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Using an asymptotic integration method, this paper investigates
the axisymmetric problem of elasticity theory for an inhomoge-
neous transversal-isotropic truncated cone of small thickness. It is
believed that the moduli of elasticity are arbitrary continuous func-
tions of the cone opening angle. It is assumed that the lateral part of
the cone is free of stresses, and arbitrary boundary conditions are
set at the ends of the cone, leaving it in equilibrium. Homogeneous
solutions have been constructed, that is, all solutions to equilibrium
equations that satisfy the condition of absence of stresses on the lat-
eral surfaces of the cone. Three groups of solutions were derived: a
penetrating solution, solutions such as a simple edge effect, as well
as the boundary layer solutions. An analysis of the stressed-strained
state was carried out. It is shown that the penetrating solution and
solutions having the character of a boundary effect determine the
internal stressed-strained state of the cone. Solutions having the
character of a boundary layer are localized at the ends of the cone
and its first terms are equivalent to the edge effect of the Saint-
Venant inhomogeneous plate.

A particular type of inhomogeneous transversal-isotropic cone
of small thickness with the degeneration of its median surface into
a plane has been studied. It is shown that this case of degeneration
is special, and the solutions consist of a penetrating solution and a
solution of the nature of the boundary layer.

Asymptotic formulas have been derived that make it possible to
calculate the stressed-strained state of an inhomogeneous transver-
sal-isotropic cone of small thickness. On the basis of the obtained
solutions, it is possible to build a new refined applied theory and
determine the applicability of existing applied theories for conical
shells. New classes of solutions have been identified that no applied
theory can describe
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boundary layer
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1. Introduction

2. Literature review and problem statement

One of the properties of materials that affect the
stressed-strained state of elastic bodies is their hetero-
geneity. Heterogeneous shells are widely used in various
fields of technology. Many tasks related to the study of
heterogeneous shells are correctly resolved only within the
framework of the theory of elasticity. The complexity of
the phenomena arising from the deformation of heteroge-
neous shells has given rise to a number of applied theories
based on various hypotheses. To assess the applicability of
existing applied theories and to build new refined applied
theories, it is relevant to investigate the stressed-strained
state of inhomogeneous shells based on three-dimensional
equations of the theory of elasticity. Despite the fact that
this is associated with significant mathematical difficulties
in the study of heterogeneous shells from the standpoint
of three-dimensional equations of the theory of elasticity,
their mechanical, geometric structure is more adequately
taken into account and new qualitative and quantitative
effects arise. Therefore, research into the stressed-strained
state of a heterogeneous shell based on the equations of the
theory of elasticity is relevant.

The cone is one of the main elements of the structures.
Structural elements in the form of circular conical shells are
widely used in aviation, rocket and space technology, chem-
ical and oil refining engineering. These include transition
compartments and head parts of rockets, turbine and jet en-
gine housings, fuel tank bottoms. Among the classical elastic
shells, conical shells are more complex. This is explained by
the mathematical complexities caused by the geometry of the
problem. The problems of the elasticity theory regarding the
cone are addressed in a number of studies. In [1], a solution
to the problem of equilibrium of an isotropic homogeneous
cone under the action of arbitrary loads is considered. In [2],
an exact solution to the problem of torsion of an elastic
truncated heterogeneous cone in a static formulation is
constructed. In [3, 4], solutions to boundary problems for
cones under various boundary conditions on the surface of
the cone are given. In [5], the axisymmetric problems for the
truncated cone are investigated. In [6], an exact solution to
the axisymmetric mixed problem of elasticity theory for a
truncated circular hollow cone is constructed, taking into
account its natural weight. In [7], with the help of an inte-




gral transformation, the established torsional oscillation of
an elastic truncated cone is considered and the dependence
of eigenfrequencies on the geometric parameters of the cone
is studied.

