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This paper reports a new approach to ensuring the stability of the 
end milling process, due to vibration-free cutting modes, which are 
determined from the stability lobes diagram of the dynamic machining 
system. An application program for automatic calculation of the sta-
bility lobes diagram in the coordinates «mill spindle speed – feed» has 
been developed, which is a tool for the technologist-programmer when 
designing control program for numerically controlled machines. The 
mathematical model underlying the application program represents  
a dynamic machining system as a single-mass system with two degrees 
of freedom, covered by negative feedback in the direction of two coor-
dinates. The trailing machining is represented as positive feedback 
loops with a delay function in each. The mathematical model is given in 
the form of state variables, which allows applying numerical modeling 
methods to determine both transient and frequency responses. The soft-
ware developed includes a separate module for automatic design of the 
stability lobes diagram whose algorithm uses the features of the location 
of the Nyquist diagram on the complex plane. Since the functioning of 
the developed program requires a priori information about the dynamic 
parameters of the machining system, a procedure for their experimen-
tal identification is presented. The stiffness of the machining system in 
two coordinates was determined with the help of a dynamometer, and 
the frequency responses were determined by the impulse response func-
tion, which was obtained with an impact hammer. The research results 
were confirmed experimentally both by computer simulation and milling 
on a machine tool and could be recommended for determining the cut-
ting mode at end milling
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1. Introduction 

The end milling process is a common manufacturing ope
ration for various parts, particularly in the aviation industry.

It takes place in a flexible technological machining 
system (TMS) and is always accompanied by vibrations. 
Such vibrations, depending on the amplitude, always have 
negative consequences in terms of ensuring the necessary 
roughness of the machined surface, stability of the tool, and 
even stability of the entire cutting process.

To eliminate vibrations or reduce their amplitude, me
thods of passive control (Passive Chatter Control – PCC) or 
active control (Active Chatter Control – ACC) are used [1]. 
Passive methods are based mainly on the application of 
dynamic vibration compensators or on the use of special 
control programs based on general methods of controlling 
the spindle speed variation (SSV). Active methods are aimed 
at introducing into the TMS artificial harmonic signals that 
have the opposite phase compared to the exciting oscilla-
tions. In this way, oscillations in the cutting zone are damped.  
It is clear that such methods are based on the construction of 
automatic control systems with appropriate sensors, exciting 
devices, usually based on piezo elements, and spectrum ana-
lyzers with electronic control units and autonomous power 
subsystems [2]. It is obvious that such systems require sig-
nificant modernization of existing equipment and significant 
financial costs.

At the same time, the reserves based on the definition of 
the so-called «vibration-free» cutting modes have not yet 
been exhausted. The widespread use of CNC machines and 
new tool materials makes it possible to hope for significant 
efficiency from the implementation of this approach for 
most cutting processes. To determine such modes, stability 
lobes diagrams (SLD) are used, which are projected in the 
coordinates «spindle speed – cutting depth». However, the 
construction of such diagrams causes certain difficulties of 
both theoretical and practical nature.

First, for their design, it is recommended to use complex 
algorithms based on algebraic stability criteria, which are 
found when solving the characteristic equations of a dyna
mic system of the second order with a single degree of free-
dom (SDOF). The second obstacle of a practical nature is the 
need to use the actual dynamic parameters of TMS and the 
dependence of the cutting force on the mode for SLD design. 
Therefore, resolving such a complex scientific and technical 
problem for end milling operations is an urgent task of cut-
ting processing on CNC machines.

2. Literature review and problem statement 

To devise a control strategy for any process, it is neces-
sary to imagine its model, which can adequately represent 
the causes of problems that must be eliminated as a result 
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of control formation. The most widely used is the method 
of control based on a priori information, which is based on 
the determination of control during process modeling using 
objective data on dynamic and power parameters of TMS.

Currently, two categories of oscillations during cutting 
are distinguished: primary and secondary [1]. The primary 
vibration is caused by the cutting process itself, nonlinear 
friction in the cutting zone, or the cross-effect of elastic shifts 
of TMS along the coordinate axes. Secondary vibration is 
caused by the regenerative effect of the waviness of the sur-
face of the workpiece, which was formed in the previous pass. 
This regenerative effect is considered to be the most impor
tant reason for the self-excitation of TMS.

