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The torsion problem for a radially inhomogeneous transversely
isotropic cylinder of small thickness was investigated by the meth-
od of asymptotic integration of elasticity theory equations. It is
assumed that the side part of the cylinder is stress-free, and bound-
ary conditions are set at the ends of the cylinder, leaving the cyl-
inder in equilibrium. The elastic moduli are thought to be arbitrary
continuous functions of the variable along the cylinder radius. The
JSormulated boundary value problem is reduced to a spectral prob-
lem containing a small parameter characterizing the thin-walled-
ness of the cylinder. Homogeneous solutions are built, i.e. any
solutions of the equilibrium equation satisfying the condition of no
stresses on the side surfaces. It is shown that the solution of the
torsion problem consists of a penetrating solution and a boundary
layer character solution similar to Saint-Venant’s edge effect in the
theory of inhomogeneous plates. The penetrating solution deter-
mines the internal stress-strain state of a radially inhomogeneous
cylinder. The stress state determined by the penetrating solution
is equivalent to the torsional moments of stresses acting in the
cross-section perpendicular to the cylinder axis. Solutions having
the boundary layer character are localized at the ends of the cylin-
der and decrease exponentially with distance from the ends. These
solutions are absent in applied shell theories. Asymptotic formu-
las for displacement and stresses are built, which make it possible
to calculate the three-dimensional stress-strain state of a radial-
ly inhomogeneous transversely isotropic cylinder of small thick-
ness. Based on the obtained asymptotic expansions, it is possible
to assess the applicability of applied theories and build a refined
applied theory for radially inhomogeneous cylindrical shells
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1. Introduction

One of the properties of materials affecting the stress-strain
state of elastic bodies is their inhomogeneity. In the study of in-
homogeneous bodies, the real properties of materials are taken
into account. Investigating radially inhomogeneous transverse-
ly isotropic cylinders based on three-dimensional equations
of elasticity theory is a laborious task. Analysis of the torsion
problem of a radially inhomogeneous transversely isotropic
cylinder is reduced to the study of boundary value problems
for a second-order partial differential equation with variable
coefficients. These coefficients include elastic moduli, which are
arbitrary continuous functions of the cylinder radius. This com-
plicates the construction of torsion problem solutions. Despite
the significant mathematical difficulties that arise, this more
adequately takes into account the mechanical and geometric
structure of a radially inhomogeneous transversely isotropic
cylinder. Along with this, new qualitative and quantitative
effects arise. Therefore, research devoted to the study of the
stress-strain state of a radially inhomogeneous transversely iso-
tropic cylinder based on elasticity theory equations is relevant.

2. Literature review and problem statement

A number of studies [1, 2] are devoted to investigating
the problems of elasticity theory for a radially inhomoge-
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neous cylinder. In [3], the problem of elasticity theory for
a radially inhomogeneous cylinder was solved using the
variational asymptotic method. In [4], the Almansi-Michell
problem for an inhomogeneous anisotropic cylinder was
studied numerically and analytically. In [5], the stress-
strain state of an inhomogeneous orthotropic cylinder with
a given inhomogeneity is considered. The influence of the
inhomogeneity of the stress-strain state of the cylinder is
investigated. In [6, 7], based on the spline collocation meth-
od and the finite element method, the three-dimensional
stress-strain state of a radially inhomogeneous cylinder was
studied and the numerical results obtained were compared.
In [8], analysis of the stress-strain state of a radially inho-
mogeneous cylinder subjected to uniform internal pressure
is considered. In [9], mechanical and thermal stresses in
a radially inhomogeneous hollow cylinder under radially
symmetric loads were examined with the assumption that
temperature distribution is a function of radial direction.
In [10-13], the problems of elasticity theory for a radially
inhomogeneous cylinder of small thickness are investigated
based on the asymptotic integration method. Analysis of the
stress-strain state determined by homogeneous solutions is
carried out. In [14], the axisymmetric problem of elasticity
theory for a radially layered cylinder was studied and the
existence of weakly damped boundary-layer solutions was
shown. In [15], the axisymmetric problems of elasticity the-
ory for a transversely isotropic cylinder of small thickness
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were investigated by the method of homogeneous solutions.
A comparison of the asymptotic solution with solutions ob-
tained from applied theories is given.

Torsion of an elastic cylinder is a classical problem of
elasticity theory [16—19]. In [20], an analytical solution is
given to the torsion problem of a radially inhomogeneous
cylinder when the elastic moduli are power functions of
the radial coordinate. In [21], the torsion problem of a
radially layered cylinder is studied and a possible viola-
tion of Saint-Venant’s principle in its classical formulation
is shown. In [22], based on the method of homogeneous
solutions, the torsion problem of a radially inhomogeneous
transversely isotropic cylinder of small thickness is exam-
ined when the elastic moduli are quadratic functions of the
radial coordinate.

