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1. Introduction

The technology of manufacturing parts by cold or hot 
stamping is widespread. One of the types of stamping is 
hooding. By means of drawing, it is possible to produce 
three-dimensional parts, including conical and cylindrical 
ones, from flat blanks. This technology requires expensive 
equipment and is justified for the manufacture of parts 
whose surface is not developed (for example, a spherical 
segment). A popular method of manufacturing cylindrical 
parts is metal rolling on a sheet bending machine. The sheet 
acquires the required shape by passing it through the rolls of 
rolling machines. At the same time, the property of the mate-
rial and the thickness of the sheet are taken into account: the 
denser and thicker the metal, the less plastic it is, therefore, 
when rolling thick sheets of metal, partial expansion, that is, 
springing, must be taken into account. When manufacturing 
conical parts, this approach cannot be used for the reason 

that the value of the radius changes along the axis of the 
cone. Therefore, there is a need to develop an analytical mod-
el of the formation of a flat sheet blank into a conical part.

2. Literature review and problem statement

The process of rotational bending of a high-strength 
thin-walled, rectangular welded pipe is considered in [1]. 
It is shown in the work that in this case, material wrinkles 
are formed quite easily due to the presence of a non-uniform 
welding zone and an angle formed by the effect of cold bend-
ing. In order to avoid such material defects, a model of the 
pipe was developed in the work and the effect of changing 
its geometric shape on the wrinkling of the inner flange and 
the side wall of the pipe itself was investigated. However, 
this model cannot be used to obtain parts of other geometric 
shapes, in particular, cylindrical and conical. In addition, 
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The object of research is the process of bending 
sheet material, taking into account its springiness. 
When manufacturing sheet parts by bending from 
a completely elastic sheet, its shape is completely 
restored after the deformation stops, unlike an elas-
tic sheet. Thus, when producing cylindrical parts by 
drawing between three rolls, the resulting radius of 
the cylindrical part will be larger than the calculated 
one. This phenomenon is evaluated by the coefficient 
of springing – the ratio of the calculated radius to the 
one obtained after partial expansion.

When manufacturing conical parts, this approach 
cannot be applied, because the value of the radius 
is variable. The article applies the theory of surface 
bending from differential geometry. The curvature 
of the line on the surface has two components – nor-
mal and geodesic. When the surface is bent, the nor-
mal component changes, while the geodesic compo-
nent remains unchanged. The magnitude of the normal 
component depends on the angle between the origin 
of the cone and its axis. So, for a cone with a base 
of radius R and an angle of 20°, the normal curva-
ture is 0.94/R, and the geodesic curvature is 0.34/R. 
For cylindrical parts, the geodesic curvature of the 
cross-section (circle) is zero, so it is not necessary to 
take it into account.

Usually, adjustment of rolls for the production of 
conical parts is carried out experimentally. The differ-
ence of the proposed approach lies in the elimination of 
this problem thanks to the decomposition of the curva-
ture of the base of the cone into two components. This 
allows to calculate the settings of the rolls and there-
by reduce their adjustment time. The parameters of the 
rolls and their mutual placement are calculated for the 
production of conical parts of the required size, taking 
into account their springiness. The field of application 
of the obtained results is the production of parts by 
bending flat metal sheet blanks
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this work outlines the possibilities of increasing the durabil-
ity of tools by applying coatings obtained by laser methods 
and chemical vapor deposition. Much attention is paid to 
self-lubricating and functional materials and coatings. Mod-
ern trends in lubricants and lubrication methods for forming 
sheet parts, including tool texturing, are also presented.

In [2] it is indicated that there is no cost-effective pro-
duction process of original bent parts from sheet material of 
serial quality at small volumes of production. The authors in-
vestigated the possibility of using additional manufactured 
functional elements for tools for extracting parts and de-
scribed the proposed design of such a tool. In contrast to [1], 
the geometric shape of the obtained parts is no longer so 
limited, however, with the help of the proposed design, it is 
impossible to produce parts of a cylindrical or conical shape.

The work [3] proposed the process of forming a conical 
blank for the manufacture of a metal spiral blade of a tur-
bine. However, in this case, only the manufacture of spirally 
curved forms is considered, excluding the possibility of man-
ufacturing conical surfaces in the general sense.

