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This paper proposes a mathe­
matical model and a procedure for 
calculating the thermal state of the 
enclosing structure of the building, 
which includes an energy-active 
panel that accumulates solar radi­
ation due to the phase transition 
of the heat-accumulating material. 
The mathematical model is based on 
a two-dimensional non-stationary 
nonlinear equation of thermal con­
ductivity, which describes the pro­
cess of heat transfer in the bearing 
layer of the enclosing structure and 
the energy-active panel. The model 
also includes equations describ­
ing radiant heat transfer between 
opaque and translucent bodies. To 
correctly describe solar insolation, 
the ASHRAE 2009 model was used 
in conjunction with the daily change 
in the position of the Sun in the sky.

To solve the system of equa­
tions that make up the mathema­
tical model, an iterative procedure 
has been developed, which involves 
alternating solution at each time 
step of the two-dimensional equa­
tion of thermal conductivity and 
a set of algebraic equations of con­
vective and radiant heat transfer. 

The study’s result established 
that the amount of accumulated  
energy in the heat-accumulating  
material of the phase transition 
during daylight hours increases  
significantly, from 15 to 35 %. At 
night, the surface temperature of 
the heat-accumulating element in 
structures using a material with  
a phase transition is greater than in 
the case of heat accumulation only 
in the bearing layer. As a result, 
it is possible to select from 70 to 
120 % more accumulated heat while 
the presence of high-thermal parti­
tions in a heat-accumulating mate­
rial with a phase transition contri­
butes to an increase in accumulated 
heat and usable heat
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1. Introduction 

The problems of energy saving and the creation of 
energy-efficient buildings are relevant for the housing sec-

tor of many countries. Residential structures must meet 
a number of requirements, such as, for example, the 
shape [1–3], the orientation of the building [4, 5], the ma-
terials used to conserve energy [6–8], and the mechanisms 
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for heating/cooling the premises to create a favorable cli
mate [9–11], etc.

Methods of accumulating heat obtained primarily from 
renewable energy sources have recently become particularly 
popular in the field of creating energy-efficient residential 
buildings. In particular, the use of the heat of solar radiation 
is described in works [12–14] in the creation of new window 
structures and facades. The implementation of the heat accu-
mulation function is most often carried out through the use 
in enclosing structures of substances undergoing phase transi-
tions during a cyclic daily change in the outside air temperature.  
Among the works in this area, worth noting are [15, 16].

However, despite the popularity of this kind of enclosing 
structures, they have a number of drawbacks. Thus, when 
using energy-accumulating enclosing structures with ele-
ments of substances with a phase transition, there is a risk 
of increasing the flammability of the enclosing structure, as 
well as the ability to release toxic substances during thermal 
destruction and aging [17]. As another drawback of enclos-
ing structures of this type, one can note their «binding» to 
a specific region of the building placement, i.e., the need to 
calculate their parameters taking into account the climatic 
characteristics of the region. Thus, the task of designing 
effective enclosing structures that accumulate the energy of 
solar radiation is still relevant. Its solution will lead to energy 
savings and costs for the reconstruction and construction 
of facilities for the storage and transportation of raw mate-
rials used to generate energy, for example, industrial pipe-
lines [18], tanks using composite material [19, 20], conven-
tional steel tanks [21, 22], and other shell structures [23–25].

2. Literature review and problem statement

In the modern scientific literature, there is a large body 
of research on the selection and optimization of energy-accu-
mulating enclosing structures in order to eliminate the above 
shortcomings. A special place among the well-known scientific 
research belongs to the development of methods for studying 
the process of energy accumulation itself. Experimental field 
studies [13] and methods of classical mathematical model-
ing [14, 15] are actively used, which in all these cases requires 
a large amount of costs and time, respectively. Obviously, 
without mobile mathematical tools, it is impossible to conduct 
multivariate studies of the developed enclosing structures and 
choose a rational design in the shortest possible time. Stan-
dard verified CFD packages (ANSYS Fluent, PHOENICS, 
OpenFOAM, etc.) have become widespread for modeling 
thermophysical processes. These packages are also used in 
solving problems of construction thermophysics, in particular 
for the study of thermophysical processes occurring in enclos-
ing structures with heat-accumulating material (HAM) with  
a phase transition [16]. At the same time, it should be noted that 
in such CFD packages, the modeling of convective-conductive 
heat transfer is carried out by the Navier-Stokes equation, ave
raged by Reynoslds and the thermal conductivity equation. 
Despite the fact that, as a rule, it is possible to describe the 
ongoing thermophysical process quite accurately, the main 
disadvantage of CFD packages is the long calculation time.

The design of external enclosures contributed to the de-
velopment of passive heat use systems for solar energy, the 
structure of which combines layers with high heat accumula-
tion capacity and a heat-insulating light-permeable layer [26]. 
In the process of insolation by sunlight, the light-permeable 

layer passes the sun’s rays to the inner layer. Also, due to the 
greenhouse effect, this layer prevents the transfer of heat in the 
opposite direction by radiation, thermal conductivity, and con-
vection from the surface of the heat-accumulating layer. In this 
case, the inner layer of heat-accumulating material can be made 
solid or with ventilation channels and a ventilated air gap [27]. 
In the first case, there is an accumulation of heat in the layer 
and transfer to the inner surface of the enclosure. In the second 
case, the heat of solar radiation is used to heat the ventilation 
air from the room. However, the use of ettringite materials in 
concrete walls will reduce the mechanical characteristics of the 
structure and is only suitable for lightweight buildings.

