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1. Introduction 

A significant part of accidents, about 20 %, is associated 
with violations of the rules of maneuvering. Modern high-
ways, as a rule, have several lanes for traffic in each direc-
tion. When driving on a road with several lanes, drivers, as 
a result of violation of the rules of maneuvering, can face a 
collision on the tangent, that is, the side surfaces of cars at 
a slight angle of 5–15°. Such a tangential (lateral) collision 
for one of the drivers is unexpected and he can apply braking 
only some time after the collision. As a result, at first glance, 
a slight side collision of two cars,  Moving in adjacent lanes 
can lead to a loss of directional stability with exit to the 
oncoming lane. This can cause a secondary but already more 
dangerous frontal collision. Thus, a slight initial collision 
of two cars on a tangent can cause an accident with serious 
consequences.

The complexity of the reconstruction of such accidents 
determines the relevance of devising a methodology for 
assessing the parameters of the movement of vehicles after 

the loss of their directional stability due to a side collision. 
Evaluation of motion parameters should include: 

a) determining vehicle speeds immediately before and 
after the collision;

b) determining the angles of rejection and lateral move-
ments to which the displacement of vehicles occurred after 
the collision;

c) determining the time intervals and distance of vehi-
cles after a collision, etc.

All this makes the methodology for the study of lateral 
tangential collisions an ambiguous task for experts. It needs 
to clarify important issues that are associated with the as-
sessment of the parameters of the movement of cars in the 
absence of traces of braking and sliding on the road.

2. Literature review and problem statement

The task to determine the speed and other parameters 
of vehicle traffic in the reconstruction of the circumstances 
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This paper considers the task to clarify the circumstances of 
a traffic accident (TA) involving two vehicles as a result of their 
lateral tangential collision at low angles. 

The aim of the study is to construct a mathematical model 
of a tangential collision of vehicles for the reconstruction of TA 
circumstances. 

Owing to the combination of the law of conservation of 
momentum and the theory of impact using the coefficient of 
recovery, it was possible to construct a mathematical model 
that describes the development of such an accident and makes 
it possible to determine the main parameters of the movement 
of vehicles after and before the collision. An answer is given 
regarding the possibility of losing the directional stability of 
the vehicle and its movement in the lateral direction because of 
a collision.

Based on the mathematical model, the basic parameters of 
vehicles motion after their side collision at angles of 5–15° were 
analytically determined, when there are no slip marks on the 
road surface.

A numerical experiment was conducted on the example 
of a specific accident. The findings make it possible to argue 
about the possibility of losing the directional stability of vehi-
cles and shifting them to the oncoming lane or curb as a result 
of collision. 

A comparison of the results of the numerical calculation 
with the results of software modeling of accidents and the cir-
cumstances that were established in the process of studying a 
real accident was carried out. It was concluded that the results 
obtained are consistent and make it possible to more accu-
rately assess the parameters of the movement of vehicles after 
their lateral tangential collision. In general, this produces more 
objective results of the reconstruction of TA mechanism in cases 
where there are no traces of slipping and braking on the road 
surface.

The proposed mathematical model could be used in colli-
sions accompanied by minor deformations or damage to vehicles
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of an accident that occurred as a result of a lateral collision 
(cross- or oblique impact) is not new and was covered in au-
thoritative studies [1, 2]. 

Modeling of such accidents, as a rule, is carried out on the 
basis of the law of conservation of energy if it is possible to 
calculate the amount of deformation of vehicles due to their 
collision [3, 4]. However, transport collisions are not always 
accompanied by plastic deformations that can be measured. 
The use of elements of the theory of impact together with 
the law of conservation of energy makes it possible to extend 
the scope of its use in the study of the circumstances of an 
accident [5]. The law of conservation of momentum can also 
be used if it is possible to establish the speed of vehicles 
immediately before and after the collision [6, 7]. However, 
the traditional use of the law of conservation of momentum 
is based on the presence of a braking distance, which for 
certain reasons may be absent. Pulse models are widely used 
in software products using the finite-element method [8]. 