The process of bending sheet material is described in 
detail in [4]. This study proposes modeling of sheet material 
using CAD software (ANSYS) to understand its bending 
process. However, the authors do not take into account the 
phenomenon of springing of the material, and the blank for 
bending is taken as the initial data.

The concept of hardness has a direct influence on the phe-
nomenon of material springiness. In [5], the theoretical basis 
for the digital characteristics of hardness units, obtained by 
various measurement techniques, is established. In order to 
provide the physical content of the determination of hardness, 
the dependence of the volume of the displaced material on the 
applied load was determined in the work. The comparison of 
these values made it possible to realistically determine the ra-
tio between units of different methods, not based on practical 
comparisons, but by drawing up a theoretical basis. However, 
this study does not show feedback with the possibility of ap-
plying its results to the study of the spring phenomenon.

During bending of a completely elastic sheet, its original 
shape is completely restored. On the other hand, when an elas-
tic sheet is bent, the shape is partially restored [6]. It is import-
ant to take this into account during preliminary calculations 
in order to obtain a cylindrical part with the required radius 
after partial expansion of the sheet [7]. When manufacturing 
conical parts, this approach cannot be used due to the fact 
that the value of the radius changes along the axis of the cone. 
However, there is no unified analytical model of such a process 
in scientific research. Its presence can significantly simplify the 
process of forming a flat blank from sheet material.

In [8], the process of forming blanks from sheet material 
by the method of drawing between rolls is considered in de-
tail. The areas of application of this method, its advantages 
and disadvantages are given, but without any analytical 
calculations suitable for practice.

Forming of sheet material is one of the most popular 
technologies for obtaining finished products in almost all 
branches of industrial production [9]. In parallel with the 
development of new forming methods, numerical and em-
pirical approaches are proposed for improving existing and 
developing new methods of forming sheet material. These 
methods are mainly focused on improving the formability 
of materials, producing complex-shaped parts with good 
surface quality, speeding up the production cycle, reducing 
the number of operations and making the production envi-

ronmentally friendly. However, there is still a lack of unified 
analytical models for the formation of sheet material blanks.

To unify this approach, the theory of surface bending from 
differential geometry can be used, which is the object of this 
study. According to it, the curvature of the line on the surface 
should be divided into two components – normal and geode-
sic. This approach was proposed in [10]. It contains calcula-
tions of a fictitious cone, on which a flat blank needs to be bent 
in order to obtain the desired part after partial expansion. But 
in the work [10], the parametric equations of the conical sur-
face, which includes a dimensionless quantity – the so-called 
bending parameter, which takes into account the property of 
an elastic sheet to partially restore its original shape, were 
not compiled. Thanks to this, the analytical dependences of 
setting the conical rolls for the production of conical parts, 
taking into account the springiness, can be found.

In addition, the development of a unified analytical 
model for the manufacture of cylindrical and conical parts, 
taking into account the phenomenon of material springiness, 
will help to identify common approaches and fundamental 
differences. From a practical point of view, it is necessary to 
perform all the necessary calculations for setting up conical 
rolls for their manufacture.

3. The aim and objectives of the study

The purpose of the study is to develop an analytical model 
of the formation of a flat sheet blank into cylindrical and conical 
parts by rolling between rolls, taking into account the springi-
ness of the metal.

To achieve the aim, the following objectives must be solved:
– set the springiness when rolling a metal sheet into a cy-

lindrical shape and develop a scheme for adjusting the rolls;
– compile the parametric equations of the cone, which 

include the springiness;
– develop an algorithm for adjusting rolls for the production 

of conical parts, taking into account the blank springiness.

4. Materials and methods of the study

The object of the study is the process of bending sheet 
material, taking into account its springiness. The main hy-
pothesis is the assumption that when manufacturing conical 
parts by bending sheet material, only the normal curvature 
of the base should be taken into account, since the geodesic 
curvature does not change during the bending process.