Note that studies of the torsion problem of radially
inhomogeneous transversely isotropic cylinders of small
thickness, when the elastic moduli are arbitrary positive con-
tinuous functions, are not considered. There are no asymp-
totic formulas for displacement and stresses to determine the
stress-strain state in a radially inhomogeneous cylinder of
small thickness with any predetermined accuracy.

3. The aim and objectives of the study

The aim of the work is to build a homogeneous solution
to the torsion problem and reveal the features of the stress-
strain state for a radially inhomogeneous transversely isotro-
pic cylinder of small thickness. Based on the analysis carried
out, it is possible to assess the applicability of existing ap-
plied theories for radially inhomogeneous cylinder shells and
build a new refined applied theory.

To achieve the aim, the following objectives should be
accomplished:

— to formulate a boundary value problem for a radially
inhomogeneous transversely isotropic cylinder;

— to obtain asymptotic formulas for displacements and
stresses;

— to study the nature of stress-strain states correspond-
ing to various types of homogeneous solutions;

— to perform numerical analysis.

4. Materials and methods

Equations of elasticity theory describing the torsion
problem for a radially inhomogeneous cylinder in a cy-
lindrical coordinate system are given. Considering that
the formulated boundary value problems include a small
parameter characterizing the thickness of the cylinder, the
asymptotic integration method is used to build the solution.
This method is one of the effective methods for studying the
spatial stress-strain state of inhomogeneous elastic bodies of
small thickness.

3. Results of the study on the construction of
homogeneous solutions to the torsion problem for a
radially inhomogeneous transversely isotropic cylinder

5. 1. Setting boundary value problems
The torsion problem of a radially inhomogeneous trans-
versely isotropic hollow cylinder of small thickness is consid-

ered. The cylinder is referred to the cylindrical coordinate
system 7, ¢, z:

r<r<r, 0<¢<2m, -, <z<[.

The equilibrium equation, in the absence of mass forces in the
cylindrical coordinate system 7, ¢, z, has the following form [16]:

éc,, 0o, 20, 0 1
—+—E4+ =0,
or 0z r

where, 6,4, 6,, are components of the stress tensor, which are
expressed through the components of the displacement vector
v, =Vy(1; 2) as follows [15]:
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New dimensionless variables p and & are introduced:
1 r z
p:hl[}v ngy (4)
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where 8:1111(er is a small parameter characterizing the
n

thickness of the cylinder, 7, :\/%, pe[-11], &[], l:l—o.
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(2), (3) in the new dimensionless variables p, & have the
following form:
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Here, u¢:&, Gp¢=cr¢, Gd,é:i’z, Gizﬂ, =Y are
4 G, G, G, G,

dimensionless quantities; G is some characteristic parame-
ter having an elastic modulus dimension.

Substituting (2), (3) in (1) taking into account (4) leads
to the displacement equilibrium equation as follows:
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The elastic moduli G=G(p), Gi=G(p) are thought to
be arbitrary positive continuous functions of the variable p.
The side surface is assumed to be stress-free, i.e.
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and boundary conditions are set at the ends of the cylinder:
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where f(p) is a smooth function.



5. 2. Building homogeneous solutions

A homogeneous solution is any solution of the equilibri-
um equation (7) satisfying the condition (8).

The solution of (7) is sought in the following form:

uy (p.€)=v(p)m(8), (10)
where:
m"(&)-pm(&)=0. (11)

Here p is a spectral parameter.
Substituting (10) in (7), (8), taking into account (11)
leads to the equation:

’

[G(v(p)-ev(p))] +

+£G(V'(p)—ev(p))+&°1’Ge™v(p) =0, (12)
G(U’(p)—so(p)):o at p==#1. (13)
(12), (13) can be represented as:

Fuv=p’v. (14)
Here:

1
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Fuv= —ﬁ%(u’(p)—su(p));
G(u'(p)—so(p)) . =0,
G(U’(p)—so(p)) - :0}.

It is proved that F is a symmetric operator in the space
Ly(—1;1) with weight G1e%®. For an arbitrary function v(x)eDp,
w(x)eDp, we can write:
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By virtue of (13) from (15) we get:
(Fu,w)—(v,Fw)=

1
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1
— | G(vw' —wv')dp =0,
+s;[ (ve'—wv')dp

i.e. (Fv, w)=(v, Fw).