However, especially relevant are the tasks associated 
with the reconstruction of the circumstances of an accident. 
The difficulties of mathematical solution to such problems 
are associated with the need to solve the so-called inverse 
problems. Mathematical difficulties are usually solved by 
simplifying mathematical models. Thus, in [9], to simplify 
the mathematical problem of modeling an accident, a two-di-
mensional mathematical model was used. 

The purpose of solving inverse problems is to deter-
mine the so-called initial conditions, and the initial data 
are various consequences of an accident. For example, in 
works [10, 11] an algorithm for identifying the initial condi-
tions of impact of vehicles based on the analysis of structural 
deformations has been developed and implemented. How-
ever, the properties of inverse problems include uncertainty 
and instability of the results obtained, which has not been 
investigated. This problem is considered in [12, 13]. They 
pay considerable attention to the analysis of the uncertainty 
of the results obtained and the reliability of the reconstruc-
tion of accidents when identifying the speed of vehicles. 

The problem of predicting the possibility of tipping ve-
hicles is considered in papers [14, 15]. A rollover prediction 
algorithm for use on vehicles with high lateral speed and a 
high center of gravity is presented. By calculating the ratio 
of lateral energy reserves in real time and the rollover thresh-
old, the degree of risk of tipping is determined. Study [16] 
reported  and confirmed experimentally the original method 
of predicting the risk of overturning heavy vehicles. It is 
based on the calculation of the transmission coefficient  load, 
which depends on the estimated vertical forces. 

Significant problems in the reconstruction of the cir-
cumstances of an accident arise in the absence of traces of 
braking on the road surface. Such cases are especially char-
acteristic of accidents involving cars equipped with an an-
ti-lock braking system. Features of the reconstruction of the 
circumstances of such accidents are considered in [17, 18]. 

However, the absence of braking marks on the road 
surface can also be observed in case of cross-collision of ve-
hicles. In a collision of vehicles moving in the same direction, 
at low angles, the driver’s reaction may be too late to brake. 
A feature of cross-collisions is that after a collision, there 
may be a loss of stability and slipping of vehicles. Traces of 
slipping and braking (S1, S2) on the road surface, as well as 
the final location of the cars, allow the expert to draw up an 
accident scheme (Fig. 1) [1]. 

This makes it possible to determine the trajectory, angles 
of reclining (ϕ1, ϕ2), angles of rotation (ε1, ε2), the distance 
of movement ( )′ ′1 2, ,S S  and the speed of both vehicles after 
the collision. At the same time, it is assumed that the kinetic 
energy of gradual and rotational motion (around the center 
of mass) of vehicles goes into work with tire friction. 

However, not always after a cross-collision there are traces 
of slipping and braking. This is especially true of lateral tangen-
tial collisions in passing directions of movement at small angles 
of 5–12°. After that, the vehicle, as a result of collision and loss 
of directional stability of movement, can change the trajecto-
ry of movement and go into the oncoming lane or curb. The 
absence of braking before a lateral tangent collision and some 
time after it makes it impossible to calculate the parameters of 
vehicle traffic according to well-known expert methods. 

All this suggests that conducting a study on the recon-
struction of an accident in a lateral tangential collision of 
vehicles at low angles is appropriate.

3. The aim and objectives of the study

The aim of this study is to construct a mathematical 
model of a tangential collision of vehicles to determine the 
basic parameters of the movement of vehicles after and be-
fore a collision, as well as to predict the possibility of loss of 
stability of vehicles as a result of collision.

To accomplish the aim, the following tasks have been set:
– to build a mathematical model to determine the possi-

bility of losing the directional stability of the vehicle and its 
movement in the lateral direction;

– to build a mathematical model to determine the basic 
parameters of vehicle traffic due to a lateral tangent collision 
at low angles;

– to simulate the mechanism of lateral tangential colli-
sion of vehicles at low angles.

4. The study materials and methods

The object of our study is a traffic accident of two vehicles 
as a result of their lateral tangential collision at slight angles.

Fig.	1.	Vehicle	collision		pattern
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When examining such cross-collisions, the law of conser-
vation of momentum is usually used. However, when there 
are no traces of slipping and braking, its use is complicated. 

It is proposed in the study of these types of accidents to 
supplement the use of the law of conservation of momentum 
with elements of the theory of impact. 

