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1. Introduction 

As a result of the negative influence of man-made factors, 
the biosphere is polluted, in particular fertile lands, with 
various kinds of salts and, specifically, radioactive substanc-
es. Accordingly, the urgent task today is to prevent contam-
ination of groundwater and surface water, agricultural land; 
regulation of groundwater levels to avoid flooding of territo-
ries when hydrogeological conditions change and under the 
action of man-made factors. The process of filtration of saline 
solutions in soils is different from the filtration of pure water 
since the filtration of saline solutions in the soil is the move-
ment of a weak electrolyte [1]. On the basis of experimental 
studies, patterns have been established that made it possible 

to update the known laws of Darcy, Darcy-Gersevanov, and 
Fick for the case of the movement of saline solutions in soils 
under non-isothermal conditions [2]. These studies were 
based on determining the dependences of the filtration char-
acteristics of soils during the progress of moisture transfer, 
filtration, heat- and mass transfer in them. Based on the 
above, new mathematical models of salt solution filtration 
processes in catalytic and dispersed media of particles of 
microporous structure have been and built, and existing ones 
were updated, which more adequately describe the specified 
processes. That has made it possible to more accurately take 
into consideration the influence of various natural and man-
made factors on the state of agricultural land. In the design 
and operation of hydro melioration systems in irrigated 

Copyright © 2022, Authors. This is an open access article under the Creative Commons CC BY license

How to Cite: Ilkiv, I., Zhukovskyy, V., Zhukovska, N., Safonyk, A. (2022). Construction of a mathematical model and numerical 

study of interaction between moisture-, heat-, and mass transfer processes of salt solutions in an unsaturated soil layer. East-

ern-European Journal of Enterprise Technologies, 5 (10 (119)), 23–31. doi: https://doi.org/10.15587/1729-4061.2022.265809

CONSTRUCTION OF A 
MATHEMATICAL MODEL 

AND NUMERICAL STUDY 
OF INTERACTION BETWEEN 

MOISTURE-, HEAT-, 
AND MASS TRANSFER 
PROCESSES OF SALT 

SOLUTIONS IN AN 
UNSATURATED SOIL LAYER

I h o r  I l k i v
Postgraduate	Student

Department	of	Higher	Mathematics
Rivne	State	University	of	Humanities

St.	Bandera	str.,	12,	Rivne,	Ukraine,	33028
V i k t o r  Z h u k o v s k y y

Associate	Professor*
N a t a l i i a  Z h u k o v s k a

Associate	Professor*
A n d r i i  S a f o n y k

Corresponding author
Doctor	of	Technical	Sciences,	Professor

Department	of	Automation,	Electrical	
and	Computer-Integrated	Technologies**

E-mail:	a.p.safonyk@nuwm.edu.ua
*Department	of	Computer	Science	and	Applied	Mathematics**

**National	University	of	Water	and	Environmental	Engineering
Soborna	str.,	11,	Rivne,	Ukraine,	33028

Methods of mathematical modeling and com-
puter simulation were used to investigate the influ-
ence of interrelated processes of transfer of saline 
solutions in the unsaturated soil layer. To this end, 
a mathematical model has been built for model-
ing the corresponding processes of the moisture-, 
heat-, and mass transfer of saline solutions in an 
unsaturated soil layer. An effective computational 
algorithm was developed to solve the correspond-
ing nonlinear boundary problem numerically by the 
method of finite differences; it was implemented in 
the Asp.net programming environment in the C++ 
language. Based on the numerical experiments car-
ried out, the distribution of moisture, concentration, 
and temperature fields in the aeration zone (incom-
plete saturation) was obtained. To study the influ-
ence of mass transfer of salts on moisture transfer, 
a numerical solution was found to the problem of 
moisture transfer, the problem of moisture transfer 
taking into consideration mass transfer and mois-
ture transfer, taking into consideration mass trans-
fer in the presence of osmosis. Analysis of the results 
showed that the distribution of the concentration of 
saline solutions over time is slower and more pre-
dictable. It was established that the distribution of 
moisture heads increases with depth and time when 
saline solutions fall on the surface of the soil mas-
sif. With the influence of salt concentration, the 
distribution of moisture increases with depth and 
time throughout the entire area of moisture transfer 
by 1–3 %. The distribution of moisture heads tak-
ing into consideration the concentration of salts and 
osmosis is reduced by 3–5 % compared to the results 
of the problem without taking into consideration the 
phenomenon of osmosis. The distribution of the con-
centration of saline solutions during moisture trans-
fer and osmosis acquires higher values compared 
to the results without taking osmosis into consider-
ation. The established features can be successful-
ly applied to clean the fertile soil layer and resume 
agricultural activities
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(drained) areas, the issues of studying the water-salt regime 
of soils and groundwater are of great importance. The main 
purpose of such research is to obtain better yields in agri-
culture and improve the resources of the soils themselves. 
Relevant studies are carried out with compatible processes 
in soils: filtration of saline solutions in a saturated area and 
moisture transfer in the area of incomplete saturation. For 
the same purpose, both ground and underground irrigation 
are used in land reclamation areas to stabilize irrigation 
moisture and fertilize the root layer of the soil, as well as and 
reduce their removal to groundwater. 

