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This paper considers the issue related
to improving the energy and resource effi-
ciency of the process of storing raw mate-
rials of plant origin, namely, preventing
self-heating of grain masses in elevator
silos. It was noted that the effectiveness
of the analysis of self-heating of grain
mass increases with the use of mathe-
matical models of temperature fields of
grain mass during storage together with
data obtained experimentally. A physi-
cal-mathematical model has been built
that describes a two-dimensional locali-
zed non-stationary temperature field of
seed material generated by a homogeneous
rod cell with a rectangular cross-section.
A technique for accelerating the conver-
gence of the series is proposed for the
constructed analytical solution, which is
based on the selection and analytical cal-
culation of the sum of the component of
slow convergence. The adequacy of the
physical-mathematical model has been
proven by calculations and by comparing
the temperature of the self-heating site,
obtained theoretically, and the tempera-
ture obtained under industrial setting.
The established temperature kinetics of
grain mass volumes during storage, ob-
tained experimentally and theoretically,
correlate with each other in the duration
range from 0 to 30 days with a correlation
coefficient of at least 0.98. This proves
the possibility of applying forecasts of the
temperature of self-heating sites in the
volume of grain mass, obtained by using
the physical-mathematical model built,
under industrial setting. A limitation of
the study is that the model is not universal.
It is another stage on the way to a univer-
sal model. A limitation of the study is that
for storage periods of more than 30 days,
a new excess temperature forecast must
be made
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1. Introduction

The intensive development of agro-industrial production
requires the search for solutions to the problems of efficient
use of energy and material resources, as well as their scienti-
fic justification. At the same time, it is obviously relevant to
comply with the requirements for the environmental friend-
liness of production [1].

One of the leading sectors of agro-industrial production
is the production of grain material. One of the key final stages
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of post-harvest processing of grain material should be high-
lighted — its storage [2].

The arrangement of the material during storage depends on
the varietal and sowing qualities [3]. Thus, seed material is stored
in bags placed on wooden pallets. The grain mass, which has
alower class, is loaded into silos of elevators for long-term storage.

At the stage of grain mass storage, natural processes occur in
it, which can have a harmful effect on its preservation. Self-heat-
ing of grain, the harmful effects of molds, mites, insects, and
rodents on it reduce the quality of products.




Self-heating of grain material in elevator silos attracts
special attention of researchers [4] from the point of view of
energy and resource efficiency of the storage process. It leads
to an increase in the temperature of the material, as a result of
which the storage conditions deteriorate, and in some cases
fires occur. The evolution of the self-heating process leads to
significant changes in the quality and properties of the grain
material, due to biochemical transformations, which often
leads to its complete deterioration and loss [5].

The grain material that has just entered the elevator of-
ten has increased moisture, due to which it «breathes» inten-
sively, which contributes to its self-heating. This process be-
gins 1-2 hours after the seeds are unloaded from the vehicle.
However, even a small degree of self-heating negatively af-
fects its storability.

The effectiveness of solving this problem is determined
by observing the appropriate humidity and temperature of
the grain mass and the environment in which it is located, as
well as by timely response to an increase in the temperature
of the grain material due to self-heating. Therefore, studies
that consider the development of procedures for studying the
kinetics of moisture and temperature of plant raw materials
during their storage are relevant.

2. Literature review and problem statement

An obvious increase relative to the norm of grain mass
temperature due to self-heating during storage can be re-
corded using measuring equipment [6]. Temperature sensors
are placed in the layer of raw materials and thus register the
temperature of the grain mass. In agro-industrial produc-
tion, silos designed to store raw materials weighing from
tens to tens of thousands of tons are used. Analysis of the
temperature of the corresponding volumes of grain masses,
where the initial data is a point temperature measurement,
is not effective. The effectiveness of the analysis improves if
mathematical models of the temperature fields of the grain
mass are used during storage, together with data obtained
experimentally [7].