To represent the model of this process, the wavy shape of 
the chip thickness is considered, which is determined by the 
passage of the previous tooth of the cutter and the trajecto-
ry of the cutting edge of the tool during oscillations on the 
current passage. It is determined that the chip thickness, and 
therefore the cutting force, changes depending on the phase 
difference between these waves. Such a term as «dynamic 
chip thickness» is introduced, which is adopted in the model 
for determining the constancy of the cutting process [1].  
At the same time, the adequacy of the representation is lost 
due to the lack of a general model of the cutting process 
taking into account the feedback loop in the elastic TMS.

An extended approach to the geometry of the chip thick-
ness with reference to the closedness of the processes in TMS 
during cutting is reported in [3]. In addition, when deter-
mining stability, processing «behind the trail» is taken into 
account, which is represented by the delay function in the pos-
itive feedback of the closed TMS. This approach leads to the 
construction of a model that is used in determining the stabi
lity lobes diagram (SLD) in the «spindle speed – depth of cut» 
coordinates. However, the design of such a diagram is based 
on algebraic stability criteria, which are determined from the 
characteristic equation, and involves the use of a multi-step 
algorithm, which prevents its application in practice.

To design SLD, even when representing a dynamic model 
in the form of a one-mass system with one degree of freedom, 
objective data on the power characteristics of the cutting 
process and dynamic parameters of the system are required. 
Such parameters can be obtained experimentally using the 
methods reported in paper [4].

In the cited work, a method for identifying end milling 
parameters using linear predictive coding (LPC) and ex-
tended Kalman filtering was devised. The milling simulation 
model is validated by comparing simulated and experimental 
forces for a variety of end milling cuts. Modeling regener-
ative cutting forces, tool/workpiece vibration, and surface 
waviness requires identification of tool-workpiece system pa-
rameters, i.e., damping factor, natural frequency, and stiffness.  
To obtain these system parameters, cutting force measure-
ments are used using a dynamometer (Kistler), which is 
installed on the bed under the workpiece.

However, the simulation is again based on regenerative 
chip thickness, phase change, and its effect on system dyna
mics. The authors proposed a linear model of milling forces 
taking into account the geometry of the tool. In addition, the 
methodology for calculating the cutting force and deflections 
of the tool/workpiece is explained.

To improve the adequacy of the model, one-mass dynamic 
systems are considered, but with two degrees of freedom [5]. 
It is proposed to take into account the dynamic stiffness as  
a function of the frequency response for each subsystem along 

the coordinate axes. It is proposed to form matrices of TMS 
transfer functions both directly along the coordinate axes 
and cross transfer functions, which enhances the adequacy 
of the model. However, the construction of stability lobes 
diagrams is also based on the concept of «dynamic chip thick-
ness» and involves a complex algorithm containing several 
successive calculation steps. At the last step, it is suggested 
to repeat the analysis of oscillation frequencies on the entire 
range of studies. It is claimed that such an algorithm, despite 
the longer calculation time, would ensure the elimination of 
the problem of estimating very similar, but different modes of 
behavior of a dynamic system.

It should be noted that when applying the concept of 
«dynamic chip thickness», the representations of the previ-
ous elastic deviation and the current depth of cut are often 
inadequate because the amplitude of the elastic deviation is 
assumed to be almost equal to the depth of cut. Such a repre-
sentation indicates either a completely insufficient rigidity of 
TMS, which rarely corresponds to real milling processes, or  
a deliberate hyperbolization of the process.

It is advisable to study dynamic processes during end 
milling by means of simulation in the time and frequency 
domains at the same time [6]. The model takes into account 
the closedness of the cutting process in the elastic machining 
system due to feedback in the form of elastic shifts along the 
coordinate axes. The dynamics of the system were represented 
by a one-mass model with two degrees of freedom. A struc-
tural diagram of the milling process using transfer functions, 
which reflects the cross-connections of a real machining 
system, has been compiled. It is shown that the main reason 
for the occurrence of regenerative oscillations is machining 
behind the track. The possibility of constructing the process 
SLD by comparing frequency responses in the form of Nyquist 
diagrams and time responses is shown; however, a generalized 
design algorithm and a reliable software tool are not available.