To determine the possibility of loss of directional stabil-
ity of the vehicle and its movement in the lateral direction, 
the equilibrium equation is used. The friction force acting 
in the contact patch of the wheels in the lateral direction is 
compared with the impact force. To determine the impact 
force, a mathematical model is proposed based on the ap-
plication of the law of conservation of momentum and the 
theory of impact using the restoration coefficient.

To determine the magnitude of the movement of a vehicle 
in the lateral direction in case of loss of its directional stabil-
ity and the time during which this movement occurred, the 
theorem for the conservation of kinetic energy is used.

On the basis of the constructed mathematical model, 
the main parameters of the movement of vehicles after their 
lateral tangential collision at angles of 5–15° are analytically 
determined.

To assess the reliability of the results, a specific acci-
dent was modeled in the Cybid V-SIM version 3.0.35 soft-
ware (Poland). The numerical results of software simulation 
are compared with the numerical results of mathematical 
modeling obtained in this study. 

5. Results of modeling a tangential collision of vehicles in 
the reconstruction of the circumstances of a traffic accident

5. 1. Construction of a mathematical model for deter-
mining the possibility of losing directional stability of a 
vehicle

The case of a lateral tangential collision of vehicles 
moving in the opposite direction is considered (Fig. 2). The 
vehicle at number 1 (V 1) moves directly along the lane. As 
a result of violation of the rules of maneuvering, the vehicle 
at number 2 (V 2) makes a side collision with the front of 
vehicle 1 at a slight angle of contact γ=5–15°. There are no 
slip marks on the road surface. The angles of rejection of V 2 
and V 1 (angle ψ), as well as the parameters of movement 
of vehicles after a collision are not possible to determine by 
expert methods.

For the loss of directional stability of the movement of 
V 1 with its displacement in the lateral direction, the condi-
tion must be met [1, 6]:

>imp frict ,F F       (1)

where Fimp is the projection of the impact force of V 2 against 
V 1 on an axis perpendicular to the direction of movement; 
Ffrict is a friction force acting in the contact patch of the 
wheels of V 1 in the lateral direction.

In determining the friction force, some assumptions have 
been made: since no braking occurred at the time of the 
collision, the coefficient of friction in the lateral direction 
is φY=φ; since there was a collision of the front left part of 
V 2 with the right front of V 1, the friction force of only the 
front axle of V 1 is taken into account. Then the friction 
force is equal to

= ⋅ ⋅ϕfrict 1 ,YF m g      (2)

where m1 is the mass of the  front axle of V 1, g=9.81 m/s2. 
The projection of the impact force Fimp V 2 against V 1 

on an axis perpendicular to the direction of movement was 
found through a shock pulse:

( ) ( )⋅ −
⋅∆ = ⋅ − ⇒ =

∆
1 1 1

imp 1 1 1 imp ,
m U V

F t m U V F
t

 (3)

where m1 – mass of V 1; U1 and V1 – the speed of V 1 in the 
lateral direction, respectively, after and before the impact 
(V1=0 m/s); Δt – the duration of impact in a collision of ve-
hicles; it is within 0.07...0.14 s [1, 7]. 

To determine U1, the recovery coefficient after impact 
was used [1, 7]

−
=

−
2 1

imp
1 2

,
U U

K
V V

    (4)

where U2 and V2 are the speed of V 2 in the lateral direction, 
respectively, after and before the impact. 

According to the recommendations from [1, 7], at a rela-
tive speed of ΔV<8.3 m/s, Kimp is 0.7.

( )′
= ⋅ γ2

2 sin ,
3.6
V

V     (5)

where ′2V  is the full speed of V 2; γ – the angle at which the 
collision occurred, in degrees. 

The following is the recorded projection of the law of 
conservation of pulses on the axis, which is perpendicular to 
the direction of movement of V 1:

⋅ = ⋅ + ⋅2 2 1 1 2 2 ,m V m U m U     (6)

where m2 is the mass of V 2.
Based on the expression (4), we obtained

( )
( )
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m V K
m U U

m m
 (7)

In numerical calculations, a case of a spe-
cific accident was considered, where V 1 was a 
Mercedes 814 car, and V 2 was a VAZ-21214 car. 