All eigenvalues of A,(F) are real, and their corresponding
eigenfunctions can be considered orthogonal [23]:

1

Ika (p)v,(p)e’*dp=0,(n=k). (16)

To determine the solution of (12), (13) for e—0, the asymp-
totic integration method based on three iteration processes was
applied [24, 25]. A solution corresponding to the first iteration
process was built. p=0is the eigenvalue of the problem (14). The
solutions corresponding to the eigenvalues pu=0 are as follows:

ug)(p,g):(Eo +Bg)e” a7n

The stresses corresponding to this solution have the
following form:

sl =0, (18)
o\) =BG, (p)e” (19)

The constant Ej corresponds to the displacement of the
cylinder as a rigid body. Therefore, we can assume Eg=0. Thus:

u’(p,&)=Byge™. (20)
The second iteration process is absent here, i.e. there is no
solution having the edge effect character.

According to the third iteration process, the solution
of (12), (13) is sought as follows:

21

(22)

L=V, +EV, +...,

p=e" (g +ep, +...).

After substituting (21), (22) in (12), (13) in zero approx-
imation, we get:
Ao, =pgv,, (23)

where:

A, :{—é(cug () G0 (p)] ., =0}.

The problem (23) coincides with the problem for vor-
tex solution of an inhomogeneous transversely isotropic
plate [25, 26]. A, is a positive operator in the space Ly(—1; 1)
with weight Gy(p). Therefore, all eigenvalues A,(4))=pus,
are non-negative.

To determine vy and py, we get:

(GU' (P)) +Gipgv, ( (GU() )

-Gy (p)- (HOM + p}%)G v, (p (24)
G(o’i(p)—uo(p)) ,,:ﬂ:O' (25)
The solution of (24) is sought as follows:

p o
U1n(p): J.UOn(x)derzo“nkUOk(p)' (26)

k=0

(26) satisfies the boundary conditions (25).



After substituting (26) in (24) taking into account (16), ® = N G (0)o "(E). 33
we finally get: # ; ((p)v, (p)m;, (€) (33)

", :_%X ~ The total solution of (7), (8) will be the sum of solu-
200, [0 tions (20), (31):
ué,,jiGmM(p)[ivw(x)dx]dm u¢(p,&)=Boae“’+§uk(p) m, (&). (34)
x +jcu;,n (p) vy, (p)dp+ . 27) Based on (18), (19), (32), (33) for stresses we get:
5
+2u§nf1pcluén (p)dp Opy = Z%(o (P)=ev,(p))m (), (35)
_ - 1 _ Oz :BOGieEP+ZG1Uk(p)m;(§)~ (36)

o,=—- X
(1156 =50 o
- . The obtained asymptotic formulas (34)—(36) make it

1
) possible to calculate the stress-strain state of a radially inho-
J;G V0 (P) Vo (P)dp+ mogeneous transversely isotropic cylinder of small thickness
1 with any predetermined accuracy.
x +2u§"IpG1UO,,(p)UOk(p)dp+ nzk. (28)
-t 5. 3. Analysis of the stress-strain state determined by
, b P homogeneous solutions
+“0n.[G1 IUOn (x)dax vy, (p)dp For torsional moments My, of stresses acting in the sec-
L A - tion &=const, we get:
1
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Vg, il -1 -1
. After substituting (36) in (37), the following expression
where "U(M"2 _ ‘[G1U(2)n (p)dp. is obtained:
b
Substituting (28), (29) in (21) leads to the following M, =
expression: [ B,Ge” +
=92 . 3ol =
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2 integrating the resulting expression with-
+u0n£G1 [:.‘1‘)071 (x)dx]ook (P)dp in [-1: 1], we get:
+0(&?). 30 ! '
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The solutions corresponding to the third iteration pro- 711
cess are as follows: +I sG(U’k (P)—SUk (p)) e*dp+
b
= 1
uf)(p,é):;on(p)mn(é), 3D +82piJG1e3£pok(p)dp=0. (39)
b

where m, (£)=C,ch(u,&)+D,sh(p,&); Cn D, are arbitrary
constants.
For stresses, we get:

Integrating by parts and using the boundary condi-
tion (13) from (39) we get:

» G —p 1
o =3 LR o (), (o) 2. G2 Su[Ge™u(p)dp=0, “0)



ie.
0, 0. ()
Substituting (41) in (38) leads to the equality:
M,, =2ne B, jf G,e**dp. (42)
he!

The constant By in the absence of external forces on the
side surfaces is proportional to the torsional moments Mj, of
stresses acting in the section &=const. The first part of the
solution (34) determines the internal stress-strain state of
the cylinder.

