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Bevel gears are used to transmit
torque between intersecting axes. They
demonstrate high reliability and dura-
bility of work, as well as a constant gear
ratio. The disadvantage of such a trans-
mission is the mutual sliding of the sur-
JSaces of the teeth of the gears, which
leads to the emergence of friction for-
ces and wear of their working surfaces.
In this regard, there is a task to design
such bevel gears that would have no slip.

Non-circular wheels are understood
as a pair of closed curves that rotate
around fixed centers and at the same
time roll over each other without sliding.
They can serve as centroids for the
design of cylindrical gears between
parallel axes. If the axes of rotation
of the wheels intersect, then the gears
are called conical. An analog of gears
between parallel axes, in which cen-
troids are flat closed curves, for gears
with intersecting axes are spherical
closed curves. For a bevel gear with
a constant gear ratio, such spherical
curves are circles on the surface of the
sphere, and with a variable gear ratio,
spatial spherical curves.

This paper considers the construc-
tion of closed spherical curves that roll
around each other without sliding when
they rotate around the axes intersecting
in the center of the spheres. These curves
are formed from symmetrical arcs of the
loxodrome, a curve that crosses all the
meridians of the ball at a constant angle.
This angle should be 45°, which ensures
the intersection of the loxodrome at right
angles. Analytical dependences have
been derived underlying the calcula-
tions of profiles of spherical non-cir-
cular wheels and their visualization by
means of computer graphics. The results
could be used to design non-circular
wheels for textile machines, hydraulic
machine pumps, pump dispensers, etc.
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1. Introduction

curves become spherical and are located on a sphere with a cen-

To transmit rotational motion between parallel axes, both
round and non-circular wheels can be used. Their construction
is reduced to finding flat closed curves. If the transmission of
rotational motion occurs between intersecting axes, then the

ter at the point of intersection of the axes. Such gears are called
bevel. Loxodrome arcs can be accepted as spherical curves.
With proper selection of parameters, non-circular wheels can be
formed from symmetrical loxodrome arcs, which can transmit
rotational motion between the axes intersecting at a given angle.




Bevel gears are widely used in assemblies to transmit
torque between intersecting axles. They have high reliability
and durability of work, as well as a constant gear ratio. The
disadvantage of such a transmission is the mutual sliding of
the surfaces of the teeth of the gears, which leads to the emer-
gence of friction forces and wear of their working surfaces.
In this regard, the question arises of designing such bevel
gears that would have no slipping, that is, the teeth could roll
over each other without sliding.

Rolling without sliding of bevel surfaces one over one
can be replaced by the rolling of spherical curves, which are
lines of intersection of bevel surfaces with a sphere. Thus, the
problem about the rolling of bevel surfaces can be reduced
to the problem of rolling spherical curves. Such curves are
closed and can be both continuous and consist of separate
arcs. For the design of gears, these curves are the basis and
are called centroids. The centroids of non-circular wheels for
cylindrical gears are well studied. A classic example is the
rotation of congruent ellipses around their focuses. Another
example is the use of a logarithmic helix as a centroid. It is
known that the analog of the logarithmic helix for cylin-
drical transmission is a spherical curve — a loxodrome — for
a bevel gear. This curve can be used to construct a bevel gear
centroid with a given angle between the axes of rotation.
Design and manufacture of bevel gears are constantly being
improved. Given this, any suggestions for improving their
work deserve attention and are relevant.

2. Literature review and problem statement

The construction of geometric objects is one of the key
tasks of engineering, which is solved with the help of various
approaches. Thus, article [1] reports the results of research
on the possibility of constructing multidimensional geomet-
ric objects by approximating the solution of differential equa-
tions; in [2], it is shown that the same goal can be achieved
by multidimensional parabolic interpolation, and, in [3], by
using geometric interpolants of space as a basis. This indi-
cates a sufficient variety of methods for the geometric design
of objects. But the geometric aspects of such modeling re-
main undisclosed.

In addition, it should be noted that the issue of increasing
the durability of parts does not lose its relevance. To achieve
this goal, paper [4] developed a fundamentally new method
of sulfidation of surfaces by EDM doping; [5] — a technique
for strengthening surfaces with cementation and nitriding;
[6] — a procedure of coating with EDM doping. During the
analysis of literary sources, it was found that it is proposed
to increase the wear resistance of parts by strengthening
their surface layer, which is a rather costly process. However,
the task can be accomplished by fundamentally different
methods. A variant to eliminate the cause of wear can be
to eliminate friction between the working surfaces.

