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The problem of numerical determination of 
Lyapunov-stable (exponential stability) solu-
tions of the Saint-Venant equations system 
has remained open until now. The authors of 
this paper previously proposed an implicit  
upwind difference splitting scheme, but its 
practical applicability was not indicated there. 
In this paper, the problem is solved success-
fully, namely, an algorithm for calculating 
Lyapunov-stable solutions of the Saint-Venant 
equations system is developed and implemen-
ted using an upwind implicit difference split-
ting scheme on the example of the Big Almaty 
Canal (hereinafter BAC). As a result of the 
proposed algorithm application, it was estab-
lished that: 

1) we were able to perform a computa-
tional calculation of the numerical determina-
tion problem of the water level and velocity on  
a part of the BAC (10,000 meters) located in 
the Almaty region;

2) the numerical values of the water level 
height and horizontal velocity are consistent 
with the actual measurements of the parame-
ters of the water flow in the BAC;

3) the proposed computational algorithm 
is stable; 

4) the numerical stationary solution of the 
system of Saint-Venant equations on the exam-
ple of the BAC is Lyapunov-stable (exponen-
tially stable);

5) the obtained results (according to the 
BAC) show the efficiency of the developed 
algorithm based on an implicit upwind diffe-
rence scheme according to the calculated time. 

Since we managed to increase the values of 
the difference grid time step up to 0.8 for calcu-
lating the numerical solution according to the 
proposed implicit scheme
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1. Introduction

It is known that the behavior of water in rivers, lakes, 
oceans, as well as in small reservoirs is described by the 
Saint-Venant equations (also called the shallow water equa-
tion in the literature). The Saint-Venant equations are a sys-
tem of hyperbolic partial differential equations that describe 
flows under the surface of a liquid.

The one-dimensional theory of non-stationary flows with-
out discontinuities, i.e., flows that are not accompanied by the 
formation of discontinuous waves, can be considered the most 
developed today (including the problem of natural flooding).

The shallow water approximation (shallow water equa-
tions) has great theoretical and practical importance. Charac-
teristic of the processes under study, an analytical solution is 
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almost impossible, therefore, solutions to practical problems 
are found using numerical methods. The application of the 
Saint-Venant equation to the solution of various practical 
problems has a rich history. The variety of problems associated 
with the study of fluid flows with a free surface has given rise 
to a significant number of numerical methods that take into 
account the features of a particular problem under consider-
ation. Among them, we can distinguish such methods as the fi-
nite difference method, the particle method, the finite element 
method, the finite volume method and others, more specific, 
based, for example, on the splitting of steps, the Godunov 
method, etc. The approaches used cannot be considered perfect. 
The main difficulties in constructing a numerical approxima-
tion of the Saint-Venant equation are associated with obtain-
ing a stable difference solution to the problem. The question of 



Eastern-European Journal of Enterprise Technologies ISSN 1729-3774 4/4 ( 112 ) 2021

48

the stability of the Lyapunov numerical solution (exponential 
stability) of difference schemes is particularly acute. This 
question is practically not investigated for hyperbolic systems. 
However, this issue is practically related to the management 
and monitoring of water resources, especially for open canals. 
Other difficulties arise when approximating the terms of the 
lower terms. For their approximation, for example, the me-
thods of splitting by the lowest terms are used. All this leads 
to the complication of difference algorithms and often deprives 
them of uniformity. Thus, the task of improving and develop-
ing effective algorithms for mathematical modeling of flows in 
the Saint-Venant approximation is urgent.

In recent years, the development of numerical models of 
the dynamics of surface waters in the shallow water approxi-
mation has been actively developed.

Great progress has been achieved in studying the general 
properties and patterns of shallow water modeling in systems 
with open canals and reservoirs. However, it is important to 
study specific hydrological objects. Modeling of river sys-
tems and reservoirs seems to be the most difficult. As positive 
examples of constructing multidimensional models for such 
objects, we point to the lower course of the Bureya River 
behind the Bureyskaya HPS [1], the Danube Delta [2], the 
Kuibyshev reservoir [3], the Don estuary area [4], the middle 
course of the river Don [5], the Medveditsa River [6].

Thus, the task of developing algorithms for mathematical 
modeling of flows in the Saint-Venant approximation is urgent.