Based on the foregoing and taking into consideration the 
importance, under modern conditions, of providing the pop-
ulation with environmentally friendly agricultural products, 
the task of studying the mutual influence of interrelated 
processes, such as moisture transfer, heat- and mass transfer 
in the aeration zone is relevant.

2. Literature review and problem statement

When modeling the process of moisture-, heat-, and mass 
transfer in porous media during groundwater filtration, 
the parameters of filtration and mass transfer (filtration 
coefficient, coefficient of convective diffusion, porosity) are 
considered constant in most cases. In this regard, the mass 
transfer of substances dissolved in water was mainly studied 
against the background of the filtration flow of groundwater, 
and instead of filtering the solution, pure water filtration 
was considered. However, a number of practical tasks (dis-
tribution of contaminants in soil arrays, filtration of saline 
solutions, etc.) revealed the inadequacy of existing math-
ematical models of the relevant processes. A large body of 
research into the issue of heat and mass transfer was report-
ed in [3]; there, the classical development of heat transfer 
problems was exhaustively presented with a proper emphasis 
on understanding the physics of problems. However, the 
influence of heat exchange processes on others (moisture 
and mass transfer) was not taken into consideration. In [4], 
a three-phase model was built, capable of predicting heat 
transfer and moisture migration for the soil freezing process 
and heat and mass transfer mechanisms in unsaturated soil 
layers; the model developed in [4] was tested in [5]. Ex-
perimental research results were used for verification. The 
work also focuses on solving stationary and non-station-
ary two-dimensional thermal conductivity problems. For 
a more detailed research, refutation or confirmation of the 
hypothesis, more detailed studies of interrelated processes 
of heat-moisture and mass exchange processes are required. 
In [6], an improved thermohydraulic model for unsaturated 
freezing soils in cold regions was proposed; corresponding 
software based on the finite-difference method was devel-
oped. This model takes into consideration some physical pro-
cesses, such as the curve of soil freezing characteristics and 
the depression of the freezing point. In addition, the rules for 
changing the content of non-frozen water and the total water 
content during the freezing process were analyzed. However, 
the focus was on exclusively low temperatures while in fact, 
it is necessary to consider the temperature regime in a wider 
range. The question of mathematical modeling and computer 
simulation of moisture-mass transfer in a one-dimensional 
case under non-isothermal conditions was partially ad-
dressed in [7, 8] but the interactions of the corresponding 
processes were not investigated. In [9], the problem of math-

ematical modeling of vertical migration of radionuclides in 
a catalytic porous medium under non-isothermal conditions 
was considered but the influence of moisture transfer on the 
corresponding process was not investigated. Some issues 
were tackled in [10] – the process of salt transport by filtra-
tion of saline solution and moisture transfer under the action 
of horizontal systematic drainage under the humidification 
mode, and in [11] – modeling the effect of infiltration on 
mass exchange processes in layered soils under heat transfer 
conditions. They considered somewhat specific issues relat-
ing to the processes of moisture-, heat-, and mass transfer, 
namely the migration of radionuclides and the transfer of 
salts; however, the attention was mainly focused on one of 
the processes (moisture-, heat-, and mass transfer). However, 
those processes are interrelated and can significantly affect 
one another. Therefore, it is worth considering those process-
es in complex interaction.