During the mathematical modeling of the temperature
fields of the grain mass, models are used, which are divided
into layer, nest, and rod models. The differences between
these models are, first of all, in the shape of the self-heating
site. Other differences are the number of spatial dimen-
sions (one-dimensional, two-dimensional, or three-dimen-
sional model) in which the simulation is carried out, and the
methods used for the simulation.

Thus, in works[8,9], a layer mathematical model is
considered. In this case, based on the reported results, it is
possible to calculate the temperature of the layer self-heating
of the raw material, taking into account the heat dissipation
to the walls of the silo, as well as to identify the parameters
of the site. However, in the mode builtl, the heat transfer is
assumed to be ideal, which is a certain drawback when apply-
ing this model under industrial setting.

In works [10, 11], a nested mathematical model of the
temperature field in the volume of the grain mass was de-
veloped. A solution was obtained for the nest site depending
on the distribution of heat sources in it. However, centrally
symmetric self-heating of only the spherical region selected
around the center of the site is considered. In [12], a model
of a nest site of arbitrary shape was considered, but only two
dimensions were taken into account.

Rod mathematical models of the temperature field in the
volume of plant raw materials are considered in works [13, 14].
The calculation of the temperature increase in the rod site of
the circular cross-section for an unlimited mass was obtained.
The use of this model makes it possible to use it to estimate
the time of reaching the fire-hazardous temperature in diffe-
rent types of plant material. However, closed solutions for
arectangular section were not obtained in [14], so the advan-
tages of analytical representations over numerical solutions
remained unrealized.

At the same time, the considered works use the differential
equation of thermal conductivity with constant coefficients and
solve it by both numerical [15] and analytical [16] methods.

It should be noted that there is no ideal mathematical
model for describing the temperature fields in the volume of the
grain mass during its storage. Obviously, for any mathematical
model, there are limitations regarding its application under
industrial setting due to different initial conditions (seeding,
moisture, and initial temperature of raw materials, enthalpy,
relative and absolute humidity of the surrounding gas medium,
etc.) [17]. Based on this, it is necessary to construct a universal
mathematical model of temperature fields in the volume of
grain mass during storage. The way to solve this problem is to
build mathematical models for different site shapes using diffe-
rent methods to find solutions.

3. The aim and objectives of the study

The purpose of this study is to build a physical-mathe-
matical model of self-heating of the grain mass generated by
a rod site of rectangular cross-section with a uniform distri-
bution of heat sources. This will provide an opportunity to
control and regulate grain mass storage regimes using the
results of calculation and analysis of the kinetics of the excess
temperature increase of its self-heating.

To achieve the goal, the following tasks were set:

—to obtain an analytical expression for calculating the
increase in the excess temperature of the self-heating of the
grain mass, generated by a rod site of a rectangular cross-sec-
tion with a uniform distribution of heat sources;

—to check the adequacy of the constructed physical
and mathematical model of self-heating of the grain mass,
generated by a rod site with a rectangular cross-section with
a uniform distribution of heat sources.

4. The study materials and methods

The object of our research is the increase in the excess
temperature of the self-heating of the grain mass. The re-
search assumes that the self-heating site has a rectangular
section. That is, a rectangular cross-section of the silo with
length /; and width /, is considered, where a self-heating rod
site appears of the same cross-section as shown in Fig. 1.

The cross-sectional dimensions of the site are characte-
rized by a length of 2u and a width of 20. The center of the
site has coordinates xj and yq in the global system of rectan-
gular coordinates xOy. The density of heat sources at the site
is considered constant and equal to gq.

An analytical method was used to build a physical-mathe-
matical model of self-heating of the grain mass generated by
a rod site with a rectangular cross-section with a uniform
distribution of heat sources.
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Fig. 1. Rod site of self-heating of grain mass of rectangular
cross-section

To prove the adequacy of the model, experimental data
were obtained in a silo filled with grain mass (wheat grain).
The temperature in the heating site was measured using
thermocouples. Registration of signals from thermocouples
was carried out using analog-to-digital and digital-to-analog
converters of the company DCON Utility (manufactured in
the USA). The obtained experimental data were approxima-
ted and compared with the results of temperature increase
calculations obtained using the physical-mathematical model
built with the same initial parameters.