2. Literature review and problem statement

Currently, various methods for solving the Saint-Ve-
nant equation have been developed, such as the method of 
characteristics, the method of grids, the Lyapunov quadratic 
function method, the variational method, etc. In [7], for solv-
ing one-dimensional equations of unsteady motion in open 
canals, an implicit difference grid scheme was developed that 
allows calculations to be performed with a large time step.  
It was especially important for calculating floods in large 
rivers when the calculation process took quite a long time. 
However, there is no description of the algorithm and justifi-
cation of the finite difference method itself.

[8] is devoted to the exponential stability of non-linear 
Saint-Venant equations in differential form. An explicit 
quadratic Lyapunov function is constructed, and the local 
exponential stability is proved. 

In [9], the theory of a symmetric hyperbolic system is de-
scribed. Particularly, in the case of two spatial and one tem-
poral variable, the existence theorem of a dissipative mixed 
problem is stated. Numerical calculations of simple models 
are given as examples.

The monograph [10] is devoted to the study of mixed 
problems for one-dimensional hyperbolic systems in ca-
nonical form. Lyapunov stability is established in various 
functional spaces, in particular, many practical models are 
considered. The problems of numerical solutions of mixed 
problems are not considered. 

In [11], for the telegraph equation, the discrete Lyapunov 
function is constructed and its decreasing is proved. Using 
such an approach to the Saint-Venant equation is due to the 
difficulties that require additional research.

For two-dimensional hyperbolic equations with dissipa-
tive boundary conditions, the exponential stability of the solu-
tion is established by the Lyapunov function method in [12].

In [13], algebraic conditions for exponential stability of 
the solution of mixed problems of linear Saint-Venant equa-
tions are obtained. The question of the numerical solution is 
not considered.

For one-dimensional quasi-linear hyperbolic systems, 
problems with dissipative boundary conditions that guaran-
tee exponential stability of classical solutions are considered 
in [14]. There are no studies on numerical calculations. 

In [15], using the second kind Volterra transformation 
and reversible Fredholm transformation, optimal management 
problems for general linear hyperbolic systems are investigated. 

Note that in the works [8, 10, 12–15] we study the is-
sues related to the theoretical aspects of the solvability and 
stability of mixed problems for hyperbolic systems and the 
issues of constructing numerical solutions and the stability 
of difference schemes are not considered. During the numer-
ical calculation of mixed problems for hyperbolic systems, 
the reason for the above is that the dimension of the linear 
algebraic equations system increases with an increasing di-
mension of the considered area. This leads to an unreasonably 
large amount of computing and requires the involvement of 
high-performance computing equipment. 

In [16], the use of various difference grids (rectilinear 
and curved) for the numerical calculation of linear partial 
differential equations is shown. The paper does not consider 
the problems of the Saint-Venant equation, this is apparently 
due to the nonlinearity of the equation.

In [17], the discretization of equations describing the 
unsteady flow of a viscous incompressible fluid is consid-
ered based on the finite difference method and the splitting 
scheme by physical factors on a rectangular non-uniform 
grid with a staggered arrangement of nodes. However, there 
is no justification for the convergence and stability of the 
difference scheme.

In [18], the authors propose a class of difference schemes 
for hyperbolic systems of equations that have several forms 
of notation. The stability of the proposed difference schemes 
is investigated using the technique of energy integrals. How-
ever, their application to the study of exponential stability is 
a rather difficult task.

The work [19] is devoted to the study of initial boundary 
value problems for a class of three-dimensional quasi-linear 
hyperbolic systems. An a priori estimate of the problem solved 
using the energy integral method is obtained. The problems of 
the numerical solution and its stability have not been studied.

In [20], a linear initial boundary value problem of the 
dynamics of fluid-saturated porous media, described by three 
elastic parameters in a reversible hydrodynamic approxima-
tion, is solved numerically. The issue of computational model 
adequacy remains open.

In [21], a problem for the Saint-Venant-Exner equa-
tion (SVE), which describes the dynamics of water in a ca-
nal filled with sediments with arbitrary values of the canal 
bottom slope, friction, porosity, as well as the interaction of 
water and sediment under subcritical or supercritical flow 
regime is considered. However, this is the subject of further 
research. We consider the case of a canal without sediment. 

