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There is a tendency of intensive development of a
new scientific area aimed at optimizing the process-
es of comprehensive ensuring the life of society and
industrial processes of countries, specifically logis-
tics, and its more important aspect, military logistics.
This paper considers typical contradictions between
the need and opportunities for additional develop-
ment of the theory of processes involving this system.
On the one hand, the military has important, dynam-
ic, multifaceted processes for the comprehensive pro-
vision of their combat operations to analyze, which
requires significant intensification of the development
of methods and models for quantitative analysis of
the effectiveness of the functioning of military logis-
tics systems. On the other hand, there is now limited
availability of theoretical developments and the prac-
tical application of the necessary, convenient, effec-
tive mathematical tools aimed at computerization of
solving the problems of providing military scientific
and technical problems in real time.

Matrix technology for forecasting the dynam-
ics of functioning of closed systems of military logis-
tics of various military purposes is proposed. Matrix
calculus makes it possible to obtain intermediate and
ultimate results in a compact form and carry out com-
plex and cumbersome calculations using effective
algorithms. A method to precisely solve the system
of linear differential equations describing process-
es of arbitrary type has been proposed. The meth-
od is based on the use of the operational calculus by
Laplace. The possibilities of the method and proce-
dures of forecasting are illustrated by solving prac-
tical military tasks that arise during the functioning
of military logistics systems of varying complexity.
These tasks differ in configuration, different numbers
of possible states, and state transitions
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1. Introduction

Improvement of management of logistics processes for the
training and combat use of military units and subunits occurs
under the conditions of constant growth of the dynamics
of this application and the shortage of material resources.
This causes the need to develop scientific methods of prompt
substantiation of management decisions made. This problem
should be solved in theory and in practice by a new structure,
which includes command, planning, and executive bodies and
which is called the military logistics system.

Logistics refers to the science of planning and optimiz-
ing material flows, service flows, as well as related flows,
in a certain system or subsystem to achieve the goal due to
these flows.

Military logistics is a scientifically based, optimized
comprehensive equipment of troops, units, and subunits of
all types of the Armed Forces:

— armament, transport, and means of management;

— missiles and ammunition;
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— repair equipment and military property;

— fuel and lubricants;

— property, food, and medical supplies.

The equipment takes place in peacetime, during prepara-
tion for combat operations and their implementation during
the movement of troops, their activities in defense, and in the
offensive. Optimization of processes in military logistics is
carried out according to the criterion of minimum time spent
on achieving the purpose of the functioning process and is
organized in content, volume, time, and place.

The novelty and complexity of the tasks facing the military
logistics system require the development of new approaches to
solve them. Therefore, it is necessary to use scientific methods
in the analysis, planning, and optimization of the processes of
the provision in the military logistics system. The following
means are used to scientifically substantiate decisions on opti-
mizing the processes of equipping troops, units, and subunits:

— the scientific and methodological apparatus of inven-
tory management;

— software products based on predictive software models;




— the methods of linear, dynamic programming to opti-
mize the processes of comprehensive support;

— an apparatus of computer calculations using MATLAB
software;

— staff dialog and information models implemented on a
computer that works in real time.

The existence of a military logistics system requires the
development of adequate models of the process of its func-
tioning in the implementation of various practical tasks.
This is due to the increasing complexity of the tasks that
logistics must perform. The volume of information flows is
increasing, the time for the implementation of various types
of support is decreasing, the range of supplies is expanding,
new vehicles are used for deliveries, for example, unmanned
aerial vehicles, and so on. Modeling makes it possible to give
an analytical description of the processes of functioning of
the military logistics system in order to determine and im-
prove its effectiveness. These factors determine the relevance
of work in the area of forecasting the dynamics of the func-
tioning of the closed military logistics system.

2. Literature review and problem statement

In work [1], the tasks of provision are considered in terms
of minimizing the cost of storage and supply of industrial
products. From a mathematical point of view, the problem
is reduced to finding a minimum of the objective function,
depending on many variables.

Article [2] investigates a complicated situation where the
objective function is not continuous and has non-sliding gaps
of the first kind. In [3], to optimize the operation of the motor
transport enterprise of the military logistics base, linear pro-
gramming methods are used in the multi-criteria scorecard.
The problem of optimal placement of goods (the problem of
three-dimensional packaging) is solved in work [4] provided
that cars are additionally loaded at specialized points.

Work [5] is methodological. It examines the existing ap-
proaches to modeling logistics systems — deterministic-op-
timal, probabilistic, and knowledge-oriented, assessing the
possibility of their use to describe processes in the auto-tech-
nical units of military units. The analysis of the advantages
and disadvantages of each of these approaches and models
based on them leads to the conclusion that the introduction
of a knowledge-oriented approach is the most effective in
modern military logistics. There are no calculated algo-
rithms in the cited work, which reduces its applied value.