Asymptotic methods have made a significant contri-
bution to solving the three-dimensional problems of the
theory of elasticity for the cone. In [8—10], a method of
homogeneous solutions was used to study the axisymmetric
problem of the theory of elasticity for a truncated isotropic
cone, when the lateral part of the cone is free of stresses.
However, the system of homogeneous solutions constructed
in [8] is not complete and therefore does not make it possible
to meet arbitrary boundary conditions at the ends of the
cone. In [9, 10], the roots of the characteristic equation are
classified with a relatively small parameter characterizing
the thinness of the cone; solutions were constructed depend-
ing on the roots of the characteristic equation. It is shown
that the stress-deformed state in a cone of small thickness
consists of three types: a penetrating stressed state, a simple
edge effect, and a boundary layer. In [11], the problem of
elasticity theory for an isotropic hollow cone with a fixed
lateral surface is studied. It is shown that, in this case, the
stressed-strained state has the character of a boundary layer.
Paper [12] outlines the general asymptotic theory of a trun-
cated isotropic hollow cone. The spatial stressed-strained
state of a truncated cone of small thickness under various
boundary conditions on the lateral surface is investigated.
Asymptotic decompositions of homogeneous solutions are
derived, making it possible to calculate the stressed-strained
state under various boundary conditions at the ends of the
cone. On the basis of the qualitative analysis, the nature of
the stressed-strained state was explained. An asymptotic
analysis of the problems of propagation of harmonic torsional
waves in a cone is carried out. In [13], a three-dimensional
asymptotic theory of a transversal-isotropic homogeneous
cone of small thickness is constructed, which includes meth-
ods for building homogeneous and inhomogeneous solutions.
For a transversal-isotropic homogeneous cone, character-
istic new groups of solutions are derived. A comparison of
constructed solutions with solutions obtained from applied
theories is given.

In [14, 15], based on the method of asymptotic integra-
tion of the equations of the theory of elasticity, the axisym-
metric problem of the theory of elasticity and the torsional
problem for an inhomogeneous isotropic cone of small thick-
ness, when the side surfaces of the cone are free of stresses,
were studied. The nature of the constructed solutions is
explained. Paper [16] shows that when homogeneous mixed
boundary conditions are set on the lateral surfaces of a het-
erogeneous cone, the stressed-strained state is composed
only of a solution having the character of a boundary layer.
In [17], the axisymmetric problems of the theory of elastic-
ity for a transversal-isotropic cone of variable thickness are
studied. Homogeneous solutions have been built and their
classification has been made.

In [18-22], a particular type of cone was studied during
the degeneration of its median surface into a plane, which
corresponds to a plate of variable thickness. In [18], based
on the method of homogeneous solutions, the asymptotic
behavior of the axisymmetric stressed-strained state of
a plate of variable thickness is investigated. In [19], the
stressed-strained state of an inhomogeneous plate of variable
thickness is analyzed. Asymptotic formulas are derived for
movements and stresses. In [20, 21], homogeneous solutions

are constructed for the problem of bending a transversal-iso-
tropic plate of variable thickness. An asymptotic analysis of
homogeneous solutions is carried out and the nature of the
stressed-strained state is established. In [22], the non-ax-
isymmetric problem of the elasticity theory for a plate of
variable thickness is divided into two independent tasks:
the tensile problem and the plate bending problem. Homo-
geneous solutions to the neo-asymmetric stretching problem
of the elasticity theory for a transversal-isotropic plate are
constructed.

The study of the stressed-strained state of the cone, like
any theory, proceeds from simple models to more complex
ones. Therefore, the logic of the development of research re-
quires the analysis of the cone from more general positions.
In the study of transversal-isotropic inhomogeneous cones,
all real properties of materials are taken into account. How-
ever, the problem of elasticity theory for a transversal-isotro-
pic heterogeneous cone has not been studied. The question of
the correlation of applied theories for inhomogeneous trans-
versal-isotropic conic shells and the corresponding three-di-
mensional problems of elasticity theory remains open.

The analysis of three-dimensional problems of elasticity
theory for transversal-isotropic inhomogeneous cones is as-
sociated with complex mathematical difficulties. This more
adequately takes into account their mechanical, geometric
structure and leads to the emergence of new effects. The
analysis of the stressed-strained state of a heterogeneous
cone based on three-dimensional equations of the theory
of elasticity is reduced to the study of boundary problems
for systems of linear differential equations of the second
order in partial derivatives with variable coefficients. These
coefficients include moduli of elasticity, which are arbitrary
positive continuous functions of the cone opening angle,
which significantly complicates the construction of solutions
to problems.