The book [22] is devoted to the solution methods of 
high-order algebraic systems, which appear when using the 
grid method to the problems of mathematical physics. Along 
with iterative methods, which are most widely used in com-
putational practice in solving these problems, direct methods 
are also described. Here we use the matrix sweep method 
about the Saint-Venant equations.
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The development of numerical models of surface water 
dynamics in the shallow water approximation has been ac-
tively developed in recent years by the efforts of researchers. 
Great progress has been achieved in studying the general 
properties and patterns of shallow water modeling in systems 
with open canals and reservoirs. However, it is important to 
study specific hydrological objects. Modeling of river sys-
tems and reservoirs seems to be the most difficult. As positive 
examples of constructing multidimensional models for such 
objects, we point to the lower course of the Bureya River 
behind the Bureyskaya HPS [1], the Danube Delta [2], the 
Kuibyshev reservoir [3], the Don estuary area [4], the middle 
course of the river Don [5], the Medviditsa River [6].

In [1], the results of numerical modeling of the spillway 
of the Bureyskaya HPS at various discoveries spillway spans 
are given. 

A modified shallow water model was used as a mathe-
matical model. The results of numerical modeling and ex-
perimental studies of currents at the spillway dam and in the 
downstream of the Bureyskaya HPS are in good agreement 
with the experimental data. However, the work does not 
provide numerical results.

On the basis of numerical modeling in [2], the influence 
of the Danube river runoff on the formation of the hydrolo-
gical structure of waters and the peculiarities of circulation 
on the northwestern shelf of the Black Sea is investigated. 
This research uses a three-dimensional sigma-coordinate 
numerical model of the joint dynamics of a shallow sea.  
No numerical results are available.

In [3], the spatial variability of bottom sediments and 
the heterogeneity of the distribution of phosphorus in the 
water area of the near-dam reach of the Kuibyshev reservoir 
are considered. The results show the calculations of sedimen-
tation and bottom erosion during the rise and fall of water.

In [4], HEC-RAS was used in hydrological processes 
modeling in the Don’s delta, as well as digital terrain mo-
del (DTM), which is created by combining Japan DTM, 
topographic maps and channel data of the united navigable 
deep-water system of the European part of Russia. The  
authors carried out calculations of the flow distribution in 
the delta channels, periods of water changes in the canals and 
modeling of floods using a wind surge.

In [5], on the basis of computational experiments in  
a two-dimensional formulation, the features of the change 
in the dynamics of the flows of p are considered. Don when 
implementing various bank protection options. The initial 
materials for constructing the model were the results of a de-
tailed bathymetric survey of this section of the watercourse, 
the materials of the geodetic survey of the coastal strip, the 
results of hydrometric measurements, which included the 
measurement of flow rates and the determination of the 
granulometric composition of bottom sediments. To ensure 
a correct assessment of the distribution of the velocity field 
and the degree of bank destruction in the considered section 
of the river Don (500 m above the Basovsky arm channel – 
500 m below the channel), calculations were performed in 
a two-dimensional formulation. A two-dimensional (in the 
horizontal plane) model for the considered section of the 
river Don is made using a specialized hydrodynamic pack-
age SMS v.10.1 of the American company AQUAVEO LLC, 
developed by order and with the participation of the US 
Center for Hydraulic Research. The water surface levels and 
horizontal components of the velocity field are calculated. 
Numerical results are not shown.

The possibility of solving various kinds of problems 
related to the dynamics of surface waters in different terri-
tories in non-stationary conditions is the use of numerical 
modeling methods together with parallel technologies on 
various supercomputers. In [6], the results of modeling the 
site of clearing the Medveditsa river channel are presented. 
Numerical integration of the equations of hydrodynamics, in 
the Saint-Venant approximation, taking into account a wide 
range of physical factors: realistic terrain, operation of hy-
draulic structures, evaporation, infiltration, bottom friction, 
wind regime, rotation of the Earth, etc., forms the basis of  
a computer model of the dynamics of surface water. Numeri-
cal results are not presented in the paper.

This review allows the claim that it is advisable to con-
duct a study on the numerical calculation of exponentially 
stable solutions of the Saint-Venant equation.

3. The aim and objectives of the study

The aim of this study is to develop an effective algorithm 
for finding a numerical solution using an implicit upwind 
difference scheme for a linear Saint-Venant equations system 
in the general case. This allows for a numerical calculation to 
determine the level and speed of water on the BAC.

To achieve this aim, the following objectives were set: 
– to formulate an implicit upwind difference scheme;
– to apply the matrix sweep method to the Saint-Venant 

equations to determine its numerical solution;
– to conduct a computational experiment for the problem 

of numerical determination of the water level and speed on 
the BAC section (10.000 m) located in the Almaty region, the 
Republic of Kazakhstan.