Paper [6] reports the development of a methodology for
building a model of the system of ensuring the work of the
enterprise engaged in production and sales activities. The
substantiation of the importance of the development of gen-
eral theoretic research methods is given. A universal method
of developing a support system, starting with the simplest
tank systems, is suggested. The model is used to solve op-
timization problems of building systems for ensuring the
operation of an enterprise. Optimization is carried out using
numerical methods.

Study [7] considers the task of choosing a safe cargo
supply route in war zones. Unlike the classic setting of the
task about the salesman, a parameter is introduced into
consideration, which characterizes the safety of the selected
route (the probability of delivery of goods to its intended
destination). The criterion for the optimality of the route is
the maximum probability of delivery of goods to all desti-

nations. It is noted that the formulated problem is the task
of integer programming and it is proposed to solve it by the
method of branches and bounds.

Article [8] proposes solving a narrow problem of building
a statistical model for assessing and repairing combat dam-
age to weapons and equipment. On this basis, it is proposed
to deploy the forces of the military logistics system and the
formation of its resources.

Work [9] builds on the research started in [8], and con-
siders the development of a simulation model to study the
factors influencing combat damage to equipment. Modeling
results are planned to be used as input information to build
a more complex model of logistics of the military industry.

Another work by the same team of authors [10] proposes
the construction of a model of optimal solutions based on
statistical material and simulation modeling. The result of
the integrated system is a built model of optimal solutions for
the elimination of combat damage to equipment.

Work [11] considers the issue of improving the reliability
of logistics by the forces of the military logistics system. Two
deception strategies are considered: the inclusion of empty
convoys on routes and the spread of misinformation about
the route. It is assumed that convoys can be controlled on
routes by the enemy. A two-step integer model of linear pro-
gramming is proposed, which determines the quantitative
parameters of both options for deceiving opponents. In addi-
tion, the model takes into consideration several other tasks
of the military logistics system. Among them is the presence
of restrictions on the range at points of supply, compliance
with time restrictions, the choice of the best route option.

Article [12] describes the peculiarities of logistical sup-
port in the implementation of military expeditionary oper-
ations and humanitarian missions. The model of a non-sta-
tionary mass service network is used, which makes it possible
to take into consideration uncertainties and risk assessment.
To verify the model, the data of logistical support of combat
operations during the operation in Iraq were used.

A common feature of those studies is the focus on the
interaction of the military logistics system with consumers
of its services. At the same time, not enough attention is paid
to the internal problems of the functioning of the military
logistics system itself.

The problem of increasing (in publication) the adequacy
of the model, as well as reliable risk assessment, is not solved.
The functioning of the military logistics system is always
carried out under conditions of uncertainty of both random
and antagonistic nature. Under these conditions, the appli-
cation of the specified mass service model requires the use
of pre-known parameters of the law of the flow of random
orders of consumers, which during practice are difficult to
determine. In this situation, predicting the dynamics of the
functioning of the military logistics system can make unac-
ceptable mistakes in determining risks.

Under these conditions, it seems more reliable to use
models that are not based on the laws of a probability distri-
bution of the flow of applications and refusals.

The use of more adequate (in such a situation) models
of the dynamics of mean, that is, the apparatus of discrete
Markov processes, seems more acceptable. And overcom-
ing the uncertainty of the antagonistic type, for example,
with the help of the minimax principle, that is, taking into
consideration the expected options for the enemy’s actions
and options for counteracting the logistics system, does not
create technical difficulties.



That is why the use of more adequate models, which are
based on the widespread use of matrix calculation technolo-
gy in real time, is promising. It should be noted that the in-
put data, in this case, are the data of experience surveillance
and use under the conditions of high dynamics of changes in
the situation of the investigated support processes.

3. The aim and objectives of the study

The purpose of this work is to devise an informative and
convenient (in use) method for describing and predicting the
dynamics of the functioning of the military logistics system.
This technique makes it possible to find the probabilities of
the process of functioning of the system in its main states,
which contributes to the adoption of informed decisions
when ensuring the implementation of combat missions.

To accomplish the aim, the following tasks have been set:

—to build a system of differential equations describing
within the model the process of functioning of the military
logistics system when performing various tasks;

— to derive a solution to the system of differential equa-
tions in the form of expressions to calculate the probability
of the functioning of the logistics system in its main states;

— to illustrate the performance of the model, using it to
describe the process of functioning of the military logistics
system in the performance of specific support tasks, for ex-
ample, forecasting the survivability of the transport logistics
subsystem during the march of the military unit.