A fundamental and practical introduction to the use 
of computational methods, in particular methods of finite 
differences, in modeling fluid flows in porous media is set 
forth in [12]. This is the first book to cover a wide range of 
streams, including single-phase, two-phase, fuel oil, volatile, 
constituent, non-isothermal, and chemical constituent flows 
in both conventional porous and cracked porous media. 
In addition, a number of computational methods are used. 
In addition, providing a theoretical basis to engineers and 
scientists involved in modeling transfer processes in porous 
environments was the purpose of [13].

Consequently, the construction of new mathematical 
models and studying mutual influences of interrelated pro-
cesses of moisture-, heat-, and mass transfer of saline solu-
tions in the unsaturated soil layer deserves great attention.

3. The aim and objectives of the study

The aim of this study is to quantify the mutual influence 
of the processes of moisture-, heat-, and mass transfer of sa-
line solutions in the unsaturated soil layer. This will make it 
possible to draw conclusions about the time of soil restoration 
providing for the possibility of further agricultural activities.

To accomplish the aim, the following tasks have been set:
– to build a mathematical model of the processes of 

moisture-, heat-, and mass transfer of saline solutions in the 
unsaturated soil layer;

– to derive numerical finite-difference solutions to the 
corresponding nonlinear boundary problem for a system of 
differential equations; 

– to conduct a series of numerical experiments and an-
alyze them.

4. The study materials and methods 

The study object of this work is the processes of mois-
ture-, heat-, and mass transfer of salts of saline solutions in 
the unsaturated soil layer. There are a number of fundamen-
tal physical laws that describe the processes of mass transfer 
during the filtration of saline solutions in porous media. In 
particular, the generalized Darcy-Gersevanov law for the 
case of the movement of saline solutions in the presence of a 
temperature gradient takes the following form

υ–ev=‒K(c,T)Ñh+vcÑc+vTÑ,
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where e is the coefficient of soil porosity; K – coefficient 
(tensor) of filtration; h – head, vc, vT – coefficients (tensors) 
of chemical and thermal osmosis, respectively.

In this paper, it is assumed that the speed of movement of 
solid particles of the soil is zero. 

Since under non-isothermal conditions there is a phe-
nomenon of thermal diffusion and the specific flow of dis-
solved salts is defined as ( ), ,

Tcq c D c T c D T= υ − ∇ − ∇  the 
equation for the transfer of salts in a porous medium takes 
the form (Fick’s law)

( ) ( ) ( , ) ,p

c
c T c n

t
∂

∇⋅ ∇ + ∇⋅ ∇ − υ ∇ =
∂TD D

where D is the coefficient (tensor) of convective diffusion; 
DT – coefficient (tensor) of thermal diffusion; υ – filtration 
rate, which is determined according to the generalized Dar-
cy-Gersevanov law; np – volume of pore solution per unit 
volume of soil; t – time.

Since the specific heat flux in 
the soil is defined as qT=ρcρυT–
λTÑT, the heat transfer equation 
in a porous medium is as follows 
(Fourier’s law)

( ) ( ), ,T T

T
T c T c

tρ
∂

∇⋅ λ ∇ − ρ υ ∇ =
∂

where λT is the coefficient (tensor) 
of the effective thermal conduc-
tivity of moist soil; ρ – density of 
saline solution; cρ – specific heat 
capacity of saline solution; cT – vol-
umetric heat capacity of the soil at 
a constant volume.

To find an approximate solu-
tion to the corresponding nonlin-
ear boundary problems, numeri-
cal methods were used, namely a 
finite-difference method (FDM). 
As a result, we obtain the Cauchy 
problem for a system of nonlinear 
first-order differential equations with respect to unknown 
functions that depend only on time. To find its (Cauchy’s 
problem) solution, sampling schemes in time are used. In 
numerical experiments, piecewise-quadratic functions were 
used as basic functions of FDM, and a completely implicit 
linearized difference scheme was used as a sampling scheme 
in time.