When identifying a dynamic system, the representation 
of force characteristics that connect the cutting mode and 
the components of the cutting force along the coordinate axes 
plays an important role. Such studies differ in the approach 
used: from the application of the finite element method [7] 
to the desire to preserve the physics of the cutting process 
during milling. In [8], a model was developed that takes into 
account the features of the end milling process with a spiral 
arrangement of the cutting edge along the height of the mill. 
In the model, each tooth of the helical end mill is discretized 
into several sections along the axis of the cutter to take into 
account the influence of the inclination angle on the cut-
ting force. However, all analytical models require the use of 
empirical coefficients obtained by procedures for statistical 
treatment of experimental data [9].

Feeling the need to increase the adequacy of SLD [10], 
an experimental method for its determination during milling 
was devised. The methodology is based on empirical research, 
when during milling, the depth of cut is gradually increased 
in the feed direction, and the spindle speed remains constant 
on the pass and varies from pass to pass. The cutting process 
is stopped as soon as vibration is detected and thus the boun
dary between stable and unstable cutting is identified, which 
is fixed in the diagram. The procedure is designed to identify 
such a boundary using a microphone and special software.

Currently, a new SLD design method for turning is pro-
posed, based on a new criterion of stability of closed TMSs 
with a delay function in positive feedback [11]. This method 
is embodied in a software tool that makes it possible to design 
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SLD and determine the vibration-free cutting mode quickly 
and efficiently, even on existing equipment, when performing 
a specific operation.

Thus, it can be stated that the results of the above nume
rous studies are currently little used in the programming of 
processing with end mills on CNC machines, despite the pos-
sibility of choosing a cutting mode in a wide range. Therefore, 
research aimed at building simple means of determining vi-
bration-free cutting modes during end milling is appropriate.

3. The aim and objectives of the study

The purpose of this study is to devise a methodology and 
software tools for determining the stability lobes diagram 
when machining with end mills, which could ensure the pos-
sibility of operative assignment of a chatter-free cutting mode.

To achieve the goal, the following tasks were set:
– to build a mathematical model of the milling process 

with end mills, which reproduces the real processes of the 
elastic system taking into account the closedness of TMS, 
cross-connections along two coordinates, and machining 
along the trace;

– to devise a procedure of identification of dynamic pa-
rameters of TMS and force characteristics during end milling;

– to construct software tools for SLD design in the coor-
dinates of the components of the cutting mode;

– to experimentally verify the results to be obtained.

4. The study materials and methods

The object of our study is the milling process with end 
mills, which takes place in an elastic closed TMS and takes 
into account machining after the trace. When analyzing the  
stability of the process, a new criterion was adopted for 
closed systems with a delay function in additional positive 
feedback, which is based on the features of the location of the 
Nyquist diagram on the complex plane.

The assessment methodology is based on a mathematical 
model, which, based on a system approach, represents TMS 
in the form of a connection of separate blocks. This makes it 
possible to obtain a mathematical model in the form of dif-
ferential equations in variable states, maximally adapted to 
modeling by numerical methods. The new stability criterion 
has made it possible to build an algorithm and a correspond-
ing software tool for the automatic construction of SLD  
of the end milling process.

For the practical application of the developed SLD 
design program, a procedure for identifying the dynamic 
and power parameters of TMS and the cutting process was 
devised. The methodology presents experimental studies on 
the determination of stiffness, frequency characteristics, and 
the dependence of the cutting force on mode. During the 
research, a three-component dynamometer (MCS 10-005-3С 
made by HBM Germany) was used, which was connected 
to ClipX BM40 amplifiers also made by HBM (Germany).  
An impact hammer (Impact Hammer Model 086C03 by 
PCB Piezotronics Inc. USA) and a recording oscillo-
scope (SDS 1022DL) were used for dynamic research. The 
adequacy of the proposed solutions and the convergence 
of the developed algorithm are confirmed by software as  
a result of modeling both the transient process and frequency 
responses, as well as the results of field tests.