 4. Materials and methods

According to [8], we consider the following hyperbolic 
system with variable coefficients and with minor terms:
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H*(x), V*(x) are known stationary solu-
tions of the Saint-Venant equations system; 
H(t, x) is the water depth, V(t, x) is the hori-
zontal water velocity, they are unknown func-
tions of two variables (t, x); C(x)∈C2([0, L]) is 
the slope of the channel depth; g is a constant 
acceleration of gravity and k is a constant coef-
ficient of friction.

For the numerical solution of the Saint-Ve-
nant equation, we propose an implicit upwind 
difference scheme. In this case of considering 
intervals on time and spatial variables, a uniform 

grid is used. The Lyapunov stability theory is used to estab-
lish the stability of the numerical solution of the exponential 
stability theorems proved by the authors of the pre sent work.  
The method of solving different systems of algebraic equa-
tions is the matrix sweep method. The theory of correctness 
and stability of matrix sweep algorithms is used [22]. 

In the course of conducting the numerical experiment, 
the following geological and hydrogeological data were 
obtained from the Big Almaty Canal under the Committee 
of Water resources management of the Ministry of Ecology,  
Geology and Natural Resources of the Republic of Kazakh-
stan and GoogleEarthPro application.

The numerical experiment was carried out on the Big 
Almaty Canal named after Dinmukhamed Akhmedovich 
Kunaev (Fig. 1). The canal is located on the territory of the 
Republic of Kazakhstan (Almaty region and Almaty) in the 
Ili River basin.

The canal waters are used for irrigation, large-scale in-
dustrial, small-scale economic and recreational needs. The 
length of the canal is 168 km. The route of the canal crosses 
the territories of three districts of the Almaty region: Enbek-
shikazakh, Talgar, Karasay and Almaty, its waters flow by 
gravity. The starting point of the canal is the Bartogai reser-
voir on the Chilik River (43°27¢11″ n. l. 78°23¢46″ e.l.), where 
the BAC begins. Then the canal crosses the Issyk, Talgar, 
Bolshaya and Malaya Almatinka rivers through aqueducts. 
According to the project, the final point of the BAC had to 
be the Kurtin reservoir on the Kurty River (43°19¢44″ n.l. 
76°36¢55″ e.l.), but its waters do not always reach the last one 
due to seepage, evaporation, and water intake for household 
needs. The canal flow is fast. The banks of the canal are con-
creted, vegetation breaks through them in places.

For the calculation, a segment at the beginning of the 
canal with a length of 10 km is taken (Fig. 1). Therefore, 
the starting point of the calculation has the coordinates: 
43°27¢11″ n.l. 78°23¢46″ e.l. and the endpoint has coordi-
nates: 43°30¢20.14″ n.l. 78°19¢30.58″ e.l.Hydrogeological 
data from the BAC:

1. The length of the experimental section of the BAC is 
10 km (CL0 – CL100).

2. The shape of the cross-section is trapezoidal.
3. Width on the bottom – 4.0 m, width on the top – 14 m.
4. Construction depth of the canal – 4.5 m.
5. Number of tributaries: Shelek River is the first tribu-

tary that flows into the BAC at a distance of 16.7 km from 
the starting point.

 

Starting point 

10 km 

Zhanasharua 

Kairat 

Fig.	1.	The	BAC	segment,	indicating	the	start	and	end	points
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6. Water consumption:
– average annual water consumption – 25.0 m3/s;
– maximum annual consumption – 52.0 m3/s;
– minimum annual consumption – 5 m3/s;
– the average monthly breakdown of water consumption 

during active period in the Kunaev BAC: May – 19.6 m3/s, 
June – 29.0 m3/s, July – 52.0 m3/s, August – 50.0 m3/s, Sep-
tember – 18 m3/s.

7. The relief of the river (Fig. 2):
– slopes – average 1.0–1.1 % on the given location;
– heights (above sea level): CL0 – 843 m, CL100 – 823 m 

(average – 832 m).
The terrain data for a section of 10 km from the starting 

point along the BAC, including the coordinates of the starting 
and ending points, the height above sea level of the points at 
every 30 m is obtained from the GoogleEarthPro application.

In the paper, we are given these values at the initial 14 
and final 14 points with a step of 30 m (Table 1). Full infor-
mation can be obtained from the above program. Photos of 
some regions have an unprecedentedly high resolution.