5. Results of investigating the problem of mutual 
influence of the processes of moisture-, heat-, and mass 
transfer of saline solutions in the unsaturated soil layer

5. 1. Construction of a mathematical model of the 
processes of moisture-, heat-, and mass transfer of saline 
solutions in an unsaturated soil layer

Assume we have an extended soil massif, on the surface of 
which precipitation or irrigation falls with intensity e (Fig. 1). 
Over time, a groundwater level (GWL) is established at 
depth l, which is considered stationary, and a saline layer of 
soil is formed in a state of incomplete saturation (aeration 
zone). The distributions of moisture heads H0 and concentra-

tion 0С  at the initial time t=0, their values on the soil surface 
H1, 1 ,C  and GWL H0, 2.C  are known. The temperature regime 
of the soil massif changes over time. Temperatures ( )0 ,Т t

 ( )1 ,Т t
 

( )2Т t  are set in the soil layer, on its surface, and GWL, 
respectively. Under the influence of moisture transfer, the 
presence of gradients of salt concentration and temperature 
in the aeration zone, interrelated processes of transfer of mois-
ture, salts, and heat occur.

Under the influence of moisture transfer, the presence of 
gradients of salt concentration and heat in the aeration zone, 
interrelated processes of transfer of moisture, salts, and heat oc-
cur. It is required to investigate the interrelated influence of the 
processes of heat and mass transfer of salts on moisture transfer, 
and vice versa, in the soil layer of great length. Namely: calcu-
late the field of moisture heads in the aeration zone (incomplete 
saturation) and the field of concentrations and temperature in 
this zone over time. This will make it possible to make a forecast 
regarding the degree of soil purification and their further use.

The corresponding process will be considered under 
non-isothermal conditions under the influence (in the pro-
cess) of vertical moisture transfer and concentration and 
temperature gradients in an unsaturated soil environment 
(aeration zone). As a result of the formalization of the above 
statement of the problem, the mathematical model of the 
interrelated processes of salt and heat transfer for a one-di-
mensional case, based on [9, 11], was written in the form of the 
following boundary problem:

( ) ( )

( ) ( )*

, , , ,

,T

c c
D c T v c T

x x x

cT
c C D

x x t

∂ ∂ ∂ Θ − Θ −  ∂ ∂ ∂
∂ Θ∂ ∂ −γ − + = σ  ∂ ∂ ∂

 

( )0; ,x lÎ  0,t >   (1)

( )

( )

, ,

,T

h
K c h T

x x

c T h
f h

x x x x t

∂ ∂  −  ∂ ∂
∂ ∂ ∂ ∂ ∂   − υ − υ + = µ      ∂ ∂ ∂ ∂ ∂

 

Fig.	1.	Moisture-,	heat-,	and	mass	transfer	in	an	unsaturated	layer	of	soil
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( )0; ,x lÎ  0,t >  (2)

( ), , ,T T

T T T
c T C C

x x x tρ
∂ ∂ ∂ ∂ λ Θ − ρ υ =  ∂ ∂ ∂ ∂

 

( )0; ,x lÎ  0,t >     (3)

( ), , ,Th c T
v k c h T

x x x
∂ ∂ ∂

= − + υ + υ
∂ ∂ ∂

 ( )0; ,x lÎ  0,t >  (4)

( ) ( )0,0 ,c x C x=   ( ) ( )1 10, ,l c t C t= 

( )2 2, ( ),l c l t C t=   ( )0; ,x lÎ  0,t >    (5)

( ) ( )0,0 ,h x H x=  ( ) ( )10, ,h t H t=  

( ) ( )2, ,h l t H t=  ( )0; ,x lÎ  0,t >    (6)

( ) ( )0,0 ,T x T x=  ( ) ( )10, ,T t T t=  

( ) ( )2, ,T l t T t=  ( )0; ,x lÎ  0,t >    (7)

where xÎ[0; l] 10 ,t t< < 1,6il =  – differential operators that 
set boundary conditions at x=0 and x=l, respectively. The 
following designations are introduced here: c(x, t) – concen-
tration of pore saline solution, D(c) – coefficient of convec-
tive diffusion, K(c) – coefficient of thermal diffusion, 

( ) ( )( ), ,
h c

h k c h T v
t x xt

∂ ∂ ∂
µ = −

∂ ∂

– mass transfer coefficient, C* – concentration of maximum 
saturation of saline solution, ρ, Cρ – density and specific heat 
capacity of pore saline solution, k(c,h,T) – moisture trans-
fer coefficient,  h=P–x – moisture head, 

p
P

g
=

ρ
– pressure  

 
 height, v – moisture transfer rate, ( )h

h
∂ω

µ =
∂

– coefficient of 

soil moisture capacity at incomplete saturation,  υ, υT – co-
efficients of osmosis and thermal osmosis, CT – specific heat 
capacity of the soil. 