4. The study materials and methods

One of the effective methods of researching complex
phenomena and processes is the method of mathematical
modeling. The functioning of the military logistics system is
influenced by a significant number of poorly defined factors
of random and antagonistic nature. Simplification of solving
the problem can be achieved by introducing into consideration
some generalized performance indicator [13]. In work [14], as
such a generalized indicator, it is proposed to use the proba-
bility of the military logistics system being in its working con-
dition when performing specific tasks. This way of assessing
the effectiveness of the system makes it possible to take into
consideration the uncertainties that quantify the change in
time, that is, the dynamics of the functioning of the logistics
system in real conditions. Therefore, it was chosen during the
construction of the model in this work.

Analysis of the dynamics of the functioning of the mil-
itary logistics system makes it possible to present its func-
tioning as a discrete Markov process [14]. This process is
characterized by a set of typical states that the system can
enter, as well as state transitions. The intensity and probabil-
ity of these transitions are determined by specific conditions
of application of the logistics system for its intended purpose.
The possibility of using the Markov model is based on the
fact that the next state of the military logistics system de-
pends only on its current state and does not depend on how
the system entered that state. Transitions of the Markov
system between states occur many times, and this reflects
the real transitions of the military logistics system between
states in the process of its functioning.

The dynamic model of the functioning of the military
logistics system, which can be in n+7 different states

S; (i=0, 1, 2, ..., n) with the probabilities P;(¢) and make
transitions from any state to any other, is considered.
The system can be depicted using the state and transition
graph. Figure 1 shows an example of such a graph for a
system that can be in four states and execute all possible
transitions between them.

Fig. 1. Graph of states and transitions of the functioning of
the full-time military logistics system, which can be in four
main states

The transition from S; state to S state is characterized by
the intensity 4; and the probability Hj. Then the coefficients
aj=hj-Hy (i#) characterizes the impact of the probabilities
Pj(t) of the system staying in the S; state on the probability
Pi(¢) of its being in the state S;. The coefficients a; with the

same indexes are equal to a;, = —Za reflecting the fact that
7=0
J#

i

all objects that are out of the S; state have moved to one of the
other states S;.

5. Results of studying the model of the functioning of the
military logistics system

3. 1. A system of differential equations describing the
dynamics of the process model

These are some practical examples of building a system of
differential equations that are inherent only in the military
logistics system and worthy in solving the typical problems
of this system.

We have proposed an effective matrix technology for
solving applied problems of military logistics. Unlike
known ones, this computation technique is based on the use
of the well-known apparatus of discrete Marking processes
and Laplace transformations. This could contribute to a
significant acceleration of the calculation of forecast esti-
mates of the probability levels of the system being in a state
of effective functioning, which is important information for
the command staff when planning the processes of com-
prehensive provision of actions and planning maneuvers by
material means.

The probability P of the system being in the S; state in-
creases due to the transition of the entire system from other
states Sj and decreases due to transitions in the opposite di-
rection. Then the differential equations describing the time
dependence of the probabilities P;(¢) of the presence of the
studied system in states .S;, take the form:




[B)(¢) = ay P, () + ay, P, () + ...+ ay,P,(t),

n

E(t):a10[’0(t)+a11P1 (t)+...+a1nP (t)y

n

B,(t)=ay,PB,(¢)+ay,P(t)+...+a,P,(t), 1)
Pn (t) = anOE)O (t)+an1R (t)+"'+anan (t)’

where P (t)= % is the probability derivative by time. The

properties of the system of equations (1) are fully determined
by the matrix A of the coefficients of the system:

ayy Ay ... 4,
A= a, a,; ... a4,
a,, a, ... a,

Unknown P;(t) functions are subject to additional re-
strictions. These are, first, the initial conditions that specify
the probability values at the initial point in time (¢=0):

P(0)=P° (i=0,1,2,...,n),

and, second, the following normalization condition
3 p(0)-1,
i0

that is, a set of all possible system states forms a complete group
of events. Obviously, the presence of the system in one of these
states is a reliable event, the probability of which is equal to one.

When applying the proposed model to the description and
forecasting of the functioning of the military logistics system
in the performance of typical provision tasks, it is necessary
to build a graph of states and transitions and determine the
quantitative characteristics of all transitions. This can be done
using regulatory documents and an expert evaluation method.

3.2.Solving a system of model equations that de-
scribes the process of functioning

Solving the system of linear differential equations with
constant coefficients is advisable to perform using the method
of operating calculus, which is based on the Laplace trans-
formation. Next, for a more compact notation, the argument
t in parentheses after the sign of the function P;(z) or its time
derivative Py(¢) is omitted.