Table	1	
BAC	geographic	data

No. Distance By terrain Height Latitude Longitude
1 0 0 843.4 43.45308 78.39612
2 30 30 842.2 43.4533 78.39589
3 60 60 842.5 43.45351 78.39566
4 90 90 842.9 43.45374 78.39548
5 120 120 843 43.45398 78.39531
6 150 150 843 43.45422 78.39515
7 179 179 842.9 43.45446 78.39499
8 209 209 842.8 43.45471 78.39482
9 239 239 842.7 43.45495 78.39466

10 269 269 842.7 43.45519 78.39451
11 299 299 842.5 43.45544 78.39437
12 329 329 842.2 43.45569 78.39423
13 359 359 842.2 43.45594 78.39409
14 389 389 842.4 43.4562 78.39397
… ... ... ... ... ...

322 9,602 9,603 826.6 43.50658 78.34223
323 9,632 9,633 826.3 43.50654 78.34259
324 9,662 9,663 826 43.5065 78.34296
325 9,691 9,692 825.7 43.50647 78.34333
326 9,721 9,722 825.4 43.50642 78.34369
327 9,751 9,752 825.1 43.50638 78.34406
328 9,781 9,782 825 43.50634 78.34443
329 9,811 9,812 824.9 43.50629 78.34479
330 9,841 9,842 824.9 43.50625 78.34516
331 9,871 9,872 824.9 43.5062 78.34552
332 9,901 9,902 824.8 43.50616 78.34589
333 9,931 9,932 824.1 43.50612 78.34626
334 9,961 9,962 823.2 43.50607 78.34662
335 9,991 9,992 823.5 43.50603 78.34699

8. Flow velocity:
– average flow velocity – 2.5 m/s;
– maximum flow velocity – 5.0 m/s.
9. Flow height:
– average height – 2.5 m;
– minimum height – 0.5 m.
When discretizing the Saint-Venant equations (1), an 

upwind implicit difference splitting scheme is used for the 
lower terms. 

We consider the flow in the river mode, so the values H*, V*  
must satisfy the inequality gH*>V*2, only in this case λ1(x), 
λ2(x) will take positive values (λ1(x) > 0, λ2(x) > 0). In ad-
dition, the following equality for stationary solutions holds 
H*(x)V*(x) = Q*. Taking into account these conditions, we 
choose the following value of the functions H*(x), V*(x):

V x x* . sin . ,( ) = +0 01 2 2 5  H x
x

* /
. sin .

.( ) =
+

25 4
0 01 2 2 5

Using the data in Table 1, we can calcu-
late the function of the slope angle C(x) of 
the BAC. We have the values of the func-
tion B(x), measured at 335 points xj. The 
slope angle values:

C x
dB
dx

( ) = − ,

at each node xj can be calculated using the 
following difference ratio:

C x
B x B x

x xi
i i

i i

( ) = −
( ) − ( )

−
+

+

1

1

.

Next, we are faced with the task of approximating the 
function C(x) most accurately from the given values C(xi).  
To do this, we use the cubic spline interpolation method.

For the correct statement of the problem, it is necessary 
to set the initial data along the entire length of the studied 
section of the riverbed: 

y x10 1( ) = ,  y x20 1( ) = .

For calculating the unsteady flow in the canal of the Big 
Almaty Canal, only the subcritical flow Fr > 1 is considered, 
which requires setting one boundary condition at the upper 
and lower ends of the considered section. 

According to Theorem 1 of [8], in the case of L = 10,000, 
we take the parameters of the boundary conditions from the 
following interval:

b0 3 92 1∈ − −( ). ; ,  b1∈ \(–3.9307, –0.9945).

Then the numerical solution of the difference initial 
boundary value problem is exponentially stable in L2-norm. 
In calculations, b0 = –3, b1 = 0.0001 satisfy these conditions. 
Therefore, we calculate the values of the corresponding 
parameters of the boundary conditions from these values 
k0 = –0.2048437158, k1 = –0.0001011587. Applying the rect-
angle method to calculate definite integrals, we obtain that 
r = 0.2048437158, s = –2.8227590592⋅10–12. The numerical 
experiment was carried out on a computer with the follow-
ing technical characteristics: AMD Ryzen 9 3950X, 64 Gb, 
NVIDIA GeForce RTX 3090 ОС Windows 10 Pro.
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2 km 4 km 6 km 8 km 9.9 km 

823 

832 

0 km 

Chart data: distance: 9.99 km, max slope: 3.7%-3.8%, avg slope: 1.0%, -1.1% 

Fig.	2.	The	terrain	of	the	studied	area	of	BAC
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5. Results of the study of an effective algorithm for 
finding a numerical solution of the Saint-Venant equation

5. 1. Implicit upwind difference scheme
In the domain G = {(t,x): 0 ≤ t ≤ T, 0 ≤ x ≤ L}, we construct  

a difference grid with ∆t and ∆x steps on direction t and x, re-
spectively. The anchor points of the difference grid (meaning 
the intersection of straight lines t = tk = k∆t and x = xj = j∆x) are 
denoted by (tk, xj). The set of nodal points of the difference 
grid is denoted by Gh, where 

Gh  {(tκ, xj): κ = 0, …, Κ; j = 0, …, J}.