3. The aim and objectives of the study

The aim of this work is to study the behavior of a solution
to the problem of elasticity theory and to reveal the features
of the stressed-strained state for a transversal-isotropic
inhomogeneous cone of small thickness. This will make it
possible to derive asymptotic formulas for calculating the
three-dimensional stressed-strained state of a transver-
sal-isotropic inhomogeneous cone. Based on the analysis,
it is possible to assess the applicability of various applied
theories and build a more refined applied theory for hetero-
geneous conical shells.

To accomplish the aim, the following tasks have been set:

—to build homogeneous solutions for a transversal-iso-
tropic heterogeneous cone and derive asymptotic formulas
for displacements, stresses;

—to study the nature of stressed-strained states corre-
sponding to different types of homogeneous solutions;

— to investigate a particular kind of heterogeneous trans-
versal-isotropic cone during the degeneration of its median
surface into a plane.

4. The study materials and methods

Based on the equations of the theory of elasticity, the
three-dimensional stressed-strained state of a transversal-iso-



tropic inhomogeneous cone of small thickness is studied. A
complete system of elasticity theory equations for an inhomo-
geneous transversal-isotropic cone in a spherical coordinate
system is given and the boundary problem is stated. Given
that the stated boundary value problems include a small pa-
rameter characterizing the thickness of the cone, the method
of asymptotic integration of the equations of the theory of
elasticity is used to construct the solution. This method is one
of the effective methods for studying the three-dimensional
stressed state of elastic inhomogeneous bodies.

5. Results of investigating the construction of a
homogeneous solution for a heterogeneous transversal-
isotropic cone of small thickness

5. 1. Construction of homogeneous solutions for trun-
cated heterogeneous transversal-isotropic cone of small
thickness

The axisymmetric problem of the elasticity theory for a
heterogeneous transversal-isotropic truncated hollow cone
of variable thickness, which is a body with two conical and
two spherical boundaries, is considered (Fig. 1). In a spher-
ical coordinate system 7, ¢, 0, the region occupied by a cone
is denoted by

r={relnn],0<[0,6,].6<[0,2x]}.

Fig. 1. Truncated cone in a spherical coordinate system:
0=05 — conical part of the boundary; r=rs— spherical parts
of the boundary (s=1, 2)

The spherical parts of the boundary (r=r;) are called
the ends of the cone, and the rest of the boundary (6=06y) is
termed the lateral surface (s=1, 2).

The system of equilibrium equations in the absence of
mass forces in a spherical coordinate system 7, 0, ¢ takes the
form [23]:

oo . 106,, 20, —G, —GCg+0,4Ctgd _

”

or r 00 r
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or r 00 r

0, 2)

where 6,,, 6,4, 644, 0o are the components of the stress ten-
sor, which are expressed in terms of the components of the
displacement vector u,=u,(r; 0), ug=uy(r; 0) as follows [13]:

ou, +A12[&ctge+2&+l%), 3)
0 r r

or=diy r 09

Gy :Aﬂiar’ +(A, +A23)7f+A227°ctge+A23;—(;, 4)
Ogo = A12%+(A22 + Ay )&4' A23&Ctg6+A22 1%’ ®)
or r r r oo
10u, ou, u
=Ay| ——+—2-—2 .
o M(r o or r J ©

It is assumed that the side part of the cone is free of stresses:

Soolyg =0: cp0|e=9\ =0, (s=1,2), (7)
and at the ends of the cone the arbitrary boundary condi-
tions are set that leave it in equilibrium.

Substituting (3) to (6) in (1), (2), and (7), the following
is obtained

(L, +€d,L +&” /L, )u =0, )
(M, +e0,M,)u| =0, )
where
L=
e e
%(byy by, — by )+ w2 B
+eb,,ctg(0, +en)o b
CBL% TEn xctg (0, +en)—ed(b,,)
0(b,,0)+
- +£0(bysctg (0, +2n))-|
~2¢%b,, +(b,, — b
e0(by +by)+26b0 + (b =bi)
xectg(0, +en)o—
_(bzz _bzs)gz x
xcgt® (6, +&n)
0(bys )+ b0+
2¢b,,
L= +&(by, +by, ) ctg(0, +en)|,
(b, )+by0 2¢b,,
b, 0
L _ 11 ,
“ o by,
M- b0 —eb,,
O Wby + by e by,0+eby,cgt(0,+en)|
M, = 0 b, ,
b, 0
0 0 o T
6=a, 0, =pa—p, Gf =p26—2, u =(up,u0) ;
0-0, o _
n= —new dimensionless variables, ne[-1; 1];
g
6,+0, . .
0, === the opening angle of the median surface of
the cone;
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g= — a small parameter characterizing the thick-

ness of the cone;

7 :ﬂ; u, =4 U, .y b; = 4 dimensionless quan-
Ty o Gy
tities, Gy is some characteristic modulus, e.g. Go=max]| 4;.

