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1. Introduction

When conducting a technological process or in produc-
tion, it is extremely important to obtain reliable information 
about measurement parameters, characteristics or the object 
of research. The accuracy of the obtained data is one of the 
main problems that must be considered during any measure-
ment. This is due to the fact that the accuracy of the data ob-
tained affects the quality and reliability of the product [1, 2], 
as well as the effectiveness of the research or process as a 
whole. On the other hand, obtaining inaccurate data, espe-
cially at the beginning of the measurement, can disrupt the 
entire subsequent process and lead to product shortages. 
Since a sensor is the first element of the technical system 
that converts the measured input value into an output signal, 

the accuracy of this conversion will affect the accuracy of 
the entire subsequent process. So, the sensor must meet high 
requirements for accuracy, measurement range width, sensi-
tivity, etc. In addition, the measurement accuracy of the sen-
sor is also affected by the type of transformation function. 
This is due to the fact that with a non-linear transformation 
function of the sensor, there is a need to linearize it or work 
only on its linear sections. All this leads to either a nonlinear-
ity error or a decrease in the operating measurement range. 
It should be noted that the issue of accuracy improvement is 
particularly acute in multiple measurements or when measur-
ing a certain parameter (quantity). In addition, the measure-
ment accuracy is also affected by the environment and aging 
of the technical elements of the measurement system, leading 
to instability of the sensor parameters. In this case, special 
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The object of research is multiple 
measurements. The research aims to improve 
the accuracy of multiple measurements 
with a non-linear and unstable sensor 
transformation function. It is proved that the 
redundant measurement equation ensures the 
independence of the measurement result from 
the parameters of the transformation function 
and their deviations from the nominal values. 
It was found that the result of redundant 
measurements is affected by the reproduction 
errors of normalized temperatures T1 and T2. 
It is shown that the best accuracy results are 
obtained with a reproduction error of normalized 
temperature T2 within ±1.0 % and temperature 
T1 within ±0.1 %. This makes it possible to 
reduce the accuracy requirements for the source 
of reproduction of normalized temperature Т2. 

The possibility of processing the results of 
multiple measurements by two approaches is 
presented. Computer modeling using the first 
approach found that with a reproduction error 
of normalized temperature T2 within ±0.5 %, 
the relative measurement error is 0.003 %. 
When modeling the second approach, the 
relative error is 0.05 %. It was also found that 
with an increase in the reproduction error of 
normalized temperature T2 to ±1.0 %, the value 
of the relative error is 0.04 %. Due to this, 
when applying the second approach, it becomes 
possible to choose a non-high-precision source of 
reproduction of normalized temperature T2. In 
addition, the sensitivity of the second approach 
to the digit range of measuring devices was 
found, which leads to the dependence of the 
measurement result on their accuracy. 

There are reasons to assert the possibility 
of increasing the accuracy of multiple 
measurements by processing the results of 
intermediate measurements according to 
redundant measurement equations using two 
approaches
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The issue of increasing accuracy under the influence of 
non-informative factors on sensor signals was considered 
in [11], where, the method of reducing the calibration points 
of multisensors made it possible to significantly reduce the 
number of calibration points. Despite the expediency of the 
conducted research, the issue of choosing a method for pro-
cessing measurement results remains unresolved. In [12], the 
impact of processing methods on measurement accuracy was 
investigated. It is shown that due to the improvement of the 
midline method, the absolute measurement error is reduced. 
However, the work did not address the instability of sensor 
parameters caused by the external environment during mul-
tiple measurements. Therefore, in [13], to reduce the effect 
of the environment on the uncertainty of sensor parameters, 
the general uncertainty propagation equation and the Monte 
Carlo method were used.

Despite the practical significance of the given results, the 
issue of comprehensively solving the problem of increasing 
the accuracy of multiple measurements with a non-linear and 
unstable transformation function has not been considered 
sufficiently. Therefore, the expediency of using redundant 
measurement methods in solving this issue was demon-
strated [14]. According to the author [14], this is due to 
the use of appropriate systems and equations of redundant 
measurements, thereby increasing the accuracy of multiple 
measurements with an unstable transformation function in 
a wide range of values. The main theoretical aspects of re-
dundant measurement methods were presented in [15]. The 
universal redundant measurement equation in general form 
was mathematically presented in [16]. However, the possibil-
ity of the practical application of redundant measurements 
with a non-linear transformation function was not shown. 
Therefore, the work [17] presented the use of redundant 
methods with a nonlinear function with the possibility of 
metrological self-control of the sensor. However, it should be 
noted that this paper did not consider the impact of destabi-
lizing factors on the results of multiple measurements. This 
may cause difficulties related to the impact of the random 
component of the measurement error on the measurement 
result. To overcome this problem, the work [18] proposes 
two approaches to process measurement results. It is shown 
that this allows increasing the accuracy of measurements by 
eliminating the systematic component of the error due to 
changes in the parameters of the transformation function, 
as well as reducing the random component of the error. Re-
dundant measurements with a nonlinear transformation 
function were further developed in [19]. It is shown that 
due to the regularity between the normalized and sought 
quantities, the range of high-precision measurements is 
significantly expanded. Despite the practical significance 
of such results, the practical application of redundant 
measurement methods for sensors with a quadratic trans-
formation function (transistor, thermistor, etc.) was not 
considered. Therefore, in [20], the issue of increasing the 
measurement accuracy with a quadratic transformation 
function by adjusting the values of normalized quantities 
was considered. However, it should be noted that this 
paper does not provide methods for processing the results 
of multiple measurements with changes in the parameters 
of the transformation function and reproduction errors of 
normalized quantities. 