The non-circular wheel of a cylinder gear is formed from
segments of straight lines, that is, it is a polygon. Features of
the design of such wheels and the limitations that arise in this
case are considered in [7]. The authors of [8] described the
geometric design of the profile of a non-circular gear wheel
with a centroid from connected arcs. Paper[9] proposes
a technique of automated design of teeth for a non-circular
wheel with an elliptical centroid. Article [10] reports a new
type of gear pair — an eccentric screw, with the help of which
the rotation of intersecting axes is realized with their simul-

taneous movement. Such a pair consists of a helical noncir-
cular gear and eccentric helical curved face. In [11], a new
composite profile of the tooth was proposed with an analysis
of the dependence of design parameters in accordance with
various elliptical eccentricities. The practical side of the is-
sue of manufacturing non-circular wheels is revealed in [12],
which presents a device for the manufacture of non-circular
gears. In addition, paper [13] developed a technique for
processing the working surface of the wheels, which can be
used for grinding the ends of non-circular parts. In [14], it
is proposed to improve the procedure for the manufacture
of non-circular wheels by generating geometric features of
non-circular contours. However, only a flat contour is con-
sidered. It should be noted that the problem of rolling bevel
surfaces can be reduced to the problem of rolling spherical
curves. The centroid of a bevel gear can be a spherical
curve — a loxodrome. It can be used to construct a bevel gear
centroid with a given angle between the axes of rotation. All
this suggests that it is expedient to conduct a study on the
design of pairs of spherical non-circular wheels that roll over
each other without sliding, which minimizes friction and,
accordingly, surface wear.

3. The aim and objectives of the study

The aim of this study is to devise a procedure for
constructing pairs of spherical noncircular wheels from
symmetrical loxodrome arcs, which rotate around the axes
intersecting in the center of the sphere, and at the same time
roll over each other without sliding. The absence of slipping
will provide an increase in wear resistance and durability of
a pair of wheels.

To accomplish the aim, the following tasks have been set:

—to derive the parametric equations of the loxodrome,
that is, the curve that will intersect all the meridians at a given
angle, with the visualization of the results obtained;

— to build spherical centroids of non-circular wheels from
symmetrical arcs of the loxodrome;

—to consider the proposed approach on the example
of designing spherical non-circular wheels under predeter-
mined conditions.

4. The study materials and methods

The logarithmic helix intersects all radius-vectors that
come out of the pole at a constant angle. From the two sym-
metrical arcs of the logarithmic helix, a closed line is formed,
which can serve as a non-circular wheel. Two such closed
congruent lines can rotate around the poles and at the same
time roll over each other without sliding. An analog of the lo-
garithmic helix on the plane is the loxodrome on the sphere —
a curve that crosses all the meridians at a constant angle and
twists around the pole of the sphere. This curve is the object of
our study. Its use as a bevel gear centroid will ensure that the
working surfaces of spherical wheels do not slip. Parametric
equations of a sphere are:

X=Rsingcosy;
Y=Rsinesiny;

Z=Rcosg, @9



where R is the radius of the ball; y and € are independent
surface variables, and vy is numerically equal to the angular
rotation of the surface point around the Oz axis, and ¢ is
the second angle, the countdown of which starts from
the upper pole of the sphere along the meridian towards
the equator. The first quadratic form (linear element) of the
sphere (1) is:

dS® = R*de* + R*sin’ edy®. 2)

In the geometric interpretation, the linear element (2)
can be represented as the hypotenuse of an infinitely small
right triangle, the legs of which are infinitesimal increments
of the parallel and the meridian (Fig. 1, a).

The angle B is the angle between the curve on the sphere
and the meridian. For loxodrome, it must be constant. From
aright triangle (Fig. 1, a), we write:

Rde

—_— 3
Rsinedy @)

ctgB=

The above provisions formed the basis for the design
of spherical non-circular wheels from symmetrical loxo-
drome arcs.

ds

Rsinedy

a

Fig. 1. Graphic illustrations for the construction of a loxodrome on the surface
of a sphere: a — an elementary right triangle for determining the angle of f3;
b — loxodrome on the surface of the sphere

5. Results of the design of spherical non-circular wheels

3. 1. Constructing parametric equations of the loxo-
drome, which will intersect all the meridians at a given angle

In order for a line to be described on the surface of
a sphere, it is necessary to establish a certain relationship
between the variables € and v. Let this dependence take the
form of e=¢(y). In this case, expression (3) is converted to
a differential equation:

de =ctgPsine. (4)
dy

Equation (4) has the following solution:

e= Zarcctg(e‘y“gﬁ‘“), (5)

where ¢ is the integration constant.
We set the condition that at y=0 the angle € has an initial
value of g. Based on this, dependence (5) takes the final form:

e= 2arctg(e“‘gﬁtg%°). (6)

The substitution of dependence (6)
into the equation of the sphere (1) makes
it possible to obtain parametric equa-
tions of the loxodrome, which will inter-
sect all the meridians at a given angle f.