It is assumed that the moduli of elasticity b;=b;(n) are
arbitrary continuous functions of the variable 1, the values
of which can change within the same order.

Here, 0g#n/2. 0p=n/2 is a special case and corresponds
to a heterogeneous transversal-isotropic plate of variable
thickness, which will be studied separately.

A homogeneous solution is any solution to equations (8)
that satisfies the condition of absence of stresses on the lat-
eral surfaces, that is, (9).

A solution to (8), (9) is sought in the form:

(10)

Substituting (10) in (8), (9), a non-self-adjoint problem
with a spectral parameter z is obtained:

(LO +a[z—ij(L1 —8L2)+82[z—1] LQJC—O,
2 2
=0, 12)

(MO +s(z—;jM1jc
n=t1

where ¢(n) :(o(n),w(n))T.

At £—0, an asymptotic method based on three iterative
processes was used to solve (11), (12) [14—-16, 19, 24-27].

z,= 5 is the eigenvalue (11), (12) and a homogeneous

1, (0om) =0 20(n), (o) =0 2e0(n).

an

solution corresponding to the first iterative process, which
takes the form:

A

uff’:;x
m,ctgh, +
—2n(m, +1,)+m, +2t, +
d=dit Lboa3)
X $o4 m )
+ctg?e,|  \+d,—t,—m, (m0+t0)71
+t,(dy—d,)
+O(82)
—(my +1,)+ectgh, x
th
(my+2,) | 2 do +my (n+1)+
1 A 71b22
ulh =—=Ix +1 (14)
"o, b
+m0J‘ 12 23 dx
-1 b22
+O(82)

The stresses corresponding to the solutions (13), (14) are
as follows:

]“ b12 (bza _bzz) dr—
) Ag 071 22
Gpy =5 Ctgh, W0 g9 )
b22 _bzs

~, _[de+0(&)

—1 22

(15)

o = crgo, | 41, by (b b22)+0( ), (16)
P L 8o bzz
_m b12(b23_b22)_
0
b
c;g:izctge(, . , (17)
P » 7(b22_b23)+0(a)
L ! b22
by (bzs b22)dx—
) ’ 1 by,
o0 =7 Ct80, . (b2 b2 ) ’ (18)
224 +0(g)
-1 b22
where

P IUSTSI O

-1 b22 -1 b22

dx] dn,

d = 0 (b22+b23) f b12 (bzs_bzz)dx]dn,

1 S by | by,
d,= j’ (b§3 _b§2) h by, —by, b, dx]dn‘
S by 1 22
ds:j[(b223—b§2) ]‘bzgdx]dn
S by % by

L (b2 —b2
m, = [(ﬂbzzB)nkdn;

b b12(b23_b22) k
t,= | —=—=In"dn;
k J; b, ndan
b22

g =""""".
’ b122 _b11b22

Solutions that correspond to the second iterative process
are found in the form:

U(n)ZSQ[Uzo (ﬂ)+82021(n)+....} 19)
w(n):wzo (T])+85w21 (1’])+...., (20)
228%(0L0+8(x1+....). @1

Substituting (19) to (21) in (11), (12), after some trans-
formations, the following is obtained:

1
, g 12 d ,
p{of o
pJ) =
(22)

14
2) _ 52 (2)
Uy " =p ZBerj )
=

where
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UP =1 +e? X(mo+ft0j>< X X %)
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xctgh, +ay,,0,q, Inp I - -
0j y
L ] J J x+1)dx}dy
x(b = py)+0(e) o

1 %Dy, (byy—byy)
) 2 12\ Y23 Yo +
xexp[(f/o_jln P], X OLothgeo J.[J; b22 dx]dy+
- b
1 by, (byy—byy)
. +og ctgh, | 22 (x+1)dx +
q; :aé,‘ (b1(11)+b1(?) —D _po)"’toCtgeo; _ N OJ; b,
biz
( e L p2 + dxctg26
b = J b'dn; p, = f 5, n'dn. J
22 n(
A bi d . . . .. J. I b1 dy -
iquadrate equation is derived for determining o, °
(]] n
2\ 4