V 1 moved in a straight line at a distance of 0.4 meters from 
road markings No. 1.3. Vehicle 1 speed is ′ =1 40 km/h.V  
Workload – driver and cargo in a van weighing 300 kg. 
V 2 moved in a straight line at a distance of 2.1 meters to the 
right edge of the roadway. Vehicle 2 speed is ′ =2 60 km/h.V  

Fig.	2.	Scheme	of	tangential	collision	with	the	side	surfaces	of	vehicles	
with	subsequent	exit	to	the	oncoming	lane
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After changing its movement on the left, vehicle 2 
went to the left lane of the passing direction of 
movement where there was a collision of the front 
left part of V 2 with the right front of V 1. The 
workload was the driver and three passengers. At 
the time of the initial contact of V 2 and V 1, their 
longitudinal axes were at an angle of γ=10±5° and 
there was a passing, sliding collision. The road 
profile is horizontal, the type of road surface is 
asphalt concrete, the condition of the road surface 
is wet, clean. The total weight of V 1 is 7375 kg, 
V 2 – 1510 kg.

The results of calculating the impact force 
compared to the friction force are shown in Fig. 3. 

As can be seen from Fig. 3, only at γ=5°, provid-
ed that the duration of the impact Δt  is greater than 
0.13 s, the impact force is less than the friction force 
and the movement of V 1 in the lateral direction 
does not occur. In all other cases, there is an excess of the im-
pact force over the friction force, which means the loss of direc-
tional stability of V 1 and its movement in the lateral direction.

5. 2. Construction of a mathematical model for de-
termining the parameters of vehicle movement due to a 
tangential collision 

To determine the magnitude of the movement of V 1 in the 
lateral direction in the case of loss of its exchange rate stability, 
the theorem for the conservation of kinetic energy is applied [1]

⋅ ⋅
− = ⋅

2 2
1 1 1 10

frict ,
2 2

m U m U
F S     (8)

where U10=0 is the final speed of V 1 in the lateral direction; 
S is the lateral movement of V 1 after impact.

The value of the lateral movement of V 1 after impact in the 
case of loss of directional stability of movement was obtained

⋅ ⋅
= = =

⋅ ⋅ ⋅ ⋅ϕ ⋅ ⋅ϕ

2 2 2
1 1 1 1 1

frict 1

.
2 2 2Y Y

m U m U U
S

F m g g
    (9)

The results of the calculation are shown in Fig. 4. 
These calculations show that the value of the lateral 

movement of V 1 due to the impact and loss of stability 
ranged from 0.047 m at γ=5° to 0.415 m at γ=15°. That is, V 1 
after the collision was within its lane.

The time during which the lateral movement of V 1 oc-
curs after impact and loss of stability of movement

2
,

S
t

a
⋅

=      (10)

where a is the acceleration of V 1 in the lateral direc-
tion resulting from impact,

( )imp frict 1/ .a F F m= −     (11)

The distance that V 1 traveled during the lateral 
movement in the direction of its gradual movement, 
provided that there is no braking

1' ' .S V t= ⋅       (12)

In a lateral collision of vehicles with small angles 
of contact, it can be assumed that the movement S ’ 
occurred along a rectilinear trajectory. Then the angle 
of rejection of V 1 from the previous direction of move-
ment in degrees can be found as follows

180
arcsin .

S
S

 ψ = ⋅   π ′
    (13)

The results of the calculation of the angles of rejection of 
V 1 after the collision are shown in Fig. 5.

The time of movement of V 1 in the lateral direction to 
the boundary of the oncoming lane is

( )1

,
sin

х
t

V
=

⋅ ψ′
    (14)

where x is the distance from V 1 to the boundary of the on-
coming lane.