Since the system equations (1) are bound by a condition of
normalization, they are not independent. This makes it possible
to exclude one of the equations and consider a system contain-
ing n independent equations. The exclusion of the first equation
(with index “0”) and the substitution of the corresponding
expression to all other equations produce the following system

(P,=1-P-P,—...P,
P=a,(1-P,-P,—...-P)+

n
+a, P, +a,P,+...+a,P,

P=a,(1-P-P,—..—P,)+

n

+a,P, +a,,P, +...+a,,P,

n’

n

P =a,(1-B-P,—...-P)+

| +a, P +a,P,+..+a,P,

The first equation is removed, the terms of other equa-
tions are regrouped, and the designation a];=a;-a,
(i,j=1,2,...,n) is entered to bring the so-called shortened
system:

S, , ,
P =al\P +a,P+...+aP +a,,

» I ’ ’

P, =ayP +a,P, +...+a,,P, +ay, @

_ ’ ’
P =a, P +a,P,+..+a, P +a,.

The next step is to apply the Laplace transformation to
system (2) using the conversion table and the original differ-
entiation formula:

— Pi(t)—>X;i(p) is the mapping of the unknown function
Pi(t), where p is the complex variable;

~ P(t)— pX,(p)—P’ is the mapping of the derivative;

— ajp—ajo/p is the mapping of the constant value.

As a result, the system of linear differential equations
relative to probabilities P;(¢) is replaced by a system of linear
algebraic equations relative to their mapping X;(p):

pX,(p)-PB'=a] X, +a,,X,+...+a,,X, +%,

pX,(p)-P =a, X, +a,X,+...+a, X, +%,

nl nn*=n

pX,(p)-P' =a, X ,+a,X,+...+a,X +a—;,

or, in a standard form:

P’ +
(a1I1 _p)X1 +a/,X,+...+a;, X, :_M,
p
; ; ’ pP) +a
ag X, +(6122 —p)X2 +ota) X, =20
P (3)
PO
a,. X, +a,’,2X2+...+(a;n _p)Xn z_pan'

Introducing into consideration the matrix of the short-
ened system A’, the matrix-column of free terms B(p), and
the matrix-column of unknown X(p):

a;, a, ... a, pP’ +a,,

A a, Qay ... a, 7 B(p)z—% PP +a,, ,

a, a, .. a, I;I.—’no.;a.n.o.
Xi(p)
x(p)=| 1|
X,(p)

allows the system (3) to be written as a single matrix equation
(A'—pE)-X =B,

where E is the unit matrix of the n-th order. The methods of
solving systems of linear algebraic equations are well known.



A solution to the matrix equation is convenient to present in
the form

XU’FWR(P)- %)

where det(A’—pE) is the main determinant of system (3)
(characteristic polynomial of the matrix A’), and the ele-
ments R;(p) of the matrix-column R(p) with accuracy to the
multiplier p are the auxiliary determinants of this system:

’ ’ 0 ’ ’
ay=p ... a,, pH+a, aj, .. a,
’ ’ 0 ’ ’
R(p)=- Ay e Gy PR tay ay, .o a,
: =
’ ’ 0 ’ ’
an1 an,i% an + anO an,i+1 A ann -P

To obtain the solution P=P(¢), one must inversely con-
vert the mapping of X(p) by Laplace. X;(p) elements of the
matrix X(p) are correct rational fractions, so they decompose
into the sum of elementary fractions by difference (p—p;)!
(j=0,1, .., m), where py=0, pi# are the proper numbers of ma-
trix A’ (the roots of its characteristic equation det(A'—pE)=0).
From the content of the problem, it follows that the roots must
be valid, and, in real conditions, they are all simple. As a result,
the decomposition of Xj(p) (i=1, 2, ..., n) elements is:

[ R (p)
X - \r)
i(p) p-det(A’-pE)

:%+ Gy + Ci oot G ,
p pP=p PP p—-p,
R,(p)

X - —2\7)
() p-det(A’ - pE)
Cny G Gy o G , ©6)
p pP=p PP p—-p,
R,(p)
X (p)= n -
() p-det(A’ - pE)
=%+ Cu + Gy +o+—
p P=p PP p—-p,

In matrix form, we obtain the equation X(p)=C-D(p).
The symbols C and D indicate the matrix of decomposition
coefficients and the matrix of decomposition parameters,
respectively:

p
C10 C11 C12 C1n o\t
C Cp Cy Cyp . Cy, D= ((i ;1))1
’ - )
CnO Cn1 CnZ Cnn ........ 7 1
(p-p.)