Studies [28, 29] reported extensive comparison of the en-
vironmental characteristics of different thermal energy sto
rage materials, including phase-transition materials, thermo-
chemical materials, and sorption materials. However, these 
studies discuss the methodological basis of the study and 
present the results of the environmental assessment of the  
selected materials. 

Heat-accumulating materials (HAM) with phase transition  
with latent heat are very popular due to their high storage den-
sity and constant temperature during the phase transition [30]. 
The main requirement for the application of HAM in buildings 
and the study of the impact of their use on the indoor environ-
ment and the energy efficiency of the building is the correct de-
termination of the thermophysical properties of HAM. There-
fore, the design and modeling of HAM cannot be performed 
without verified input data and their properties [31] but the 
work reports results of numerical analysis using a biocom-
posite (biochar) without comparative data with other HAM.

Among the most environmentally friendly organic ma-
terials, paraffins are more suitable HAM for residential 
buildings. Since the melting point of paraffins depends on the 
number of carbon atoms, these materials have a wide range of 
applications for accumulating various thermal energy, includ-
ing solar energy [32]. One of the disadvantages of paraffins is 
their high flammability. However, due to their non-corrosive 
properties, paraffins can be encapsulated in a number of 
metallic and other materials [33], which makes it possible to 
overcome the risk of HAM leakage and eliminate interaction 
with the building structure. The use of alternative solar ener-
gy in buildings has its own characteristics related to the num-
ber of stories of the building, the complexity of the planning 
solution of objects, and the heat supply scheme [34].

Study [35] describes the energy-saving design of an 
external enclosure with an energy-active panel. This panel 
increases the energy activity and heat storage capacity of 
the external enclosure of the building through the use of 
a wall panel with heat-accumulating material and inclusive 
elements [36]. The panel intensifies the heat exchange be-
tween the air channel in the enclosure [37], the housing and 
the heat-accumulating material in the panel. According to 
the results reported in [38], it is shown that the inclusion 
of 5 % microencapsulated HAM in concrete can save up to 
12 % of thermal energy for heating the room. In addition, 
the inclusion of HAM in building structures can reduce 
room temperature fluctuations when external temperatures 
change. Thus, the content of commercial paraffin of about 
30 % in concrete walls can reduce daytime temperatures by 
10 °C [39]. In addition to concrete, HAM can be included 
in frame walls made of light wood, windows, and other  
structures [40]. It follows that integrating HAM into build-
ing components works well to maintain a comfortable tem-
perature inside buildings. 
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Despite the fact that there are many research methods for 
developing a qualitative and accurate HAM model discussed 
in this section, the question of studying the advantages and 
disadvantages of using HAM remains open. This is due to 
the fact that for the practical use of HAM it is necessary 
to accurately determine the parameters and structures of 
buildings, to study the thermal characteristics of building 
materials containing HAM, where the timing of the selection 
and modeling of the appropriate structure is also important. 

Taking into account the above, it is justified to conduct 
a study aimed at building a simplified mathematical model of 
heat transfer in enclosing structures with HAM.

3. The aim and objectives of the study

The purpose of this study is to construct a simplified 
mathematical model of heat transfer in enclosing structures 
with HAM, which could significantly reduce the time of cal-
culations for the development of a high-quality and accurate 
model of the enclosing structure with HAM.

To accomplish the aim, the following tasks have been set:
– to select and substantiate the structure of the mathe-

matical model of an energy-active enclosing structure with 
HAM, which has the feature that HAM is contained in 
a  rectangular panel;

– to calculate the process of accumulation of solar energy 
in the enclosing structures of buildings using inserts with 
materials with a phase transition.

4. The study materials and methods

The problem was considered in a conjugate statement, 
taking into account the convective heat exchange between 
the structural elements and the air moving in the air gaps 
and the supply system, and the removal of air from the room. 
Radiant heat exchange was taken into account both with the 
environment (primarily the effect of insolation) and between 
the structural elements of the enclosing structure. This is jus-
tified since in the processes of heat exchange in the considered 
variants of enclosing structures, a significant role, in addition 
to thermal conductivity through solid structural elements, is 
played by convective and radiant components of heat transfer.
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Fig. 1. Conventional energy-active enclosing structure: 	
1 – double-glazed window; 2 – bearing layer; 3 – air gap; 	

4 – supply channel; 5 – outlet channel
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Fig. 2. Energy-active enclosing structure with 	
heat-accumulating material with phase transition: 1 – double-

glazed window; 2 – bearing layer; 3 – air gap; 4 – supply 
channel; 5 – outlet channel; 6 – heat-accumulating material 

with phase transition
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Fig. 3. Energy-active enclosing structure with 	
partitions in the energy-active panel: 1 – double-glazed 

window; 2 – bearing layer; 3 – air gap; 4 – supply channel; 	
5 – outlet channel; 6 – heat-accumulating material with 

phase transition; 7 – metal partitions

When constructing a mathematical model of thermal pro-
cesses, the options for enclosing structures shown in Fig. 1–3 
were considered.

In the above structures (Fig. 1–3), the following assump-
tions were accepted:

1. The unevenness of the temperature field in the horizon-
tal direction along the enclosing structure (that is, in the di-
rection of the coordinate perpendicular to the sections shown 
in Fig. 1–3) was neglected due to the fact that the length of the 
fragment of the enclosing structure in question is quite large.