(popz_p0b1(12)_pzbf?)"'bf?)bff)_(bf})_p1) )“o;‘"’ +q12'a0./ I by dedy +

-1 ZZ
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The stresses corresponding to the second iterative pro-

cess are: Xexp [(j/‘ﬁln pj,
€

R TR o T 0
= (XOj(bf?)_po)ij
1 4 . i n ]
0 YL AN o T o, (- 1)ds-
J=1 3 | -1
37 n 52 +
where x —I bi(x +1)dx +
%10
a0j(b1(?)_po)Q_,‘x Fj(z): (byy—bs,) x
b (s —b,) W%”‘Ti”
a(z)j 12 ;}3 22 (n+1)+ 1 29 i
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Solutions (11), (12) corresponding to the third iterative
process are sought in the form:

U(T])=8(U30(n)+8031(ﬂ)+...), (26)
w(n)=¢(wy, (n)+ewy, (n)+...), 27)
z=¢"' (B, +&B, +....). (28)

After substitution (26) to (28) in (11), (12) for the first
decomposition terms a spectral problem describing a poten-
tial solution to a transversal-isotropic plate heterogeneous in
thickness is derived [28]:

(bu"'so (“))I +By [(buz‘”so (n))' +byyw) (“)} +

+B(2)b11030 (T'l) =0, (29)
(b22wé0 (n))' +Bo |:(b12030 (n))l +b,,05 (Tl):| +

+ng44w30 (n) =0, (30)
by (0 (M) + Byt (n)) =0, at n==1, 31
by, (ﬂ)+5ob12030 (11)=0, at n==1. (32)
By replacing

Vs (n)=ﬁ$2gof"(n)—g1f(ﬂ)y (33)
Wy (n) =B, (gof”(rl))""

+By'g /" (n)+B;' (&/ (n) (34)

the spectral problem (29) to (32) is reduced to the following:

(&/()"+

(gof”( )) Bo +g1f ( )+ +Bogsf( ): (35)
+(g./'(n))
/') =0 (36)
Bo/ ()., =0, (37)
where
_L- =pt L
&= b122 _bnbzz P80 87 b122 bnbzz .

(35) to (37) is a generalization of the Papkovic spec-
tral problem for the heterogeneous transversal-isotropic
case [25].

Solutions corresponding to the third iterative process
are as follows:

u®(pm)=ep " x
N & D {Bmgoﬂ'(n)—
k=1

X &ln , 38
—gifk(n)w(s)}e p[a pj (38)

us? (pm)=ep " x

—Bor(80fi (n))'+
<D, | +Briguf; (n)+
T (g () 0(e)

(39)

exp(&ln pj.
€

The stresses corresponding to the third iterative pro-
cess are:

o® =p i li Box 22fk( ) }exp(ﬁo"lnp} (40)
2P o :
<3)_p ZD [fk )++0(e ]exp(%lnp} 41)
b 23
Bokﬁfk( )+
(3) =p ZD (b ., bz) x
B(]k b122 b11b22 f;e(n)+0(8)
xexp(ﬁw lnp), (42)
<3>,p ZD[ Borfs (N)+0(e )]exp(%lnp} (43)

General solutions (11), (12) will be superpositions of
solutions (13), (14), (22), (38), (39) corresponding to the
above iterative processes:

(¢} (2)

u (pm) =1’ +u® +ul”, (44)

Ul +u® +u.

uy(pm)= (45)
Based on (15) to (18), (24), (25), (40) to (43) for stresses
the following is obtained:

(1) (2) (3)

M, @, B
O =04 TO04 + 04>

Ggg =Cgg +Opy T Ogp »

(46)

(1) (2) (3)

G, =0, +o. ) +c), B 162+

G,y =0p +Gp5 +0, - 47)

The derived asymptotic formulas (44) to (47) make it
possible to calculate the stressed-strained state of a trans-
versal-isotropic cone of small thickness with any predeter-
mined accuracy.

5.2. Analysis of the stressed-strained state deter-
mined by homogeneous solutions

An analysis of the stressed-strained state corresponding
to various groups of constructed homogeneous solutions is
carried out.