Therefore, there are reasons to believe that the lack of 
certainty in research on processing the results of multiple 
measurements with a quadratic transformation function, 

attention is paid to both the accuracy of the sensor and the 
improvement of existing measurement methods in order to 
reduce not only the systematic, but also the random error 
component. All this is the basis for further improvement of 
methods and approaches to increase measurement accuracy.

In view of the need to generate reasonable data on the 
measurement process, research aimed at increasing the ac-
curacy of multiple measurements with a non-linear and un-
stable sensor transformation function is considered relevant.

2. Literature review and problem statement

Various approaches and methods are used to solve the 
issue of increasing measurement accuracy: circuit solutions, 
calibration, correction of the design parameters of measur-
ing instruments, increasing sensitivity, methods to reduce 
the impact of the environment, etc. All measures used in 
measurements have certain advantages and disadvantag-
es. Thus, the studies conducted in [3] noted an increase 
in accuracy due to the circuit solution. It was noted that 
compensation for the effect of the reactive component of 
the shunt link resistance was achieved by adding a resistive 
divider. However, with such a circuit, there are difficulties 
in its metrological verification, as well as manufacturing low 
resistance of shunt parts with high accuracy. The increase in 
accuracy due to circuit solutions was also considered in [4]. 
A method for measuring the RMS value of AC voltage was 
presented, making it possible to perform measurements 
under additive interference. However, issues related to the 
reduction of the systematic component of the measurement 
error caused by the influence of the environment remained 
unresolved. To overcome one of the components of this 
problem, the work [5] proposed an approach that consists in 
compensating the measurement result of an infrared thermal 
imager from dust exposure. Reducing the influence of exter-
nal aspects on measurement accuracy was also considered 
in [6]. It is shown that with the obtained theoretical formula, 
the effect of angular field, contrast, and atmospheric trans-
mittance on the measurement accuracy is reduced. However, 
it should be noted that the increase in accuracy was achieved 
in the works only by reducing the influence of the environ-
ment, and the issue of measurement with a non-linear trans-
formation function was not considered. In [7], an increase 
in the accuracy of the temperature sensor was achieved by 
measuring the nonlinear curvature correction for several ref-
erence temperature values. In [8], the accuracy of the digital 
temperature sensor was increased due to the correction of its 
nonlinear response. It is shown that the calibration method 
involved comparing the readings of the temperature sensor 
with a high-precision reference temperature sensor before 
and after applying linear regression. Increasing accuracy 
through calibration was also considered in [9]. The studies 
were aimed at determining the deviation characteristics of 
the waterproof sensor in accordance with the reference one. 

In [10], the use of a CMOS temperature sensor with 
built-in calibration was proposed for the linearization of 
the curve. This improves measurement accuracy through 
both linearization and calibration. However, it should be 
noted that such approaches to improving accuracy through 
calibration require the use of exemplary sources, which 
implies certain material costs for their implementation. In 
addition, the influence of non-informative factors arising 
in the measurement process was not taken into account. 



19

Applied physics

as well as on determining the features of their application, 
necessitates research in this direction.

3. The aim and objectives of the study

The conducted studies aimed to improve the accuracy 
of multiple measurements with a quadratic transformation 
function using redundancy due to various approaches to 
processing measurement results. This will make it possible 
to determine the optimal version of the mathematical model 
of multiple measurements with a quadratic transformation 
function (TF), as well as the features of its application.

To achieve the aim, the following objectives were accom-
plished:

– to perform computer modeling and analysis of the 
effect of changes in TF parameters and reproduction errors 
of normalized quantities on the result of redundant measure-
ments with a quadratic transformation function;

– to perform computer modeling of multiple measure-
ments with a quadratic transformation function using the 
first approach with changes in TF parameters and with se-
lected reproduction errors of normalized quantities;

– to perform computer modeling of multiple measure-
ments with a quadratic transformation function using the 
second approach under conditions similar to the first ap-
proach;

– to make a comparative analysis of the results obtained 
when applying the two proposed approaches.

4. Materials and methods

4. 1. Object and hypothesis
The object of the study is multiple measurements.
The hypothesis of the study is that processing the results 

of multiple measurements by the proposed algorithms will 
help to increase the measurement accuracy by reducing not 
only the systematic, but also the random component of the 
measurement error.