2. Heat exchange on the upper and lower faces of fragments 
of enclosing structures depicted in Fig. 1–3 was neglected.

3. The processes of absorption and emission of radiative 
heat by air masses contained in the layers of the enclosing 
structure were not considered. At the same time, it was 
believed that only glasses and an energy-active panel take 
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part in radiant heat transfer. The participation of other sur-
faces in radiant heat transfer is insignificant due to their size  
and orientation.

4. The weakening of insolation due to cloudiness was 
not taken into account, in other words, sunny days were 
considered. When simulating several days of operation of an 
energy-active enclosing structure, a change in the duration of 
daylight was neglected.

5. It was believed that the spread of thermal disturban
ces in glasses occurs quite quickly compared to changes in 
thermal effects external to them (both from the street and 
from the side of the energy-active panel). In other words, 
the thermophysical process in the double-glazed window is 
quasi-stationary. Heat flows in glass in the vertical direction 
were also neglected, due to its relatively small thickness and 
insignificant change in temperature vertically.

6. Free-convective motion of the liquid phase of HAM 
was not considered. If its temperature at some point is in the 
range between liquidus and solidus, then the motion of the 
molten components in it will be blocked by the still unmelted 
components. The movement of HAMFP in the zone of total 
melt (above the liquidus point) was also neglected due to the 
fact that it is in a narrow layer [41, 42]. At the same time, we 
did not consider separately the subregion in which the phase 
transition occurs and record a detailed mathematical model 
in the form of a Stephan problem, describing the movement 
of the phase transition front [41, 42]. The approach [42] was 
applied, which makes it possible to describe the process of 
heat transfer by a single equation of thermal conductivity by 
combining the specific heat of the phase transition and the 
true heat capacity of HAMFP into the coefficient of effective 
heat capacity cef :

c
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T T
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where L is the specific heat of the phase transition; Tsol – so
lidus; Tliq – liquidus; c = c(T) is the true specific heat; T is the 
temperature.

5. Results of the construction of a simplified 
mathematical model of heat transfer in enclosing 

structures with heat accumulation material  
with phase transition

5. 1. Selection and substantiation of the structure of 
the model of the enclosing structure with a heat-accumu-
lating material with a phase transition on the example of 
energy-active enclosing structures

A mathematical model of heat exchange in enclosing 
structures with HAM was built on the example of energy-ac-
tive enclosing structures, in which HAM is contained in  
a rectangular panel fixed on the bearing layer of the enclosing 
structure, as shown in Fig. 1. The outer layer of this struc-
ture is made in the form of a double-glazed window made 
of two glasses 1, through which solar radiation passes. The 
double-glazed window separates the air gap from the bearing 
layer 2. To remove the accumulated heat inside the room in 
the bearing layer, the supply 4 and exhausting 5 air channels 
are organized. On the surface of the bearing layer, there is an 
energy-active panel made in the form of a layer of HAM 6, 

enclosed in a thin metal case. Commercial paraffin with  
a fairly low melting point is considered as HAM.

Fig. 2 shows a version of the energy-active panel, in which 
it is divided into chambers by horizontal metal partitions 7, 
which improve the thermal conductive properties of the panel.

A comparison of the proposed options for the energy-ac-
tive panel with the conventional one, which does not contain 
HAM (Fig. 1), was carried out.

The separation of accumulated heat and its transfer to 
the room is carried out as a result of convective heating of air 
in gap 3 when it comes into contact with the surface of the 
bearing energy-active panel (Fig. 2, 3) and the subsequent 
removal of heated air into the room. Such a flow can be orga-
nized in two ways:

– due to natural thrust, in the system the supply chan-
nel 4 – air gap 3 – the outlet channel 5, which arises as a re-
sult of heating the air in gap 3;

– due to the injection of air by a fan installed in the sup-
ply channel 3.

At the same time, in cases where a sufficient amount of heat 
has not accumulated in the enclosing structure or when there 
is no need to transfer heat to the room, the movement of air 
can be blocked by turning off the fan and closing the channels.

As a result of simplifications, the temperature field in the 
energy-active panel and the bearing layer can be described by 
a non-stationary two-dimensional heat-conductivity equation:

c
T
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where c is the specific heat capacity (effective (1) for HAM 
and true for other materials); ρ – density; T – temperature; 
t – time; x, y – spatial coordinates; λ – thermal conductivity.

It should be noted that even if the change in the thermal 
conductivity coefficients of materials as a function of tempera-
ture can be neglected, equation (2) is nonlinear due to the de-
pendence on the temperature of the effective heat capacity (1).

Equation (2) is considered only in a rectangular spatial 
region, of width δ1+δТАМ and height H (Fig. 1, 2). The origin 
of the Cartesian rectangular coordinate system is in the lo
wer left corner of the energy-active panel. At the boundaries 
of this calculation area, the following boundary conditions 
are specified:
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At the top:
– during heat extraction (channels are open): 
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– when accumulating heat (channels are closed): 
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– during heat extraction (channels are open): 
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– when accumulating heat (channels are closed): 

λ
∂
∂

=
=

T
y

y 0

0, 	 (7)

where αch in, αch out are the heat transfer coefficients on the 
wall of the supply and discharge channels; Tint – indoor air 
temperature; Tout is the air temperature in the outlet channel.