The relationship of homogeneous solutions with the main
vector P of stresses acting in the cross-section p=const is
considered.

Note that:

L(c, cos(6,+en)-

P= ZEQQSI[ P

(48)
%\ —0,5in (0, +2n)

]Sin(eo +en)dn,

Substituting (47) to (48), the following is derived:



P =2nem A,

(49)
where

©, :[mo(po —bff))ﬂﬂcos2 0,+0(e).

The stressed state corresponding to the second and
third iterative processes is self-balanced in each section
p=const.

In the p=const cross-section, the bending moment and
cutting force for the second and third groups of solutions are:

3
M2, =0(¢"), Q% =0[82} (50)

ME,-0(). Q2 -0(%). 6D

From (50), (51), it is derived that the main parts of the
bending moment and the cutting force determine the solu-
tion to the corresponding second iterative process.

A solution to (13), (14), corresponding to the first itera-
tive process, determines the internal stressed-strained state
of the cone. The first terms of its decomposition by ¢ deter-
mine the momentless tense state.

The solution to (22) has the character of a boundary
effect. The first terms of the decomposition by ¢ of the
solution to (22), (24), (25) in conjunction with the first
terms (13) to (18) can be considered solutions in applied
shell theory.

Solutions to (38), (39) have the character of a bound-
ary layer. The first terms (38), (39) are equivalents to the
edge effect of Saint-Venant for a heterogeneous transver-
sal-isotropic plate [25]. For imaginary B¢, the boundary
layer solution is attenuated very weakly. In this case, the
stressed-deformed state of the transversal-isotropic inho-
mogeneous cone is qualitatively different from the state
of the isotropic inhomogeneous cone. When By, are real or
complex, the overall picture of the stressed-strained state
is qualitatively similar to the corresponding pattern for an
isotropic inhomogeneous cone [14], and they differ in the
rate of attenuation of the Saint-Venant border layers.

It is assumed that at the ends of the cone (on the spher-
ical part of the boundary) the the following boundary con-
ditions are set:

GppL:pj =/, (),
GpeL:p/ =/ (),

where f1j(n), foi(n) (=1, 2) are fairly smooth functions that
satisfy equilibrium conditions.

The relation of the constant A to the principal vector Pis
given by the equality:

(52)

(53)

P
A= . (54)
2nem,
To determine the unknown constants B; (j=1, ..., 4),

Dy, (k=1, 2, ...), the variational Lagrange principle [21-23]
was applied. Since homogeneous solutions satisfy the
equilibrium equation and boundary conditions on the lat-
eral surface, the variational principle takes the following
form:

sz{(%p‘/ﬂ("))(guﬁ
1,1 +(Gpe —fgi('ﬂ))sue
Zj[(opp —Jio (n))Bu" *

’ +(Gp9 — (Tl))&le

} -sin (6, +en)dn+
p:

~1

] -sin(6, +en)dn=0. (55)

Bearing in mind that o =0(1), ¢ :O(s”z), the as-
sumptions regarding the external load have been clarified.
Let’s say that f1,=0(1).

After certain transformations, the following is derived:

! [
Icpednzszp 2 x
el

U“Oj(bl(i))_po)q]'(x()jx
4 al (b —bP —p,+p, )+
X_Z:,Bj x[ 01(11 11~ Po p2) +
=

+ (tO - Z.1 ) Ctgeo
i q) (= p =B +5)+0(s"”)

xexp Elnp .
Je
Tangential stresses specified on the spherical parts of the
boundary are represented as:

Lo ()= L0+ 20,

(56)

where
o 17 .
z(.\-)=§J.fz.\»(ﬂ)dTl; 5 = fos = 13-
)

Based on (56), it is derived that /" =O(s“2). Then f?
can have the order f{*> O(1). Thus,

f=0(1). /0 =0("), £2=0(1).
Substituting (44), (45), (47) in (55) and considering 5B;,

dD; to be independent variations, systems of linear algebraic
equations are derived from (55):
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System (59) is always solvable under physically mean-
ingful conditions superimposed on the right-hand side [28].
Determining Bj, Dy, (p=1, 2, ...) is invariably reduced
to systems whose matrices coincide with the matrices of
systems (58), (59).