Accepted assumptions and simplifications – during the 
measurement cycle consisting of 5 measuring steps, the 
change in the parameters of the transformation function 
remains constant.

4. 2. Modeling materials and tools
In the study of multiple measurements, as a sensor with a 

quadratic transformation function, a silicon bipolar transistor 
KT3132 A-2 (Ukraine) was used.

Mathcad 15.0 (USA) was chosen as a 
software tool for mathematical modeling 
and analysis of the results, and the MS 
Excel data analysis package (USA) was 
used for statistical data processing.

4. 3. Method of studying redundant measurements 
with a quadratic transformation function

As is known [21], the equation describing the depen-
dence of the transistor base-emitter voltage on temperature 
has the following form:

2
0 ,bet bet A x B xU U U T U T′ ′ ′ ′= − ∆ − ∆  			   (1)

where 0betU ′  – the value of the base-emitter voltage at t=0 °C; 

AU ′∆  – the linear coefficient of base-emitter voltage 
change as a function of temperature; 

BU ′∆  – the quadratic coefficient of base-emitter voltage 
change as a function of temperature;

Tx – the value of the desired temperature. 
In the equation of quantities (1), the value of the desired 

quantity Tx depends on the values of the parameters ,AU ′∆
,BU ′∆  0betU ′  of the nonlinear transformation function (TF), 

and therefore on their deviations from the nominal values. 
This dependence of the measurement result on changes in 
the TF parameters contributes to an increase in systematic 
error, which negatively affects the measurement quality. In 
addition, direct application of a non-linear transformation 
function requires measures to linearize it, leading to nonlin-
earity error or requires work on the linear part of the sensor 
input characteristic, which limits the measurement range.

To comprehensively solve the problem of increasing 
the accuracy of measurement with a non-linear and un-
stable transformation function, methods of redundant 
measurements (MRM) were proposed. One of the nec-
essary conditions for the implementation of MRM is the 
measurement, in addition to the desired physical quantity, 
of several normalized physical quantities, which have the 
same physical nature as the desired one and are in a certain 
regularity with it. Thus, there is a need to perform several 
measurement steps that make up a measurement cycle. 
The mathematical model of MRM is a system of equations 
of quantities, where each of the equations describes the 
measurement step, as well as the equation of redundant 
measurements of the desired physical quantity, which is 
obtained as a result of solving this system.

As a result of research conducted in [20], a system of 
equations of quantities describing five measurement steps 
was chosen: 
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where betiU ′  – voltage in each i-th (i=(1÷5)) measurement step;

T1 and T2 – normalized temperatures, formed using stan-
dard sources with normalized characteristics.

The solution of system (2) is the equation of redundant 
measurements of the desired temperature Tx:

The value of the desired temperature found by the 
equation of redundant measurements (3) does not depend 
on the values of the parameters ,AU ′∆ ,BU ′∆  0betU ′  and 
their deviations from the nominal values. In addition, the 
redundant measurement equation (3) is applied directly to 
the quadratic transformation function without additional 
linearization, which also contributes to increasing the 
accuracy of MRM. However, it should be noted that such 
results are obtained if changes in the parameters of the 
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quadratic transformation function remain constant during 
five measurement steps.

4. 4. Method of studying multiple measurements
The presented mathematical model of MRM, described 

by the system (2) and equation (3), is used when the random 
error component is insignificant. In the presence of signifi-
cant random errors or the need to conduct multiple measure-
ments in order to control a physical quantity, two approaches 
are used in the theory of redundant measurements [14, 18]. 
These approaches differ in the method of processing the 
results of multiple measurements. So, in the first approach, 
the value of the desired quantity is found by averaging its 
values obtained by the redundant measurement equation for 
n measurement cycles. In the second approach, the voltage 
values in each step over n measurement cycles are first av-
eraged, and the results are substituted into the redundant 
measurement equation. Thus, the redundant measurement 
equation of the desired temperature Tx for the first approach 
has the following form:

The redundant measurement equation of the desired tem-
perature Tx for the second approach has the following form:

As can be seen from the redundant measurement equa-
tions (4) and (5), standard methods of statistical data pro-
cessing are used to determine the desired temperature Tx 
during multiple measurements, which makes MRM flexible 
for application.

5. Results of computer modeling to increase the accuracy 
of multiple measurements

5. 1. Computer modeling and analysis of the influence 
of the reproduction error of normalized quantities

Computer modeling was performed in the Mathcad 
15 environment for the KT3132 A-2 transistor [21] with a 
measurement range from 10 °C to 200 °C, Ubet0=0.6 V and 
at ∆UA=1.882 mV/°С, ∆UB=0.41 μV/°С2. 