To the left:

λ α
∂
∂

= −( ) −
=

=

T
x

T T q
x

ef x ext irr
0

0
, 	 (8)

where αef is the heat transfer coefficient from the surface of 
the energy-active panel x = 0 to the environment; Text – out-
door temperature; qirr is the density of the heat flux of solar 
radiation absorbed by the surface of the energy-active panel.

qirr = eHAM⋅Tgl ⋅Tgl ⋅qins.	 (9)

To calculate the intensity of solar radiation qins falling on  
a vertical surface, we use the ASHRAE 2009 model [43] toge
ther with the daily change in the position of the Sun in the sky. 

A mathematical model of the equations of the quasi-sta-
tionary process of heat transfer from the surface of a heat-ac-
cumulating structural element (HASE) to the environment 
was built using dependences describing conductive-convective 
heat transfer through vertical air gaps and one-dimensional 
equations of thermal conductivity through a flat wall. For this, 
the height-average temperatures of the glasses were considered.

Let us introduce the following symbols:
– Tgl11 – temperature of the outer surface of the outer glass;
– Tgl12 – temperature of the inner surface of the outer glass;
– Tgl21 – temperature of the outer surface of the inner glass;
– Tgl22 – the temperature of the inner surface of the in-

ner glass.
– Tac – averaged height of the surface temperature of the 

energy-active panel:

T t T y t y Hac

H

( ) = ( )∫ 0
0

, , .d 	 (10)

It should be noted that these temperatures depend only 
on time.

To describe the conductive-convective heat transfer 
through vertical air gaps between the flat walls, a model of 
heat transfer through a fixed layer with an effective coeffi-
cient of thermal conductivity λk [44] was used, which takes 
into account both convection and thermal conductivity, and 
is determined as follows:

λef = λb at Ra<104,

λef = λb⋅0.062⋅Ra1/3 at 104<Ra<107,	 (11)

λef = λb⋅0.22⋅Ra1/4 at 107<Ra<1010,

where λb is the true value of the coefficient of thermal con-

ductivity of air; Ra =
g Tδ b

n

3 D
Pr is the Rayleigh number;  

g is the acceleration of free fall; δ – thickness of the air gap;  
b – the coefficient of volumetric thermal expansion, which 
for air in the case of normal conditions can be taken to be 
equal to 1/273 K; DT is the temperature difference on the 

opposite walls of the air gap; n – coefficient of kinematic 
viscosity of air; Pr is the Prandtl number.

The values λb, n and Pr and Pr when using expressions (11) 
are taken at average values of temperature and pressure in 
the air gap. Obviously, the pressure drop in this case can be 
neglected and taken to be equal to one atmosphere.

For the air gap inside the double-glazed window, the 
Rayleigh number is of the form:

Ragl

bgl gl gl
t

g T t T t T
( ) =

( ) − ( )( )δ b

n

3
21 12 D

Pr, 	 (12)

and for the air gap between the double-glazed window and 
the energy-active panel:

Rab

b gl ac
t

g T t T t T
( ) =

( ) − ( )( )δ b

n

3
22 D

Pr. 	 (13)

In this case, in the first air gap, the values of λb, n and Pr 
are taken at a temperature (Tgl21(t)+Tgl12(t))/2, and in the 
second air gap at a temperature (Tgl22(t)+Tac(t))/2.

As a result, using a one-dimensional mathematical model 
of heat transfer through a flat plate, the following ratios can 
be recorded for the density of heat flux passing through air 
gaps and glasses.

q(t) = λgl⋅(Tgl12(t)–Tgl11(t))/δgl+qr1,	 (14)

q(t) = λef gl(t)⋅(Tgl21(t)–Tgl12(t))/δb gl+qr2,	 (15)

q(t) = λgl ⋅(Tgl22(t)–Tgl21(t))/δgl+qr3,	 (16)

q(t) = λef b(t)⋅(Tac(t)–Tgl22(t))/δb+qr4,	 (17)

where λgl is the thermal conductivity of the glass; δgl – glass 
thickness; δb gl – the thickness of the air gap in the double- 
glazed window; δb – the thickness of the air gap between the 
double-glazed window and the energy-active panel; qr is the 
radiant component of the heat flux, which is derived from  
the Stefan-Boltzmann equation.

The heat flow from the surface of the outer glass to the 
environment is as follows:

q(t) = αext⋅(Tgl11–Text),	 (18)

where αext is the heat transfer coefficient, which takes into 
account not only the convective, but also the radiant compo-
nent of heat exchange with the environment.

Due to the assumption of the quasi-stationarity of the 
heat transfer process through the air gap and the double- 
glazed window, the left-hand parts of equations (14) to (18) 
are equal to each other.

It should be noted that equations (15), (17) are nonlinear 
algebraic equations since the effective coefficients of thermal 
conductivity λef gl and λef b nonlinearly depend on the corre-
sponding Rayleigh numbers, which in turn are nonlinearly de-
pendent on the temperatures Tac(t), Tgl22(t), Tgl21(t) and Tgl12(t).

As a result, the expression for the coefficient of heat 
transfer αef in expression (8) can be written using the ratios 
for thermal resistance of the multilayer structure, as follows: 
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To find the air temperature in the outlet channel Tout, write 
down the expression for the amount of heat per unit time Q 
spent on heating the air when it passes in the air gap between 
the double-glazed window and the energy-active panel:

Q(t) = сp(t)⋅G(t)⋅(Tout(t)–Tint(t)),	 (20)

where cp is the heat capacity of the air at averaged values of 
temperature and pressure in the air gap; G is the mass flow 
rate of air.