5. 2. Construction of spherical cen-
troids of noncircular wheels from sym-
metrical loxodrome arcs

The devised approach is enough to
build spherical wheels that will ensure
the absence of slipping.

In Fig. 1, b, the loxodrome is con-
structed at g=15°, B=75° and the
change in angle y within y=0...27.

In the case when two cones rotate
around the axes intersecting in the cen-
ter of the sphere, the spherical wheels
will be circles (Fig. 2, a).

Fig. 2. Graphic illustrations for the construction of the second spherical wheel: @ — spherical wheels k and k; are circles;
b — arcs s and s of spherical noncircular wheels with a common point of contact



For both round and non-round spherical wheels, the con-
dition O=g+&; must be met, where 0 is the angle between the
axes of rotation, € and €; — angles from the axes of rotation
to the point of contact of the wheels (Fig. 2, a, b). Hence, we
find e;=0—¢, where the expression e=g(y) for the loxodrome
is found in (6). The curve k of the first non-circular wheel
we have is a loxodrome, which we obtain by substituting
dependence (6) into the equation of the sphere (1).
Similarly, we shall look for the curve & of the second

non-circular wheel. To do this, we substitute g;=6-¢ %1 _ p

in the equation of the sphere (1) with g, and, instead ~ dY
of the angle y — a similar angle of @, between which

we establish a relationship based on the equality of

arcs s and s; (Fig. 2, a):

x,=Rsin| 06— 2arctg(ey“gﬁtg %) cos®;
y, = Rsin| 6 —2arctg (ey"tgﬁtg %") sin @;
z,=Rcos| 06— 2arctg(e’/°‘gﬁtg %) ) )

The curve k4, according to equations (7), is derived with
the axis of rotation OZ. Then we transfer it to the desired
position by turning to the angle 6 around the OY axis.

With an increase in the angle y from zero to a certain va-
lue on the sphere, the arc of the loxodrome of length s will be
described (Fig. 2, b). The corresponding arc of the curve k4
will have a length s;. From the condition of rolling without
sliding, these arcs should be equal: s=s;. Find the expressions
of their lengths and equate with each other. To do this, we
shall use the expression of the linear element (2). We have
already established a relationship between the variables
e=¢(y) in the form (6). In this case, the linear element (2)
takes the form:

2
é=R de +sin’e. (8)
dy dy

We substitute in (8) the expression e=¢(y) from (6), as
well as its derivative, and, after the simplifications, we obtain:

;L; = ﬁsin |:2arctg(emgstg Z‘J)] ©))

In the curve k& (7), the dependence of the angle ¢ is un-
known. We shall consider it dependent on the angle y: @=¢(7).
We find the linear element of the arc of the curve k; from
known formula s]=./x/*+y;*+2z*. Take the derivatives of
equations (7), implying that the dependence @=@(y) is an un-
known function and substitute into the above formula. After
simplifications, we obtain:

4t ctg’Btg? &
2+(

2
- j(p) sin2[6—2arctg(emgﬁtg82”):|. (10)
N ) Y
(1+62/crgﬁtg2 i)
2

If the arcs s and s; are equal, then their derivatives are
equal. We equate expressions (9) and (10) with each other and
solve with respect to do/dy. Despite the cumbersomeness of
the resulting expression, it is possible to integrate it. Of course,
the operations described, including the differentiation of
equations (7), would be unrealistic to perform manually. For
this purpose, the software product of symbolic mathematics
«Mathematica» was used. After integration, we obtain the
dependence @=@(y) taking into account the initial conditions:

ctg L tgo
2 tg

0-¢,
0 . 2 |

to 0 tg— yetgp

cg2 g2 e

o=7m+tgfIn

(11)