3. Results of simulation of the non-stationary temperature
field generated by a rod site of rectangular cross-section

5. 1. Derivation of the expression for calculating the
increase in the excess temperature of self-heating of the
grain mass from the site of rectangular section

The non-stationary excess temperature field T(x, y, t) is
described by the differential equation:

2 2
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where a=A/(pc) is the thermal conductivity coefficient
of raw materials; A — its thermal conductivity coefficient;
¢ — specific weight of raw materials; p — specific heat capacity
of raw materials; H(¢) — Heaviside unit function; ¢ — time.

In the right-hand part of equation (1):

x,yeD;
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Here, D is the cross-sectional area of the site, where
X0~ USXSX9—U, Yo—0VSX<Yo—0.

Equation (1) is solved under the following boundary
conditions:

T(0,y,60)=T(l,y,t)=T(x,0,t)=T(x,1,,t)=0. 3)
Considering:
T(x, y, 0)=0. (4)

The solution is taken in the form of a double series:
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T(x,y,t) )sin(or,,x)sin(B,y), 5)

where f,,,(0)=0; o,,=mm/ly; B=mn/ls.
It satisfies the given boundary conditions (3) and the
initial condition (4).

Substitution (5) in (1), taking into account (2), leads to
differential equations:
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xsin(ot,u)sin(B,v)sin (o, x, )sin(B,y, ).

X

Equations (6) have solutions:

(0) =52 1-exp(eri)}

mn

By substituting them in (5), the formula for the excess
temperature of the raw material is obtained:
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In order to speed up convergence, expression (7) is split
into two terms:

164, 5 3 exp(-ay, t)

M, = OCBY”m
(Bnu)sm(ocmxo)x
(amx)Sin(Bny)’ (8)

T(x,yt)=T
xsin(ocmu)sin
xsin(B,y, )sin

where

TA(x,y):limT(x,y,t):
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The term T,(x, y) is the limiting value of the self-heating
temperature.
Next, we limited ourselves to the case when y=y=0.50,.

For it, T.(x,0.55) can be approximately represented in
a closed form. Thus, using the results of work [11], it is pos-

sible to write:
D091y 21 in o —ln(u2+1)2)+
A T [,

+3——arctg——3arctg——K 0 b
v u v l l

(x 0.51,)=

(10)

Here:

(i)

sm((x X, exp( oL, /2)
m-ch(a,l, /2)

DY

is a series of rapid convergence. Its sum for various x(//; and
lo/1; ratios is reported in [11].



If b/l 21, then K(xy/!1, 1) can also be calculated with an
error of less than 1 % using the formula:

i)
2[ch(nl, /1,)+1][ ch(nl, / ;) - cos(2mx, /11)]'

=21
" ch(2nl, /1,)—cos(2mx, /1,)

If the centers of the square cross-sections of the silo and
site coincide (l{=b, u=0, x9=y0=0.5/;), formula (10) takes
a more compact form:

T.(0.51,,0.5,) =

x[ V21 ()

—L14+2. 6684——)
2

To find out the actual errors of formula (10), a numerical
example is considered. For calculations, the following are
accepted: [{=5b=10 m, u=20=1 m, and the ratio xo/l;=0.2;
0.3; 0.4; 0.5. The required K(xy//1, 1) values are recorded
in Table 1.

Table 1
Values of K(xp/h, 1)
K 0.1214 0.2237 0.3024 0.3316

They are borrowed from work [10].

The calculated dimensionless values T, = 10Ag,'T, (xolf 1;1)
are recorded in Table 2.

For comparison, Table 3 gives T, calculated from formu-
la (9), where N terms were kept in each of the series.