On the other hand, this same amount of heat can be pro-
duced as the difference between the amount of heat supplied 
to the air through the surface of the energy-active panel and 
the amount of heat drawn from the air through the double- 
glazed window:

Q(t) = F⋅αb(t)⋅(Tac(t)–Tb(t))–F⋅αb(t)⋅(Tb(t)–Tgl22(t)),	 (21)

where F is the surface area of the energy-active panel, it is also 
the area of the double-glazed window; αb – the heat transfer 
coefficient, which we take to be the same on the surface of 
HASE and on the glass; Tc is the average value of the air tem-
perature in the gap.

Equating the right parts (20) and (21) and assuming 
Tb(t) = (Tout(t)+Tint(t))/2, the following is obtained:

сp(t)⋅G(t)⋅(Tout(t)–Tint(t)) = 

= F⋅αb(t)⋅(Tac(t)+Tgl22(t)–Tout(t)–Tint(t)).	 (22)

Considering:

F = B⋅H,

G = ρb⋅B⋅δb⋅v,

where B is the length of the considered energy-active enclos-
ing structure in the horizontal direction, ρb is the density of 
air averaged over the gap, v is the velocity of the air flow in 
the gap, expression (22) produces the following equation for 
finding Tout(t):

сp(t)⋅ρb(t)⋅δb⋅v(t)⋅(Tout(t)–Tint(t)) =

= H⋅αb(t)⋅(Tac(t)+Tgl22(t)–Tout(t)–Tint(t)).	 (23)

Speed v(t) can be determined from the volumetric flow 
rate of air through the gap, which, in turn, is calculated from 
the pressure difference. Pressure is generated by the fan and 
atmospheric pressure (in the case of air injection into the gap 
by a fan) or from the pressure difference due to the expansion 
of the air when heated (in the case of natural thrust in the  
air gap). Heat capacity сp(t) and density ρb(t) are taken at 
atmospheric pressure and the average temperature and pres-
sure in the air gap Tb(t) = (Tout(t)+Tint(t))/2.

The coefficient of heat transfer αb on the surface of the 
glass unit and HASE, as well as the coefficients of heat trans-
fer αch in, αch out on the surfaces, are calculated on the basis of 
the relationships between the Nussleit and Reynolds num-
bers for forced convection in the channels [41].

Having solved equation (23) with respect to Tout(t), it 
is possible to obtain the value of the air temperature in the 
exhaust channel. Note that since the properties of air сp and 
ρb and the heat transfer coefficient αb depend on the averaged 

air temperature, which, in turn, is calculated on the basis of 
the value of Tout, then (23) is a nonlinear algebraic equation.

The initial conditions for equation (2) were determined 
on the basis of the solution of the stationary analog of the 
above mathematical model. It was also believed that qins = 0. 
From a physical point of view, this would almost correspond 
to the fact that at the initial moment of time the thermal state 
of the enclosing structure was set, established before dawn af-
ter several days, where external weather conditions remained 
unchanged, and daytime solar radiation was significantly 
weakened by a dense layer of clouds. It is possible to assign 
another set of initial conditions that can be obtained as a re-
sult of solving an auxiliary non-stationary problem that sim-
ulates the operation of the enclosing structure in question for 
several days under conditions of periodic external influences. 
This process proceeded until the steady-state temperature 
regime was reached, which does not depend on the initial 
conditions of this auxiliary non-stationary problem.

Since the above mathematical model is nonlinear and 
contains both a partial differential equation with initial and 
boundary conditions and algebraic equations, an iterative 
process was used to solve it.

The non-stationary equation of thermal conductivity (2) 
was solved by the method of finite differences, for which a finite 
difference approximation of equation (2) and boundary condi-
tions (3) to (7) was written. During the transition in the deci-
sion process from the k-1 time layer of the difference grid to the 
k-th time layer, the following procedure was used to calculate 
the values of the heat transfer coefficient αef and the tempera-
ture Tout. Since they appear in the resulting difference scheme. 

Based on the temperature values obtained on the k–1 
time layer, the surface temperature of the energy-active panel 
Tac

k( )−1  was calculated according to the numerical integration 
of expression (10) in the nodes of the difference stack. As-
suming T t Tac ac

k( ) = −( )1  in equation (17), we obtained a system 
of five algebraic equations (14) to (18) with five unknowns 
Tgl11(t), Tgl12(t), Tgl21(t), Tgl22(t), q(t), each of which corre-
sponds to a time point tk. This nonlinear system is solved 
by simple iterations by moving from the surface of the ener-
gy-active panel to the outer surface of the glass unit. As an 
initial approximation for the values Tgl11, Tgl12, Tgl21, Tgl22, in 
such an iterative process, the values of the desired tempera-
tures found in the previous time step are taken: Tgl11 (tk–1), 
Tgl12 (tk–1), Tgl21(tk–1), Tgl22(tk–1). As a result of this iterative 
solution of the system of equations (14) to (18), we find both 
temperature values Tgl11(tk), Tgl12(tk), Tgl21(tk), Tgl22(tk) and 
the values of the effective coefficients of thermal conducti
vity λef gl, λef b on the k-th time step. Then, using these values, 
the heat transfer coefficient aef

k( ) was found according to (19).
If, at the k-th time, the accumulated heat is selected, 

then it is also necessary to solve equation (23) assuming 
Tac(t) = Tac(tk–1) and Tgl22(t) = Tgl22(tk). As a result of its solu-
tion, we obtain the current value of Tout(tk), and simultane-
ously find the current value of the mass flow rate G, on the 
basis of which it will be possible to calculate the values of the 
heat transfer coefficients αch in(tk) and αch out(tk).

