Toothed gears are the most common
mechanical gears in machine building, which
are characterized by high reliability and
durability, a constant transfer number, and
which can transmit high torque. During
toothed gear operation, the surfaces of the
teeth slide, which gives rise to friction forc-
es and wears their working surfaces. To pre-
vent this, the surfaces of the teeth need con-
stant lubrication. This paper considers the
design of a gear tooth engagement, which
does not have friction between the surfaces of
the teeth since they roll over each other with-
out slipping. The profile of the tooth of such a
gear is outlined by congruent arcs, symmetri-
cal relative to the line that connects the cen-
ter of rotation of the toothed wheel with the
top of the tooth. These symmetrical curves at
the top of the tooth intersect at the predefined
angle. In the depressions of the wheel, adja-
cent teeth also intersect at the same angle.
Such a condition can be ensured by a curve
that at all its points crosses the radius-vector
emanating from the coordinate origin, also at
a stable angle equal to half of the given one.
This curoe is a logarithmic spiral. If the num-
ber of teeth of the drive and driven wheels
is the same, then their teeth are congruent.
Otherwise, the profiles of the teeth would
differ but they could be outlined by congru-
ent arcs of the same logarithmic spiral of the
same length taken from different areas of the
curove.

The minimum possible angle at the top
of the teeth is straight. At acute angle, the
toothed gear operation is impossible. To
build gear wheels with a right angle at the top
of the tooth, it would suffice to set the number
of teeth of the drive and driven wheels. The
center-to-center distance is calculated using
the derived formula. The transfer number of
such a gear is variable but, with an increase
in the number of teeth, the range of its change
decreases. The algorithm of wheel construc-
tion is given
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1. Introduction

It is well known that toothed gears are the most common
mechanical gears in machine building. Based on the shape of a
tooth profile there are evolving toothed gears and non-evolving
ones with a cycloidal profile. Toothed gears are characterized
by high reliability and durability, a constant transfer number,
and can transmit high torque. However, during toothed gear
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operation, the surfaces of the teeth of the geared wheels slip,
which leads to the emergence of friction forces and the wear
of working surfaces. To prevent this, the surfaces of the teeth
need constant lubrication. There is a relevant issue related to
the design of a toothed gear, which does not have friction be-
tween the surfaces of the teeth, which could minimize the wear
of working surfaces. This is possible if the teeth roll over each
other without slipping.




Rotational motion can be transmitted in various ways:
with the help of friction, belt, chain, toothed gears, using the
hydraulic and electric drives, etc. In this list, toothed gears are
among the most common ones. Their design and manufacture
techniques have been improving all the time and are currently
high-tech. Given this, any proposals for improving gear tooth
engagement deserve attention and are relevant.

2. Literature review and problem statement

Engineering practice is often associated with problems of
designing geometric objects, which scientists propose to solve
in quite diverse ways. For example, in [1], the authors present
a vision of constructing geometric objects within a multidi-
mensional space by approximating a solution to differential
equations. In work [2], geometric modeling of multifactorial
processes and phenomena is proposed to be carried out by the
method of multidimensional parabolic interpolation. In [3], the
use of geometric space interpolates is taken as a basis. As one
can see, the methods for geometric design of objects are quite
diverse. In addition, the range of tasks that require the use of
geometric methods to resolve them is quite wide.

It is known that scientists pay a lot of attention to the is-
sues of wear resistance and durability of parts. Thus, work [4]
proposes a new technique to sulfide the surfaces of parts with
electrical discharge machining; paper [5] outlines a way to
strengthen the surfaces of thermally treated steel components,
including cementation and nitriding processes. The authors
of [6] devised a technique to increase the reliability and dura-
bility of metal surfaces of parts by applying a multilayer coating
using electrical discharge machining. However, as noted in [7],
the measures and recommendations proposed by scientists up
to now are not enough. In the cited works, the wear resistance
of parts is proposed to be improved by developing new ways to
strengthen surfaces, which is a rather expensive and lengthy
process. Our review of the above papers has shown that the
search for an increase in the wear resistance of parts involves
strengthening their surface layer. Instead, one can eliminate
the cause of wear by eliminating friction between surfaces
during their operation.