5. Results of the study of the milling process for stability

5. 1. Mathematical model 
The end milling process takes place in a closed elastic 

TMS, which is affected by the main perturbation in the form 
of a cutting force. Since elastic movements under the action of 
the cutting force occur mainly along two coordinates, for the 
analysis of dynamic processes it is quite sufficient to represent 
TMS as a one-mass one with two degrees of freedom (Fig. 1).

 
Fig. 1. Diagram of an elastic technological 	

machining system

In turn, the cutting force F depends on many factors, among 
which the cutting mode can be distinguished, which deter-
mines the main geometric parameters of the allowance layer cut 
by the cutter tooth. Therefore, the main perturbation influence 
is the cutting force, which can be determined empirically when 
milling with end mills using the following dependence [6]:

F C a bp
k= ,	 (1)

where a is the thickness, b is the cutting width; Cp, k are the 
empirical coefficient and exponent. For the conditions of 
further research, Cp = 1150 N/mm, k = 0.85.

Such a dependence is nonlinear and can be linearized 
with sufficient accuracy as a function of the components of 
the cutting mode:

F k f k hf t H= + ,	 (2)

where ft is the feed per tooth of the milling cutter, h is the 
cutting depth.

The linearization coefficients are defined as the values 
of the partial derivatives of the cutting force at the values of 
the variables at the linearization point [6]. The component 
cutting forces cause elastic movements of TMS along the cor-
responding coordinate axes (Fig. 1). These component forces 
acting on the cutter tooth can be determined according to 
the relationships reported in [12]. Since the tangential com-
ponent of the cutting force acts normal to the front surface of 
the cutting wedge of the cutter tooth, the components along 
the coordinate axes can be defined as:

F Fx = − −( )Cos ,j γ β  F Fy = − −( )Sin ,j γ β 	 (3)

where γ – rake angle (10 degress), and angle β = arctan(Fn/Ft) =  
= arctan(0.5) (26.5 degrees). 
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In an absolutely rigid system, the cutting thickness during 
cylindrical milling depends on the cutting angle j and feed  
per tooth ft:

AA ft1 = sin .j 	 (3)

Here it is assumed that the cutter tooth moves along the 
arc of a circle. Taking into account the elastic movements in 
TMS under the action of the cutting force, it is also possible 
to determine the cutting depth from the geometric ratios 
of the scheme in Fig. 1. The elastic movement δy along the 
Y coordinate causes the center of the milling cutter to move 
from point О1 to point О2, and the cutting depth changes:

BB AA y1 1= − δ jcos .	 (4)

Similarly, the elastic displacement on the X-coordinate is 
projected to the cutting depth as follows:

CC BB x1 1= − δ jsin .	 (5)

To define a mathematical model that reflects dynamic 
processes that affect the stability of the entire TMS, it is 
enough to consider the structural diagram that was obtained 
in work [6] for one input. Therefore, at ft = 0, the structural 
diagram takes the form shown in Fig. 2.

 
Fig. 2. Block diagram of the technological machining 	

system by input h

The post-trace machining is represented by the delay 
function e–τs in positive feedback. The delay time τ is defined 
as the time between the passes of two adjacent cutter teeth:

τ = 60 / ,z nm m 	 (6)

where zm is the number of cutter teeth, nm is the spindle speed 
of the cutter (rpm).

In addition, cross-connections by coordinates are pre-
served in the structure, and the dynamic model is represented 
by two oscillating links:

– by the X coordinate:

W s
k

T s T sX
x

x x x

( ) =
+ +
1

2 12 2

/
,

ξ
	 (7)

– by the Y coordinate: 
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y

y y y

( ) =
+ +
1

2 12 2

/
,

ξ
	 (8)

where kx, ky are the stiffness along the X and Y axes, respec-
tively, Tx, Ty, ξx, ξy are the natural oscillation periods and 

damping coefficients of the system oscillations along the X 
and Y axes, respectively.