Based on the recommendations given in [20], Tx=100 °C 
was set as the desired value, and the values of normalized 
temperatures, respectively, Т1=Тx(0.0005·Тx+1)=105 °C and 
Т2=10 °C. Limits of change for the parameters ,AU ′∆ ,BU ′∆  

0,betU ′  lying within ±1.0 % were also set for computer model-
ing, and the values of the reproduction error of normalized 
temperatures Т1 and Т2 were chosen at +0.1 % and ‒0.1 %. 
As a result of computer modeling, it was found that the rel-
ative measurement error δ is 0.1 %. Increasing change limits 

for the parameters ,AU ′∆ ,BU ′∆  0betU ′  from ±1.0 % to ±10.0 % 
does not change the values of the relative measurement error δ.

The effect of reproduction errors of normalized tem-
peratures Т1 and Т2 was investigated. Studies were carried 
out with a change in the parameters ,AU ′∆ BU ′∆  and 0,betU ′  
lying within ±1.0 %. An increase in the reproduction error 
of normalized temperature Т1 from ±0.1 % to ±0.2 % leads 
to an increase in the relative measurement error δ from 0.1 % 
to 0.2 %. However, an increase in the reproduction error of 
normalized temperature Т2 from ±0.1 % to ±0.2 % leads to 
a decrease in the relative measurement error δ from 0.1 % 
to 0.088 %. A further increase in the reproduction error of 
normalized temperature Т2 to ±0.5 % leads to a decrease 
in the relative measurement error δ already to 0.05 %. 
An increase in the reproduction error of normalized tem-
perature Т2 to ±1.0 % leads to a decrease in the relative 
measurement error δ already within (0.009÷0.010) %. 
However, increasing the reproduction error of normalized 
temperature Т2 to ±2 % already leads to an increase in the 
relative error δ within (0.12÷0.13) %. 

In addition, it was found that a 
simultaneous increase in the repro-
duction errors of both normalized 
temperatures Т1 and Т2 from ±0.1 % 
to ±0.2 % leads to an increase in the 
relative measurement error δ from 
0.1 % to 0.2 %.

The studies revealed that the best 
results in accuracy were obtained 

with a reproduction error of normalized temperature Т1 
at ±0.1 % and temperature T2 at ±1.0 %. That is, when ap-

plying MRM with a 
quadratic transforma-
tion function, high ac-
curacy requirements 
can be imposed only 
on the reproduction 
source of normalized 
temperature T1. On 

the other hand, high accuracy requirements may not be ap-
plied to the reproduction source of normalized temperature T2.

Studies on the effect of instability of TF parameters on 
the measurement result with a reproduction error of normal-
ized temperature T1 of ±0.1 % and temperature T2 of ±1.0 % 
were also carried out. It was found that a further increase in 
changes the parameters ,AU ′∆ BU ′∆  to ±10 % and the param-
eter 0betU ′ within ±1.0 % does not lead to an increase in the 
measurement error. That is, the value of the relative error δ 
does not change and remains within (0.009÷0.010) %. In 
addition, it was found that increasing the value of changes 
in the parameter 0betU ′  up to ±10 % also does not lead to an 
increase in the measurement error. It should be noted that 
such results are obtained when, during the measurement 
cycle consisting of 5 measurement steps, the change in the 
parameters remains constant.

To determine the effect of the parameters of the transfor-
mation function on the relative measurement error, a graph 
of such dependence was plotted (Fig. 1). When constructing 
the graph, reproduction errors of normalized temperature T1 
were chosen at the level of ±0.1 % and temperature T2 
at ±0.5 %. On the graph (Fig. 1), along the z-axis there are 
values of the relative error δ (%), along the i- and j-axes – or-
dinal numbers of changes in the parameters, respectively 

BU ′∆  and .AU ′∆  Moreover, the change in the parameter BU ′∆  
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( )( ) ( )

1

2 2 2 2
5 3 1 2 1 2 4 1 1 2 2 1 2 1

1 2 1 4 1 1 2 1

3 2 2

2
.

n

x xi
i

n
beti beti beti beti beti beti

i beti beti beti beti

T T

U U T T T T U U T T T T U U

T T U U T U U

n

=

=

= =

′ ′ ′ ′ ′ ′− − − − − − − −
′ ′ ′ ′− − − −

=

∑

∑  
(4)

( ) ( )

( )

2 2 2 2
5 3 1 2 1 2 4 1 1 2 2 1 2 1

1 1 1 1 1 1

2 1 4 1 1 2 1
1 1 1 1

3 2 2
.

2

x

n n n n n n

beti beti beti beti beti beti
i i i i i i

n n n n

beti beti beti beti
i i i i

T

U U T T T T U U T T T T U U

T T U U T U U

= = = = = =

= = = =

=

     ′ ′ ′ ′ ′ ′− − − − − − − −     
     =

   ′ ′ ′ ′− − − −   
   

∑ ∑ ∑ ∑ ∑ ∑

∑ ∑ ∑ ∑
 (5)



21

Applied physics

from the nominal value occurs in the range from ‒10 % to 
+10 %, and the change in the parameter AU ′∆  in the range 
from ‒10 % to +10 %.