Calculation of unknown elements of matrix C, in the
case of simple real roots, is performed by substitution of
zeros of the denominator p; (=0, 1, 2, ..., n). The algorithm
is that fractions in the right parts of expressions in each
line of system (6) lead to a common denominator, and then
equate the numerator of the resulting fraction to the corre-
sponding numerator R;(p) on the left side. These equalities

must hold at all values of the complex variable p, including
at the values p=p; (j =0, 1, 2, ..., n), which are zeros of the
denominator. The substitution of these values gives the
following expressions for calculating the Cj elements of
matrix C:

Ri(pj) . .
Cl.]:"n— (i=1,2,..,m j=0,1,...n). (7)
(0" I1(r,-P:)
k=0#]
Determining Cj; coefficients and using a tabular
formula
5 N
©) ——Ce,
pP- pj

and the linear properties of the Laplace transformation
makes it possible to find the originals P;(¢) in the form

P(t)=C,+C, " +Cpe™ +...4+C, ™,
P,(t)=Cy+Cpe" +Cpe™ +...+C, ™,

(8)
P (t)=C, +C,e"" +C,e™ +...+C, e™".

In matrix form, we obtain P(t)=C-F(¢), where F(¢) is the
matrix of the inverse transformation of Laplace of the matrix

D(p):

F(t)=(1 e" e’ .. e""t)T.

The solution (8) is derived without any additional as-
sumptions, that is, it is precise and fully analytical. This
makes it possible to use this result to solve specific tasks of
ensuring the actions of the military logistics system, that is,
to evaluate the quality of its functioning.

5. 3. Illustrating the feasibility of the forecasting mod-
el for the dynamics of a military logistics system

The calculation algorithm developed using operational
and matrix calculus is quite generalized.

We are talking about a set of consistent actions, rules
that make it possible to achieve the goal of the operation to
determine the effectiveness of the functioning of military
logistics systems under typical difficult conditions for the
implementation of military tasks.

It can be applied to the description of the processes of
functioning of the military logistics system in different
conditions. The specificity of particular tasks is determined
by the list of the main possible states of the system, the list
of possible transitions, and the numerical values of input
parameters of transitions. To determine them, it is advisable
to use normative documentation and practical experience
(in the form of an expert evaluation method). Features of the
model are illustrated in several examples.

The subsystem of technical support of the military logis-
tics system, which ensures the functioning of the transport
flow, is considered. Analysis of the dynamics of the process
shows that the system can be in three main states and make
transitions between them. A graph of the main states and
transitions of the military logistics system, which provides
the transport flow, is shown in Fig. 2.

In this practical example, the content and typical nature of
each state are defined. The following state notations are used:



— 8o — the system is in a working, non-busy state, that is,
it is not involved before the march and at rest, if there is no
damaged equipment that needs to be restored;

— 81 — the system is in a working, busy state, that is, the
movement of the column occurs, and there is no damaged
equipment that needs to be restored,;

— 8, — the system is involved in the elimination of dam-
ages caused by equipment during movement or at rest.

V!l*PF)

Fig. 2. Graph of three states and transitions of the
functioning of the military logistics system through the
implementation of the transport flow during the provision of
troops’ activities

Suppose, for example, the march of the battalion tacti-
cal group to the area of concentration to perform a combat
mission at a distance of 240 km from the original boundary.
The purpose of the march is to concentrate troops for combat
operations. The column contains:

— armored weapons — 31 units;

— rocket and artillery weapons — 6 units;

— automotive communication and control means — 3 units;

— trucks — 17 units;

— technical means of ensuring the march — 3 units.

The organization of the march includes decision-making,
planning of the march, setting tasks for parts (units), orga-
nization of interaction, air defense, comprehensive support,
curfew service, and management.

The commander makes the decision on the march per-
sonally based on clarification of the task received, assess-
ment of the situation, the route of nomination and tactical
calculations carried out by the headquarters. The march
purpose includes:

— determining the structure of marching order and the
distribution of forces and means in columns;

— composition, tasks, and remote protection;

— routes and average speed;

— output frontier (point) and frontiers (points) of regu-
lation;

— the number and duration of halts over the first daily
transition;

— organization of air defense on the march.

When organizing a long-distance march, the number and
size of daily transitions is also determined; the number of
routes at each transition areas of the day (night) daily rest of
units and time of stay in them.

It is planned to carry out a daily march. After moving
for six hours, it is assumed to rest for an hour and a half,
four hours is the time of restoration of weapons and military
equipment that failed due to operational reasons, as well as
due to damage by the enemy. According to the established
standards, the daily operational failures of weapons and mil-

itary equipment (WME) are equal to 5 %, daily damage to
these means at rest — 6 %, daily damage during movement —
7 % [15]. Recovery rates during the march of WME column
for vehicles that failed due to operational reasons are 95 %,
and the means that failed as a result of combat losses — 65 %.
From this data, one can calculate values for the input pa-
rameters of the model (the intensity and probability of each
state transition).

The intensity of transition from any state to another is
defined as the value inverse to the time of the system’s stay in
this state. The WME provision system is during the march in a
non-busy state Sy only at rest. Therefore, the intensity v of the
system transitions from this state to states Sy or Sy is equal to

v=—=0.667 hour™.