Similarly, a mathematical model of the system can be 
built based on the feed input to the tooth ft at h = 0.

The components Fx and Fy of the cutting forces, in accor-
dance with (3), can be determined by the coefficients:

kFx m= − −( )cos ,j γ β  kFy m= − −( )sin ,j γ β 	 (9)

where jm is the average cutting angle.
To determine the change of elastic deformations in 

TMS along two coordinates in time, taking into account 
cross-connections, a mathematical model of the eighth order, 
represented in state variables, is used, the integration of 
which can be performed by standard numerical procedures. 
The implementation of the delay function for two inputs is 
performed at each step of integration according to recurrent 
dependences [6]:

h h hj j
= + ( ) −0 1

δ , f f ft j t t j
( ) = ( ) + ( ) −0 1

δ ,	 (10)

where (δh)j–1, (δft)j–1 is the elastic movement of the system 
by depth and feed per tooth on the passage of the previous 
tooth of the cutter, j is the passage number.

Therefore, in the constructed mathematical model, the 
main factor of regenerative oscillations in the dynamic ma-
chining system is preserved. It consists in the presence of  
a delay function in positive feedback on two coordinates. Thus, 
during machining, the system will be affected by changes in the 
cutting force with a frequency equal to the frequency of its own 
oscillations and, of course, this «rocks» the dynamic system.

5. 2. Identification of dynamic parameters and force 
characteristics

As can be seen from the mathematical model, its adequa-
cy depends entirely on the dynamic parameters of TMS and 
the force characteristics of the cutting process during milling. 
Such parameters include natural oscillation frequencies, 
oscillation damping coefficients, and stiffness of the system 
along two coordinate axes.

Determination of stiffness was carried out experimen-
tally according to the measurement scheme shown in Fig. 3.  
A dynamometer is installed on the table of the milling 
machine, on which the workpiece is fixed. The purpose of 
the research is to determine the stiffness of TMS in the 
machining zone in the direction of the two coordinate axes. 
For measurements, an indicator is used, which measures the 
elastic shear on the cutter. The TMS loading is performed 
by manually moving the machine tables through the encoder 
when the cutter is in contact with the workpiece in trans-
verse (X-axis) and longitudinal (Y-axis) feed. The magnitude 
of the force is indexed on the computer screen to which the 
outputs of the dynamometer amplifiers are connected.

To determine the frequency of natural oscillations of the 
system in its representation as a single mass with two degrees 
of freedom, experimental studies were performed using an 
impact hammer (Impact Hammer Model 086C03 from PCB 
Piezotronics Inc. USA), which was connected to a storage 
oscilloscope SDS 1022DL (Fig. 4).

The hammer signal is displayed on the oscilloscope screen 
and can be saved as a digital file as the impulse response of the 
dynamic machining system. According to this response, the am-
plitude-frequency response of TMS was calculated using a spe-
cial program employing Fast Fourier Transform (FFT) (Fig. 5).
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Fig. 3. Experimental determination of the rigidity 	
of the technological machining system

Fig. 4. Experimental determination of frequency responses 	
of a technological machining system

 

Fig. 5. Pulse response to frequency response 	
conversion scheme

 

According to this response, when the dynamic system is 
initially represented as a one-mass one, the experimentally 
obtained characteristic of the spectrum can be approximated 
by the classical characteristic of the oscillating link with 
the frequency ω0 of its natural oscillations (line 1 in Fig. 5). 
Such experiments were performed for each direction of the 
coordinate axes.

As a result of our experimental studies, a dynamic machin-
ing system was identified. The following parameters were ob-
tained: stiffness kx = 2250 N/mm along the X axis; natural os-
cillation frequency (ω0)x = 260 Hz; stiffness ky = 2320 N/mm  
along the Y axis; natural oscillation frequency (ω0)y = 280 Hz; 
damping coefficient oscillations was taken as ξx = ξy = 0.05 
along both coordinate axes.

5. 3. End milling process stability lobes diagram
The constructed mathematical model represents a dy-

namic machining system at end milling as a one-mass system 
with two degrees of freedom. A certain adequacy of the results 
is achieved when using the parameters of the system as the 
initial data of the model, which were obtained experimentally 
according to the procedure described in the previous chapter.