Fig. 1. Graph of the relative measurement error against 
changes in the parameters of the transformation function 
with a reproduction error of normalized temperature T2 at 

the level of ±0.5 %

From the given graph (Fig. 1), it can be seen that the in-
fluence of the parameter BU ′∆  is more significant than that 
of the parameter .AU ′∆  The best results in terms of measure-
ment accuracy occur when the parameter BU ′∆  is changed 
by ‒1.0 % and the parameter AU ′∆  is changed by +10 %. 

Further studies showed that the reproduction error of 
normalized temperature T2 at the level of ±1.0 % leads to a 
change in the graph of the functional dependence of the rel-
ative measurement error on changes in the parameters of the 
transformation function (Fig. 2).

Fig. 2. Graph of the relative measurement error against 
changes in the parameters of the transformation function 
with a reproduction error of normalized temperature T2 at 

the level of ±1.0 %

From the given graph (Fig. 2), it can be seen that the 
growth of the reproduction error of normalized temperature 
T2 leads to changes in the dependence of the relative mea-
surement error on changes in the parameters of the transfor-
mation function. The best results in terms of measurement 

accuracy (δ=0.0002 %) are obtained when the parameter 
BU ′∆  is changed by ‒1.0 % and the parameter AU ′∆  is 

changed by ‒10 %. 
Thus, from the above graphs (Fig. 1, 2), it can be seen 

that the measurement error is more influenced by the re-
production error of normalized temperatures T1 and T2 than 
by the change in the parameters ,AU ′∆  .BU ′∆  So, further 
research was aimed at determining this dependence.

As a result of computer modeling, a graph of the func-
tional dependence of the relative measurement error on the 
reproduction errors of normalized temperatures T1 and T2 
was also built (Fig. 3). Calculations were performed when 
the parameters ,AU ′∆ BU ′∆  and 0,betU ′  lying within ±10.0 % 
were changed. In Fig. 3, along the z-axis there are the val-
ues of the relative measurement error, along the i-axis and 
j-axis – the corresponding ordinal numbers of changes in the 
reproduction errors of normalized temperatures T1 and T2. 
It is noted that the change in the reproduction error of 
normalized temperature T1 occurs in the range from ‒0.1 % 
to +0.1 % and temperature T2 from ‒0.5 % to +0.5 %.

Fig. 3. Graph of the relative measurement error against the 
reproduction errors of normalized temperatures T1 and T2 

(when T2 changes within ±0.5 %)

It was determined that the minimum value of the rela-
tive measurement error (δ=0.0003 %) is obtained when the 
value of the reproduction error of normalized temperature T1 
is within (+0.046) % and temperature T2 within (+0.41) %.

A surface graph (Fig. 4) of the functional dependence of 
the relative measurement error on the reproduction errors 
of normalized temperatures T1 and T2 was also constructed. 
In Fig. 4, along the z-axis there are the values of the relative 
measurement error, along the i-axis and j-axis – the corre-
sponding ordinal numbers of changes in the reproduction 
errors of normalized temperatures T1 and T2. Moreover, the 
change in the reproduction error of normalized temperature 
T1 occurs in the range from ‒0.1% to +0.1 % and temperature 
T2 from ‒1.0 % to +1.0 %.

From the given graph (Fig. 4), it can be seen that the best 
results in terms of measurement accuracy occur with symmet-
rical changes in the reproduction errors of normalized quan-
tities T1 and T2. It was determined that the minimum value of 
the relative measurement error (δ=0.0013 %) is obtained when 
the value of the reproduction error of normalized temperature 
T1 is within (‒0.048) % and temperature T2 within (‒0.043) %.
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Thus, it was found that the result of redundant measure-
ments is more affected by the reproduction errors of nor-
malized temperatures T1 and T2 than by changes in the TF 
parameters. In addition, it can be seen from the given data 
that the best results in terms of accuracy are obtained when 
the temperature T2 changes within ±0.5 %.

5. 2. Computer modeling using the first approach
It was found that the accuracy of measurements when 

using MRM is affected by reproduction errors of normalized 
temperatures T1 and T2, as well as changes in the TF param-
eters under the influence of the environment. To reduce the 
influence of these errors, especially, in multiple measure-
ments, an algorithm for processing measurement results, 
represented by expression (4), is proposed.

Computer modeling according to the first approach was 
carried out when the parameters ,AU ′∆  BU ′∆  and 0,betU ′  ly-
ing within ±10.0 % were changed, and with the reproduction 
error of normalized temperatures: Т1 within ±0.1 % and T2 
within ±0.5 %. Also, in the computer modeling of multiple 
measurements according to the redundant measurement 
equation (4), 144 measurement cycles (n=144) were used. 
Moreover, each such cycle consists of determining the values 
of five output voltages 1,betU ′ 2,betU ′ 3,betU ′ 4,betU ′ 5betU ′  of the 
system of equations of quantities (2). As a result, 144 values 
of the desired temperature Txi were obtained. The obtained 
statistical data were exported to Excel, where their average 
value was found according to the redundant measurement 
equation (4).