And the values of the numerical solution at the anchor 
points are denoted by

y y t xi j i j( ) = ( )κ κ , ,  i = 1 2, ;  κ = …0, , ;Κ  j J= 0, , .

We select the steps of the difference grid ∆t, ∆x in such  
a way that the equalities K∆t = T and J∆x = L hold.

To find a numerical solution to a mixed problem (1)–(3) 
over the difference grid Gh, we obtain the following upwind 
implicit difference scheme:
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Here, using the discrete Lyapunov function, we obtain 
the exponential stability of the initial boundary value diffe-
rence problem (5)–(7).

5. 2. Formulas for the numerical solution of the Saint- 
Venant equation obtained by the matrix sweep method

Applying the matrix sweep method to (5)–(7), we obtain 
the following formulas for the numerical solution of equa-
tion (5) in the form:
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The algorithm of the matrix sweep method is presented 
in Fig. 3.

Using formulas (8) and (9), on each k+1-th time, we deter-
mine all the values of unknown functions:
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and in all nodes of the k+1-th time layer. In order to deter-
mine approximate values:
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of initial unknown functions H(t,x) and V(t,x) in all nodes of 
the k+1-th time layer, we use the transformation (4), assum-
ing there t = tk+1 and x = xj in all nodes k = 0, …, K–1; j = 0, …, J:
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Therefore, from (10) it is easy to define the approximate 
values H H Hk k

J
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1
1 1+ + +…{ }, , ,  of the ini-

tial unknown functions that we need H(t, x) and V(t, x) in all 
nodes of the k+1-th time layer. 
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From the last formula, it can be seen that the height level 
and the horizontal velocity of water in the canal significant-
ly depend on the stationary solution of the Saint-Venant  
equation.
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5. 3. Calculations of water level and horizontal velocity 
on the BAC section

Using the geological and hydrogeological data of the 
BAC, the following values of the height and velocity of 
the water flow into the BAC are obtained from the formu-
la (11) (Tables 2, 3). In Fig. 4, 5, graphs of the numerical 
solution are presented. Based on the obtained data, a nu-
merical experiment was conducted for a time of 5 seconds, 

10 seconds, 60 seconds, 300 seconds (Table 4). The results 
of the numerical experiments of computing the height and 
horizontal velocity of water flow presented in Tables 2, 3 
are coherent with the actual measurements of water flow 
parameters in the BAC. The results presented in Table 4 on 
the time of computation show the efficiency of the devel-
oped algorithm for an exponentially stable solution of the 
Saint-Venant equation.

 

 

 

 

 

j=1, J 

  

 k=0, N-1 

 Δx=L/J, Δt=T/N 

 Begin 

input y1(x), y2(x), A, B, C, L, T, J, N, r, s 

 

 output y1(t,x), y2(t,x) 

 End 

 

 j=J, 1 

   

; . 

   
 

 j=J, 0 

   
 

Fig.	3.	Flowchart	of	the	matrix	sweep	method	for	a	system	of	two-point	vector	equations

Table	2
Numerical	value	of	the	water	level	height	H(t,	x)	in	the	canal

No. x = 0.5 x = 1 x = 1.5 x = 2 x = 2.5 x = 3 x = 3.5 x = 4 x = 4.5 x = 5

t = 0.5 2.22912 2.239852 2.249432 2.23918 2.231294 2.242877 2.251059 2.239831 2.233234 2.245593

t = 1 2.229058 2.239793 2.249375 2.239122 2.231237 2.242822 2.251006 2.239778 2.233182 2.245543

t = 1.5 2.229 2.239736 2.249319 2.239067 2.231182 2.242769 2.250955 2.239727 2.233132 2.245495

t = 2 2.228943 2.23968 2.249264 2.239013 2.23113 2.242718 2.250904 2.239678 2.233084 2.245449

t = 2.5 2.228887 2.239626 2.249211 2.238961 2.231079 2.242668 2.250856 2.23963 2.233038 2.245404