Differential equations (1) to (3) and law (4) describe the 
following interrelated processes in an unsaturated soil layer 
(aeration zone): 

(1) – convective diffusion (mass transfer) of saline 
solutions in the aeration zone (incomplete (P<0) satura-
tion) under the influence of moisture transfer and thermal 
diffusion; 

(2) – the process of moisture transfer under the influence 
of gradients of moisture pressure, salt concentration, and 
temperature (and μ(h)≠0); 

(3) – convective heat transfer under the influence of 
temperature and moisture gradients; 

(4) – a generalized Darcy-Kluthe law for the case of 
moisture transfer under the influence of gradients of mois-
ture head, salt solution concentration, and temperature. 
Boundary conditions (5) to (7) set the initial and boundary 
conditions, respectively, for concentration, pore moisture 
head, and soil temperature.

The boundary problem (1) to (7) is a system of three 
nonlinear one-dimensional parabolic equations with some 
initially unknown coefficients, which are derived later in the 
process of solving the boundary problem.

5. 2. Numerical solution to the problem of mutual in-
fluence of interrelated processes of moisture-, heat-, and 
mass transfer of saline solutions 

To find the numerical solution to the boundary prob-
lem (1) to (7), a finite-difference method was used. 

Entering a difference grid 
1 2h hW  with steps h1τ along the 

Ox and Ot axes for variables x, t: 

( ){ }1 1 1 2, , , 1, , 1, ,h i k i kW x t x ih t k i n k nτ = = = τ = =

where n1, n2 is the number of steps for the spatial variable and 
time, respectively. 

The difference scheme of the problem (1) to (7) is con-
structed as follows: for problem (2), (7), a purely implicit differ-
ence scheme is constructed [9], and for (1), (4), (5), and (3), (4), 
(7) – an improved monotonous finite-difference scheme [11].

In particular, the implicit difference scheme (1), (4), (5) 
takes the following form:

1 1 1 1 1
1 1

1
1 1 1

1 1 1 1 1 1
1 1 1 1

2 2
1 1

1

2 2
,

k k k k k k
k k ki i i i i i
i i i

k k k k k k
Ti i i i i i

H H H H H H
a a

h h h

C C C T T T
f

h h

+ + + + +
+ −

+

+ + + + + +
+ − + −

 − − −
µ = − − τ  

− + − +
−ν − ν +  (8)

1 1 1 1
0 1 1 1,k kH H+ += φ + µ  1 1 1 1

2 1 2,k k
n nH H+ +

−= φ + µ    (9)

where 

( ) ( )( )1 10.5 , , ,k k k k k
i i i i ia K H C K H C− −= +  

( ) ( )( )1 1 10.5 , , ,k k k k k
i i i i ia K H C K H C+ + += +

1

1 1

2
1 ,k

i k k
i i

h
a g

H H+ −

 
µ = ρ − − 

 
11, 1,i n= −  

20, 1,k n= −

( ) ( )
( )

1
1
1

0, 0, ,

0,
1, 0,

h t H t

h t

x

 =
χ =  ∂

= ∂

 
( ) ( )
( )

2
1
2

0, , ,

,
1, 0,

h l t H t

h l t

x

 =
χ =  ∂

= ∂

 

( ) ( )
( )

1
1 1

1
1

, 0, ,

0,
0, 0,

kH h t H t

h t

x

+ =
µ =  ∂

=
∂



 

( ) ( )
( )

1
2 2

1
2

, , ,

,
0, 0,

kH h l t H t

h l t

x

+ =
µ =  ∂

=
∂



The difference scheme (8), (9) was presented in the form:

1 1 1
1 1 1 1 1 1,k k k

i i ia H c H b H f+ + +
− +− + = −     (10)