Knowing αef(tk) (as well as αch in(tk) and αch out(tk) in the 
case of heat extraction at the k-th point in time), it is possible 
to solve the equations of the difference scheme that approxi-
mate the thermal conductivity equation and boundary condi-
tions, and to find the temperature values in the nodes of the 
difference grid for the k-th point in time.

At the end of all these calculations, in the k-th time step, 
it is possible, multiplying by a time step the value found  
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according to (20), to obtain the amount of usable heat selec
ted from the energy-active enclosing structure in the interval 
between the k–1 and k-th moments of time.

5. 2. Calculation of the process of accumulation of 
solar energy in the enclosing structures of buildings using  
a phase transition

The given mathematical model and the procedure for 
modeling thermal processes in energy-active enclosing struc-
tures were used for a comparative analysis of the above-de-
scribed options for the execution of the enclosing structure. 

Results for five versions of energy-active enclosing struc-
tures. Option 1 corresponds to Fig. 1 with the design parame-
ters given in Table 1. Option 2 corresponds to Fig. 2 with the 
design parameters given in Table 1. Option 3 corresponds to 
Fig. 3 with the design parameters given in Table 1 for the case 
of high-thermally conductive inclusions that break a heat-ac-
cumulating material with a phase transition in an energy 
active panel into five chambers. Option 4 differs from Option 
3 in doubling the number of high-thermal inclusions. Option 
5 corresponds to Fig. 2 with the design parameters given in 
Table 1, with the application of a heat-reflecting coating of 
aluminum foil to the surface of the energy-active panel.

For a comparative analysis of energy-active enclosing 
structures, their operation for two days under the most ex-
treme conditions was considered, namely at the shortest day-
light hours and under the conditions of the coldest five-day 
week in Shymkent (Republic of Kazakhstan). According to 
the normative documents of the Republic of Kazakhstan in the 
sector of architecture and construction, the following values 
were adopted: Text = –15 °C; Tint = 20 °С; αext = 23 W/(m2⋅K);  
αint = 8.7 W/(m2⋅K). The length of daylight was taken to be 
9 hours, which roughly corresponds to this parameter during 
the winter solstice at the latitude of Shymkent.

As a determining parameter when comparing energy-ac-
tive enclosing structures, the amount of energy EA, which is 
accumulated in the enclosing structure, with an area of 1 m2, 
was considered.

The selection of accumulated heat began immediately 
after sunset. It continued until the surface temperature of 
the heat-accumulating structural element, as a result of the 
selection of heat accumulated during daylight hours, did not 
drop to a value corresponding to the air temperature in the 
room, Tables 2, 3.

Table 1

Parameters of energy-active enclosing structures

Parameter
Variant 

1
Variant 

2
Variant 

3

Bearing layer thickness, δ1, mm 400 300 300

Thickness of energy-active panel, 
δHAM, mm

– 100 100

Air clearance width, δb, mm 120 120 120

Thickness of window glass δgl, mm 4 4 4

Distance between glasses, δb gl, mm 12 12 12

Thickness of partitions in TAMFP, 
mm

– – 2

Number of partitions in TAMFP – – 4

Height of energy-active panel H, mm 1400 1400 1400

Material of the bearing layer bricklay bricklay bricklay

Material of the body of the energy- 
active panel and partitions

– steel steel

Thermal conductivity TAMFP,  
W/(mK) [45]

0.21 0.21 0.21

Heat capacity of TAMFP,  
kJ/(kgK) [45]

2.1 2.1 2.1

TAMFP density, kg/m3 900 900 900

Melting point TAMFP, С° 28–41 28–41 28–41

Specific heat of TAMFP melting, 
kJ/kg

200 200 200

Table 2

Mode parameters of energy-active enclosing structures in the first day of solar energy accumulation 	
in the case of selection of accumulated heat due to natural thrust

Parameter, units of measurement Variant 1 Variant 2 Variant 3 Variant 4 Variant 5

Temperature of the outer surface of HASE at sunrise, °C –4.0 –5.3 –4.3 –3.7 –5.3

Maximum temperature of the outer surface of HASE, °C 85.7 67.6 59.8 52.9 20.1

Time to reach the maximum surface temperature of HASE, hour:minute 5:57 5:47 5:52 5:58 6:06

Temperature of the outer surface of HASE at the time of the beginning of the ex-
traction of usable heat, °C

48.0 39.2 38 36.9 9.9

Maximum temperature at the point of contact of HASE with the bearing layer, °C 40.9 21.5 23.0 25.6 9.3

Time to reach the maximum temperature at the point of contact of HASE with the 
load layer, h:m

8:55 18:01 15:17 13:16 12:32

Maximum accumulated heat, MJ (1 m2) 14.5 16.7 17.5 18.3 3.9

Time to reach the maximum accumulated heat, h:m 8:13 8:32 8:33 8:35 8:19

Accumulated heat at the time of the beginning of the selection of usable heat, MJ 14.1 16.5 17.3 18.2 3.8

Selected usable heat per day 0.91 1.78 1.79 1.79 –

Duration of usable heat extraction, h:m 3:12 6:54 7:08 7:17 –

Heat loss from sunset to sunrise, MJ 6.3 6.2 6.6 6.8 1.5
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Fig. 4–7 show the above options for energy-active en-
closing structures during the first 48 hours after the change 
of cloudy weather to clear. The beginning of the countdown 
corresponds to the sunrise on the first clear day. After each 
sunset, the accumulated thermal energy is selected due to 
forced convection as a result of pressure injection by a fan 
in the supply channel. The numbering of the curves corre-
sponds to the serial numbers described above of the three 
schemes of the enclosing structure. Fig. 4 shows the change 
in altitude-averaged temperature on the surface absorbing 
solar radiation. 
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Fig. 4. Dependence of temperature on the surface absorbing 
solar radiation on time: 1 – option 1; 2 – option 2; 	