The formation of known cycloids and involutes curves
whose arcs are a profile of the teeth of toothed gears is associ-
ated with rolling along a curvilinear contour. In the first case,
this is the trajectory of the point of the circle, which rolls in a
straight line, and in the second — on the contrary — the trajec-
tory of the straight point, which rolls around in a circle. Rolling
along a curvilinear path in a straight line is used in work [8]
to construct noncircular wheels, one of which is formed by
straight segments, that is, it is a polygon. The formation of
congruent noncircular wheels of two symmetrical arcs of the
logarithmic spiral is considered in [9]. Paper [10] proposes a
geometric model for solving the problem of profiling an uncir-
cular toothed wheel whose centroid consists of interconnected
arcs. The same authors in article [11] proposed a fairly simple
and accurate procedure for the automated formation of wheel
teeth with an elliptical centroid. An eccentric helical toothed
pair is a new type of geared pair consisting of a screw noncircu-
lar gear and an eccentric oblique curved face, which can imple-
ment the rotation of intersecting axes, as well as the movement
of the output axes, proposed in [12]. It should be noted that the
arcs of algebraic curves are applied when solving problems in
different areas, for example, the systematization and analysis of
multidimensionality [13].

Thus, there is a relevant task to design toothed wheels
whose operation includes the rolling of teeth surfaces without
slipping, which eliminates the friction and wear of surfaces.

3. The aim and objectives of the study

The purpose of this work is to devise a procedure for con-
structing an analog of the gear tooth engagement, which would
ensure the absence of slipping between the surfaces of the teeth.
This could improve the wear resistance and durability of the gear.

To accomplish the aim, the following tasks have been set:

— to find the arcs of the curves describing the profile of
the teeth, visualizing the results;

— to outline the procedure for constructing a pair of gear
wheels according to the predefined output parameters;

—to consider the proposed approach using an example of
constructing a pair of gear wheels with a certain ratio of the
number of teeth and the predefined angle at the top of the tooth.

4. The study materials and methods

The profile of a separate tooth of gear is formed by a sym-
metrical representation of the arc relative to the radius-vector
of the polar coordinate system, which passes through its ver-
tex (Fig. 1, ). It forms the angle ¢ (Fig. 1, b) with the tangent
to the profile at this point. As a result of a symmetrical repre-
sentation of the profile curve, a tooth is formed with an angle
of 2¢ at its top (Fig. 1, ¢).

Fig. 1. Graphic illustrations for the formation of a gear tooth
engagement profile: a — the shape of the teeth of the gear
whose profile needs to be derived; b — the curves of the tooth
profile with restrictions imposed on them;
¢ — formation of a tooth for each wheel by the symmetrical
representation of the derived arcs



This angle cannot be less than 90°, otherwise the trans-
mission will be jammed [8]. For the same reasons, the angle
between the curves in the depressions of the teeth should
also be either right or larger than the right one. Consequent-
ly, the angle between the radius-vector and the curve at both
the beginning and end of the arc must be at least 45° (€245°).
In addition, the lengths of the arcs of the curves (in Fig. 1, a,
marked by a thickened line) should be equal and, when
rolling over each other, pass even paths. The sum of vectors
p and p; from the poles O and Oq to the point of contact
must be constant and equal to the center-to-center distance:
p+p1=r (Fig. 1, b, ¢). When turning one wheel at the angle
of a,, the second wheel must turn at angle o, (Fig. 1, a).
The values of these angles depend on the number of teeth:
a,=7/n, 9,=n/n1, where n and ny are the number of teeth in
the drive and driven wheels.

The above structural parameters of toothed gears under-
lie the design of the curves of the teeth profile.

5. Results of designing gears

5. 1. Finding arc curves describing the profile of the
teeth

The curve describing the profile of the drive wheel tooth
is given by the polar equation p=p(a), where o is the polar
angle. The parametric equations of the curve AB are:

x=p(a)cosa; y=p(a)sino. (1)
It is required to find the angle ¢ (Fig. 1, b) between the
polar radius p and the tangent to the curve at its current

point. The tangent vector can be derived by differentiating
equations (1) for variable a:

X =pcosa—psing; y=psino+pcoso. 2)
The polar radius vector is given by equations (1). A
known formula can define the angle ¢ between vectors (1)

and (2):

p 3)

Differential equation (3) has the following solution:

COSE =

p — poeocctgsy (4)

where p, — the integration constant — the initial value of
the polar radius on the circle of the depressions of the drive
wheel teeth (Fig. 1, a).