5. 3. Homogeneous solutions for a heterogeneous
transversal-isotropic cone in the degeneration of its me-
dian surface into a plane

A special case was noted when the opening angle of the
median surface is 89=n/2, which corresponds to a trans-
versal-isotropic inhomogeneous plate of variable thickness.
Here, not any plate is meant but that particular type of the
cone considered in [18-22], which it takes when its median
surface degenerates into a plane. This case of degeneration is
special and requires a separate study.

In the case 0p=n/2 for solution (11), (12) based on the
asymptotic method at &—0three groups of solutions are

derived:
=2(my +t,)n+
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(60)

These solutions correspond to the eigenvalue z;
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Solutions to (61) correspond to the following eigenvalues

2
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Here, z(y, is the solution to the biquadrate equation
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The second iterative process is absent here, i.e., there is
no solution that has the character of an edge effect.

The displacements and stresses corresponding to the
third iterative process take the form (38) to (43).

After a certain transformation from (48) for a transver-
sal-isotropic inhomogeneous plate of variable thickness, the
following is derived:

P :—21583[36)0, (64)
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The stressed state corresponding to the eigenvalue

1. . . .
z(()“ = ~ is equivalent to the main vector of forces directed

along the axis of symmetry. Solutions (61) define the main
parts of the bending moment and the cutting force. The third
asymptotic process defines solutions having the character
of a boundary layer and the first terms of the asymptotic
expansions of these solutions coincide with solutions of the
boundary layer type for an inhomogeneous transversal-iso-
tropic plate of constant thickness.

At 0p=n/2, the overall solution to (11), (12) will be a
superposition of solutions (60), (61), (38), (39).

6. Discussion of results on the construction of a
homogeneous solution to the problem of elasticity theory
for a heterogeneous transversal-isotropic cone

The axisymmetric problem of the theory of elasticity for
a heterogeneous transversal-isotropic truncated hollow cone
of small thickness is investigated. It is assumed that the
moduli of elasticity are arbitrary continuous functions of the
cone opening angle whose values vary within the same order.
A complete system of equations is given and the boundary
problem (8), (9) is stated. By the method of asymptotic in-
tegration of the equations of the theory of elasticity, asymp-
totic decompositions (44), (45) for homogeneous solutions

are constructed, which make it possible to calculate the
stressed-strained state under various boundary conditions
at the ends of the cone. Homogeneous solutions consist of
three types: penetrating solutions, solutions such as simple
edge effect, and boundary layer solutions.

An analysis of the stressed-strained states corresponding
to various types of homogeneous solutions is carried out. It is
shown that the first asymptotic process corresponds to some
penetrating solution (13), (14). The stressed state determined
by this solution is equivalent to the main vector of the forces
applied in the arbitrary cross-section p=const. The second
asymptotic process determines the solution to (22) of the
type of edge effect, similar to the edge effect in applied shell
theory. The first terms of the asymptotic stressed state de-
compositions determined by solution (22) are equivalent to
the bending moment and cutting forces. In the first terms of
the derived solution based on the first and second asymptotic
process, decomposition by parameter ¢ can be considered as
solutions to the applied theory of Kirchhoff-Love. The third
asymptotic process corresponds to the solution of the type of
boundary layer, which in the first term of asymptotic decom-
position coincides with the boundary effect of Saint-Venant in
the theory of inhomogeneous plates. Solutions to (38), (39),
corresponding to the third asymptotic process, are localized
at the ends, and, as they move away from the ends of the cone,
they decrease. Solutions of the type of boundary layer corre-
sponding to the imaginary Bo; can penetrate deeply enough
and significantly change the picture of the stressed-strained
state away from the ends of the cone. In this case, the stressed-
strained state of the transversal-isotropic inhomogeneous
cone is qualitatively different from the state of the isotropic
inhomogeneous cone. Boundary layer type solutions, appro-
priate, real, or complex By, quickly fade away from the ends
of the cone. When the By are real or complex, the overall
pattern of the stressed-strained state is qualitatively similar
to the corresponding picture for an isotropic inhomogeneous
cone, and they differ in the rate of attenuation of the border
layers of Saint-Venant. Solutions to (38), (39), having the
character of a boundary layer, are absent in applied theories of
the shell. The stressed state corresponding to the second and
third groups is self-balanced in each section p=const. Using
the variational Lagrange principle, the boundary conditions
at the ends of the cone are satisfied.