An application program was built that allows modeling 
the response of the system in time due to the numerical inte-
gration of the differential equations of motion, represented in 
the form of state variables. The integration is performed by the 
fourth-order Runge-Kutta procedure. In addition, using spe-
cial numerical procedures in the program, it is possible to de-
termine frequency responses in the form of a Nyquist diagram. 
This provides an opportunity to evaluate the stability of the 
system according to a new stability criterion for closed systems 
with additional positive feedback through the delay function, 
the validity of which has been confirmed for turning [11].

The algorithm for finding the stability limit for each 
milling spindle speed is based on the automatic determi-
nation of the maximum amplitude Amax(ω) of the Nyquist 
diagram in the phase range j = 0+360°i, where i varies  
from 0 to n. If Amax(ω)<1, the feed increases with a certain 
step; if Amax(ω)>1, the feed decreases. The search is repeated 
by a new calculation of the Nyquist model and diagram using 
a numerical procedure, until 1–δ<Amax(ω)<1+δ. The value δ 
determines both the accuracy of the calculation and the time 
of the operation on the computer. As a result of the operation 
of the algorithm, a digital array of data is formed in the pro-
gram, which forms a diagram of the stability of the system in 
the coordinates «mill spindle speed – feed» (Fig. 6).

 
Fig. 6. Technological machining system stability 	

lobes diagram

The stability lobes diagram divides the entire space of 
possible values of the cutting mode into two areas – a stable  
and unstable process (Fig. 6). The importance of our re-
sults for determining the cutting mode is obvious. So, the 
cutting mode corresponding to the combination of data in 
point 2 (feed 75 mm/min; spindle speed 365 rpm) guaran-
tees a stable cutting process. Increasing the spindle speed to 
420 rpm (point 1) or decreasing it to 335 rpm (point 3) can 
cause an unstable process. Similar results can be expected 
by changing the feed at the same spindle speed. Namely, 
900 rpm: point 4 (feed 100 mm/min) is a stable process, 
point 5 (feed 150 mm/min) is the limit of stability, and 
point 6 (feed 200 mm/min) is a possible loss of stability.

It should be noted that the diagram forms a boundary, 
which is determined from the conditions of representation  
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of the dynamic model as a one-mass one with two degrees of 
freedom, which is a certain approximation of the real process. 
Therefore, the adequacy of our results must be confirmed 
experimentally.

5. 4. Experimental verification of research results
To confirm the results, an approach using both simulation 

involving the developed program and a full-scale experiment 
of end milling on the machine is applied.

When simulating end milling in the devised program, 
one can observe the evolution of the process over time and 
compare the results with the location of the Nyquist diagram 
on the complex plane. Moreover, the results of the process 
evolution over time can be observed with the help of a virtual 
oscilloscope embedded into the program.

Fig. 7 shows the simulation results for cutting modes 
that correspond to points 1, 2, and 3 on the stability lobes 
diagram (Fig. 6). Simulating makes it possible to obtain both 
transient and frequency responses of TMS when applying 
the initial data obtained as a result of experimental studies. 
Our results convincingly prove the effectiveness of the new 
stability criterion for end milling operations: the process is 
stable when its Nyquist diagram does not cover the point 
with coordinates [+1,0] on the complex plane. On the screen 
of the virtual oscilloscope, line 1 represents the transient 
characteristic of TMS along the Y coordinate, which corre-
sponds to the evolution in time of the elastic displacement δh, 
and line 2 represents the elastic displacement of TMS along 
the X coordinate – δft.

 
 
 

 
 
 

 

a

b

c

Fig. 7. Simulation results at a feed rate 	
of 75 mm/min: a – milling spindle speed– 335 rpm; 	

b – milling spindle speed – 365 rpm; c – milling spindle 
speed – 420 rpm

Simulation proves the adequacy of the proposed paradigm 
for the emergence of regenerative vibrations in TMS during 
cutting. The main reason is the multi-pass cutting process 
during end milling, where each subsequent tooth cuts an al-
lowance distorted by system fluctuations during the previous 
pass. Such an effect is implemented in the simulating program 
due to recurrent dependences in the mathematical model rep-
resented by state variables for numerical integration.