Polar equation (4) describes a logarithmic spiral that
crosses all polar radii at a stable angle €. The parametric
equations of the curve AB, according to (1), are recorded as:

octge

X=p,e™¥ coso; y=p,e”sino. ®))

In order to derive the desired arc — a tooth profile — it
is necessary to change the angle a in the interval a=0...0,, in
equations (5).

Taking into consideration p, =r—p=7r—p®, as well as
that the radius-vector p; rotates at angle ¢ in the opposite di-
rection from the angle o, the parametric equations of the de-
sired curve on which the arc A{Bj is located, are recorded as:

X = (r - poe“°‘g£)cos¢ +7; Yy = —(r - poe““gs)sin 0. (6)

It is required to find expressions to determine the length
of the arc curves (5) and (6). The derivative from the length
of the arch of logarithmic spiral (5) is as follows:

5%: 'X,2+y2_ pO eotctge. (7)
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Let the angle ¢ be dependent on the angle a, that is,
¢=¢(a). In this case, the derivative of the length of the curve
arc (6) takes the following form:

% =\ +y; = \/ prctg’ee”™ ™ +(r— §’p e )2 . ®)
o

Based on the equality of the arcs of curves, their deriv-
atives (7) and (8) are also equal. Equating expressions (7)
and (8) with each other and solving with respect to do/da
can help derive
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The dependence ¢=¢(a) is obtained by integrating ex-
pression (9), which ensures equality of curve arcs when turn-
ing polar radii p and pq at the corresponding angles:

0==In(r—p,e”*)tge+c, (10)
where ¢ is the integration constant.

Based on the condition that at a=0, the angle ¢=—¢,, the
expression of the constant ¢ is defined, considering which
renders equality (10) to take the following form:

=Py

q): ln(r_poeadgg)tge—d)o.

The distance 7 can be taken arbitrarily. However, in this
case, when turning the radius-vector p at the predefined
angle a,, the radius-vector p; would turn at an unpredictable
angle ¢,, although other conditions are met. The condition is
set that when turning the radius-vector p at the predefined
angle a,, the radius-vector p; also turns at the desired an-
gle @,. It should be borne in mind that after turning the radi-
us-vector p at angle a,, the final position of the radius-vector
p1 takes the value ¢=0 since at the beginning of rotation this
angle was negative and equal to — ¢, (Fig. 1, ). Substituting
the resulting angle values of a=a,, =0 in (11) and solving
relative to 7 produces the following:

(11

e(%*% Jetge 1

Thus, the value of the center-to-center distance is not set
but determined depending on the number of teeth n=n/a,,
n=n/¢, of the drive and driven wheels and the values of
po and angle &. Substituting (12) in (11) could produce the
required dependence p=¢(o). If it is substituted in (6) along
with constant (12), then the parametric equations of the curve
could be obtained, on which it is possible to highlight the arc
AyBy (Fig. 1, b) when changing the angle o within a=0...a,.

Fig. 2, a shows the curves constructed from equations (1)
and (6) taking into consideration (12) and (11), on which we



highlighted with thickened lines the arcs AB and ABj, cor-
responding to the change of angle a. within a=0...0,,. Visually,
these arcs are congruent. This can be seen if the arc A;By is
not shifted along the Ox axis by the value 7. This applies to
wheels with the same number of teeth.

3

~

Fig. 2. Arcs ABand A;B; of the logarithmic spiral — the profile
of a tooth of congruent wheels — constructed at r=n=4, p,~1,
=45 a — the initial position of the arcs outlining the profile
of the teeth of the drive and driven wheels; b — arc A1B; is
turned around its pole to contact with arc AB;, ¢ — formation
of the teeth of the drive and driven wheels with a symmetrical
representation of the arcs relative to the straight lines that
connecting the pole with the top of the tooth

This is confirmed by deriving the angle between the po-
lar radius of curve (6) and the tangent to it. One can make
sure that it is negative and equal to —¢. A curve that inter-
sects all its polar radii at a constant angle can only be a log-
arithmic spiral. If the number of teeth of both wheels is the
same, then the arcs AB and A;B; are congruent; otherwise,
they are not congruent but have the same length and belong
to the same spiral. The difference between equations (1) and
(6) of the same curve is explained by the fact that in the first
case, with the growth of the polar angle o, the point when
moving along the curve is removed from the pole, and in the
second — on the contrary — approaching. This is shown by
arrows in Fig. 2, a.