If the expression of the angle ¢ (11) is substituted into
parametric equations (7), then they will describe the curve &y,
which must roll along the curve % (loxodrome), while rotating
around the axes intersecting in the center of the sphere. To build
a loxodrome, you need to set the values of constants R, B, €.
In Fig. 3, a, a solid line shows a loxodrome % constructed
at R=1, B=45° ¢y=2.7° and a change in the angle y with-
in y=0...7. To construct a curve k; using equations (7), you ad-
ditionally need to set the angle 6. Tvo angles (&) and 0) must be
coordinated with each other. For example, we want that when
rotating the curve by 180°, the curve %y must also rotate at
the same angle, that is, at y=m, expression (11) must also give
a value @=7. The R and B constants must be common to both
curves, which will ensure their symmetry. So, there are two
ways to ensure that @=7 when substituting in (11) y=m: set &,
and choose the desired value of 6, or vice versa. For example,
in order for ©=60°, for gj, you need to give a value gy=2.7°.
The curve k; constructed at these constant values coincides
with the curve &, which suggests that it is also a loxodrome.

Fig. 3. Closed curves formed by symmetrical arcs of the loxodrome: a — curves k and k; coincide; b — curves k and kq are
separated by turning the curve k; at angle 6



If we build a symmetrical arc on the
surface of the sphere (Fig. 3, a, dashed 1
line), then a closed non-circular wheel will
be formed, having two right angles at the 0.5
intersection points of the arcs. Turning one
wheel at an angle of ®=60° around the OY
axis, we obtain two non-circular wheels g5
with a common point of contact (Fig. 3, b).
Meridian arc corresponding to the angular
©=60° in Fig. 3, b is shown by a dashed
line. In order to avoid jamming when
rolling the resulting spherical wheels, the
angle at the points of intersection of the
arcs must be equal to a straight line or
greater, that is, B>45°.

5. 3. Application of the proposed ap-
proach to the design of spherical non-cir-
cular wheels under predetermined con-
ditions

The above results allow us to expand
the design of spherical centroids of non-
circular wheels from symmetrical loxo-
drome arcs. For example, set the condi-
tion that at an angle ©=60° the angles
of rotation of the curves & nd & are half
the smaller: y=¢=m/2. Then we obtain
non-congruent wheels from symmetrical
loxodrome arcs constructed in Fig. 4.
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If we set the condition that the axes
of rotation of spherical non-circular
wheels (Fig. 4) intersect at right angles,

Fig. 5. Sequential rotation of spherical congruent noncircular wheels
around the OZ and OX axes, respectively, at angles yand ¢:
a—1v=0, p=0; b —y=30°, o= —12.6° ¢ — y=60°, o= —35.8°;

then, according to the developed proce-
dure, we find gy=17.37°. Non-circular
spherical wheels for this case on the sphere
of a single radius are built in Fig. 5, a.

Confirmation that the calculations are performed cor-
rectly is a demonstration of the rotation of the wheels
around the axes, indicating the corresponding angles of ro-
tation (Fig. 5). For example, in Fig. 5, ¢, one spherical wheel
rotates around the OZ axis at an angle of y=60°. The magni-
tude of the angle of rotation of the second wheel around the
OX axis is found from formula (11) when substituting into
it y=60°. From it, we find ¢=-35.8°. When rotating the
second wheel around the OX axis at this angle, both wheels
touch each other and the point of contact is located on the
arc of the meridian connecting the centers of the wheels (the
arc is depicted by a dashed line). On the sphere of a single
radius, it is equal to the angular 0, that is, 90°.

d—v=80°, 9= —64.9°

6. Discussion of results of investigating the methodology
for constructing spherical non-circular wheels

By analogy with cylindrical gears, in which the profile of
a noncircular wheel is formed by a pair of symmetrical arcs of
a logarithmic helix, an analytical expression (6) was obtained
for a bevel gear. This expression makes it possible to build
a spherical analog of the logarithmic helix — the loxodrome. To
do this, you need to substitute expression (6) into the equation
of the sphere. An example of the construction of a loxodrome arc
is shown in Fig. 1, b.

When turning the arc of the loxodrome, which is the profile
of the first non-circular wheel, at a certain angle v, the curve of
the profile of the second non-circular wheel will rotate at angle ¢.
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Based on the condition that the curves roll one by
one without sliding, that is, they pass the same lengths of
their arcs, the relationship between the angles of y and ¢ in
the form (11) has been established. The resulting depen-
dence (11) makes it possible to construct the profile of the
second non-circular wheel when substituting it into para-
metric equations (7). It was found out during the construc-
tion and mathematically proved that the profile curve will
be a congruent loxodrome. This allows us to build a closed
non-circular wheel from two symmetrical congruent arcs
of the loxodrome, as shown in Fig. 3, a. The beginning and
end of the arc must intersect the meridian at an angle of 45°,
which ensures the angle of intersection of the loxodrome at
right angles. There can be no angle smaller than the right
one since, in this case, rolling the wheels upon contact at
these points will become impossible due to jamming. If two
non-circular wheels are positioned as shown in Fig. 3, b, then
they will be able to rotate around two mutually perpendi-
cular axes and the point of their contact will move along the
dashed line.