The difference between the behavior of the system, which 
is closed due to the delay function in the positive feedback, 
which determines the model of post-trace machining, and 
the stability criteria of the system, which has a negative feed-
back, has been confirmed.

The ultimate confirmation of our results was obtained 
during a full-scale experiment. The corresponding experi-
ments were performed when milling the workpiece on the 
XYZ VMC 1010 machine. The workpiece (Steel 45) was 
fixed according to the scheme that fully corresponds to the 
experimental studies for determining the dynamic responses 
of TMS (Fig. 4). Milling was performed with a ∅12 mm mill, 
four teeth, tooth spiral inclination 45°, according to the con-
trol program, on each side of the workpiece (Fig. 8).

 

Fig. 8. Design diagram of the control machining program

After milling the blanks with cutting modes corre-
sponding to points 1, 2, 3, 4, 5, and 6 on the stability lobes 
diagram (Fig. 6), the machined surfaces were scanned on  
a digital profilograph-profilometer. A comparison of the 
results proved that the roughness of the surfaces machined 
under the modes that correspond to points 1, 2, and 3 on the 
stability lobes diagram does not provide an opportunity to 
draw unequivocal conclusions about the stability of the pro-
cess. However, modeling of such regimes shows significant 
differences: elastic displacements along the coordinate axes 
testify to the constancy of the process with regime point 2, 
regimes at points 1 and 3 lead to a gradual increase in the 
amplitude of oscillations. The study of the topography of 
the surfaces machined under the regimes corresponding to 
points 4, 5, and 6 on the stability lobes diagram proved their 
significant difference (Fig. 9).

The roughness of the treated surfaces differs accord-
ing to the variable Ra parameter: Ra 2.75 μm for mode 4;  
Ra 3.38 μm for mode 5, and Ra 5.43 μm for mode 6. In ad-
dition, the shape of their relief indicates the occurrence of 
significant fluctuations in TMS during the transition to 
the unstable cutting mode in accordance with the projected 
diagram (Fig. 9, c). Analysis of the surfaces machined at 
lower cutting speeds did not reveal significant changes in the 
roughness and character of the relief. Such results indicate 
an increase in the impact on the stability of the process from 
the designation of the cutting mode according to the diagram 
when moving to the region of higher cutting speeds.
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It is obvious that the concepts of «stability» and «insta-
bility» differ from those accepted in the classical theory since 
the mathematical model of the process differs in its structure 
and accepted assumptions from the real process. In classical 
terms, an unstable process leads to a complete loss of the abi
lity to function as intended by the system. However, despite 
the accepted approximation of the experimental frequency 
response, linearization of the coefficients, and other assump-
tions, the applied model still generally corresponds to the 
actual process. The results of experimental studies confirm 
the theoretically obtained conclusions.

6. Discussion of results of investigating the stability  
of the end milling process

To eliminate the negative consequences of vibrations 
during cutting, various methods are used [2], among which 
the simplest one is the assignment of chatter-free cutting 
modes. In production, such a mode is most often found expe
rimentally, by trial and error. It is possible to determine the 
chatter-free cutting mode in advance, at the stage of prepar-
ing the control program, according to the stability lobes dia-
gram. However, simple effective methods and computer tools 
that can be used directly in production have not yet been 
devised to solve such a problem. The results of our research 
can form the basis for a practical solution to the specified 
problem as a whole.

The study reported here is aimed 
at determining a new method for en-
suring the stability of the end milling 
process. The end-milling process is 
considered as occurring in a closed 
elastic dynamic system that is sub-
ject to positive feedback through 
the delay function. The delay time 
is equal to the time between the 
passage of the cutting zone of two 
adjacent cutter teeth. The dynamic 
system is represented as a single- 
mass system with two degrees of 
freedom, taking into account elastic 
displacement along two coordinate 
axes (Fig. 1).