t = 3 2.228833 2.239573 2.249159 2.23891 2.23103 2.24262 2.250809 2.239585 2.232995 2.245361

t = 3.5 2.228781 2.239522 2.24911 2.238862 2.230983 2.242574 2.250764 2.239542 2.232953 2.245321

t = 4 2.228731 2.239473 2.249062 2.238815 2.230937 2.24253 2.250721 2.2395 2.232913 2.245282

t = 4.5 2.228682 2.239426 2.249015 2.23877 2.230894 2.242488 2.25068 2.239461 2.232875 2.245245

t = 5 2.228635 2.23938 2.248971 2.238727 2.230852 2.242448 2.250642 2.239424 2.232839 2.245211
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Table	3
Numerical	value	of	the	water	velocity	V (t, x)	in	the	canal

No. x = 0.5 x = 1 x = 1.5 x = 2 x = 2.5 x = 3 x = 3.5 x = 4 x = 4.5 x = 5

t = 0.5 3.028208 3.016406 3.005831 3.016311 3.024311 3.011465 3.002347 3.013827 3.020449 3.006859

t = 1 3.02833 3.016522 3.005943 3.016425 3.024424 3.011573 3.002452 3.013932 3.020552 3.006958

t = 1.5 3.028447 3.016635 3.006054 3.016535 3.024532 3.011678 3.002555 3.014034 3.020651 3.007053

t = 2 3.02856 3.016746 3.006162 3.016642 3.024637 3.01178 3.002654 3.014131 3.020746 3.007145

t = 2.5 3.02867 3.016853 3.006268 3.016745 3.024738 3.011878 3.00275 3.014225 3.020837 3.007234

t = 3 3.028777 3.016958 3.00637 3.016845 3.024835 3.011973 3.002843 3.014315 3.020924 3.007318

t = 3.5 3.02888 3.017059 3.006469 3.016942 3.024929 3.012065 3.002932 3.014401 3.021008 3.007399

t = 4 3.028981 3.017157 3.006564 3.017034 3.025019 3.012152 3.003016 3.014483 3.021087 3.007476

t = 4.5 3.029077 3.017251 3.006656 3.017123 3.025106 3.012235 3.003097 3.014561 3.021162 3.007548

t = 5 3.02917 3.017341 3.006743 3.017208 3.025188 3.012315 3.003174 3.014635 3.021234 3.007617

 

2.2 

2.24 
2.28 

2 km 4 km 6 km 8 km 10 km 0 km 

823 

843 
832 

Fig.	4.	The	graph	of	the	numerical	solution:	1	–	the	graph	of	the	water	height	along	the	entire	length	of	the	considered	area;	
2	–	the	terrain	graph	of	the	considered	area

Fig.	5.	The	graph	of	the	numerical	solution:	1	–	the	graph	of	the	horizontal	velocity	of	water	along	the	entire	length		
of	the	considered	area;	2	–	the	graph	of	the	relief	of	the	considered	area
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Table	4
Numerical	experiments	results

No.
Length L,  
meter (m)

Time t,  
second (s)

Number of steps  
in length M

Number of time 
steps N

Step by length 
∆x

Time step 
∆t

Calculation  
time (s)

1 10,000 5 12,000 10 0.83 0.5 15

2 10,000 5 12,000 6 0.83 0.83 9

3 10,000 10 12,000 20 0.83 0.5 25

4 10,000 10 12,000 15 0.83 0.67 21

5 10,000 60 12,000 120 0.83 0.5 137

6 10,000 60 12,000 75 0.83 0.8 93

7 10,000 300 12,000 600 0.83 0.5 683

8 10,000 300 12,000 320 0.83 0.9375 327
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6. Discussion of the results of the study of water level 
and horizontal velocity 

Formulation of an implicit upwind difference scheme. As 
follows from Section 5. 1, we have constructed an implicit 
upwind difference splitting scheme for the lower terms 
(the initial boundary difference problem (5)–(7)) for the 
numerical solution of a mixed problem for the linear sys-
tem of the Saint-Venant equation (problem (1)–(3)). Why 
exact ly such a difference scheme is proposed for the numer-
ical calculation of the BAC? What are the advantages of 
this scheme compared to other difference schemes? First, 
all explicit difference schemes require the Courant-Fried-
richs-Levy condition to be fulfilled. And this imposes strict 
restrictions on the steps of the difference grid from above. 
And the implicit scheme (5)–(7) is free from these re-
strictions. This gives us the opportunity to perform calcula-
tions for the BAC, the length of which can be any (depend-
ing on the computer performance parameters). In addition,  
we were able to prove the Lyapunov stability of this diffe-
rence scheme. 