1
1.5

Accordingly, the intensity p of transition of the supply
system from state Sy to states S and S, is equal to

u:%z 0.167 hour™".

The intensity A of transition of the support system from
state Sy (restoration of WME failed during the march or at
rest) to the state Sy, is equal to

A= i =0.25hour™.

According to the above-mentioned standards, the prob-
ability Pr of WME failure at rest should be accepted equal
to Pr=0.06.

The probability Pp of WME damage during movement
consists of the amount of probabilities of operational losses
and losses as a result of the enemy’s actions and is equal to
Pp=0.05+0.07=0.12.

Finally, the probability Py of WME recovery over the
planned time consists of three additions. This is the prob-
ability of restoration of equipment that failed during oper-
ation, and the probability of restoration of equipment that
was damaged due to the enemy’s actions during movement
or at rest. Hence

P, =0.05-0.95+0.06-0.65+0.07-0.65=0.132.

It is advisable to assume that at the time =0 the march
support system was in state S (the system is working, non-
busy). This assumption corresponds to the initial conditions
P’=1, P’'=0, P)=0.

Calculating the a;; elements of matrix A that characterize
the transitions between the states of the system produces:

ay, =n(1-P,)=0.147, a,=AP, =0.033,

a,,=v(1-P,)=0.627, a,,=0,

a, = VP, =0.040, a,, =pP, =0.020,

ayy =—(ay, +a,)=-0.667,

a, = —(a01 +a21) =—0.167,

ay, =—(ay, +a,)=-0.033.




Then the matrix A of the system of differential P

equations (1) is equal to Po Py P,
~0.667 0147  0.033 0.8 [ [
A=| 0.627 -0.167 0. P /
0.040  0.020 -0.033 06 =

The calculations performed according to the '
above algorithm give the roots of the characteristic 04
equation p?—op+as=0 : / /

p,=-0.810, p,=-0.056. 02 \/;—-""’
and the C matrix elements: =T -

C, =0.456, C,,=-0.797, C,,= 0.341, 0 —= ‘ ‘ ‘ ‘ >

0 5 10 15 20 t, hour

C,, =0.423, C, = 0.031, C, =-0.455.

Then, taking into consideration the condition
of probability normalization, the solution to the

Fig. 3. Probability of the process of functioning of the military logistics
system in its main states during the provision of troops’ actions through

the transport flow of material means

system takes the form: E
P, (t)=0.121+0.766¢ %" +0.113¢ "% 60
P(£)=0.456-0.797¢ "% +0.341¢°%% 50
P,(¢)=0.423+0.031¢ %' —0.454¢ .

40
The plot in Fig. 3 demonstrates that during 30
the march of the column, the technical support

system is highly likely (~0.70) in the state S;. 20

In this case, the movement of the column occurs

and there is no damaged equipment that needs to

. ) 10
be restored. This fully corresponds to a real situ-
ation and indicates the adequacy of the proposed 0

model and the realism of the selected values of
the input parameters.

To assess the quality of the technical support
system, an efficiency indicator is used. It is in-
troduced, for example, as the ratio of the total
probability of the system staying in a state of
working capacity to the probability of its stay in
a state of disability:

B()+ R (1)
B(t)

The plot of dependence of this indicator on time for the
case in question is shown in Fig. 4.

The proposed method of modeling the technical support
system of military logistics can be applied to more complex
cases, with a greater number of possible system states and
transitions between them.

As a second example, a generalized model of the process
of technical support for the restoration of military equip-
ment that is damaged in battle is considered. This system,
according to our analysis, can enter one of the four main
states:

— 8 is the state of combat use of equipment;

— 8y is the state of preparation of equipment for use;

— 8y is the state of restoration of equipment after its
damage;

— S5 is the state of maintenance of equipment before or
after the end of hostilities.

E(t)=

5 10 15 20
—E

t, hour

Fig. 4. Performance indicator £ of the functioning of the transport flow
of the military logistics system during the provision of troops’ actions

The graph of states and transitions of the system is
shown in Fig. 5.

Fig. 5. Graph of states and transitions of the process
of functioning of the disabled typical system of military
logistics during the provision of actions of troops in the

implementation of a more complex task




System transitions between states are characterized by
the following parameters:

— a, A is the intensity and probability of transitions of the
military-logistic support system of the weapons and military
equipment from the state of preparation of equipment to the
state of its maintenance;

— b, B is the intensity and probability of transitions from
the state of maintenance to the state of combat use of auto-
motive equipment;

—¢, C is the intensity and probability of transitions
from the state of combat use to the state of maintenance of
equipment;

—d, D is the intensity and probability of transitions from
the maintenance state to the state of recovery of equipment
after damage;

— e, E is the intensity of the probability of transitions
from the state of preparation to the state of recovery of
equipment after damage;

— /, Fis the intensity and probability of transitions from the
state of preparation to the state of combat use of equipment;

— g, G is the intensity and probability of transitions from
the state of combat use to the state of training of equipment
for the purpose of its use;

— h, H is the intensity and probability of tran-
sitions from the state of recovery of equipment
after damage to the state of its combat use; \

})0021’ P10=P20=P30=0-
The roots of the characteristic equation p3—ayp*+asp—

—03=0 are equal to

1 2 1

P = _67 P, = _g, Py = —g.