The results of the calculation of the time required for 
the exit of V 1 after a collision into the oncoming lane are 
shown in Fig. 6. At the value of the angles of rejection of 
V 1 close to 7–10°, the time of departure of V 1 into the 
oncoming lane is 0.65...1 s. This is equal to the reaction 
time of the driver, so the driver of V 1 could not use brak-
ing to prevent entry into the oncoming lane. At the value 
of the angle of rejection of V 1 close to 4–6°, the time of 
departure of V 1 into the oncoming lane is 1...1.5 s. This is 
almost equal to the sum of the driver’s reaction time and 

Fig.	3.	Impact	force	compared	to	friction	force	in	a	lateral	tangential	
collision	of	vehicles:	1	–	friction	force;	2	–	impact	force	at	γ=5°;		

3	–	impact	force	at	γ=10°;	4	–	impact	force	at	γ=15°

Fig.	4.	The	value	of	the	lateral	movement	of	V	1	due	to	impact
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the response time of the car’s brakes. Therefore, the driver 
of V 1, in this case as well, could not avoid leaving the lane 
boundary by applying braking.

In the case when the angle of rejection of V 1 is close 
to 1–3°,  the time of departure of V 1 into the oncoming lane 
is 2...4.5 s. This time allows the driver of V 1 to apply brak-
ing and avoid entering the oncoming lane. 

5. 3. Simulation results of the mechanism of tangent 
collision of vehicles 

For additional analysis of the lateral tangent collision of 
V 1 against V 2, a computer model was built in the Cybid 
V-SIM software environment. Several variants of modeling 
the collision process of V 1 against V 2 at small angles of 
contact γ=5°, 10°, and 15° were prepared (Fig. 7).

According to the results of computer simulation, the 
angle of rejection of V 1 due to the impact against V 2 was 
0.9° (according to the estimation model, 1.5–3°), the time of 
movement of V 1 to the side due to the impact to the bound-
ary of movement of vehicles in the opposite direction, was 
6.8 s (according to the estimation model, 2–4.5 s). 

According to the simulation results, the angle of devia-
tion of V 1 due to the impact of V 2 was 3.8° (according to 
the estimation model, 4–6°), the time of movement of V 1 to 
the side due to impact to the boundary of the lane of vehicles 
in the oncoming direction amounted to 1.34 s (according to 
the estimation model, 1–1.5 s). 

According to the results of computer modeling, the angle 
of rejection of V 1 due to the collision was 9.4°, which closely 
coincides with the range of the estimation model of 5–9°. 
The time of movement of V 1 sideways due to impact to the 
boundary of the lane of vehicles in the opposite direction was 
0.65 s (according to the estimation model, 0.65–1 s).

6. Discussion of results of modeling a tangential collision 
of vehicles in the reconstruction of a traffic accident

Owing to the combination of the law of conservation 
of momentum and the theory of impact, it was possible to 
construct a mathematical model for the study of accidents 
in a lateral tangential collision of vehicles at low angles. The 
proposed mathematical model makes it possible to study 
cross-collisions in cases where there are no traces of sliding 
and braking. Unlike works [17, 18], where the dynamics of 
braking of vehicles with anti-lock braking systems is inves-
tigated, the proposed mathematical model makes it possible 
to solve a number of inverse problems in the reconstruction 
of an accident. 

The results of our calculations, computer modeling, and 
reconstruction of the circumstances of a particular accident 
make it possible to draw certain quantitative conclusions:

1. Only at γ=5° the impact force due to the collision of 
V 1 against V 2 can be less than the friction force and the 
movement of V 1 in the lateral direction  does not occur, in 
all other cases (at γ=10° and γ=15°) there is an excess of the 
impact force over the friction force (Fig. 3), which means 
the movement of V 1 in the lateral direction with the loss of 
directional stability of movement.

Fig.	5.	Vehicle	rejection	angle	1:	
1	–	angle	of	contact	γ=5°,	2	–	γ=10°,	3	–	γ=15°

Fig.	6.	Vehicle	1	driving	time	from	the	moment	of	collision	to	
the	moment	of	exit	to	the	oncoming	lane

Fig.	7.	Results	of	side-by-side	tangent	collision	simulation	
in	Cybid	V-SIM	software	environment:	a	–	at	a	collision	

angle	value	of	γ=5°;	b	–	at	the	value	of	the	angle	of	contact	
γ=10°;	c	–	at	the	value	of	the	angle	of	contact	γ=15°

a

b

c
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2. The value of the lateral movement of V 1 as a result of the 
impact ranged from 0.047 m at γ=5° to 0.415 m at γ=15° (Fig. 4). 
That is, V 1 after the collision was within its lane.