In order for point A of arc A1B; (Fig. 2, a) to coincide
with point A of arc AB (Fig. 2, b), one needs to additionally
turn the ABj arc at angle n+¢,. Thus, in equations (6), in-
stead of the polar angle ¢, there should be the angle ¢+n+¢,.
The resulting expression of angle ¢ can be obtained after
adding to it the previous value (11) of the angle n+o,:

o= ln[ 7—p£ctgs)tg£+ﬂ, 13)
e

Po€

where the center-to-center distance 7 is determined from
formula (12).

The above considerations allow us to proceed to the
design of the gear engagement with the predefined specific
parameters.

3. 2. The order of construction of a pair of gear wheels
according to the predefined number of teeth and angle ¢

Our procedure for finding curve arcs describing the pro-
file of teeth would suffice to build a gear. The center-to-cen-
ter distance 7 is calculated while the constant p, is not of
fundamental importance since it plays the role of a scaling
coefficient.

The order of construction is as follows:

— based on the predefined number of teeth of the drive
wheel 7, one can derive the value of angle a,: a,=n/n. Based
on equations (1), one builds the arc AB when changing the
angle o within a=0...a,;

— a symmetrical arc is constructed relative to the polar
radius, connecting the pole O with point B (Fig. 2, ¢);

— the resulting profile of the tooth is consistently turned
around the pole O at angle 2ia,, where i=1...n—1;

— the predefined number of the teeth of the driven wheel
nq could help derive the value of angle ¢,: ¢,=n/n1. Expres-
sion (12) is used to determine the center-to-center distance
1, which must be substituted in (13). Based on equation (6),
substituting with the refined expression ¢=@(a) (13), one
can construct arc A{B; when changing the angle o within
0=0...0,,;

—a symmetrical arc is constructed relative to the polar
radius connecting the pole O with point A (Fig. 2, ¢);

— the resulting tooth profile is consecutively turned
around the O pole at angle 2ip,, where i=1...ny—1.

5. 3. Applying the proposed procedure to the design of
a pair of gear wheels

Below is the procedure for constructing a pair of wheels
with an equal number of teeth n=n;=4 and different values of
angle &. The distance p, is taken to equal unity: p,=1.

The values of angles a,=n/4 and ¢,=n/4 are determined.
The center-to-center distance r depends on angle €. According
to formula (12),7=3.19 for e=45° and r=2.57 for £=60°. In Fig. 3,
the pairs of wheels are built for the two angle € values. The radi-
us of the circle that passes through the tops of the teeth is also
different. It is defined from expression (4) when a=a,. In the
first case, it is equal to 2.19; and in the second — 1.57.

Our devised procedure can be used to build the pairs of gear
wheels with any ratio of the number of teeth, including one.
Fig. 4 shows the pairs of wheels constructed at a right angle at
the top of the tooth (¢=45°) and a different number of teeth.

Worth noting is that when the angle & approaches 90° the
gear wheels deform and approach the circles passing the de-
pressions of the teeth. At £=90°, the radius-vector p, according
to formula (4), is converted to a constant value p,,.



2 Ly

Ly
] 1
0 - 0 -
X X
-] 4
-2
-] 0 1 2 3 4

-2 0 2 4 6
a b

Fig. 3. Pairs of congruent gear wheels at /=ny=4 and p,=1: a — ¢=45°; b — £¢=60°
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Fig. 4. Pairs of gear wheels with different number of teeth:

a— n=3, m=1; b— n=2, ni=5; ¢c— n=1, n1=15

6. Discussion of results of studying the procedure for
designing a pair of gear wheels

In the previous chapter, we obtained the parametric
equations of the curve that describes the profile of the gear
teeth (6), derived formulas for determining the angle of
rotation of a radius-vector (13) and the center-to-center
distance (12), which made it possible to build the arcs of
the logarithmic spiral — the profile of the congruent wheel
tooth (Fig. 2). A curve that crosses all its polar radii at a con-
stant angle can only be a logarithmic spiral. Due to the use of
the logarithmic spiral as an arc, which outlines the profile of
the teeth of the gear wheels, the absence of slipping between
the surfaces of the teeth during work of gear wheels is ensured.
The condition for the absence of slipping between the surfaces
of the teeth during gear wheel operation is mathematically
justified. It is based on the fact that when turning the drive
wheel at angle a, the driven wheel turns at angle ¢; at the
same time, the profiles of the teeth during rolling pass equal
paths, that is, the same lengths of the arcs of these profiles.
Mathematically, this is ensured by dependence (9) between
the angles of rotation of both wheels based on the equality