Calculations produce a solution to the system in the form:

po(z)—%%e’?,
1 3% 21
1([‘)26—26 9 +§€ G,
1
B0 =53¢ "
1 2
R(t)—6+2e 36

The curves of dependence of probabilities of staying of
the system of ensuring hostilities in its possible states on
time are shown in Fig. 6.

Po Py P> P3

—1, I is the intensity and probability of transi- 0.8
tions from the state of combat use of equipment to

the state of recovery after its damage. 0.6

The a;; elements of matrix A of system (1) are
equal to:

0.4

ay=/F, ay=hH, ay,=bB; a,=gG;

ay=il, ay=eE,ay,=dD; ay,=cC,a=ak; ,

Gy = _(aw +ay +a30)’ ay = _(001 +ay +031)’

Qyy =—A3y, A3z = _(aos + a23)' 0

The values of the intensity and probability of
each of the transitions of the technical support
system, in this case (as in the following exam-
ple), are applied without justification. They are
illustrative.

a:b:c:d:e:f:g:h:izy’
A:B:C:D:E:F:G:H:I:}C

Therefore, we obtain the matrix of the system of differen-
tial equations in the form

Y Ms Ms Ms
A s V6 0 o
Ns Ms ~Ms Ns
Mg Ms 0 K

The probability values of the system states at the initial
point in time (initial conditions) are accepted equal to

t, hour

Fig. 6. Probability of staying in the process of functioning of the
disabled typical system of military logistics in its main states during the
restoration of military equipment, which is damaged in battle

The indicator of the effectiveness of the combat opera-
tions support system is defined as the ratio of the probability
of its stay in a state of combat use to the probability of its
stay in the state of recovery, takes the form

.10

B,(t)

As an example of a system that can be in five different
states, the system of military logistics of comprehensive sup-
port of combat operations is considered with the dominance
of the importance of the functioning of the military logistics
system of comprehensive support of troops’ actions in full
readiness. According to the analysis, the system can be in the
following main states:

— 8y is the state of stay of the functioning of the military
logistics system of comprehensive support of troops’ actions
in full readiness;

— Sy is the state of stay of functioning of the combat (op-
erational) subsystem in unpreparedness;



— 8, is the state of stay of functioning of the subsystem of
technical support in unpreparedness;

— 83 is the state of stay of functioning of the medical
support subsystem in unpreparedness;

— 84 is the state of stay of functioning of the subsystem of
the rear support in unpreparedness.

Obviously, the main task is to maintain the state of oper-
ation of the comprehensive readiness of the military logistics
system for use. This is clearly demonstrated by the graph of
states and transitions of this system, shown in Fig. 7, where
the S state occupies a special place.

The numeric intensity and probability values of all
possible state transitions have been selected as arbitrary
but realistic. The result is the following matrix A for this
system:

-13 09 08 07 06
0.5 -09 0 0 0

Po P1 P>

Fig. 7. Graph of states and transitions of the functioning
of the partially closed military logistics system for
comprehensive support of troops’ actions

A=| 04 0 -0.8 0 0] p
0.3 0 0 -0.7 0
02 0 0 0 -06) ,g
The initial conditions for this system are \ /
as follows: 0.6
l)oO:L P10:P20:P30:P/10:0.
0.4
The solution to the characteristic equa-
tion (the fourth power) produces four real
roots: 0.2 P ke
Z/’ i
=-2193, p,=-0.735, 2
P P 00
p,=—0.849, p, =-0.622. 0

4 6 8 10

Fig. 8. Probabilities of staying for a partially closed military logistics system

Their substitution to (5), (7) produces
the ultimate result of solving it in the form:

>P0 (¢)=0.355+0.635¢ """ + 0.004e™75" 4
+0.003¢7% +0.003¢ %%,
P,(¢)=0.197-0.245¢ " +0.01 1 ™" +
+0.031e7 %% +0.006e 62
P,(¢)=0.177-0.182¢7"% +0.022¢ " —
~0.025¢™"% +0.008¢ %%,
P,(¢)=0.152-0.128¢ "% —0.032¢ " —
~0.006¢™"%" +0.013¢ 52
P,(t)=0.118-0.080e™"** —0.010e7*" —
~0.003¢ "% —0.031e %

The dependences of probabilities of staying by a subsystem
of comprehensive provision of combat operations in its possible
states and performance indicator on time are shown in Fig. 8.