3 – option 3; 4 – option 4; 5 – option 5

Fig. 5 shows the amount of thermal energy accumulated 
in the enclosing structure, starting from the zero moment of 
time, per 1 m2. Fig. 6 – a temperature change at the junction 

of the energy-active panel and the bearing layer of the enclos-
ing structure averaged in height (for option 1 – the change in 
temperature in the bearing layer of the depth corresponding 
to the thickness of the energy-active panel considered in 
other variants). Fig. 7 shows the amount of usable thermal 
energy selected from the accumulating element and allocated 
to the room, based on 1 m2 of the enclosing structure.

As can be seen from the above Fig. 3–6 and Tables 1–3, in 
the case of HAM, the accumulating element of the enclosing 
structure heats up faster compared to other versions. The 
rate of cooling of this surface after the cessation of exposure 
to solar radiation is also the greatest. Applying a reflective 
coating to the surface of the energy-active panel significantly 
reduces the accumulation of heat in it, which is why Option 5 
is not shown in Fig. 7.
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Fig. 5. Accumulation of thermal energy dependent on time 
indicator: 1 – option 1; 2 – option 2; 3 – option 3; 	

4 – option 4; 5 – option 5

Table 3

Mode parameters of energy-active enclosing structures on the second day of solar energy accumulation 	
in the case of selection of accumulated heat due to natural thrust

Parameter, units of measurement Variant 1 Variant 2 Variant 3 Variant 4 Variant 5

Surface temperature of HASE at sunrise, °C 6.3 7.2 10.6 12.2 –2.2

Maximum surface temperature of HASE, °C 91.5 73.3 65 57.7 22.2

Time to reach the maximum surface temperature of HASE, h:m 29:52 30:01 30:01 30:04 30:03

Surface temperature of HASE at the time of the beginning of the extraction of 
usable heat, °C

52.9 40.0 39.2 38.5 11.8

Maximum temperature at the point of contact of HASE with the bearing layer, °C 49.3 26.5 27.8 29.1 11.9

Time to reach the maximum temperature at the point of contact of HASE with 
the bearing layer, h:m

32:47 46:41 41:39 38:36 35:50

Maximum accumulated heat, MJ 19.3 23.6 24.6 25.9 5.7

Time to reach the maximum accumulated heat, h:m 32:01 32:23 32:25 32:27 32:07

Accumulated heat at the time of the beginning of the selection of usable heat, MJ 18.8 23.4 24.4 25.7 5.6

Selected usable heat per day 1.4 2.2 2.5 2.8 –

Duration of usable heat extraction, hour:minute 4:36 9:03 10:38 12:01 –

Heat loss from sunset to sunrise, MJ 8.4 8.2 8.6 9.0 2.2
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 Fig. 6. Dependence of temperature at the junction of the 

energy-active panel and the bearing layer of the enclosing 
structure on time: 1 – option 1; 2 – option 2; 3 – option 3; 

4 – option 4; 5 – option 5
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6. Discussion of results of investigating the process of 
accumulation of solar energy in the enclosing structures 

of buildings using phase transition

Daily temperature maxima on the surface receiving solar 
radiation are observed at times around 6 and 30 hours, which 
corresponds to 6 hours after sunrise. Despite the fact that 
after these moments the enclosing structure is exposed to 
solar radiation for another 3 hours, the surface temperature 
begins to decrease due to the fact that the Sun has passed the 
zenith and the intensity of insolation begins to weaken. The 
maximum temperature in the second 24 hours exceeds the 
temperature maximum in the first day by 4–6 °C, depending 
on the version of the enclosing structure for Options 1–4 and 
2 °C for Option 5. The shift of the maximum in time to an 
earlier moment in the second 24 hours occurs, obviously, be-
cause due to the higher temperature on the surface of HASE, 
heat loss through the double-glazed window increases.

At a depth corresponding to the thickness of the ener-
gy-active panel (Fig. 6), the daily temperature maxima are 
shifted in time to later moments, which differ depending on 

the design of the enclosing structure. Obviously, this delay in 
temperature maxima at this point of the enclosing structure 
compared to the maximums of temperature on the surface 
is associated with the thermal inertia of HASE, and the 
difference in the magnitude of this shift in different versions 
of the enclosing structure is explained by the different ratio 
between the heat capacity and thermal conductivity of its 
elements. At the same time, a general pattern is observed: the 
earliest moments of maxima are characteristic of the variant 
of the execution of the enclosing structure without HAM 
with a phase transition (option 1), in the case of the presence 
of HAM, temperature maxima are observed later, the less 
high-thermal inclusions are located in HAM. At the same 
time, it should be noted that at this depth, the temperature, 
even at the moments of peak heating, does not reach the liq-
uidus point, that is, HAM of the selected thickness does not 
melt completely at the farthest points from the surface of the 
energy-active panel that absorbs solar radiation. To choose 
the optimal thickness of the energy-active panel, which may 
depend on many factors, both external weather and internal 
structural, it is necessary to conduct additional research.