Research materials are based on the theory of differential 
geometry of surfaces. The bending of the surface is related 
to the deformation of the line on it. If the sheet is bent into 
a cylindrical shape, then it is possible to move from a spatial 
problem to a flat one – consider the deformation of not the 
entire surface, but the curve of its cross section. An import-
ant differential characteristic of a curve is its curvature. The 
curvature is the inverse of the radius, so it is constant for a 
cylinder with a cross section in the form of a circle. When 
bending a flat blank into a conical shape, the curvature of 
the line on the surface of the cone must be divided into two 
components - geodesic and normal. According to the theory 
of differential geometry, when surfaces are bent, only the 
normal curvature of the line on its surface changes, and the 
geodesic curve remains unchanged. This provision is central 
to the method of calculating the process of bending a flat 
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blank into a conical part, taking into account springing, that 
is, its partial expansion.

In the study, a simplification was adopted, according to 
which the thickness of the sheet material is equal to zero. The 
adequacy of the model is based on the fact that when tran-
sitioning from conical to cylindrical parts, the integrity of 
the mathematical model is not violated and bending occurs 
without decomposition of the curvature into components.

The study was carried out in the environment of the soft-
ware product “MatLab”, with the help of which the surfaces 
of the cones were constructed. Graphic illustrations were 
made in the AutoCad environment.

5. Results of research on the bending of sheet material, 
taking into account its springiness

5. 1. Setting the springiness when rolling sheet mate-
rial into a cylindrical shape and adjusting the rolls

The scheme of rolling a sheet, or its rolling, into a cylin-
drical surface is well known: a metal sheet is forced to pass 
between three cylindrical rolls and acquires a cylindrical 
shape (Fig. 1, a). The cross-sectional radius of the cylindri-
cal surface is determined by the contact of the sheet with 
the rolls at three points A, B, and C (Fig. 1, b). However, 
it is necessary to bend a flat sheet blank not to a specified 
shape, but to a fictitious one, taking into account that the 
sheet will take the desired shape after partial unfolding. 
Therefore, cylindrical rolls need to be adjusted not to the 
actual radius, but to a smaller one. The ratio of these radii 
will give a certain coefficient p, which is used to estimate the 
springiness of the sheet material. Since the spring depends 
on the mechanical properties of the material and its thick-
ness, the spring coefficient p is determined experimentally 
for each batch of sheet material. It is the ratio of the radii of 
the part before and after stretching. Let’s assume that the 
rolls in Fig. 1, b are not set to a real radius, but to a fictitious 
one. Then, after point C, the part will partially expand and 
acquire the desired shape (shown by a dashed line).

By measuring the radius Rp of the cross-section of the 
real cylinder (after its partial expansion) and knowing the 
radius Rf of the cross-section of the fictitious cylinder, for 
the production of which the rolls are adjusted, it is possible 
to find the spring coefficient p:

,fv

f v

kR
p

R k
= =      (1)

where kv and kf are the curvature of both the real and ficti-
tious cylinders – values inverted to the corresponding radii. 
Thus, in order to find the cross-sectional curvature of the 
fictitious cylinder, to which the rolls are adjusted, it is nec-
essary to multiply the cross-sectional curvature of the real 
cylinder by a coefficient p, i.e., to increase the cross-sectional 
curvature of the real cylinder by p times:

.f vk pk=       (2)

To manufacture a cylindrical part of a given radius, the 
rolls must be set to a fictitious radius. Fig. 2 shows the location 
of three identical rolls of radius r with the designation of the 
contact points A, B, C with the sheet and their centers СА, СВ, 
СС. Based on the given values of the radii r, Rf and the distance 
between the lower rolls 2L, it is necessary to find the location 

of the upper roll, i.e., the distance ЕСВ to its center СВ. Using 
symmetry about the Ey axis, consider the right triangle ECACf. 
Leg ECА=L, hypotenuse CfCA=r+Rf, from where let’s find:

( )2 2 .f fC E R r L= + −     (3)

The ЕСВ distance is:

( )2 2 .B f f f fEC EC R r R r L R r= − + = + − − +   (4)

The upper roller is installed in the desired position ac-
cording to the found distance ЕСВ.