Table 2
Values of T, calculated from formula (10)
xo/ly 0.2 0.3 0.4 05
T, 6.070 6.924 7.314 7.427
Table 3
Values of T, calculated from formula (9)
| N=10 | N=30 | N=50 | N=200
xo/ly .
Value of T,
0.2 5.202 5.989 6.061 6.048 6.047
0.3 6.178 6.855 6.930 6.918 6.917
0.4 6.425 7.248 7.325 7.313 7.312
0.5 6.701 7.363 7.440 7.427 7.427

Differences of the corresponding results in Tables 2, 3 are
less than 0.5 %.

The described technique of accelerated convergence of
dual series was earlier proposed in [16].

To calculate the increase in the temperature of the raw
material in the center of the rectangular cross-section site
located in the center of the silo, the following is additionally
specified: gg=16 W/m3 A=0.15 W/(m-K); 0.=1.8-10"7 m?/s.
The obtained values of the increase at different points in
time are listed in Table 4. In each of the calculation series,
there are N terms. The results of calculations according to
formula (10) are written in the numerators, and according
to formulas (8), (9) in the denominators. The convergence

of the solution series given by the numerators is significantly
faster than in the solutions obtained in the denominators.
This is especially true for large values of ¢ when the self-heat-
ing process is developed. Then no more than five terms can be
calculated in the series of accelerated convergence.

Table 4
Values of 7(0.5/;; 0.54; 1)
N=3 | N=5 | N=10 | N=50 | N=100
t, days -
Temperature value in the center of the site

10 21.773 15.831 13.248 13.222 13.222
4.457 8.084 12.661 13.225 13.221

30 29.032 26.670 | 26.290 | 26.288 | 26.288
11.715 18.922 25.603 26.292 26.288

50 34.667 | 33.699 | 33.632 | 33.632 | 33.632
17.351 25.952 32945 | 33.636 | 33.631

100 44.459 44.346 44.345 44.345 44.345
27.142 36.599 | 43.657 | 44.348 | 44.344

200 55.563 55.561 55.561 55.561 55.561
38.247 47.814 54.874 55.565 55.561

In order to calculate the increase in the excess tem-
perature of self-heating, in addition to the thermophysical
characteristics of the raw material and the dimensions of
the silo, it is necessary to know the characteristics of the
site (parameters qo, u, v). For their definition, u=v, [{=1,
x0=y0=0.5[; are accepted. It is assumed that in the center of
the site (x=x9, y=yo) the value of excess temperature is set
at two moments of time at the beginning of the self-heating
process. Let the value of T be obtained at ¢=¢;, and the value
of Ty at t=ty. The symbol z denotes their ratio (z=T»/T}).
Then, according to (7), the following equation holds:

211’2(m2+n2)t2]

mn(m2 +n2)

- exp[—om

@(8)-
2

m=1,3,

sin(mn&)sin(nn&)=

» (12)

[ on’l; (m2+n2 t

D

sin(mn&)sin (nnk)

.=

mn(m*+n’)

with unknown &=u/;".
The function D(&) is given by the following expression:

®()=" (1 ng+0.5488),

which approximates the sum of the double series:

-3

and follows from (11).
For comparison, Table 5 gives the @ (&) and S(§) values.

sin(mné)sin (nmg)

Ms

)

n=1,3,.. mn(m +7’l)

w

Table 5
Values of ®(§) and S(&)
g 0.05 0.1 0.2 0.3 0.4
D) 0.0266 0.0796 0.2109 0.3330 0.4136
S&) 0.0266 0.0796 0.2109 0.3334 0.4185




From the data in Table 5 it follows that when £<0.3 it
is possible to accept S(x)=D(x).

Equation (12) was solved by numerical methods. But
for an approximate definition of & one can use the plots
shown in Fig. 2.

Plot 1 in Fig. 2 was built at #,=3¢;=15days, and
plot 2 — at ty=4t;=16 days. Upon determining &, we used
the following formula:

exp(—omzl[2 (m2 + n2)t2)

mn(m2+n2)

to calculate gq.