As for the amount of heat accumulated in the energy-ac-
tive enclosing structure, its maximum is reached in 0.5–
1.5 hours (depending on the version of the enclosing struc-
ture) before sunset (Fig. 5). After this point, the absorbed 
solar radiation can no longer compensate for heat loss from 
the surface of HASE through the double-glazed window into 
the surrounding space, and the amount of accumulated ener-
gy begins to decrease. At time points 9 and 33 hours, there is  
a violation of the smoothness of the curves on the graph, 
which is caused by a sharp increase in heat dissipation from 
HASE due to the fact that the extraction of usable heat to 
heat the room is added to the heat loss to the environment. 
Fig. 5 shows that the presence of HAM in the enclosing 
structure (options 2–4) significantly increases the amount 
of accumulated thermal energy, compared with the accumu-
lation of heat exclusive in the load layer (option 1). At the 
same time, an increase in the number of high-thermally con-
ductive inclusions contributes to an increase in the heat-ac-
cumulating properties of the enclosing structure. At the same 
time, the application of a reflective coating to the surface of 
the energy-active panel (option 5) significantly reduces the 
accumulation of heat in it.

The plots illustrating the change in the amount of usable 
heat discharged to the room (Fig. 7) demonstrate that the 
selection of usable heat, which began with the sunset, does 
not continue throughout the dark part of the day. It lasts 
only about 5.5 hours on the first day (without HAM – about 
2.5 hours) and up to 8 hours (depending on the version of 
the enclosing structure) on the second day. After that, the 
temperature of the surface from which the heat is collected 
drops below the air temperature in the room (Fig. 4), which 
makes it impossible to collect usable heat. There is also a drop 
in surface temperature and a decrease in the amount of heat 
accumulated in the enclosing structure due to heat loss to the 
environment through the double-glazed window. However, 
when the moment of sunrise is reached on the second day, 
there is still residual accumulated heat in the enclosing struc-
ture and the temperature of the receiving surface does not 
have time to drop to the temperature set in the initial con-
ditions. As a result of retaining such residual heat during the 
subsequent accumulation of solar energy after sunrise in the 
second 24 hours, the enclosing structure heats up more. Com-
pared to the first day and at the beginning of the selection,  
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it contains more accumulated heat (Fig. 4, 5). In addition, 
an increase in the surface temperature of the accumulating 
element makes it possible to select more usable heat from it 
on the second day compared to the first.

It should also be noted that the convective movement of 
HAM melt was not taken into account in the models used. 
Obviously, the introduction of such motion in the mathe-
matical model in comparison with the results obtained will 
lead to additional heat transfer from the surface heated by 
the Sun deep into HASE. As a result, the rate of accumula-
tion of thermal energy and its return during the selection of 
the usable part in a real situation will be higher. Thus, the 
accepted assumption about the immobility of HAM melt is 
conservative, and the calculation of the accumulated energy 
is performed with a margin.

It should also be noted that a feature of these structures is 
that a significant part of the accumulated solar energy, which 
was not used to heat the room, is irretrievably lost during 
the dark part of the day as a result of heat loss through the 
double-glazed window. The way out of this situation may 
be the arrangement of additional air channels inside the 
energy-active panel, which makes it possible to take heat 
not only from its surface. Another way to solve this problem 
may be the intensive removal of the heat accumulated in the 
enclosing structure into the heat accumulators located inside 
the building in the first hours after sunset.

It should be noted that the study did not take into ac-
count the geometric dimensions of panels with heat-accu-
mulating material, the geometry and number of air channels, 
the number of partitions, etc. However, these assumptions do 
not affect the results obtained and can be taken into account 
in additional tests. The developed structures can be used not 
only for new designed buildings but also for the reconstruc-
tion and thermal modernization of existing facilities.

7. Conclusions

1. The proposed design of the structure, a characteris-
tic feature of which is an energy-active panel containing  
a heat-accumulating material with a phase transition, makes 
it possible to accumulate solar radiation during daylight 
hours, followed by the use of stored energy for heating the 
room. The structure of the mathematical model of heat 
transfer includes a non-stationary two-dimensional equation 
of non-stationary thermal conductivity to determine the 
temperature state of the bearing layer and the heat accumu-
lating material, as well as algebraic equations describing the 

quasi-stationary transfer process in the remaining elements 
of the enclosing structure. 

This model and the calculation procedure have a sig-
nificant advantage in terms of performance. Therefore, the 
proposed approach to determining the thermal regimes of 
enclosing structures, based on the use of such a model struc-
ture, can be applied in multivariate calculations to optimize 
their design in order to increase energy efficiency. The most 
effective options can then be refined using a more accurate 
model and its computer implementation in a certified CFD 
package. A similar approach can be used by engineers, de
signers in the field, as well as when teaching at the university 
as a mobile method.

2. The proposed calculation procedure was tested when 
modeling the thermal regimes of several variants of energy- 
active enclosing structures. The use of heat-accumulating 
material with a phase transition makes it possible to reduce 
the temperature of the surface receiving solar radiation during 
daylight hours compared to the option of heat accumulation 
only in the bearing layer of the enclosing structure. As a result, 
the amount of accumulated energy during daylight hours in-
creases significantly (by 15–35 %). At night, the surface tem-
perature of the heat-accumulating element in structures using 
a material with a phase transition is greater than in the case 
of heat accumulation only in the bearing layer. As a result, it 
is possible to select 70–120 % more usable heat. The presence 
of high-thermal partitions (option 4) in a heat-accumulating 
material with a phase transition contributes to an increase in 
accumulated heat and usable heat relative to other options. 
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