5. 2. Compilation of the parametric equations of the 
cone, which includes the springiness

A cone with an angle β of the inclination of its rectilinear 
generators to the axis is shown in Fig. 3. The size of the radi-
us of its cross section depends on the length of the generator 
u, which starts from the top of the cone. For example, the 
radius R of the lower base will be written: R=u·sinβ. The 
curve, which is the inverse value, will be written according-
ly: k=1/(u·sinβ). It can be decomposed into two components: 
geodesic kg=k·sinβ and normal kn=k·cosβ (Fig. 3). According 
to the theory of differential geometry of surfaces, when they 

Fig.	1.	Scheme	of	rolling	a	flat	sheet	into	a	cylindrical	shape	
with	the	help	of	rollers:	a	–	the	movement	direction	of	the	

blank	between	the	rollers;	b	–	real	and	fictitious	radii

Fig.	2.	Scheme	of	adjusting	the	rolls	in	such	a	way	that	a	
circle	of	radius	Rf	passes	through	points	A,	B,	C
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are bent, only the normal curvature of the line changes, and 
the geodesic curvature remains unchanged.

For cylindrical surfaces, β=0, so there is no geodesic 
component. In order to obtain a cone with valid values of the 
curvature k of the base and the angle β, it is necessary to carry 
out a biased bending, that is, to multiply the normal curvature 
by the index p of the spring. After that, the fictitious normal 
curvature of the base can be obtained: 

knf=p·kn=p·k·cosβ. 

The angle β will also change, that is, it will acquire a fic-
titious value βf. It is possible to write the normal curvature 
for a fictitious cone, taking into account the new value of its 
normal curvature knf: 

knf=kf cosβf. 

Two expressions of the normal curvature of a fictitious 
cone can be equated:

cos cos .f fp k k⋅ ⋅ β = ⋅ β     (5)

Expression (5) includes two unknown quantities: kf and βf. 
To find them, the equality of the geodesic curvature before and 
after bending can be used:

sin sin .f fk kβ = β      (6)

Two equations (5) and (6) form a system of two equa-
tions with two unknowns kf and βf. The solution of this 
system is the following expressions:

2 2 2sin cos ,fk k p= β+ β     (7)

2 2 2

cos
arccos .

sin cos
f

p

p

β
β =

β+ β
  (8)

The equation of a cone, the vertex of which is located at 
the origin of the coordinates and all of whose components 
are inclined at an angle β to its axis, have the form:

sin cos ;X u v= β

sin sin ;Y u v= β

cos ,Z u= β       (9)

where u and v are independent variables, and u is the length 
of the rectilinear generator, the count of which starts from 

the top, that is, from the origin of the coordinates, v is the 
angle of rotation of the cone generator around its axis.

Taking (8) into account, the parametric equations (9) for 
the fictitious cone are as follows:

2 2 2

sin
cos ;

sin cos
fX u v

p

β
=

β+ β

2 2 2

sin
sin ;

sin cos
fY u v

p

β
=

β+ β

2 2 2

cos
.

sin cos
f

p
Z u

p

β
=

β+ β
   (10)

For p=1, equations (9) and (10) become identical, that is, in 
the absence of springing, the real and fictitious cones coincide.

5. 3. Adjustment of rolls for the production of conical 
parts, taking into account the blank springiness

Unlike rolls for the production of cylindrical parts, when 
setting up conical rolls, it is convenient to operate not with 
linear, but with angular dimensions. The surfaces of the 
cones of the forming rolls, as well as the surface of the ficti-
tious cone with combined vertices, are placed in the center of 
the sphere (Fig. 4, a). Circles – the bases of all cones – will 
be located on the surface of the sphere. The radius of the base 
of each cone is determined from the product of the length of 
its element, that is, the radius of the sphere, by the sine of the 
angle β at the apex. If the sphere has a unit radius, then the 
radius of the base will be equal to the sine of the angle, that 
is, there is a transition from linear to angular dimensions. An 
analogue of the distance L for cylindrical rollers will be the 
angle γ for conical rollers (Fig. 4, b). The arcs САЕ and ССЕ 
correspond to the angular γ. The size of the conical rollers is 
given by the angle βr at their top, which corresponds to the 
arcs ССС, ВСВ and АСА. The angle at the top of the fictitious 
cone βf, which corresponds to the arc ВСf, is calculated by 
formula (8). It is necessary to find the position of the upper 
forming roll, i.e. the angle to which the arc ВСf corresponds.