A<
03
0.2
1~ 2~
0.1
0 /<£:5::::"/”’///”/ -
1 2 3 4

Fig. 2. Dependences of § on z

5. 2. Verification of the adequacy of the physical-ma-
thematical model of self-heating of grain mass generated
by a rod site of rectangular cross-section

Proving the adequacy of the physical-mathemati-
cal model of self-heating of grain mass generated by
a rod site of rectangular cross-section was carried out in
two stages.

At the first stage, the identification of the parameters of
the site of square section in the silo, where /;=Io=10 m, was
considered.

Site parameters were calculated under the condition
that at ¢1=>5 days, T1=4.8 °C; and at t,=15 days, T,=9.6 °C.
On plot 1 (Fig. 2), for the ratio z=2, we find that £=0.05,
i.e.,, u=0=0.5 m. Then, for the thermophysical characteris-
tics of the raw material indicated above, gg=11 W /m?3 was
obtained according to formula (13). To check, by substi-
tuting the identified g¢ and « into formulas (8), (10), the
following results were obtained: Ty=4.84 °C, T,=9.54 °C,
which differs from the temperature values used in the iden-
tification within the margin of error (<1 %).

Site parameters were also calculated when ¢;=4 days,
T1=8 °C, and at t,=16 days, T»=24 °C. On plot 2 in Fig. 2
for the ratio z=3, £=0.07 was obtained, i.e., u=v=0.7 m.
According to formula (13), go=19.9 W/m? corresponds to
these cross-sectional dimensions of the site. Calculation of
the temperature increase according to formulas (8), (10)
for the identified values of gy and u gives: T{=8.06 °C,
Ty=24.05 °C, which is also close to the values used in the
identification.

At the second stage of proving the adequacy of the
developed physical-mathematical model, the kinetics of
the temperature of the self-heating site in the volume of

sin(mné)sin (nnk)

the grain mass, obtained theoretically, and the kinetics
obtained experimentally were compared. Experimental
temperature kinetics were obtained for a self-heating site
that was formed during storage in a silo filled with wheat
grain. The increase in temperature of a certain volume of
grain mass was recorded on the 5% day from the moment of
filling the silo with wheat grain with an average moisture
content of 19 %. Fig. 3 shows the temperature kinetics of
the self-heating site in the volume of the
- grain mass obtained experimentally (blue
line) and theoretically (red points).
The temperature kinetics represent
a change in the temperature of the self-
heating site (T,,,.) of the grain mass over
time (¢) during storage.
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Fig. 3. Temperature kinetics of the self-heating site
in the volume of the grain mass, obtained: 1 — by measuring
the temperature under industrial setting; 2 — by calculation
using the physical-mathematical model built

The experimentally obtained kinetics of the temperature
of the self-heating site mean the kinetics obtained under
industrial setting, the theoretically obtained kinetics are
the kinetics calculated using the developed physical-mathe-
matical model under the same starting conditions as the
experimental ones.

Experimental temperature kinetics is an approximation
function of data obtained under industrial setting. During
storage (for Fig.3 — 25 days), the temperature of the
self-heating site was recorded discretely every 30 minutes.
Next, the obtained experimental points were approximated
by a polynomial function for clarity. This mathematical func-
tion was considered the experimental temperature kinetics.

6. Discussion of results of simulating the self-heating
of grain mass generated by a rod site of rectangular
cross-section

Using the analytical method, a physical-mathematical
model of self-heating of grain mass generated by a rod site of
rectangular cross-section with a uniform distribution of heat
sources was built.

Our model makes it possible to determine the increase in
the excess temperature of self-heating of the grain mass. The
cross-section of the rod site (Fig. 1) has a rectangular shape



with length /; and width /5. At the same time, it is possible
to change the characteristic dimensions of the self-heating
site based on the size of the silo in which the grain mass is
located, in contrast to the results reported in works [10, 11].

The ultimate result of the constructed physical-mathe-
matical model is an expression for calculating the increase
in the excess temperature of self-heating of the grain
mass from the site of rectangular cross-section (7). At the
same time, the expression assumes that heat sources are
uniformly distributed in the volume of the self-heating
site. This is an assumption closer to real cases than the
assumption in which the heat exchange is considered ideal,
as in works [8, 9].

