. It is advisable to develop the use of methods 
and results of expert evaluation to optimize the operation of 
tubular pellet heaters.

7. Conclusions

1. Methods for making decisions have been developed in 
the presence of several criteria and the absence of a math-
ematical model of operation for a pellet combustion unit, 
using only a set of experimental results of its operation 
with dimensionless parameters. To obtain these results, let’s 
use earlier experimental studies of the process with several 
criteria (functions) depending on its parameters. An expert 

assessment approach was used to construct a preference 
matrix for individual implementations. The constructed se-
lection function is determined on the entire admissible space 
of input parameters, and not only on the set of experimental 
points. Thus, the selection mechanism covers the entire valid 
range of input parameters. The result obtained is a sequence 
of using a limited set of experiments, where there are several 
conflicting criteria and it is not possible to determine which 
parameters should be maintained in order to obtain an 
optimal solution. At the same time, it is proposed and sub-
stantiated the use of expert judgment to construct a matrix 
of preferences of individual experiments among themselves 
and the construction of a decision selection function, which 
makes it possible to extend the procedure of the most pref-
erable choice to the entire set of admissible parameters, and 
not only to the set of performed experiments.

2. Algorithms for multicriteria optimization of work for 
the heat exchange unit of the heater have been developed 
using a mathematical model in the form of a system of dif-
ferential equations describing the processes of motion and 
heat transfer in the tubular part of the heater. The difference 
between the results obtained is the integrity of the deci-
sion-making mechanism for the system based on inductive 
modeling of complex systems.
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