0
-1
2 )
B 0 5 10 15

of the lengths of the corresponding arcs.
Such rolling without slipping occurs in
the pairs of noncircular wheels, the design
of which is widely known. In a given case,
rolling the profiles within one tooth can
be considered as work of a pair of noncir-
cular wheels. The difference is that the
profile of noncircular wheels is one closed
curve, and, in our case, the pieces of the
congruent arcs that intersect at a right
angle. This makes it possible to form a
wheel profile similar to a geared one.

In addition, we devised a procedure for con-
structing a pair of gear wheels at the predefined
parameters in algorithmic form. The initial data
are reduced to the number of teeth in the drive
and driven wheels. Some of the possible vari-
ants of the pairs of gear wheels have been built,
which could ensure that there is no slip during
their operation (Fig. 3, 4). The advantage of the
resulting gear is the absence of friction between
the surfaces of the teeth during their work. This
is achieved by establishing a dependence (9)
between the angles of rotation of the drive and
the driven wheels within the operation of one
pair of teeth. In this case, there is no friction
force, which ultimately prevents the wear of the
teeth. In addition, such a gear does not require
lubrication. When constructing a specific pair
of gear wheels, the initial data are the number
of teeth of both wheels and the angle at the top
of the tooth. The remaining parameters are cal-
culated, so the design limitations relate to the
choice of a center-to-center distance, the height
of the tooth, the diameters of the protrusions of
both wheels.

Alternative solutions to this problem relate to
gear tooth engagement not designed to transmit
torque of considerable power and for which the
number of full wheel rotations is important, for
example, in computing devices. In a broad sense,
such gear tooth engagement can be considered
as an alternative to the centroids of noncircular wheels, in
contrast to which the profile of the centroid is formed not by
one curve but by equal arcs of congruent curves. The evidence
base of this approach is based on the mathematical derivation
of the dependences whose reliability is confirmed by graphic
constructions of gear wheels. The limitation of the proposed
procedure is the narrowed possibilities of structural solutions
for a gear transfer, in particular, the lack of choice of the cen-
ter-to-center distance whose value depends on the number
of teeth of the drive and driven wheels. This study can be
advanced in order to design a toothed gear for the transfer of
rotational motion between the intersecting axes. The scope of
application of the resulting toothed gear could include com-
puting devices for which the transfer function is insignificant,
which do not transmit significant torques, and for which the
number of full rotations of both wheels is important.

Given the positive point regarding the absence of fric-
tion, such a gear has drawbacks. This is an intermittent
transfer function, the inability to set the predefined cen-
ter-to-center distance at the specified ratio of full wheel
rotations as it is calculated, as well as the high sensitivity to
the center-to-center distance.



7. Conclusions

1. The use of a logarithmic spiral makes it possible to de-
sign a toothed gear in which the teeth of the wheels are out-
lined by the arcs of the same spiral. A characteristic feature
of such a gear is the absence of slipping between the surfaces
of the teeth during the operation of gear wheels. This does
not cause friction forces and does not lead to the wear of
working surfaces. The arcs of the spirals, which delineate
the profile of the teeth, intersect at the tops and depressions
of the teeth at a constant angle, which cannot be less than
the right one to ensure the possibility of wheel operation.

2. The initial data for designing the wheels is the
number of teeth of the drive and driven wheels, and the

value of the angle at the top of the tooth. Because the best
angle is the right angle, the initial data are reduced to
the number of teeth of the drive and driven wheels. The
center-to-center distance, as well as other parameters, are
calculated.

Our procedure could be used to build the pairs of gear
wheels with any ratio of the number of teeth, including one.
When the angle ¢ approaches 90°, the gear wheels deform
and approach the circles passing the depressions of the
teeth. At €=90°, the radius-vector p is converted to a con-
stant value p,. Owing to the derived mathematical depen-
dence between the angles of rotation of the drive and driven
wheels, based on the equality of the arcs of the profiles of
the teeth, the slip between them is eliminated.

10.
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