An indicator of the effectiveness of the system of compre-
hensive provision is the ratio of the probability of its stay in
a state of comprehensive readiness to the total probability of
being in a state of unpreparedness

hy(¢)

RO RN )

with the predominant dominance of the state of comprehensive readiness Sy

The efficiency indicator of this support system is al-
ways reduced during the operation and its limit value, as
arule, decreases with an increase in the complexity of the
system, that is, with an increase in the number of types of
provision.

6. Discussion of results of studying the model of
functioning of a military logistics system

In the Markov model, the process of functioning a mil-
itary logistics system is depicted as a graph of states and
transitions (Fig. 1). This graph corresponds to the sys-
tem of linear differential equations of the first order (1),
which describes the probability of the functioning of the
logistics system in its main states. The use of such a sim-
ple mathematical apparatus favorably distinguishes the
proposed model from those reported in [1-7] (methods of
minimizing the functions of many variables or methods of
integer programming).

The application of the Laplace transformation and
matrix calculus when solving the system of equations (1)
led to obtaining a precise analytical solution in the form
of ratios (8). As a result, a simple and easy-to-use tool for
predicting the dynamics of the functioning of the military
logistics system in ensuring the actions of troops was con-



structed. All calculations can easily be implemented on
personal computers or tablets using effective numerical
algorithms of linear algebra.

The proposed model and calculation technique, devel-
oped on its basis, were applied to the forecasting of the
dynamics of the functioning of the military logistics system
in the execution of various typical tasks for ensuring the ac-
tions of troops. For the first example (Fig. 2), the algorithm
for determining the input parameters of the model has been
described in detail. In all cases, qualitative coordination
with the real situation was obtained (Fig. 6, 8), and in the
first example — quantitative (Fig. 4, 5).

All this allows us to assert that a reliable and convenient
technique for predicting the dynamics of the functioning of
the military logistics system has been devised.

Both the model under consideration and its mathemat-
ical implementation are not free from restrictions, some of
which are purely technical in nature, and some are funda-
mental. The first of the technical limitations is that a fully
analytical solution can be obtained only with a number of
possible system states of no more than five. With a larger
number of states to find their own numbers of a shortened
matrix, it is necessary to use numerical algorithms. The
second constraint irelated to the fact that only the case
when all the proper numbers of the shortened matrix are
different was considered. If some of them coincide, then, to
determine the coefficients in probability expressions, it is
necessary to use a different method than the method used
in this work. It should be noted that this restriction is not
significant since such a situation is somewhat artificial and
unlikely under real conditions.

The fundamental limitation of the model is that the
coefficients of the initial system of differential equations
themselves may depend on time. The nature of such de-
pendence is currently unknown. In addition, even in the
case of the simplest linear dependence, the system would
be described by nonlinear differential equations, solving
which is a complex mathematical problem. Obviously,
the development and improvement of the proposed model
should tackle these areas.

The toolset proposed to predict the dynamics of the
process and the effectiveness of the functioning of the
military logistics system does not require, unlike mod-
els reported, for example, in [12], the use of differential
probability distribution laws for input parameters during

calculations. In the study, the use of experience data on
input parameters is enough. At the same time, due to
errors in the case of non-compliance of the parameters
of these laws with real parameters in practice, this could
cause [12] a repeated increase in errors in the results of
solving an actual task.

This statement does not contradict the recommendations
of E. S. Wenzel about the expediency to pay more attention
not to sophisticated calculations but to the search for reli-
able input data.

This study may be advanced by improving the toolset
offered for its application under conditions where the pa-
rameters of the state and transition graph are the functions
of time.

7. Conclusions

1. To describe and predict the functioning of a military
logistics system, a model of discrete Markov processes was
used since this system can be considered a system without
memory. For a process with an arbitrary number of possible
states, a system of differential equations has been built,
describing a change in the probability of the process of
functioning in its possible states. This result makes it pos-
sible to adequately take into consideration the influence of
the factor of the uncertainty of operating conditions on the
nature of the process.

2. The exact solution to the system of differential equa-
tions was derived by using the method of operational calcu-
lus. The application of matrix calculus has made it possible
to obtain ultimate results in the form of simple analytical
expressions for the probability of the functioning of the
military logistics system in its main states. This also allows
the use of effective numerical algorithms of linear algebra
during calculations.

3. The performance of the proposed model has been il-
lustrated by several examples. They consider the processes
of functioning of the military logistics system and its sub-
systems in solving various tasks of ensuring the operation
of troops. The sequence of calculations describes in detail
the procedure for determining the input parameters of the
model. The results reported in this work can be used to plan
the processes of functioning of a military logistics system
and its operational adjustment in real time.
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