1 1 1 1 1 1 1 1
0 1 1 1 2 1 2, ,k k k k

n nH H H H+ + + +
−= χ + µ = χ + µ    (11) 

where 

1 2
1

,
k
ia

a
h

=
 

1
1 2

1

,
k
ia

b
h

+=  1
1 2

1

,
k k k
i i ia a

c
h

+ + µ
= +

τ

1 1 1 1
1 2 2

1 1

2 2
,

k k k k k k k
ki i i i i i i
i

C C C T T T
f H

h h
+ − + −µ − + − +

= − ν − ν
τ
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11, 1,i n= −  20, 1,k n= − .

Numerical solution to (10), (11) was found by a dou-
ble-sweep method [9]

1 1 1 1
1 1 ,k k

i i i iH H+ +
+ += α + β     (12)

where 

1 1
1

1 1

,i
i

b
c a+α =

− α
 1 1 1

1
1 1

,i
i

i

a f
c a+

β +
β =

− α
 

1
1 0,α =  1 1

1 1 ,kH +β =   11, 1,i n= −  20, 1.k n= −

To solve the problem of mass transfer of salts (1), (4), 
(5), an improved (compared to [9]) monotonous difference 
scheme was applied [10].

The difference scheme of the set problem takes the fol-
lowing form [11]

1 1 1 1
1 1

2 1 1
2 1 1

1 1 1 1 1
1 1

1 1

1

,

k k k k
k ki i i i

i i i i

k k k k k k
k k ki i i i i i

i i

C C C C
d d

h h h

C C C C C C
r r f

h h

+ + + +
+ −

+

+ + + + +
+ −

+ −

 − −
µ − µ +  

− − −
+ + + = Θ

τ
 (13)

( )0
0 1 ,iC C ih=  1 2 1 2

0 1 1 1 ,k kC C+ += χ + µ  1 2 1 2
2 1 2,k k

n nC C+ +
−= χ + µ  (14)

where 

1 ,
2

k k
k i i
i

D D
d −+

=  1
1 ,

2

k k
k i i
i

D D
d +

+
+

=

( )0.5 0,k k k
i i ir V V+ = + ≥  ( )0.5 0,k k k

i i ir V V− = − ≤

,k k k
i i iV r r+ −= +  ( ) 1 1

*2 2
1

2
,

k k k
k k i i i

i T

T T T
f C C D

h
+ −− +

= −γ − +  

1
1

1
,

0.5
1

k
i k

i

k
i

h r

d

µ =

+

2
1

1

1
,

0,5
1

k
i k

i

k
i

h r

d +

µ =

+
 11, 1,i n= −  20, 1;k n= −

( ) ( )
( )

1
2
1

0, 0, ,

0,
1, 0,

c t C t

C t

x

 =
χ =  ∂

= ∂

 

( ) ( )
( )

2
2
2

0, , ,

,
1, 0,

c l t C t

C l t

x

 =
χ =  ∂

= ∂

 

( ) ( )
( )

1
1 1

2
1

, 0, ,

0,
0, 0,

kC c t C t

C t

x

+ =
µ =  ∂

=
∂



 

( ) ( )
( )

1
2 2

2
2

, , ,

,
0, 0,

kC c l t C t

C l t

x

+ =
µ =  ∂

=
∂



Erecting such members in (13), we received:

( ) 1 1
1 1 22

2 2 2 2

1 11 2
1 1

2 2

1 1

1
.

k k k
ik k k k k ki i

i i i i i i

k k
k k k k ki i
i i i i i

r d
d d C r

h h h h

d
C r C C f

h h

+
+ −

+ ++
− + +

   µσ
µ + µ + + = − ×   τ   

 µ σ
× + + + +  τ 

The difference scheme (13), (14) was represented as:

1 1 1
2 1 2 2 1 2 ,k k k k

i i ia C c C b C f+ + +
− +− + = −     (15)