By analogy with Fig. 2 right triangle ECACf for the case 
under consideration is spherical. Leg ECA=γ, hypotenuse 
CfCA=βr+βf, leg ECf, to which the angle ε corresponds, is 
unknown (Fig. 4, c). Using spherical trigonometry formulas:

( )cos
arccos .

cos
r fβ +β

ε =
γ

   (11)

The ЕСВ arc is part of the spherical leg ECf. According 
to Fig. 4, b can be written as:

.B f f BEC EC BC BC= − + .r f rε = ε −β +β   (12)

The angle corresponding to the arc ЕСВ was denoted by εr. 
In equation (12), it is necessary to move from arcs to the desig-
nation of the corresponding angles:

.r f rε = ε −β +β     (13)

After finding the angle εr, the position of the middle roll-
er becomes known: its axis must be turned by the angle εr 
around the axis OY upwards, starting from point E.

It is possible to bend a flat blank into the same conical 
part with a different location of the rolls, that is, the rolls can 
have an unchanged angle βr at the top, but a different angle γ. 

Fig.	3.	Decomposition	of	the	circle	curvature	–	cone	base	–	into	
normal	and	geodesic	components
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A possible option is when both angles change: γ and βr. To 
confirm what has been said, let’s give examples.

Example 1. It is necessary to adjust the rolls for the pro-
duction of a conical part with an angle β=12° at the top. The 
spring coefficient is known – p=1.2. Forming rolls have an 
angle at the top of βr=5°. Angle γ=±10°. Find the angle εr.

By formula (8), the angle βf at the top of the fictitious 
cone can be found: βf=10°. Using formula (11), let’s find the 
angle ε: ε=11.24°. The rotation angle εr of the axis of the mid-
dle roller is found by formula (13): εr=6.24°. According to the 
angles found in Fig. 5, and the compartments of forming and 
fictitious cones were built.

For the manufacture of the same part, it is possible to take 
rolls with other angles βr and γ. In Fig. 5, b according to equa-
tions (9) the surfaces of the forming rolls are constructed and 
according to equations (10) – the surfaces of the fictitious cone. 
The adjustment angles are given in the caption to the figure.

6. Discussion of the developed method of manufacturing 
conical parts from elastic sheet material

In contrast to [6], according to the developed method, it 
is possible to adjust conical rolls for the production of conical 
parts from sheet material with a known spring coefficient. 
However, the question arises how to make a conical part for 
which the radii of both bases are given. For a cylindrical part, 
such a question does not arise, since the rolls are set to a given 

radius. In addition, it does not matter in which place to pass a 
straight line between the rolls. The production of a conical part 
has its own characteristics. First, the flat blank is not a straight 
strip, but part of a flat ring. The concentric circles bounding 
this ring are transformed on the conical part into upper and 
lower bases. Second, the blank in the form of a flat ring cannot 
be passed between the conical rollers anywhere. The place of 
passage and the dimensions of the ring must be agreed with 
each other. Such matching is carried out due to the distance u 
from the common apex of the cones. This distance is common 
to both the conical surfaces of the forming rolls and the blank. 
Using this distance, it is possible to find the radii of the arcs 
that limit the blank in the form of a flat ring.

When the surface is bent, the geodesic curvature of the line 
on it does not change [12]. It is determined by the product of 
the curvature of the base of the conical part (lower or upper) 
by the sine of the angle at the top. The curvature of the arc 

of the circle (external or internal) 
that limits the flat ring will be the 
same. The radii of these circles are 
inverse values of geodesic curves. 
Hence, there are no difficulties 
in determining the distance u at 
given radii of the lower and upper 
bases of the conical part. Another 
dimension for a flat ring is the cen-
tral angle, which limits its size. It 
is determined from the condition 
that the length of the arc of the 
ring and the corresponding circle 
of the base of the conical part 
must be equal. Thus, the given 
dependencies are sufficient to de-
termine the dimensions of the flat 
blank and the place of its passage 
between the rolls.