The stress state corresponding to the third group of solu-
tions has the boundary layer character, and the first terms
of its asymptotic expansion are equivalent to Saint-Venant’s
edge effect in the theory of transversely isotropic inhomoge-
neous plates [25, 26].

Substituting (34), (36) in (9) yields the following:

kivk(P)"'k(&) =/£(p), (43)
-1 i
S Gou(ehmi(e) /(o) (44)
-1 el
where:
Ji(p):%,
21’[8J G,e**dp
S(p)=1(p)-—1 0.
2n8J‘G1e“"dp

Multiplying (43) by G, (p)e’®, (44) by v,(p)e*” and
integrating within [—1; 1], we get:

{ch(unl)-Cn -sh(w,l)-D,=h,,,

w,sh(w,l)-C,+u,ch(w,l)-D,=h,,. “o)
Here:
Ml , 1 -
=———— |Gy, (p)e**dp-| [Ge**dp | ;
e UnQ:.; 1 n(p) P[_[ 1 PJ
1 oq . B
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v, % !
After solving (45), the following are determined:
C - hQnsh(pnl)+hMu”ch(unl); (46)
w,ch(2u,7)
D, - hhch(unl)—hlnunsh(unl). 47
w,ch(2m,])

The unknown constants C, and D,, included in (31) are
determined by the formula (46), (47).

3. 4. Numerical analysis

As an example, the problem of the stress-strain state of a
radially inhomogeneous and homogeneous cylinder of small
thickness is considered. The area occupied by the cylinder
I={re[1; 1.5], ¢€[0; 2x], ze[-1.5; 1.5]}. The parameter charac-
terizing the thickness of the cylinder is £=0.2. It is assumed
that the side surface of the cylinder is stress-free, and bound-
ary conditions are set at the ends of the cylinder:

v, =0 at z=-15, (48)

c,.=Cyr at z=1.. (49)

Fig. 1-4 shows the stress distributions o,, along the
thickness (along the center line) and distributions of o, vy,
oy along the line connecting the points (r1; —/) and (r; [) for
a homogeneous and radially inhomogeneous cylinder.

For a radially inhomogeneous cylinder, the following
cases are considered:

a) the elastic moduli vary linearly with the radius (in-
creasing elastic moduli): G=Ayr, Gi=Byr.

b) the elastic moduli vary inversely with the radius (de-
creasing elastic moduli): G=A/1, Gi=By/r.

The stress distributions o,, along the thickness (along
the center line) for homogeneous and radially inhomoge-
neous cylinders are qualitatively the same, but vary quanti-
tatively. The distribution o,, for homogeneous and radially
inhomogeneous cylinders occurs according to a law close
to quadratic. The parabola branches point downward. At
r=1.25, the stress o, takes on the highest value (Fig. 1).
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Fig. 1. Distributions of c,, along the thickness
(along the center line)

The distribution of o,, along the line connecting the
points (ry; —I) and (r9; [) for a homogeneous and radially
inhomogeneous cylinder is qualitatively the same, but differs
quantitatively (Fig. 2).

The distribution of v, along the line connecting the
points (r; —{) and (r5; [) for a homogeneous and radially inho-
mogeneous cylinder occurs according to the same laws and only
quantitatively depends on the degree of inhomogeneity (Fig. 3).

At ze[-1.5; 0.956], the values of 6,, for a radially inhomo-
geneous cylinder, the elastic moduli of which vary linearly
with the radius, are greater than the values corresponding
to a homogeneous and radially inhomogeneous cylinder, the
elastic moduli of which vary inversely with the radius. At
ze[-1.021; 1.5], the values of 6,, for a radially inhomogeneous
cylinder, the elastic moduli of which vary linearly with the
radius, are less than the values obtained for a homogeneous



and inhomogeneous cylinder, the elastic moduli of which
vary inversely with the radius (Fig. 4).
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From the analysis of the numerical results, it follows that
the inhomogeneity of the material can have a significant
effect on the stress-strain state of the cylinder.