Thus, when processing the results of the first approach, 
the value of the desired temperature Tx was obtained, which 
is 100.003 °C, and, accordingly, the value of the relative error 
δ is 0.003 %.

Computer modeling carried out with a reduced num-
ber of measurement cycles n=36 showed that the value of 
the desired temperature Tx is 100.007 °C, and the value of 
the relative error δ is 0.007 %. This confirms the classical 
application of statistical data processing methods when 
using MRM.

Studies were also conducted at the reproduction error 
of normalized temperature T2 within ±1.0 % and with the 
number of measurement cycles n=144. When processing the 
results of the first approach, the value of the desired tem-

perature Tx was obtained, which is 100.01 °C, and, accord-
ingly, the value of the relative error is 0.01 %.

Thus, when performing multiple measurements using the 
first approach, it is recommended to choose a reproduction 
source of normalized temperature T2 with an error within 
±0.5 % and temperature T1 – no more than ±0.1 %.

5. 3. Computer modeling using the second approach
For computer modeling by the second approach, changes 

in the parameters ,AU ′∆ BU ′∆  and 0,betU ′ lying within ±10.0 % 
similar to the first approach were set. In addition, reproduc-
tion errors of normalized temperatures were set: T1 within 
±0.1 % and T2 within ±0.5 %. Processing of multiple mea-
surements was carried out according to the redundant mea-
surement equation (5). During the calculations, 144 mea-
surement steps (n=144) were also selected, and each value of 
the output voltages betiU ′ of the system of equations of quan-
tities (2) was measured 144 times. The obtained statistical 
data for each of the output voltages betiU ′ were exported to Ex-
cel, where their average values were found: 1 0.80585betU ′ =  V, 

2 0.99095betU ′ =  V, 3 0.81578betU ′ =  V, 4 0.59256betU ′ =  V, and 
1 0.60293betU ′ =  V. After substituting the obtained average 

voltage values into equation (5), the value of the desired tem-
perature Tx=99.946 °C and the corresponding value of the 
relative error δ of 0.054 % were obtained.

In addition, the second approach revealed a certain fea-
ture – dependence of the measurement result on the digit 
range of the average voltage values ( ).betiU ′  It was found 
that the reduction of the average voltage values from five 
to four decimal places leads to an increase in the value of 
the desired temperature Tx from 99.946 °C to 101.518 °C. 
Thus, at 1 0.8058betU ′ =  V, 2 0.9909betU ′ =  V, 3 0.8158betU ′ =  
V, 4 0.5926betU ′ =  V, and 1 0.6029betU ′ =  V, the value of the 
relative error δ increased from 0.054 % to 1.518 %. Further 
reduction of the digit range to three decimal places leads to 
a further increase in the value of the desired temperature Tx 
from 99.946 °C to 105 °C and a relative error to 5 %.

Studies were conducted under the condition that the 
reproduction error of normalized temperature T2 is ±1.0 %, 
and the number of measurement steps is 144, i.e. n=144. 
After exporting the obtained output voltage values to 
Excel, their average values were found: 1 0.89585betU ′ =  V, 

2 1.08093betU ′ =  V, 3 0.90578betU ′ =  V, 4 0.68256betU ′ =  V, and 
1 0.69293betU ′ =  V. After substituting the obtained average 

values into equation (5), the value of the desired temperature 
Tx=99.959 °C and the corresponding value of the relative 
error δ of 0.041 % were obtained. Decreasing the average 
voltage values to four decimal places also leads to an increase 
in the value of the desired temperature Tx from 99.959 °C to 
101.518 °C and the value of the relative error δ from 0.041 % 
to 1.518 %. Further reduction of the digit range to three dec-
imal places leads to an increase in the relative error to 5 %. 
The same value of the relative error is obtained when the 
reproduction error of normalized temperature T2 is ±0.5 %.

Thus, the digit range of the average voltage values when 
applying the second approach significantly affects the mea-
surement accuracy.

5. 4. Comparative analysis of the two approaches
The comparison of the obtained results of multiple mea-

surements by the two approaches, described by the redun-
dant measurement equations (4) and (5), was carried out 
according to the following criteria:

1) measurement accuracy;

 
 

 
  

Fig. 4. Graph of the relative measurement error against the 
reproduction errors of normalized temperatures T1 and T2 

(when T2 changes within ±1.0 %)
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2) use of high-precision measuring devices;
3) reliability of implementation.
When considering the first approach described by the 

redundant measurement equation (4), the criteria for its 
evaluation are as follows:

1) the relative measurement error δ of temperature for 
144 measurement cycles at the reproduction error of normal-
ized temperature T2 within ±0.5 % is 0.003 %. At the repro-
duction error of normalized temperature T2 within ±1.0 %, 
the relative measurement error δ is 0.01 %;

2) when determining the desired temperature value by 
the first approach, there is no need to apply high-precision 
measuring devices. This is due to the fact that the value of 
the desired temperature, calculated by the redundant mea-
surement equation (4), does not depend on the digit range of 
the intermediate values;

3) to implement the first approach, you need to have 
statistical data for a certain number of measurement cycles. 
So, the more statistics, the higher the accuracy. However, 
even with an unplanned stoppage of the measurement process 
(accident, breakdown, etc.), certain statistical data will be 
available for processing, which makes the first approach reli-
able for implementation.