The mathematical model is built 
from the state variables through the 
structural diagram of the dynamic 
system (Fig. 2), and the function of 
the delay argument is implemented 
in the form of a recurrent relation (3). 
This approach allows applying nu-
merical modeling methods to obtain 
the response of the system in time 
and frequency response in the form 
of a Nyquist diagram. Therefore, the 
proposed model automatically takes 
into account the change in the thick-
ness of the chips cut by each tooth 
and does not require separate geo-
metric calculations to represent the 
response of the elastic system. It is 
on the basis of such calculations that 
certain stability conditions are deter-
mined in many studies [1–3].

Based on a new stability criterion for dynamic machining 
systems [11], the proposed algorithm for determining the sta-
bility lobes diagram was adapted to the end milling process. 
The developed software automatically projects a stability 
lobes diagram in the form of digital arrays in the coordinates 
«mill spindle speed – feed» (Fig. 6). Since the determination 
of the stability lobes diagram requires a priori information 
about the cutting process and the dynamic machining sys-
tem, a procedure was devised, and experimental studies were 
carried out to establish such parameters.

The testing of the proposed solutions was carried out 
both by computer simulation and by field experiment. The 
simulation results (Fig. 7) fully confirmed the validity of the 
new stability criterion and the reliability of the functioning 
of the developed algorithm for the automatic design of the 
stability lobes diagram. Milling of workpieces under cutting 
modes determined according to the projected stability lobes 
diagram and measurements of the roughness of the treated 
surfaces also confirmed the effectiveness of the proposed 
solutions (Fig. 9).

It should be noted that the developed algorithm for auto
matic design of the stability lobes diagram uses frequency 
criteria, unlike the existing ones [3], which are based on 
algebraic criteria. Therefore, it can be used in production 
under the condition of operational determination of dynamic 
parameters of the machining system based on the vibration 
signal obtained directly during milling. Thus, our advance-
ments could form the basis of a future integral system of 
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Fig. 9. Machined surfaces and their profiles: a – feed – 100 mm/min, 	
speed –900 rpm; b – feed – 150 mm/min, speed – 900 rpm; c – feed – 200 mm/min, 

speed – 900 rpm
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designing control programs with the purpose of chatter-free 
cutting modes, or a system of automatic correction of the 
mode recorded in the control program during processing.

During the experimental studies, some features of the theo
retically obtained results were revealed, namely in the area of 
low spindle speeds. In the indicated range (up to 400 rpm),  
it was not possible to confirm the adequacy of our technologi-
cal solutions. This imposes certain limitations on the practical 
application of the developed software tools for setting the 
chatter-free cutting mode during end milling in practice.

7. Conclusions 

1. A mathematical model of the end milling process was 
built, which takes into account the closedness of an elastic 
dynamic system in the form of a single-mass system with 
two degrees of freedom and an additionally closed one due to 
positive feedback along two coordinates through the delay 
function. The mathematical model was implemented in an 
application program that allows modeling processes in both 
time and frequency space.

2. A procedure of experimental determination of dynamic 
parameters of a dynamic machining system has been devised. 
We have proposed stiffness measurement schemes using  
a three-component dynamometer. Determination of the na
tural frequency of oscillations of a dynamic system in the rep-
resentation as a single mass can be performed by its impulse 
response obtained from an impact hammer connected to an 
oscilloscope through fast Fourier transforms.

3. We have proposed an algorithm for automatic con-
struction of the stability lobes diagram (SLD) in the «spindle 

speed – feed» coordinates according to the stability criterion, 
which uses the frequency responses of the dynamic system in 
the form of a Nyquist diagram. The algorithm is embedded into  
a computer program that automatically projects a given sta-
bility diagram, which predetermines its practical usefulness.

4. The adequacy of our results is confirmed both by com-
puter simulation and a full-scale milling experiment at cutting 
modes that fall into the region of stability and instability on 
the SLD plot. The assessment of the level of vibrations in the 
system was carried out using roughness profilographs of sur-
faces treated under different modes. Thus, the machining ex-
periment with a chatter-free cutting mode, determined by the 
stability lobes diagram, proved a decrease in the roughness of 
the machined surface from Ra of 5.45 μm to Ra of 2.75 μm.
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