The obtained results of adjust-
ing the rolls for the production 
of conical parts from sheet metal 
are explained by the fact that the 
curvature was decomposed into 
geodesic and normal components. 
For cylindrical parts, the geode-
sic curvature of the cross-section 
is zero, so their bending can be 
replaced by a flat problem, that 
is, the bending of the curve of 
the cross-section. Then it seems 
quite clear to introduce the spring 
coefficient as the ratio of the radii 
of the circles of the real and fic-
titious cylinders (Fig. 1, b). This 
spring coefficient should also be 
used in the production of conical 
parts. If for cylindrical parts the 

geodesic curvature is zero, then for conical parts it is present 
and depends on the angle β (Fig. 3). According to the theory of 
differential geometry, the geodesic curvature does not change 
during bending. Therefore, the spring coefficient should be 
applied in relation to the normal curvature. Based on this, the 
parametric equations of the cone (10) were compiled, which 
include the spring coefficient. This makes it possible to adjust 
the conical rolls, taking into account that the curvature of the 
base of the conical rolls is decomposed into components. This 

Fig.	4.	Application	of	a	sphere	of	unit	radius	to	calculate	parameters	of	adjustment	of	conical	
rolls:	a	–	diagram	of	the	arrangement	of	the	surfaces	of	forming	and	fictitious	cones	in	relation	

to	the	sphere;	b	–	the	relationship	between	the	angular	dimensions	of	circles	(bases	of	the	
cone)	and	their	centers	on	the	surface	of	the	sphere;	c	–	spherical	right	triangle	for	determining	

the	angle	ε	of	the	location	of	the	center	Сf	of	the	fictitious	cone

a b c

Fig.	5.	The	surfaces	of	the	forming	rolls	and	the	fictitious	cone	with	the	known	spring	
coefficient	p=1.2	and	the	given	effective	angle	β=12°:	а	–	βr=5°,	γ=±10°,	βf=10°,	

εr=6,24°;	b	–	βr=7°,	γ=±15°,	βf=10°,	εr=5,09°

a b
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is the peculiarity of the method and provides an advantage in 
the production of conical shaped parts with the help of rolls 
over the traditional method, which consists in the experimental 
adjustment of rolls with the production of trial parts [7]. This 
closes the problematic part of the production of conical-shaped 
parts by drawing a flat blank between conical rolls, in contrast 
to existing approaches [5].

The disadvantage of the presented method of forming con-
ical parts is that the thickness of the metal sheet is not taken 
into account. This method is designed for forming parts from 
sheet material of only constant curvature. However, there 
is a need for the production of cylindrical parts of variable 
curvature, for example, various protective casings. This is the 
limitation of the proposed method. Further development of 
the research may be aimed at eliminating the indicated short-
coming, i.e. at improving the method for manufacturing parts 
taking into account the thickness of the flat blank.

7. Conclusions

1. When the sheet material is elastically bent, its shape 
is partially restored. The amount of recovery depends on 
the properties of the material, the thickness of the sheet 
and is estimated by the spring coefficient, which is set for a 
separate batch of sheet material. According to the coefficient 
found experimentally, the rolls are adjusted according to the 
calculations made for biased bending of cylindrical parts 
with a fictitious radius of the cross section. After partial 
expansion, the part takes the desired shape.

2. When manufacturing conical parts, the curvature of 
the circle – the cone base – is divided into two components: 
normal and geodesic curvature. This approach is known in the 
theory of differential geometry and is used in solving practi-
cal problems. To determine the shape of the fictitious cone, a 
position from the differential geometry of surfaces was used, 
according to which only the normal component of the cur-
vature of the line changes during bending, and the geodesic 
component remains unchanged. Based on this, the parametric 

equations of the fictitious cone, which include the spring coef-
ficient, were compiled.

3. Calculations were made for adjusting the conical rolls to 
a fictitious cone, for which parametric equations were compiled. 
For calculations, a sphere of unit radius is used, in the center of 
which are the tops of the forming conical rolls and the fictitious 
cone. With the help of formulas of spherical trigonometry, de-
pendencies were found for adjusting the rolls for the production 
of a conical part of a given shape, which can be used in practice. 
These dependencies made it possible to obtain a unified model of 
the formation of the blank from the sheet material for its further 
bending into a cylindrical or conical shape, taking into account 
the springiness of the material. The confirmation of the reliabili-
ty of the obtained results for setting up the rolls is the construc-
tion of spatial images according to the given initial data.
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