A particular type of cone has been studied during the
degeneration of its median surface into a plane, that is, a het-
erogeneous plate of variable thickness. Given that this case
of degeneration is special, based on the asymptotic method,
homogeneous solutions have been constructed and an anal-
ysis of the stressed-strained state of a heterogeneous plate of
variable thickness has been carried out. It is obtained that
the stressed state corresponding to the first iterative process
is equivalent to the main vector of forces directed along the
axis of symmetry, the cutting force and bending moments.
Solutions corresponding to the next iterative process quickly
fade away from the edge of the plate and have the character
of a boundary layer. The stressed-strained state in an inho-
mogeneous plate of variable thickness consists of a penetrat-
ing solution (60), (61) and a solution (38), (39), which has
the character of a boundary layer.

It should be noted that the division of the stressed-
strained state into internal and border layer solutions is
characteristic only of a cone of small thickness. The resulting
asymptotic formulas hold at e—0.



The method of asymptotic integration is successfully
used and has no drawbacks in solving the problem of elas-
ticity theory for elastic bodies of small thickness. However,
this method does not make it possible to correctly solve the
problem of elasticity theory for a thick elastic body. For the
first time, the problem of elasticity theory for a transversally
isotropic inhomogeneous cone of small thickness was inves-
tigated and the method of asymptotic integration was used.

The results reported here are a generalization of certain
results from [9, 10, 14, 15, 17-19]. In the case biy=by3=A,
bis=G, b11=byy=2G+), all the solutions derived fully co-
incide with the solutions for the radial-inhomogeneous
isotropic cone [14,19]. When G and X are constant, the
solutions derived coincide with the solutions for the isotropic
cone [9, 10, 18]. In particular, when byy, bag, bs4, b1y, byy are
constant, all the results derived for the transversal-isotropic
cone follow from the constructed solutions [17]. Constructed
asymptotic formulas for the displacements and stresses of a
heterogeneous transversal-isotropic cone are valid, in par-
ticular, for a transversal-isotropic inhomogeneous cylinder.

The current work is theoretical in nature. Asymptot-
ic formulas (44) to (47) make it possible to calculate the
stressed-strained state of a transversal-isotropic cone of
small thickness with any predetermined accuracy.

In the future, based on the derived asymptotic decom-
positions for displacements and stresses, the determination
of the applicability of existing applied theories for a trans-
versal-isotropic conical shell of small thickness will be
considered.

7. Conclusions

1. Based on the asymptotic analysis, three groups of
homogeneous solutions were derived: a penetrating solu-
tion; a solution that has the character of a marginal effect;
a solution that has the character of a boundary layer. New
classes of solutions (solutions having the character of a
boundary layer) that are absent in applied theories are
obtained. Asymptotic formulas for movements and stresses
have been constructed, which make it possible to calculate
the three-dimensional stressed-strained state of a non-uni-
form transversal-isotropic cone of small thickness. The
constructed solutions could be a reference for assessing

the accuracy of various applied theories for heterogeneous
transversal-isotropic conic shells. Based on the constructed
solutions and the analyses carried out, it is possible to pro-
pose a new refined applied theory for the transversal-iso-
tropic inhomogeneous cone.

2. The features of the stressed-strained state of a hetero-
geneous transversal-isotropic cone of small thickness are re-
vealed. It is shown that the stressed state determined by the
penetrating solution is equivalent to the main vector of the
forces applied in the arbitrary section p=const. The stressed
state determined by the solution having the character of a
boundary effect and the boundary layer is self-balanced in
each section p=const. It is shown that, unlike the isotropic
inhomogeneous cone, weakly decaying border layer solutions
appear, which are characteristic only of a transversal-isotro-
pic inhomogeneous cone of small thickness. For a heteroge-
neous transversal-isotropic cone, these solutions attenuate
very weakly and can penetrate deep away from the ends and
change the pattern of the stressed-strained state.

3. The features of the stressed-strained state, a particular
type of inhomogeneous transversal-isotropic cone of small
thickness during the degeneration of its median surface into
a plane, have been studied. It is established that this case
of degeneration is a special and the tense-deformed state
consists of a penetrating solution and a solution that has the
character of a boundary layer.
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