The developed procedure allows us to increase the num-
ber of elements of non-circular wheels. If, in Fig. 3, b, both
wheels consist of one element, then in Fig. 4 — of two. In this
case, you can set the angle between the axes around which
the wheels rotate. This can be seen from Fig. 4 when compar-
ing images in Fig. 4, a, b. As the angle decreases, the size of
the wheels themselves also decreases. In Fig. 5, two non-cir-
cular wheels are built, the axes of which intersect at right
angles. To confirm the reliability of the results obtained, four
of their positions are shown when rotating around their axes.
In this case, the angle of rotation y for one wheel was set, and
for the second — calculated from formula (11). When turning
the wheels at the appropriate angles, the point of contact is
always on the arc of the meridian depicted by the dashed line.
The lengths of the arcs that the wheels pass during mutual
rolling are equal, as seen visually, and are also confirmed
mathematically by integrating expression (10). Consequent-
ly, the rolling of such non-circular bevel wheels occurs with-
out slipping. The mathematical construction of non-circular
wheels is demonstrated for one and two elements, which
can be conditionally called teeth. Fig. 5 convincingly shows
the possibility of transmitting rotational motion around
intersecting axes using wheels with two teeth. In traditional
bevel gears, two-pronged wheels do not exist. This makes
it possible to form a profile of a bevel wheel, similar to a gear,
and with a larger number of teeth.

In addition to the advantage, which is the absence of
sliding between the surfaces of the teeth, which does not lead
to wear of their surface, the disadvantages are also inherent
in a transmission. The main one is the variable gear ratio
within one tooth. However, there are mechanisms for which
the gear ratio does not matter, or even useful. For example, in
counting devices, it is important to have the number of full
revolutions of the wheel, which is not affected by the variable
gear ratio. The reliability of the proposed approach is based
on the mathematical derivation of the obtained dependences
and graphic images of non-circular wheels with two teeth
built on the basis of these dependences.

The loxodrome can cross the meridians at any given angle.
Accordingly, the intersection of two symmetrical arcs of the
loxodrome will form twice the angle, which can be sharp.
Theoretically constructed elements (teeth) with an acute angle
at the top can also be components of non-circular wheels.
However, in practice they will not work. The magnitude of

the angle at the top of the tooth is subject to a limit of 90°
since jamming will occur at a smaller angle.

The current study considered a pair of non-circular
wheels with the same number of elements (teeth), which
forms its limitations. The prospect of further research is to
design pairs of non-circular wheels with a different number
of elements, which will make it possible to obtain a different
numerical ratio of the full revolutions of the wheels.

7. Conclusions

1. To design bevel non-circular wheels that can roll over
each other, while rotating around the intersecting axes, it
was necessary to find a spherical curve that could describe the
profile of the wheels. By analogy, the transmission between
parallel axes was taken, into which the non-circular wheels
were outlined by the arcs of the logarithmic helix. A feature
of this helix is that it intersects all radius-vectors in the polar
coordinate system at a constant angle. An analog of such
a curve on a sphere is a curve that crosses all the meridians at
a constant angle and is called a loxodrome. Based on this, we
have derived the internal equation of the loxodrome in cur-
vilinear coordinates and its parametric equations in a form
suitable for further use, in which the value of the specified
angle appears.

2. After the loxodrome equation was built, the task arose
to, with the help of its arcs, outline the prototype of a non-
circular wheel on a sphere. At the same time, it was assumed
that when rolling two non-circular spherical wheels while
simultaneously rotating around their axes, which intersect in
the center of the sphere, the angle 6 between the axes must be
constant. The sum of the angles € and €; from the axes to the
point of contact must also be constant and equal to angle 6.
In addition, when turning non-circular wheels at angles yand
¢ around their axes, the arcs s and s; must be equal, which
ensures that the wheels roll without sliding. Based on these
requirements, an important equation was built that estab-
lishes an analytical relationship between the angles y and ¢.

3. Based on our analytical results, the profiles of spheri-
cal non-circular wheels were calculated according to pre-
determined conditions and their visualization by means of
computer graphics. To verify the reliability of the results,
both spherical non-circular wheels were rotated around their
axes at the specified and found angles y and ¢, respectively.
All four rotation options give correct images.
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