When considering the criteria of the second approach 
described by the redundant measurement equation (5), the 
following can be distinguished:

1) the relative measurement error δ of temperature for 
144 measurement steps with the reproduction error of nor-
malized temperature T2 within ±0.5 % is 0.054 %. The relative 
measurement error δ with the reproduction error of normal-
ized temperature T2 within ±1.0 % is 0.041 %;

2) when measuring by the second approach, there is a 
need to use high-precision measuring devices, since the ac-
curacy of the measurement result also depends on the digit 
range of the calculated average voltages. When applying the 
second approach, it is necessary to obtain the values of aver-
age voltages with an accuracy of up to the fifth decimal place;

3) the reliability of the second approach is inferior to the 
first approach. This is due to the fact that in the event of an un-
planned stoppage of the measurement process, all the necessary 
data for calculating the desired temperature value will not be 
available.

Thus, analyzing all the presented evaluation criteria for 
the proposed approaches, it can be concluded that the first ap-
proach is promising compared to the second one in determin-
ing the desired temperature value in multiple measurements 
with high accuracy.

6. Discussion of the results of computer modeling of 
multiple measurements with a quadratic transformation 

function

During the computer modeling of MRM with a quadrat-
ic TF, as follows from the results (Fig. 1), it was found that 
among the TF parameters, the greatest influence is exerted 
by the parameter .BU ′∆  According to the authors, this is due 
to its location in the equation of quantities (1). In addition, 
it was found that increasing the value of the parameter 

0betU ′ from ±1 % to ±10 % does not lead to an increase in the 
measurement error. Obviously, this becomes possible due to 
the application of the redundant measurement equation (3), 
where the additive component of the measurement error is 
eliminated as a result of the operation of subtracting the 

output voltages. This does not differ from the practical 
data given in [12], the authors of which also associate the 
improvement of measurement accuracy with the method of 
processing measurement results.

When investigating the effects of reproduction errors 
of normalized temperatures T1 and T2, as follows from the 
results (Fig. 1, 2), it was found that they have a greater influ-
ence on the measurement error than the change in the param-
eters ,AU ′∆  BU ′∆  and 0.betU ′  In this sense, the interpretation 
of the results given in Fig. 3, 4 is of particular interest, which 
confirms the influence of reproduction errors of normalized 
temperatures T1 and T2 on the measurement result. It was 
found that the best accuracy results are obtained with a re-
production error of normalized temperature T2 within ±0.5 %, 
and temperature T1 – with an error of no more than ±0.1 %. 
This means that when applying MRM with a quadratic trans-
formation function, high accuracy requirements are imposed 
only on the source of reproduction of normalized temperature 
T1, which requires certain material costs. This does not differ 
from the practical data given in [9, 10], where the increase in 
accuracy due to the use of exemplary sources also leads to an 
increase in material costs. However, it should be noted that 
high accuracy requirements cannot be applied to the repro-
duction source of normalized temperature T2. This makes it 
possible to choose a non-high-precision source of reproduc-
tion of normalized temperature T2 and thereby reduce the 
cost of the measurement process.

In the study of multiple measurements, two approaches 
to processing measurement results were proposed, as in [18]. 
In this sense, the interpretation of the results with the qua-
dratic transformation function, which was studied in [20], is 
of particular interest. It is shown that due to processing the 
measurement results according to equations (4), (5), the mea-
surement accuracy is increased by eliminating the systematic 
error component caused by changes in the parameters of 
the transformation function, as well as reducing the random 
error component. A comparison of the results of multiple 
measurements by two approaches allows us to assert that the 
first approach using equation (4) is promising compared to 
the second approach applying the redundant measurement 
equation (5). This does not differ from the practical data 
given in [18], where they also associate an increase in the 
accuracy of multiple measurements with the determination 
of the desired value through averaging its values over n mea-
surement cycles. The feature of the second approach should 
be noted, in which the measurement accuracy will increase 
with an increase in the accuracy of measuring devices or with 
a decrease in the accuracy of the reproduction source of nor-
malized temperature T2.