1 2 1 2
0 1 1 1 ,k kC C+ += χ + µ  1 2 1 2

2 1 2 ,k k
n nC C+ +

−= χ + µ

11, 1,i n= −  20, 1.k n= −  (16)

where 

1
2

1 1

k k
i i id r

a
h h

µ
= −  2 1 1

2 2
1 1

,
k k

i i id r
b

h h
+ +µ

= +  

1 2 1 1
2 2

1 1 1 1

,
k k k k

i i i i i id d r r
c

h h h h
+ +µ µ Θ

= + + − +
τ

2 2,
kk k

if C f
Θ

= +
τ

 1, 1,i n= −  0, 1.k K= −

It can be shown that the conditions for the double-sweep 
stability 1 1 1

i i ic a b> +  are met. As a result of solving the 
problem (15), (16) numerically, the concentration c1(x, t) 
on the time layer (k+1) was found by a double-sweep meth-
od [11], using the ratio

1 2 1 2
1 1 1,k k

i i i iC C+ +
+ + += α + β  (17)

where 

2 2
1 2

2 2

,i
i

b
c a+α =

− α
 

2
2 2 1 2
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The improved monotonous difference scheme for (3), (4), 
(6) takes the following form
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( ) ( ) ( )
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= ∂

The difference scheme (18), (19) is represented in the 
form:

1 1 1
3 1 3 3 1 3 ,k k k k

i i ia T c T b T f+ + +
− +− + = −    (20)

1 3 1 3
0 1 1 1 ,k kT T+ += χ + µ  1 3 1 3
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where 
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It can be shown that the conditions for the stability of 
double sweep 4 4 4

i i ic a b> +  are met. Numerical solution 
to (20), (21) was found by a double-sweep method

1 3 1 3
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The moisture transfer rate was found using the following 
difference ratio on the basis of (4):

1 1 1 1 1 1

1 1 1

,
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i i T
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h h h
+ − + − + −− − −

= − + +  

11, 1,i n= −  20, 1,k n= −  (23)

Thus, the numerical solution to the boundary problem 
(1) to (7) has been algorithmically constructed in full.

5. 3. Results of numerical experiments and the analy-
sis of the mutual influence of the processes of moisture-, 
heat-, and mass transfer of saline solutions 

The software for the developed numerical method and 
the corresponding computational algorithms were imple-
mented in the C++ programming language. As a result of 
software implementation, numerical solutions to individual 
problems that are included in the boundary problem (1) 
to (7) were obtained. The first is the problem of moisture 
transfer taking into consideration heat and mass transfer. 
The second is osmotic and thermal osmotic phenomena, con-
vective diffusion taking into consideration moisture transfer 
and heat transfer, convective heat transfer taking into con-
sideration moisture transfer. 

Numerical experiments were carried out with the follow-
ing initial data: 

T=360 days, τ=30 days, l=15 m, σ=0, 

σ1=0.25, γ=0.0065 day-1,
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The coefficient of convective diffusion was set linearly 
dependent on the filtration rate ( ) ( )

1, ,k k
i iD Dµ= + λ υ 11, 1,i n= −

31, ,k n=  where Dμ is the coefficient of molecular diffusion in 
a porous medium, λ – the parameter of dispersion. 

To conduct numerical experiments, the following depen-
dence of the filtration coefficient on the concentration of 
saline solution and temperature was taken [14]: 
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k(c, t)=a0+a1c+a2c2+(a3+a4c+a5c2)T+(a6+a7c+a8c2)T 2,

where c is the value of the concentration of the filtering solu-
tion; T – temperature; a – coefficients of the approximating 
function, defined as:

a0=‒0.028, a1=6.37·10-4, a2=‒6.329·10-7, 

a3=2.42·10-3, a4=‒4.241·10-5, 

a5=7.744·10-8, a6=‒2.306·10-5, 

a7=1.005·10-6, a8=‒4.307·10-9.

As a result of computer simulation, having conducted a 
series of numerical experiments, we constructed plots of the 
distribution of moisture heads (Fig. 2) and the distribution 
of moisture heads taking into consideration the concentra-
tion of salts (Fig. 3).

The distribution of moisture heads was found taking into 
consideration the phenomenon of osmosis on different time 
layers. Comparative plots of the results obtained take the 
following form (Fig. 4, 5).

Having found a solution to the problem of moisture 
transfer, a solution to the problem of mass transfer during 
moisture transfer and taking into consideration osmosis on 
different time layers was derived (Fig. 6, 7).