The adequacy of the physical-mathematical model
was proved by calculations and by comparing the tem-
perature of the self-heating site obtained theoretically
using the model and its temperature obtained under indus-
trial setting.

According to the first stage of proving the adequacy of
the model, the excess temperature of the site was calculated
at different control points of the duration of storage of the
grain mass in the silo with the site size [j=[,=10 m. At the
same time, different values of the excess temperature of the
self-heating site at the initial control points were taken into
account. The calculation proved the possibility of an approx-
imate determination of the parameters of the self-heating
site using plots of the dependence of & on z (Fig. 2). The
temperature increase determined from formulas (8), (10)
for the identified values of gy and u gives values close to the
values involved in the identification. At the same time, the
difference between these values does not exceed 1 %, which
is within the margin of error. The calculations prove the pos-
sibility of using the model to forecast the rise in temperature
of self-heating sites of the grain mass during storage.

At the second stage of proving the adequacy of the
developed physical-mathematical model, the temperature
kinetics of the grain mass obtained under production con-
ditions and the kinetics obtained using the model were
compared. During the experimental studies, a set of ther-
mocouples was placed over the volume of the silo filled with
grain mass. The temperature kinetics obtained in this case
are the registration of the signal from the thermocouple, the
junction of which was located directly in the self-heating
site. The theoretically obtained temperature kinetics were
an array of points obtained by calculation using the expres-
sion for calculating the increase in the excess temperature
of self-heating of the grain mass from the site of rectangular
cross-section. Each value of the excess temperature of the
self-heating site corresponds to the value of the duration
of the storage process. At the same time, during simulation,
the time ¢; changed, starting from 5 days, discretely with
a step of 2 days with a corresponding change in 5. In order
to obtain exactly the temperature kinetics of the self-heat-
ing site, the base temperature obtained during experimental
studies under industrial setting was added to the excess
temperature values.

The given kinetics of the temperature of the site of
self-heating in the volume of grain mass during storage, ob-
tained experimentally and theoretically, correlate with each
other with a correlation coefficient of at least 0.98 in the
duration range from 0 to 30 days. This proves the possibility
of applying forecasts of the temperature of self-heating sites
in the volume of grain mass, obtained using the developed
physical-mathematical model, under industrial setting.

The resulting physical-mathematical model could be used
in agro-industrial production, namely, to improve the typical
technological process of storing raw materials of plant origin.
Using the proposed model would reduce the loss of agricul-
tural products during storage.

The disadvantage of the study is that the model is not uni-
versal. That is, in any case, when it is used for different raw ma-
terials (different vegetable raw materials: corn grain, sunflower
seeds, soy, etc.), the model requires a certain approbation.
It represents another stage on the way to a universal model.

The limitation of the study is that the adequacy of the
physical-mathematical model has been proven for forecasting
periods in multiples of 30 days. For storage periods of more
than 30 days, a new excess temperature forecast must be
made. The increase in the range of prediction is a prospect
for further research.

7. Conclusions

1. The localized temperature field is described by trigono-
metric series of accelerated convergence. A physical-mathe-
matical model of self-heating of the grain mass generated by
a rod site of rectangular cross-section with a uniform distri-
bution of heat sources has been built, which makes it possible
to identify the parameters of the internal heat source based
on the data of raw material temperature measurements at
certain moments of time. After identification, the formulae
become suitable for forecasting the increase in self-heating
temperature of raw materials over time.

2. The adequacy of the physical-mathematical model was
proven by calculations and by comparing the temperature of
the self-heating site obtained theoretically using the model
and its temperature obtained under industrial setting. It was
established that the temperature kinetics of the self-heating
site in the volume of the grain mass during storage, obtained
experimentally and theoretically, correlate with each other
with a correlation coefficient of at least 0.98 in the duration
range from 0 to 30 days. This proves the possibility of apply-
ing forecasts of the temperature of self-heating sites in the
volume of grain mass, obtained using the developed physi-
cal-mathematical model, under industrial setting.
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