The matrix sweep method for the Saint-Venant equation. 
It can be seen from Section 5. 2 that it is not an easy task 
to determine the numerical solution of an implicit upwind 
difference splitting scheme for the lower terms (5)–(7). 
First, the difference problem is presented in the form of 
a two-point scheme, and then, using a specially invented 
procedure, the two-point scheme is reduced to a three-
point one, in order to apply the standard matrix sweep 
me thod (8), (9). And then the numerical solution is deter-
mined by formulas (10), (11).

Numerical solution. Section 5. 3 presents the results of 
numerical calculation for the problem of numerical deter-
mination of the water level and velocity on the BAC sec-
tion (10,000 m) located in the Almaty region of the Repub-
lic of Kazakhstan. Some initial data (hydrogeological data 
from the BAC-see above) were kindly provided to us by the 
administrators of the BAC, we are grateful to them for this. 
Based on these initial data, we were able to find a numerical 
solution to the system of Saint-Venant equations, which 
describes the movement of water to the BAC. Namely:

– numerical values of the height of the water level H(t, x) 
in the BAC (Table 2);

– the numerical value of the water velocity V(t, x) in the 
BAC (Table 3);

– a graph of the numerical solution: 
a) a graph of the water height along the entire length of 

the considered section; 
b) a graph of the terrain of the considered area; (Fig. 4);
– a graph of the numerical solution of the horizontal 

water velocity along the entire length of the considered sec-
tion (Fig. 5).

Based on the data obtained above (the first 4 points),  
a numerical experiment was conducted for 5 seconds, 10 se-
conds, 60 seconds, 300 seconds (Table 4). Please note that 
the numerical values of the water level height and velocity 
given in Tables 2, 3 reflect only part of the numerical calcula-
tion results due to the limited space. However, they are fully 
represented in the graphs in Fig. 4, 5.

What we have as a result:
– the numerical values of the height and horizontal 

velo city of the water flow presented in Tables 2, 3 fully 
correspond to the actual measurements of the water flow 
parameters in the BAC;

– the results of the computational experiment present-
ed in Table 4 show that the values of the steps of the differ-
ence grid ∆t, ∆x in numerical calculations can be arbitrary 
in the range 0 < ∆t < 1, 0 < ∆x < 1. Thus, the Courant-Fried-
richs-Levy condition does not play any role here. This al-
lows us to perform numerical calculations with large steps. 
Hence, we can find a numerical solution over the entire 
length of the BAC;

– the results presented in Table 4 for the calculation 
time (Columns 3 and 8 of Table 4) show the effectiveness of 
the developed algorithm for the exponentially stable solution 
of the Saint-Venant equation;

– the following limitations for the channel are inherent 
in this study: the bottom topography is rather smooth; there 
is no filtration through the bottom of the channel (concrete 
bottom); there are no additional inflows and outflows.

The subjects of further research:
1. To make calculations (find the numerical values  

of all the necessary parameters) along the entire length of 
the BAC.

2. To make calculations (find the numerical values of all 
the necessary parameters) along the entire length of the BAC 
for the following time values (day, week, month, quarter, half 
a year, year).

3. To develop software for an intelligent system of ac-
counting and monitoring of water resources of the BAC.

4. To develop an automated intelligent system for ac-
counting and monitoring of water resources of the BAC.

7. Conclusions

1. An implicit upwind difference splitting scheme is 
constructed for the numerical solution of a mixed problem 
for a linear system of the Saint-Venant equation. Note that 
this difference scheme is Lyapunov stable (exponential-
ly stable).

2. Using a special procedure for reducing two-point to 
three-point schemes, the matrix sweep method is applied 
for the numerical solution of a mixed problem for the linear 
system of the Saint-Venant equation.

3. A numerical calculation of the water level and speed on 
the BAC section (10,000 m) located in the Almaty region of 
the Republic of Kazakhstan was made. It is established that 
the numerical values of the height and horizontal velocity of 
the water flow fully correspond to the actual measurements 
of the parameters of the water flow into the BAC.

The values of the steps of the difference grid ∆t, ∆x in nu-
merical calculations can be arbitrary in the range 0 < ∆t < 1, 
0 < ∆x < 1. This allows us to perform numerical calculations 
with large steps. The calculation time and the real time are 
comparable.
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