6. Discussion of the results of the study on the construction
of homogeneous solutions to the torsion problem for a
radially inhomogeneous transversely isotropic cylinder

Asymptotic analysis of the torsion problem for a radial-
ly inhomogeneous transversely isotropic cylinder of small

thickness was carried out. Assuming that the elastic moduli
are arbitrary continuous functions, boundary value prob-
lems (7) and (8) along the radius are formulated. Given that
the formulated boundary value problems include a small
parameter characterizing the thickness of the cylinder, the
asymptotic integration method is used to build the solution.
This method is one of the effective methods for investigating
the three-dimensional stress state of inhomogeneous bodies
of finite dimensions. Using the asymptotic integration meth-
od, homogeneous solutions are built, i.e. any solutions of the
equilibrium equation (7) that satisfy homogeneous boundary
conditions (8). Analysis of stress-strain states corresponding
to various types of homogeneous solutions was carried out.
It is shown that some penetrating solution (20) corresponds
to the first iteration process. The stress state determined by
the penetrating solution (20) is equivalent to the torsional
moments My, of stresses acting in the section &=const. The
second iteration process determining the solution having the
edge effect character does not exist here. The solutions cor-
responding to the third iteration process have the boundary
layer character. These solutions are localized at the ends of
the cylinder, and with distance from the ends they decrease
exponentially. Solutions having the boundary layer charac-
ter are absent in applied shell theories. The first terms of its
asymptotic expansion are equivalent to Saint-Venant’s edge
effect in the theory of transversely isotropic inhomogeneous
plates. It was found that homogeneous solutions consist of
two types: penetrating solutions (20) and boundary-layer
solutions (31). The obtained asymptotic formulas (34)—(36)
are suitable for e—0. The asymptotic integration method is
successfully applied and has no drawbacks in solving the
problem of elasticity theory for radially inhomogeneous
cylinders of small thickness. The division of the stress-strain
state into internal and boundary-layer solutions is valid only
for radially inhomogeneous transversely isotropic cylinders
of small thickness. The obtained asymptotic formulas for dis-
placement and stresses, which are characteristic of radially
inhomogeneous thin cylinders, are not suitable for radially
inhomogeneous transversely isotropic thick cylinders. For a
highly radially inhomogeneous transversely isotropic cylin-
der of small thickness, i.e. when the elastic modulus values
do not vary within the same order and differ greatly, two
different small parameters appear. One of them characteriz-
es the thickness of the cylinder, and the other characterizes
the relative stiffness of the layers (for example, a radially
multilayer cylinder of small thickness with alternating rigid
and soft layers). As a result of two small parameters, a weak
boundary layer appears, which significantly changes the pat-
tern of the stress-strain state away from the cylinder ends.
The processes of determining the internal solution and the
weak boundary layer are not separated. In such cases, the as-
ymptotic integration method cannot be applied to solve the
torsion problem of a highly radially inhomogeneous cylinder
of small thickness.

In the case of G=G}, all the solutions obtained are com-
pletely consistent with the solutions for a radially inhomo-
geneous isotropic cylinder. When G and G are constants,
the solutions obtained coincide with the solutions for a
transversely isotropic cylinder [15]. The asymptotic formu-
las (34)—(36) make it possible to calculate the stress-strain
state of a small thickness with any predetermined accuracy.

Further, based on the obtained asymptotic expansions
for displacement and stresses, the definition of the applica-
bility of existing applied theories and the construction of



new more refined applied theories for torsion of a radially
inhomogeneous transversely isotropic cylindrical shell can
be considered.

7. Conclusions

1. Using the asymptotic integration method, the formu-
lated boundary value problem for a radially inhomogeneous
transversely isotropic cylinder of small thickness was built.
The solution corresponding to the first iteration process is
shown to be a penetrating solution. The second iteration
process, which determines the solution having the edge
effect character, is absent here. The third iteration process
determines solutions that have the boundary layer charac-
ter and are localized at the ends of the cylinder. Solutions
corresponding to the third iteration process are absent in
applied theories. The general solution consists of the pen-
etrating solution and solutions having the boundary layer
character.

2. Asymptotic formulas for displacement and stresses
are obtained, which make it possible to calculate a three-di-
mensional stress-strain state in a radially inhomogeneous
transversely isotropic cylinder of small thickness with any
predetermined accuracy.

3. On the basis of asymptotic analysis, the features of
the stress-strain state in a radially inhomogeneous cylinder
were studied. It is shown that the penetrating solution is
determined through the torsional moments Mj, of stresses
acting in the section &=const. The stress state correspond-
ing to the third group of solutions has the boundary layer
character and the first terms of its asymptotic expansion

are equivalent to Saint-Venant’s edge effect in the theory of
transversely isotropic inhomogeneous plates.

4. Based on the numerical analysis performed, displace-
ment and stress distributions for homogeneous and radially
inhomogeneous transversely isotropic cylinders were deter-
mined. Indicating the qualitative and quantitative differenc-
es in these distributions for homogeneous and radially inho-
mogeneous cylinders, the effect of material inhomogeneity
on the stress-strain state is estimated.
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