Fig. 6, 7 show the distributions of salt concentration, 
taking into consideration the heads of moisture and osmosis 
for 30 and 360 days.

Fig.	4.	Distribution	plot	of	moisture	heads	at	Т=30	days
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Fig.	2.	Moisture	head	distribution	plot
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Fig.	3.	Distribution	plot	of	moisture	heads	taking	into	
consideration	the	concentration	of	salts
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Fig.	5.	Distribution	plot	of	moisture	heads	at	Т=360	days
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Fig.	6.	Plot	of	salt	concentration	distribution	taking	into	
consideration	moisture	heads	and	osmosis	at	Т=30 days
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Fig.	7.	Plot	of	salt	concentration	distribution	taking	into	
consideration	moisture	heads	and	osmosis	at	Т=360	days
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6. Discussion of results of investigating the mutual 
influence of the processes of moisture-, heat-, and mass 

transfer of saline solutions

One can see from Fig. 2 that the distribution of mois-
ture heads increases with depth and time. This is con-
firmed by a well-known fact, which is covered in many 
works [8–11]. When saline solutions get on the surface of 
the soil massif (Fig. 3), the influence of salt concentration 
on moisture distribution is clearly visible, which increases 
with depth and time throughout the entire area of mois-
ture transfer by 1–3 %. This shows the effect of saline 
solutions on the process of moisture transfer. Fig. 4, 5 
show the distribution of moisture heads taking into con-
sideration the concentration of salts and osmosis. As can 
be seen, the moisture head decreases by 3–5 % compared 
to the results of the problem without taking into consid-
eration the phenomenon of osmosis (Fig. 5). The effect of 
osmosis on the process of moisture distribution is negligi-
ble. Distribution of the concentration of saline solutions 
during moisture transfer and osmosis acquires higher val-
ues compared to the results without taking into consider-
ation osmosis (Fig. 6, 7). In this case, the distribution of 
salt concentration increases in proportion to the choice 
of the osmosis coefficient or osmotic function; over time, 
the distribution of salt concentration stabilizes and grad-
ually decreases (Fig. 7). This suggests that the osmotic 
phenomena affect the distribution of salt concentration 
in proportion to the choice of the osmosis coefficient – 
with an increase in this coefficient, the distribution of 
salt concentration increases. The obtained features can be 
successfully used to clean the fertile soil layer and resume 
agricultural activities. However, in order to be able to 
carry out such calculations for real conditions, the hydro-
logical characteristics of the soils must be known. This 
study will be advanced by increasing the dimensionality 
of the problem, improving models of moisture, heat and 
mass transfer of saline solutions in an unsaturated soil 
layer, and by proposing specific engineering solutions to 
change the osmotic effect on soil fertility.

7. Conclusions 

1. A mathematical model of the processes of moisture-, 
heat-, and mass transfer of saline solutions in an unsaturated 
soil layer was constructed, which made it possible to build an 
effective computational algorithm for the numerical solution to 
the corresponding nonlinear boundary problem by a finite-dif-
ference method and to perform software implementation in the 
Asp.net programming environment in the C++ language.

2. Numerical finite solutions to the corresponding non-
linear boundary problem have been derived. Computer simu-
lations have shown the mutual influence of interrelated pro-
cesses of moisture, heat, and mass transfer of saline solutions 
in an unsaturated soil layer, in particular, that the effect of 
osmosis on the process of moisture distribution is negligible. 
The distribution of the concentration of saline solutions 
during moisture transfer and osmosis acquires higher values 
compared to the results without taking osmosis into consid-
eration. Such influences should be taken into consideration 
in the study of agricultural areas. Assessment of the degree 
of such influences is the essence of a separate research task 
in the mechanics of porous media.

3. A series of numerical experiments were conducted to 
study the influence of interrelated processes of moisture-, 
heat-, and mass transfer. An increase in the distribution of 
moisture heads was established taking into consideration 
the concentration of salts in comparison with the problem 
of net moisture transfer by 3 %. The distribution of mois-
ture heads taking into consideration the concentration of 
salts and osmosis is reduced by 3–5 % while the distribu-
tion of salt concentration increases in proportion to the 
choice of the osmosis coefficient or osmotic function.
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