3. As a result of the collision of V 1 and V 2, it deviated 
from the previous direction of movement:

a) with a collision angle value of γ=5°, the calculated  
angle of rejection of V 1 was about ψ=1.5‒3° (Fig. 5). Ac-
cording to the results of computer modeling, ψ=0.9° (Fig. 7). 
This range of rejection angles corresponds to the calculated 
values of the time interval t=2...4,5 s (Fig. 6). According to 
the results of computer modeling, t=6.8 s. This allows the 
driver of V 1 to apply braking and maneuver to avoid leaving 
the boundaries of his lane;

b) with a collision angle value of γ=15°, the  angle of re-
jection of V 1 was ψ=5–9° (Fig. 5). According to the results 
of computer modeling, ψ=9.4° (Fig. 7). This range corre-
sponds  to the values of t=0.65...1 s (Fig. 6). According to 
the results of computer modeling, t=0.65 s. This is equal to 
the sum of the driver’s reaction time and the response time of 
the car’s brakes, so the driver of V 1 could not avoid entering 
the oncoming lane;

c) at a collision angle of γ=10°, the angle of disposition of 
V 1  was approximately ψ=4–6° (Fig. 5). According to the 
results of computer  modeling, ψ=3.8° (Fig. 7). This range 
corresponds to the values of t=1...1,5 s (Fig. 6). According 
to the results of computer simulation, t=1.34 s. This is al-
most equal to the sum of the driver’s reaction time and the 
response time of the car’s brakes, so the driver of V 1 could 
not avoid entering the oncoming lane. 

The constructed mathematical model is based on the law 
of conservation of impulses, which leads to certain limita-
tions of its use. The proposed mathematical model can be 
used in collisions accompanied by minor deformations or 
damage to vehicles (collisions that are close to elastic). 

When using the constructed mathematical model in 
practice, the following disadvantages should be taken 
into account. The accuracy of calculations is significantly 
influenced by such parameters as the duration of the colli-
sion of vehicles Δt and the recovery coefficient Kimp. Their 
values are usually inaccurate and are given in a certain 
range of values [1, 7]. Therefore, in the implementation of 
practical calculations, one should take into account these 
factors.

These shortcomings necessitate further research to re-
duce the impact of inaccurate values of the collision duration 
of vehicles Δt and the recovery coefficient Kimp on the accu-
racy of our result.

7. Conclusions 

1. The problem of determining the possibility of losing 
directional stability of a vehicle and its movement in the 
lateral direction due to a cross-collision in the absence of slip 

and braking marks on the road surface has been considered. 
This allows for the reconstruction of the circumstances of an 
accident in cases where the driver does not have enough time 
to use the brakes, which often occurs during a tangential 
collision of vehicles.

The methodology for calculating the impact force, ex-
ceeding which over the friction force will lead to the 
displacement of the vehicle due to a side collision to the 
oncoming lane or curb and loss of directional stability of 
movement, is given. 

2. The constructed mathematical model of a lateral 
tangent collision of vehicles at low angles makes it possible, 
based on the speed of V 1 and V 2, the mass of V 1 and V 2, 
and the angle at which the collision occurred, to determine:

a) the magnitude of the lateral displacement of vehicles 
due to a side collision and the magnitude of the angle at 
which they move to the oncoming or passing lane, or curb;

b) the time of movement of vehicles into the oncom-
ing lane at a distance sufficient for collision with vehicles 
moving in the oncoming or passing direction. This makes it 
possible to conclude that drivers have the technical ability to 
avoid certain consequences of an accident.

3. The results of the numerical calculation of vehicle 
traffic parameters according to the constructed mathe-
matical model are consistent with the results of modeling 
the mechanism of lateral associated collision in the Cybid 
V-SIM software environment. Thus, for example, accord-
ing to the results of computer simulation, at the value of 
the angle of contact γ=15°, the  angle of deviation of V 1 
as a result of the impact against V 2 was 9.4° (according to 
the estimation model, 5–9°), the time of movement of V 1 
to the side due to the impact to the boundary of movement 
of vehicles moving in the opposite direction was 0.65 s 
(according to the estimation model, 0.65–1 s). Modeling 
and calculation data are also consistent with the data on 
a real accident. 
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