Such conclusions can be considered appropriate from a 
practical point of view, because they allow a reasoned ap-
proach to increasing the accuracy of multiple measurements 
using redundancy. Moreover, it was found that the use of 
MRM in multiple measurements can reduce the accuracy 
requirements for the source of reproduction of normalized 
temperature T2, which helps to reduce material costs for im-
plementation. In addition, the application of the redundant 
measurement equation (3) ensures the independence of the 
measurement results from the parameters of the transforma-
tion function and their deviations from the nominal values. 
This is manifested in the possibility of using inexpensive 
transistors (sensors) without high requirements for their 
stability. From a theoretical point of view, MRM allow us to 
state that processing the results of multiple measurements 
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with a quadratic TF using two approaches increases 
the measurement accuracy without additional measures 
to linearize it. This advantage is manifested primarily 
when using the first approach, which provides a relative 
measurement error of 0.003 %. However, it should be 
noted that such high accuracy results are obtained when 
the change in parameters remains constant during the 
measurement cycle consisting of 5 measuring steps. The 
impossibility to remove the mentioned restrictions within 
the framework of this study gives rise to a potentially 
interesting direction for further research. In particular, 
it can be focused on identifying new systems and corre-
sponding equations of redundant measurements. Such 
detection will allow using MRM in complex and rapidly 
changing process conditions while ensuring high mea-
surement accuracy.

7. Conclusions

1. Based on the mathematical model of MRM, com-
puter modeling of the effect of changes in the TF param-
eters and reproduction errors of normalized quantities on 
the result of redundant measurements with a quadratic 
transformation function was carried out. It was found 
that among the TF parameters, a greater influence on the 
measurement error is exerted by the parameter .BU ′∆  It 
was found that the result of redundant measurements is 
more influenced by the reproduction errors of normalized 
temperatures T1 and T2 than by changes in the TF pa-
rameters. The effect of reproduction errors of normalized 
temperatures T1 and T2 was investigated. The studies 
revealed that the best accuracy results were obtained 
with the reproduction error of normalized temperature T1 
within ±0.1 % and temperature T2 within ±1.0 %. Thus, it 
can be stated that when applying MRM with a quadratic 
transformation function, high accuracy requirements can 
be imposed only on the source of reproduction of normal-
ized temperature T1. On the other hand, high accuracy 
requirements may not be applied to the source of repro-
duction of normalized temperature T2.

2. Computer modeling of multiple measurements with a 
quadratic transformation function using the first approach 
with changes in the TF parameters and selected reproduc-
tion errors of normalized quantities was carried out. The 
feature of processing the results of multiple measurements by 
the first approach is the averaging of the values of the desired 
quantity obtained according to the redundant measurement 
equation (4) for n measurement cycles. 

In computer modeling, two options were considered: 
with a reproduction error of normalized temperature T2 
within ±1.0 % and ±0.5 %. Each of the options was carried 
out with the number of measurement cycles of 144 (n=144) 
and 36 (n=36). As a result of the calculations, it was found 
that with the reproduction error of normalized temperature 
T2 within ±0.5 %, the relative error is 0.003 % at n=144. 
Moreover, it was found that reducing the number of mea-
surement cycles to 36 leads to a slight increase in the mea-
surement error to 0.007 %. This testifies to the classical 
application of statistical data processing methods when 
using MRM. Computer modeling with a reproduction er-
ror of normalized temperature T2 within ±1.0 % (at n=144) 
showed an increase in the measurement error to 0.01 %. 

Thus, it can be stated that when making multiple mea-
surements, it is recommended to choose a source of re-
production of normalized temperature T2 with an error 
within ±0.5 %.

This allows us to assert the effectiveness of the proposed 
first approach, which is manifested in a decrease in the ac-
curacy of multiple measurements by an order of magnitude 
compared to the result obtained during only one measure-
ment cycle.

3. Computer modeling of multiple measurements with a 
quadratic transformation function using the second approach 
under similar conditions was carried out. The peculiarity of 
the second approach is the averaging first of the voltage values 
in each step for n measurement cycles, which are then substi-
tuted into the redundant measurement equation (5).

In the calculations by the second approach, options of 
the reproduction error of normalized temperature T2 within 
±1.0 % and ±0.5 % were also considered. Similar studies 
were conducted under the condition that the reproduc-
tion error of normalized temperature T2 is ±0.5 %, and the 
number of measurement steps is 144, i.e. n=144. As a result 
of the calculations, the relative error value of 0.054 % was 
obtained. With the reproduction error of normalized tem-
perature T2 within ±1.0 %, a relative error of 0.041 % was 
obtained. Thus, in contrast to the first approach, it is rec-
ommended to choose a reproduction source of normalized 
temperature T2 with an error within ±1.0 %.

The studies of the second approach revealed its peculiar-
ity, namely sensitivity to the accuracy of measuring devices. 
This is manifested in the dependence of the measurement 
result on the digit range of intermediate measurements.

Thus, when applying the second approach, on the one 
hand, it is possible to use a non-high-precision source of 
reproduction of normalized temperature T2, but, on the 
other hand, to use high-precision measuring devices. This 
indicates the variability of the second approach depending 
on the available equipment.

4. A comparative analysis of the two proposed ap-
proaches was carried out, in accordance with criteria for 
evaluating their results on accuracy, reliability and the 
necessity to use high-precision measuring devices. It was 
found that when determining the desired temperature val-
ue in multiple measurements with high accuracy, the first 
approach has priority over all three criteria compared to 
the second one.
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